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Chapter 1 


Section 1 


lia 


Comparing 


conn 
os Go or 


—— 
onr 


aj, a2 433 
with }a@21 a22 93 
a3, 432 433 


we get a9} = 2 and ag3 = 8 


Result 
ag, = 2 and ao3 = 8 
2.a 
For given 
8 -4 
a=|3 : ae B=| 9 5 
3 -2 
AB is given by 
8 -4 
ww=[ 5 : ff 9 5 
3 -2 
1-(-8)+2-94+3-(-3) 1-(—4)+2-54+3-(-2) 
3-(—8)+3-9+1-(-3) 3-(-4)+3-5+1-(-2) 
1 0 
= 1.0). 2 


For given A and B, BA is given by 


8 —4 1 
BA= 9 5 3 
3 -2 


2 
3 
(—8)-1+(-4)-3 (-8)-2+(—4)-3 (-8)-34+(-4)-1 
: 9-14+5-3 9-24+5-3 9-3+5-1 
(—3)-1+(-2)-3 (-3)-2+(-2)-3 (—3)-34+(-2)-1 
20 -28 28 
=| 2 33 32 
9 


12 11 


For given 


and 


Result 


18 4 


Given A = {ay ag-- ay) a row vector and 


acolumn vector. 


which is 1 x 1 matrix 


Result 


AB = |a; ag --- ay) 


14)][6 -4 
Dvdr se oid 
_[1-64+4-3 1-(-4)+4-2 
=| 1-64+2-3 1-(-4)4+4-2 
_f 18 4 
=l 12 0 
6 -4][1 4 
3 2||12 
_ [ 6-1+(-4)-1 6-4+(-4)-2 
5 3-142-1 3-44+2-2 
2 16 
5 16 
1 0 
AB=| A 
20 28 —28 
BA=| 24 33 32 
9 -12 -ll 


_[2 16 
aB=| 15 0 |-24=(5 ie | 


bn 


= [ayby + agby + +++ + andy] 


by 


BA= : [aj ag --- 


bn 
bia; byag 
boay 


bpay 


AB = [ayb, + agbg + 
bya; bya 
boa} 

BA= ; 


a 1 


Qn] 


byan 


bndn 


+++ + Gnbp] and 


bian 


bndn 


We have 
Doe 01 2]_{ 1-0+2-1 1-142-1 1-24+2-3 
01 113] | 0-04+1-1 0-14+1-1 0-24+1-3 
oR. S68 
AD aS 
Now, 
((3 2193 3 [4]-12 3 31[ 
01 1,23 3 it Wee 3 
_ [ 2-14+3-44+8-3 
~ | 1-141-44+3-3 
_ | 38 
~ Aga 
Now, 
012 ; _[0-141-44+2-3 
Fd [3 3 ~ | 1-14+1-44+3-3 
_ 10 
~ [14 
Now, 


This shows that matrix product is associative 


Result 


Show that 


Given A, B and C arel x m,m x nandn x p.|n computation of AB, in each cell, row of A multiplies column 
of B for which there are m multiplications. Since there are 1 x n elements in AB, there are total of 1 x m x n 


multiplications. 


Computing ABC as (AB)C, there are l x m x n+1 x n x pmulitpications. Computing ABC as A( BC), 
there arem x n x p+l x m x p.To minimize computation, we may choose order A(BC) isl x m x n+l x 
n X pis smaller thanm x n x p+l x m x p. Otherwise we may choose A( BC). 


Result 


There are 1 x m x n multiplication in AB. If lis large then we may choose A( BC). If pis large then we may 


choose (AB)C. 


6.a 


We have 


This with b = a, this gives 


Result 


We calculate as follows 


orw Of 


Ws ee a 1 n 4n(n+1) 
11/=];01 n 
1 0 0 1 


To prove this inductively, for n = 1, this is trivially true. Suppose it were to hold for n. ie. 


Oa Nears ed 1 n 4n(n+1) 
cae | = 0 1 n 
1 0 0 1 


Then 


—_ 

3s 
of 
_ 


ee eae iy a te ae ee te ig 
a - 11 14 
1 1 1 
Ld ol 1 n §n(n+1) 
= t2 01 n 
1 0 0 1 
1 n+1 sn(n+1)+n+1 
— 1 n+1 
1 
i n+1 3 


(n+ 1)(n+2) | 


Hence, by mathematical induction, this holds for all all natural numbers n. 


Result 
i ee 1 n 4n(n+1) 
Ths.) So n 
1 0 0 1 
8.a 


To calculate matrix, we may operate blockwise 


1 
0 
1 
0 


1 
di 
0 
1 


The top left component is given by 


fo allo i} *[o a) fo =| 


The top right component is given by 


fo allo a+ [ob sl=[2 2] 


Bottom left component is given by 


hatased ele t 


Bottom right component is given by 


fo fo +h Et sl=[o 2] 


Thus, 
i 2-3 bp 1: 2-7 0 2,08 6 17 
O<0) 5 Ot Dapp eee ae 
1. O01 £.O.yOeb = 4 sy 2-3 
| ee a pe Oy LT) Ed Toad U- “2 


Similarly, 


O}1 2 1/2 3 
O}1 0 4/2 3 
3)0 1 5|0 4 


Top left component is given by 


a) + (0 2 (5) = 0 


Top right component is given by 


(2 3J+[1 2] F =P 1) 


Bottom left component is given by 


lef bl=[s 


Bottom right component is given by 


Ble ai+(o Ve -le-[2 a1 


Thus, 
01 2 tba” Saar: 14 2 11 
010 A423 |;=] 4 2 8 
ore|[sa| [saa 
Result 
1b D'S 1 Wi ae ba 2°86: 17 
Oo. 2.0 4 OL O°} p02. i-4 
100.1 BONO 2 — 43S 2S 
Od Doe | ies Valier Maer i ae i ( a) 
Oi? 1 Re a 14 2 ll 
0 1 0 42S pS} 2 2°83 
ps Se | Ta 5 0 4 8 6 13 


9.a 


(a) Given A and B are square matrices. Using distributive property of matrices 


(A+ B)(A— B) = A(A— B) + B(A-B) 
= A? AB+ BA-B? 


Now if AB = BA ie. the multiplication of two matrices commute, then 
(A — B)(A+ B) = A? - B? 
(b) Now again, using distributive property of matrix multiplication we get 


(A+B)? =(A+B)(A+B)(A+B) 
= (A+B)(AA+AB+ BA+ BB) 
= (A+ B)(A? + AB + BA+ B’) 
= A? + A?B+ ABA+ AB? + BA? + BAB+ B?A+ B® 


Result 2 of 4 


(a) if AB = BAthen(A + B)(A— B) = A? — B®. (b) (A+B)? = A? + A2B + ABA + AB? + 
BA? + BAB + B?A+ B? 


10. a 


Given D be the diagonal matrix with diagonal entries d;,...,dn, and let A = (a;;) be an arbitrary n x n matrix. 


Qj, Gyo °°: Ain d, 0 eee 0 
Qo; G92 °° Gon 0 dy eee 0 
AD'= 
Any te dis Oo 28s d, 
aiid) ayedg --- @indn 
ayid, aged2 ... a2ndn 
Ani tee Ann dn 
= (aj;d;) 
Similarly, 
dq, 0 0] fan ap Qn 
0 dp O} jan ar Q2n 
DA=|. : 
0 dy Qnl Ann 
djay, djay ... dap 
daa, dgdg7_ ... + d2dan, 
d,An\ dn An2 eee dn Qnn 
= (dja;;) 
Result 


AD= aj;d; and DA = (d;aj;) 


Tica 


Let A = (a;;), B = (bjj) be two n x n upper triangular matrices. ie. aj; = bj; = 0 for all j < i. Suppose C = 
AB = (c;;) then 


Cig = jb1j + +++ + Gindnj 
n 
= Vo ajndy 
k=l 


Since A and B are upper triangular matrices. the sum becomes 
n n 
be ai,b45 = pe if dp; 
k=1 k=i+1 
lf j <ithen by; = 0 since k > i+ 1 > j. This shows that 
C=AB=(cj), cj=0 if i>j 


Thus AB = C is upper triangular matrix. 


Result 20f2 
Show AB = (c;;) where cj; = Oifi > j. 
12. a 
(a) We have (b) We have 
a b/ {1 O] Ja O a bj) {0 1] _ |0 a 
ed] (0.0) ~ |e 0 c dj}|0 0} {0 ¢ 
1 O/ ja b] fa 6b 0 1] Ja bj je @ 
0 O| |e d| |0 O 0 O} |e d| |0 0 
So if b = c = Die. all matrices of the form This gives c = 0,a = d. So all matrices of the form 
a 0 a b 
0d 0a 
commutes with commutes with 


(c) We have 


V—_—_ 
ean 


lo a= [ze a 


2 O| ja Bb] _ |2a 2b 
0 6) le d| {6c 6d 
This gives b = c = 0. So all matrices of the form 
a 0 
0d 
commutes with 
y Ha | 
0 6 
(a) 
a 0 
0d 
(b) 
a b 
0a 
(c) 
a 0 
0d 
(d) 


Consider I — A*, factoring it gives 


(d) We have 
a 6b) |2 3] {2a 3a+6b 
c dj} |0 6] |2c 3c+6d 
2 3) Ja 6b] _ |2a+3c 2b+3d 
0 6lile d| 6c 6d 


This 
gives c = 0,3a + 6b = 2b+ 3d == d=a+ 3b. 
So all matrices of the form 


a b 
0 a+b 


commutes with 


fF = C4 ArH ASL = es (he) 


Since A* = 0, we get 


(1+ A) -~A+A? aise (—1) 44) AF 


Let B= I— A+ A? —.--+ (—1)*-1A*-1 then 


B(I+ A) =I1+A—A+---+(-1)*14*1 - (-1) A = 1 


This shows B is inverse of J + A hence it is invertible. 


Result 


Factorize I* + AX to get inverse of I + A. 


14. a 


Given, 


which is 3 x 2 matrix so if BA = Io then B must be 2 x 3 matrix. Let 


a cb 
Balt ey 


Then 


BA= 2a+bt+e 3a+2b+c Pm i 0 
2d+e+f 3d+2e+f O-2 


Comparing gives us 


2a+b+c=1 
3a+2b+c=0 
2d+e+f=0 
3d+2e+f=1 


The system of linear equations described by above is consistent and has infinitely many solutions. Solving it gives 
usb = —a—1,c=2—a,e=1-—d, f = —d — 1. So for any value of a and d, 


a -a-1 2-a]/} 5|_f1 o 
d i1-d -d-1 ii) 1 


Basically the reason why there is no matrix C' such that AC = I3 is C must be 3 x 2 matrix which has 6 variables. 
AC = I3 is 3 x 3 matrix which yields 9 equations. 9 equations on 6 variables cannot be consistent unless at least 
3 equations are linear combination of the other 6. Suppose 


abe 
c=(% e f 
Then 
2a+3d 2b+3e 2c+3f 10 0 
AC=|a+2d b+2e c+2f};=j0 1 0 
a+d b+e c+f QvQ 2 
Thus, we get 
2a+3d=1 
2b+ 3e=0 
2c+3f =0 
a+2d=0 
b+2e=1 
c+2f=0 
a+d=0 
b+e=0 
e+f=1 


Here, we have equations b + e = 0,b + 2e = 1 and 2b + 3e = 0 which does not have solutions. Thus no such C 
exists. 


10 


Result 


Show that 


a -a-1 pes 23 ait i 


1 2 
Go Lae. hee) laa 01 


and AC = Is yields 9 equations in 6 variables which is inconsistent. 


15. a 
Let A = (aj;) be arbitrary matrix, then Now, using €; = >>; €hj 
A= ys Ef Akl e; Ae, = €; be €lm@lm > €nk 
kl lm UT] 
Now, using 1.1.23 = PS ElkAtm 
lm 
ejA= >, eijeklakl = ee ej1ajl = €; S Elk SY aim 
kl 1 7 = 
Aei; = DB eneijakt = ¥ Chj Aki = pm €nj » Elk pie Alm 
os] m 
kl k 
= > Enjelk me aim 
nl m 
= Dent 3 aim 
n m 
For e;; Ae;;, Now, finally 
ej; Ae;; = LS €jj5€lm Ame jj ej; Aen = >, E47 EnmOnmEkl 
lm nm 
m m 
= €jjQij = Ged 
Result 


ej A= Do euaj, Aeij = Do, Chiaki 
ejAek = 37, €nk LimAim ei Ajj = Cj 


€jj AK, = AjnEil 


Section 2 


lia 


11 


Given 


Here, first row is subtracted from second and third row. The corresponding matrix operator is given by 


1 00 
A;y=]-1 1 0 
-1 01 


The second operation is second and third row are exchanged. 


Pat Deke te 2 5b 
0005 5] +-3/;0 131 2 
01-3 1,.2 0005 5 


The corresponding operation is given by 


The third operation 


2) Gd A 1" 8 1 0 
01312;44;01 
0005 5 0 0 


in which second row is subtracted from first row. The corresponding operation is given by 


1 -1 0 
Az=j0 1 O 
Oo. ot. 4 


Our final matrix is 


1 0 -1 
a ae 
00 0 


. Now, we must verify 


1 0 
Az3zA2A;M=] 0 1 
0 0 


. We compute 
2 
A3A9A; = | —1 
-1 

and 

2 0 -1 hw 12 
A3A9A;3M=)} -1 0 1 i 2. 2 
-1 1 0 i ey ee 


which is same as the matrix we obtained by row operation. 


-1 


3 
0 


[ or 


0 3 
1 2 
11 


12 


Result 


Compute 

1 a 

Ay= } —k 1 

-1 0 

1 0 
Ao={]0 0 
Ure f 

and 

1 -1l 
Azs=}0 1 
0 0 


A3A9A,;M = | 01 


Given 


(a) For 


, Applying Ro + Ro —2R,, R3 — R3 — Ry, 


i a ea | 
3 0 0 4 
1 —-4 -2 2 


Again applying R3 — R3 — Ro, we get 


De yee © AS od 
0 -6 -3 


_ 


0 -6 -3 1 


0 
0 
1 


0 
0 
1 


. Then show that 


13 


Applying Re > — fa we get 


1 <2 Be ELD dO 
0 <6: -8 1/0] 34/0 21 $ <2/0 
OD 0 O0|0 0 Of 0 10 
Applying Ri — Ri — Ro, we get 
1 22 23 24 
bo. de «Bit 100 {0 
013 -2/0 eae 014 -2/0 
0-00 Or )0 000 0/10 
This gives us free to choose x3 and @4, so set 73 = sandz, =t. 
m= —Zhm=—58+ it 
Therefore 
—#t 
x= —}s+it 
8 
t 
(b) For 


i ee -Pame Mabe 1B 12 Ch ay 
3 0 OO 4/1 ++ 10 -6 -3 1 2 
1 -4 -2 2/0 0 -6 -3 1]-1 
Again applying R; — R3 — Ro, we get 
Le Ze tL L352 A ald 
0 -6 -3 1/-2|7>>]0 -6 -3 1] -2 
0 -6 -3 1/-1 oO. 0 O -0)) 2 


We note that on third row, we get 0x, + Oxo + Ox3 + Oxy = 1 which is false. Therefore the system is inconsistent 
hence no solution exists. 


14 


(c) For 


0 
B= 12 
2 
, Applying Ro + Ro — 2Ri, R3 > R3 — Ri, we get 
i412 i eee 
3.0" OB 4 


1 -4 -2 2 


Again applying R3 + R3 — Ro, we get 


Le. 32 i. 20 i i? 1) «kt QD 

0 -6 -3 1/2/35] 0 -6 -3 1 2 

0 -6 -3 1/2 0 0 0 00 
Applying Ro + — Re 

t' 2 Be ects Lee Cl 0 

0-6 -312]/345,{01 3 -% -} 

0 0 0 00 00 0 0 


Applying R; + R, — Ro, 


PS 2-3. OD | 
1 1 1 1 1 1 
Oks Ses pos ye Toe: SE Sy 
0 0 0 0 00 0 0 0 
This gives us free to choose 23 and x4. Set rz = 8,24 = t then we get 
if 1 1 


bibcie aya s—-=t=— 
Seg ge a ee 


Hence solution is of the form 


Result 


(b) No solution (c) 


2 4 
3 3¢ 
—% — 58+ zt 


i 
x=|73 


ae 


1 
2 
8 
t 


Given 2; + @o + 223 — x4 = 3, here we are free to choose 29, 23 and x4. So take 2 = 8,23 = t, and a4 = u, 
we get 


2) —s—2t+u+3 

bee el . 
v3 t 
v4 u 

Result eae 

Fal —s—2t+u+3 

x= |") = 8 
r3 t 
T4 u 


Given 


Now first operation is Ro + Ry — 2R, 
ts be Ee 1 5 TO 
2 26c | ok 0 -4|-2 1 


which is given by 


1 0 
a=[% |] 
Now, 
1 5 1 0 * Pd 
0 -4|-2 1 01 $ -} 
Here Ry + — fe for operation is given by 
1 O 
am=[ 4 
0 -| 
The third operator is 
1 5/1 1 0|/-§ 3 
E 13 “| >[0 A ea 


in which Ry — Ry — 5Ro, in which the operator is given by 


i = 
a=[) 7 


Now, 


which is same as we obtained by row reduction on augmented matrix. 


16 


Result 


Calculate 
1 0 
m=[75 4] 
1 
=[5 4] 
and 
1 -l 
As=| 4 =| 


and show that 


3 “B 
A3A2A) = ile 
5 ~4 


Given 


To find A~! we proceed by augmenting by J, 
| raeat Fl pe Ri +R 1 0/0 1 
LO. 2 Sh Lo 


This shows that inverse of given matrix is itself. i.e. 


Given 


To find B-! we proceed by augmenting by J, 


3 5/1 0] Rsk | 1 2)0 1 | Ro+Ro-3R, 
L 2/01 3-312 6 


Ro+—-Ro ti'2 1 Ri +R) -2Ro 1 0 
0 1};-1 3 0 1 


This gives 


1 
0 


2 
—1 


17 


Let 


Then 


Thus 


Since 


Thus, we get 


Result 


0 Ri+R-Re £0 
—1 01 
Say" Oe 
oe[t 4] 


0 
1 


1 
—1 


| 


18 


Given matrix 


Augmenting with identity matrix J;, we get 


Using row operation Ry + Ro — R,, R3 > R3 — Ry, Ry > Ry — Ry and Rs > Rs — Rj. 


Using row operation R3 + R3 — 2R2, Ry + Ry —3R2 and Rs > Rs — 4Ro, we get 


Using row operation Ry + Ry — 3.R3 and Rs > Rs — 6R3 


| Sg ers aa? | 
oocooor 
cocHne 
oonT?? 
ono 
So = 
‘le Vee ies 
—— 
—— 
cornrco 
cnoeco 
mooceo 
a | 


Using row operation R; — R5 — 4R4, we get 


aa ey 
cooce”7, 
coony 
conte 
conta Tt 
= saa 
cooce7 
cooneo 
conceo 
— 
moooo 
_ a | 


Therefore the inverse of given pascal matrix is 


19 


Result 


The inverse of given pascal triangle is 


-l1 1 0 0 0 
2 2 Qo 9 
1 3 -3 1 O 


When matrix 
2 -1 
Af | 
acts by multiplication on unit vectors along axes, it transforms vectors as given in below picture. Any vector can be 


decomposed into components of unit vector along the axes. When A acs on the vector then it is the resultant of 
scaled components of the transformed unit vectors. 


Result 282 


The sketch is plotted for unit vectors in the answer. Any general vector can decomposed into unit vectors along 
which can be transformed by A as in image. The resultant vector is the transformed vector by A. 


20 


Given that AB is n x n matrix which is invertible. Let C be it's multiplicative inverse ie. CAB = ABC = I then 
(CA)B = I and A(BC) = I. We only need to show that B(CA) = I and(BC)A = I. 


(CA)B =I => (CA)B(CA) = 1(CA) = (CA)B(CA)B = I(CA)B 
Now using associativity of matrix multiplication, we get 
(CA)B(CAB) = 1(CAB) = (CA)B=I 


Hence C’A is multiplicative inverse of B. Similarly, we can show BC is multiplicative inverse of A. Moreover, we 
can show this using determinant property of invertible matrix. Since det(AB) = det(A) det(B) and AB 
invertible implies det(AB) + 0 which implies det(A) 4 0 and det(B) + 0 which in turn implies both A and B 
are invertible. 


Result ante 


Let C be inverse of AB then show CA is inverse of B. 


(a) Given that AX = B has more than one solution where A and B have only real components. Let _X; and Xo 
be two solutions of AX = B. Then AX, = AX» = B. Let s,t be any number such that s + ¢ = 1 then 


A(sX, + tXo) = AsX, + AtXo 
= 8sAX,;+tAXo 
=sB+tB 


| 
we 
+ 
s+ 
& 


This shows that sX, + XQ is also solution of AX = B. Since there are infinite numbers s, t with s + t = 1, 
there are infinite solutions for the system. 


(b) Suppose AX = B has solution is complex number. Since each component of X has real and imaginary part, 
let X’ be real part and X” be the imaginary part so 


X = X' +ix" 
Now, operating on both sides by A, we get 
AX = AX'+iAX"=B (1) 


Since both X’, X” and B have only real parts, comparing both sides in (1), we conclude that X” = Die. AX’ = 
B hence the system also has real solution. 


Result Sof 5 


(a) Take any two solutions and show that it's convex combination is also solution. (b) Show that the complex 
component of solution must be zero. 


10.a 


21 


Let A be a square matrix and system AX = B has unique solution for some particular column vector By. 
Suppose for some B, it has two distinct solutions, say X, and X» then 


Ath = Kj AR = A= B= BAO 
Let X’ be unique solution for AX = B, then since X' + X; — Xo # X', we get 
A(X' + X, — Xo) = AX'+ A(X, — X») =B+0=B 


which shows that AX = B, does not have unique solution contradicting our assumption. Thus AX = B must 
have unique solution for every B. 


Result 20f2 


lf AX = B has unique solution then row reducing A must transform into identity matrix since any matrix with zero 
pivot implies infinitely many solution. 


Section 3 


lia 


Given a square matrix B, we have (B‘)' = B. Using property (AB)! = Bt At gives 
(BB') = (B‘)'B! = BB 
which shows that B Bt is symmetric matrix. Now, using property (A + B)* = At + Bt, 
(B+ BY! = BY + (B')' = BY+ B=B+B" 

which shows that B + B! is symmetric. To show that (A~!)' = (At)-}, 

(A‘(A“?)')' = ((A“)')'(A')' = ATA RT 
Similarly, 

((A*)‘A‘)' = (A')'((A7)'f = AAT = T 


Since J‘ = I, this shows that (A*)~! = (A7!)¢. 


Result 
Use property (AB) = B'A‘,(A+B)' = A'+ Bt 


22 


Given that A and B are two symmetric matrices (ie. Ab = A and Bt = B) and suppose if AB = BA then 
(AB)! = (BA)' = A‘Bt = AB 
which shows that AB is symmetric matrix. Now suppose that AB is symmetric matrix, 
(AB)'= AB = B'A'= AB = BA=AB 


Thus AB being symmetric implies AB = BA. 


Result aot 
(AB)' = (BA)' = A'B' = AB 
and 


(AB)'= AB = B‘A‘'=AB = BA=AB 


Row operation and then column operation on A can be represented as (E»(E, A)')' where EF) is row operation 
and E» is column operation. Now if we do the column operation first then we get (H»A‘)*. Applying row 
operation gives us FE, (H»A')'. Simplifying (E2(E, A)')* gives us 


(E»(E,A)')' = ((E,A)')*(E2)' = E, A(E2)! 
and simplifying Ey (H»A‘)* gives us 
E\(E2A*)' = E, A(A‘)*(E2)' = Ey, A(E2)* 


So we get no change at all. 


Result 2 of 2 


The result is same. 


If both row and column operations are allowed in simplification of matrix and when pivot point is not zero, all 
elements on it's corresponding row and column can be made Zero. Thus, we end up with matrix where no zero 
elements only occur on the diagonal of the matrix. 


Result 21 


A non-zero pivot can make all elements on it's row and column Zero. 


Section 4 


lia 


23 


Result 


oan Oo 


Noor 


(b) 


5 |) = Me -@e-a aet({} 1, ]) 
=3-2+7 
=3-2i-1 
=2-2i 
|) -240([3 o}) +1axe [2 2) 
=4-1 
=3 


JIooc © 
roo & 
SS See 
as 

Il 

_ 

qa 

o 

co 

a 

w 

oo 
eed 
oe 


(a) 2 — 2i (b) —i — 1 (ce) 3 (d) 24 


24 


Given 


Then 


Now, 


Now 


det(A) =2-4-1-3=5 
det(B) = 1(-2) -5-1=-7 


det(AB) = 17(—7) — 21(—4) = —35 


This shows det(A) det(B) = 5(—7) = —35 = det(AB). 


Result 


Suppose 


ben x n matrix. 
Now, det(A;) = det({2]) = 2 


Similarly, 


Show that det(AB) = det(A) det(B) = —35 


re 
= a ae 
a ee 
An = 3 
o ai 
a 2 


det(Ay) = det ike Fal =3 


2 -1 0O 
det(A3) = det -1 2 -1 =A 
0 -1 2 


25 


We conjecture that det(A,) = n + 1. Suppose this is true for some positive integer k ie. det(A;,) = k+1 


2 -1 
—1 2 -1 
det(Aj+1) = det os = = 
2 -1 
Lo J (easy cet 
2 -1 
—l 2 -1 
—1 2 -1 
= 2det =} eee 
-1 
—1 2 hock 
a 
0 2 -1 
+ det 74 bi ee 
2 -1 
el) Shack 
2 -1 
—l 2 -1 
= 2(k +1) —det oa 
2 -1 
22 J axe 
=2(k+1)-—k 
=k+2 


Result 


2o0f2 


\f det(A,.) = k + 1 and det(A,_;) = k then show det(A,.) = & + 2. Then by induction, det(A,) =n +1 
for all positive integers. 


4.a 


Now, let J, be n x n identity matrix. Then 


—1 
—1 
gash ade = =(-1)" 
er 2 
on nxn 
Thus, 
det(—A) = det((—J,,) A) = det(—J,,) det(A) = (—1)" det(A) 
Result 
det(—A) = (—1)" det(A) 
5. a 
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We consider two cases, when det A = 0 and when det A + 0. When det A = 0, A is not invertible therefore 
(At)-! = (47!) implies At is also not invertible so det( A‘) = 0 which gives det A = det( A‘). 


Now if det A + 0 implies A is invertible hence there exist elementary matrices of type (i) and (iii) given by (1.2.5) 
such that 
A= E£,\E£,...E,I 
Since Ey, are of type (i) or (iii), det Ej, = det((;,)‘) since for type (i), we have det(E,) = 1 and (E,,)' = Ey for 
type (iii). Thus, we get 
A' = IE"... (Ep)*(E,)' 


which gives 
det(A‘) = det(E‘)...det(E5) det(E') 
= det(E,,)...det(H2) det(E;) 
= det(F)) det(22)...det(E,) 
= det(F, FE)... E,I) 
= det(A) 
Result ea 


\f det A 4 0, show that it can be written as product of elementary matrices of type (i) and (iii) for which det BE = 


det (E*). 
6.a 
First of all square matrix A, we will show that 
det if 7 = det(A) (1) 
and 
det 4 | = det(D) (2) 


Let A be m x m matrix. To show (1), we will proceed by induction. Suppose By is 1 x 1 matrix then 


det a a = (~1)? det(A) = det(A) 
Suppose the result is true for (n — 1) x (n — 1) matrix with B,_; being any (n — 1) x (n — 1) matrix, ie. 
A B 
det r eg = det(A) 
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then for any n x n matrix B,, 


det f 


Thus by induction (1) is true for all I,,. We similarly proceed to show (2) is true as well. 


ia | * : 5|* 5 eae nie B' 


anf Baan ((f 8) 65 3) 


A B 
= det & 7 x det F a 


= det(A) det(D) 


This can also be shown using elementary matrices. If det A = 0 or det D = 0 then simplification of the block 
matrix gives zero in one of pivot for which determinant is zero. If it is not the case, let A = EB)... E,, B= 


F,F>... Fy, then take 
‘ee Ex 0 —_ fi 0 
a=[9 i =o al 


then det Ej, = det Ej, and det Fj, = det Fi. Now E},..., E),F]..., F/, are elementary matrices for the block 
matrix which simplifies it i.e. 
ts B 


: | = Bie EVFLB Fm 
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which gives 


A 


det t D 


| = det(E. BE)... EFF)... F!) 


= det(E})...det(E’,) det(F{)...det(F’,) 
= det(E,)...det(E,) det(F,) ...det(Fr) 
= det(E,... En) det(F, ... Fin) 


= det Adet B 


Result 


Sof 3 


The result can be proved using induction as well as using elementary matrices. For elementary matrices of A and 
D, redefine new elementary matrices which simplifies block matrices. Taking determinant gives the required result. 


Section 5 


lia 


Given (1 2)(1 3)(1 4)(1 5). 


(1 2)(1.3)(1 4)(1.5) 2 (1 2)(1 3)(5 41) 


® (1 2)(1 3)(15 4) 


® (1 2)(4315) 
© (1 2)(15 43) 
® (32154) 


© (15432) 
Explanations, 
1. (14)(15) = (5 41) 
2. (541)=(15 4) 
3. (13)(15 4) = (4315) 
4. (4315) =(1543) 
. (12)(15 43) =(32154) 
6. (32154) =(15 432) 


ou 


Given (1 2 3)(23 4)(3 45), 


(1 2 3)(2 3.4)(3 45) Y (1 23)(3 2)(5 4) 


= (1 2 3)(2 3)(4 5) 
® (2 1)(45) 
= (12)(45) 


Explanations, 
1. (2 3 4)(3 4 5) = (2 3)(4 5). 
2. (1 2 3)(2 3) = (1 2) 
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Given (1 23 4)(2 345), 


() 


(1234)(2345) © (1.4)(1 3)(1 2)(23.45) 


® (1 4)(1 3)(123 45) 


® (1 4)(2 1)(3 45) 


= (1 4)(1 2)(3 45) 


® (1 2.4)(3. 45) 


(5) 


= (31245) 
= (1245 3) 
Explanations, 
1. (1234) =(1 4)(1 3)(1 2). 


. (12)(2345) =(12345). 

. (13)(123 45) =)(2 1)(3 45). 
. (14)(1 2) = (124) 

. (12.4)(3 45) = (31245) 


Result 


(a) The associated matrix with the permutation (1 3 4 2) is 


Given (1 2)(2 3)(3 4)(4.5)(5 1), 


(1 2)(2 3)(3 4)(4.5)(5 1) & (1 2)(2 3)(3 4)(1. 4 5) 


® (1 2)(2 3)(35 14) 


= (1 2)(2 3)(1435) 


® (1 2)(42351) 


=(12)(14235) 
® (5 2 3)(1 4) 
= (23 5)(14) 

Explanations, 

1. (45)(5 1) = (145). 

2. (34)(145) =(35 14). 

3. (23)(1435)=(4235 1). 

4. (12)(14235)=(523)(14). 


(15432), (12)(45), (12453), (235)(14) 


0 
1 
0 
0 


0 
0 
1 
0 


(for given row, the column given by it's successor in (1 3 4 2) is 1) 


30 


(b) The permutation (1 3 4 2) can also be written as 
(1342) = (12)(1 4)(13) 


The associated permutation matrix is 


0100 

_|l1 000 
aod (a 
0001 
0001 
0100 
14)=19 9 1 0 
1000 
0010 
0100 
43)=1; 9 0 0 
0001 

Thus, we get 

0010 

1000 
(12)14)013)= | 9 0 
0100 


which is same as the result we got in (a) 


(c) The sign of p is —1 since it's odd permutation because it consists of 3 (which is odd) permutations. The 
determinant of associated matrix is also —1. 


Result 
(a) 

0 ‘0. <6 

+ O° 0 0 

0001 

010 0 

(b) (13 4 2) = (1 2)(1 4)(1 3) (c) —-1 

3.a 
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Let E = (a; ;) be an elementary permutation matrix which permutes two elements of a row k <> I. Then 


i MEISE 
mee. oi=kj=l 
= ori=j#(l=k) 


0 otherwise 


Then EEt = (bj;) where bj; = >, @im4mj- If i = l,m = k then aim = 1. If @mj = 1 then since m = k, we 
must have i = lie.a;; = 1lifi= 7 =lori=j =k. Similarlyi = k,m = l, we geti = 7 if bj; = 1. If thatis 
not the case then = m = j which gives aj; = 1 if i = j. Thus, bj; = 1ifi = j. Hence 


EE' =I 


Since any permutation can be written as product of elementary transposition matrices, 


P=Ekp...En 
, we get 
PP* = (E,\ Ep... En)(E,E2... En) 
= E\ Ep... E,Et... EXEt 
=F 
and 


PP = (Ey E2...En)'(E:E2... En) 
= Et... ELEtE,E,...Ep 
=I 


Hence, the transpose of elementary matrix is it's inverse. 


Result 2 0f2 


Show that transpose of elementary transposition matrix is it's inverse. Then use the fact that each permutation can 
be written as product of elementary transposition matrices to show the required result. 
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Given p(i) = n — 7 + Lis permutation of n indices. We have 
p(n—i+1) =n-(n-t4+1)4+1=i 


Thus if P = (aj;;) is the associated permutation matrix, we get aj; = 1 if j =n —i+ j otherwise 0. 


0 0 01 
0 0 1 0 

P=|: : an (1) 
01 0 0 
1 0 0 0 


If n is even then 


If n is odd then 


2 2 2 
n-1 apo tes 7. SF8 
= Nee cat Da 2 ee 
Thus if n is even then cycle decomposition is given by 
n n 
p=(1 n(2 (n-1))---(($) (F+1)) (2) 


If n is odd then the cycle decomposition is given by 


p=(1 m2 (n-1)---((**) (F)) (3) 


Now for even n, if n/2 is odd then there are odd number of transpositions sign is —1. If 2/2 is even then here are 
even number of transpositions so sign is +1. 


Similarly if n is odd then if (n — 1)/2 is odd then sign is —1 and if (n — 1)/2 is even then sign is +1. 


Result 20f2 
0 0 01 
0 0 1 0 
P=]: : a 
0: i 0 0 
1 0 0 0 


The sign of permutation is +1 of n = 0,1 (mod 4) and —1ifn = 2,3 (mod 4). 


5. a 
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Given p = (3 4.1)(2 5) and q = (145 2) and pg = (2 3 4) and gp = (13 5). If the result is not same, it is no 
strange as the permutation operation is not commutative. Both results turn out to be 3-cycles. However, this is no 
accident since 


(1235 4)(234) =(135)(12354) 


(1235 4)pq = qp(12354) => qp=g(ar)g* 
where g = (1 2 3 5 4). Now, if (pq)(i) = j then 


9(pq)9~*(g(é)) = 9((p9)(é)) = 93) 


Now if pq is a cycle of length 3 then (qp)(j) = g((pq)(z)). This shows if pq is cycle of length 3, gp is also cycle of 
length 3. 


Result 20f2 


pq and gp happen to be conjugates to each other. 


Section 6 
lia 
(a) 
3 2 142 249 
det |, 4) = (0) 3-24 (-1)*%4-1=-2 


pe fog 
det }2 4 2| =(-1)31(0) det t 1] + (-0@)aet fs A 
bE acannon 


+ (-1)3*3(1) det f | 


24 
= 0-2(1-2-2-2)+(4-1-1-2) 
=4+2 
=6 


a bs be 9 au ic 
det F : i] = ae ‘ i] + (0 4q) det i ] 
+ (—1)3*3(1) det f a 
= (b-1—0-c)—(a-1—c-1)+(a-0—1-b) 

=b-—a+c-—b 
=c-a 
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(b) Using complete expansion, the determinant of 


Using complete expansion, the determinant of matrix 
ail 412 
A= }aq1 aq 
431 +32 


detA= S$ (signp)arpi**-anpn 
perm p 
= 11499433 + 419493431 + 213421439 


is given by 


— 411423432 — 212421433 — 413422433 


Now, 
Using complete expansion, the determinant of matrix 


a a 
A= |% a2 
a21 422 


is given by 
detA= 5° (signp)aip1 +++ npn 
perm p 
= 411422 — 421412 
Now, 
[2 1-2 
det }2 4 2) =1-4-14+1-2-0+2-2-2 
lo ae 


= 1:99 41-9:1=9.4.9 
=44+8-4-2 
=6 


matrix 
a= ( 
a21 422 
is given by 
det A = >, (sign p)aip1*** Gnpn 
perm p 
= 411422 — 4214)2 
Now, 
1°2 
det [jG] =1-4-3-2--2 
Similarly, 
4 -1 1 
det {1 1 =2) =4-1+1+(—2)-(=2)-141-1-(-2) 
1 -1 1 
—4.-(-2)-(—1) -(-1)-1-1-1-1-1 
=4+2-1-8+1-1 
=-3 
Similarly, 
abe 
det }1 0 1) =a-0-1+6-1-1+e-1-1 
| ie ate | 


—a-1-1—6-1-1-—c-0:1 
=b+c-—a-—b 
=c-a 
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(©) Let A be n x n matrix and cof(A) be it's Similarly, we compute 
cofactor matrix. The cof(A) ism x n matrix 


S53 oe ly 0 -2 4 
whose 2, 7 entry is given by cof} 2 4 2 = 3 ae 
cof(A)j; = (—1)'* det Ajj 24 6 2 2 
Now, given 4 -l 1 -1 -3 -2 
cof} 1 1 -2 = fh «2 <3 
1 2 ae ey 1 9 5 
3.4 
N abe -1 0 1 
mt cof | 1.0) 1 =|c—b a-—c b-a 
cof(A);; = (—1)'*! det Ay; = 4 ey ae | b c-a -b 
cof(A)g2 = (—1)?*? det A» = 1 
cof(A)j2 = (—1)!** det Ao, = —3 
cof(A)21 = (—1)?*! det Ao = —2 
Thus, 
4 -3 
cof(A) = Sa 
Result 6c 


The determinants of given matrices are computed as —2, 6, —3 and c — a using both row expansion and 
complete expansion. The cofactor matrices have been similarly computed in answer. 


Given that A is invertible matrix. If A~! as all integer entries a;;, then since 


det A= $° (signp)aiyi «++ anyn 
permp 


We must have det A and det(A~) as integers. Thus, 
det(AA™!) = det(A) det(A~!) = det J =1 


Thus, if det A = n, then det(A~!) = 4 which must also be an integer. For only values n = +1, we get integer 
hence 


det A= +1 


Conversely, if det A = +1, then by Theorem 1.69 A~! = cof(A)/ det(A). Since i, j entry of cofactor of A is 
given by 


cof(A);,; = (—1)*7 det Aj; 


and also A contains only integer entries, cof(A) is also integer matrix. Thus, 


which is also integer matrix. 


Result sos 


Use the fact that det(AA~!) = det(A) det(A7!) = 1 to show that det A = +1. Conversely, use A7! = 
cof(A) / det(A) to show A! contains only integer entries. 
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Miscellaneous Problems 


lia 


Given 2n x 2n block matrix 


wd 


C D 


where each block is n x n matrix. Suppose A is invertible and AC = C'A then 


I O|[A B]_fA B 
-CA I}|c D|~|0 D-CA“B 


Now, we know that 


so we get 


= det(A) det(D — CA™'B) 
= det(AD — ACA™'B) 

= det(AD — CAA™'B) 

= det(AD — CB) 


The result does not hold if AC # CA. For example take 
i ee vee [oe 4 
A=|; ils c=[i 7 


and B = D = I This gives 


1 
3 
det M = det 1 
0 


- Oo & bt 
Ke wore 
a ) 


while det(AD — CB) = det(A — C) = 0. 


Result 
Use the property 
A B 
det 3 fl = det(A) det(D) 
to show the required result. 
2.a 
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Suppose that A has a left inverse. Denote it by B. By definition, B must be ann x m matrix such that 
BA=I, 


Let A be a matrix which we get when we add (n — m) rows of zeros to A at the bottom. Let B by a matrix which 
we get when we add (n — m) columns of zeros to B to the right. Notice that Aand B are n x n matrices, for 
which 


BA=I, 
holds. However, we know that now the following also holds: 
AB = Tn 


(if a square matrix has a one-sided inverse, than the other inverse also exists and they are equal). So, Ais invertible. 
However, this is impossible by Lemma 11.18. 


Result 20f2 


Assume that the left inverse exists and arrive to a contradiction by a hint provided in the text of the exercise. 
Lemma 1.1.18. will prove useful. 


3.a 
Let 
aij -+s =Aln by see Ain 
A = F B = : 
ani Onn bn ban 
Then 
Qyyt+dy  ... Aint bin 
A+B= : : 
Any +bny «-- Ann t Onn 
Therefore, 


trace(A + B) = ayy + by, + gq + bo9 +... + nn + Onn 
=ayjt+aa+...+ ann t+ by +b004+...4+bnn 
= trace(A) + trace(B) 


which proves the first statement. 
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Now, 

1161, + Gy2bo) +... + Qinbni 
AB= : 
Qn bi; + Ay2b9} fesse AnnDin 


241 din + Ay2Qban +... + Aindnn 


Anidnt + angbon “48 oF Annbnn 


Now notice that 


= 
= 
= 


trace(AB) = 5 b4 


ul] 
- 
~. 
i] 
an 
> 
il 
~ 
~ 
i] 
- 


(written without these tedious sums, the trace of AB is equal to the sum of all combinations of products of entries 


of A and B). 
Similarly, 


byay + bygaa1 +... + Bindnr «.. bin + Dygdan +... + Dindnn 
BA= : , : 
bniai + bneaa1 +... + bnn@in «-.  dnidni + bn2dan +... + ban@nn 


Now notice that 


= 
= 
= 
= 
= 
= 
= 
= 


trace(BA) = by aij = aijbx1 


Finally, 
trace(AB) = trace( BA) 


Thus, the second statement is proven. 


To prove the last statement, we use the previous statement: 
trace(BAB™) = trace(B(AB™!)) = trace(AB™'B) = trace(A) 


With this, all statements are proven. 


Result 30f3 


The first two statements are proved directly. The last statement can be easily proved using the second statement. 
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Here we will use a little trick. First assume that such A, B exist. Then we must have 
trace(AB — BA) = trace(I) 
On the left side, we have 
trace(AB — BA) = trace(AB) — trace(BA) = 0, 


by the previous exercise. 


On the other hand, 
res 0 
Poel. 0 
trace(I)=trace}. . , a Es 
Di see 1 


Since 0 # n, the equality trace(AB — BA) = trace(I) cannot hold, which means that the equality AB — 
BA = I too cannot hold. 


Result 


Hint: take trace of both sides. 


The given matrix can be written as 


1 2] fi oO} fi oO]f1 2 
3 4)” 13 1)//0 -2]/]0 1 
The expression is as short as possible. If it were possible to write it up as product of two elementary matrices, 
E\ Ey = M then 


E;'E;'M =I 
Since inverse of elementary matrix is elementary, this shows that it takes two elementary operation to reduce given 


matrix into reduced row echelon form. However it takes three elementary row operations to reduce it. Hence it 
cannot be written as product of two elementary matrices. 


Result 20f2 


Is aJ=[e allo “fo 1] 


. To show it is shortest possible, reduce given matrix using inverse of elementary matrices. 


6.a 
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Let A be any invertible 2 x 2 matrix. Suppose 
Take elementary matrix FE such that 


and Ey such that 


1 
poa-[ ,] 


. Since A is invertible and E,, E> are elementary matrices which perform elementary row operations, by + 0. 
Now take EF such that 


ee [i 
E3E,E,A = ; Al 
. Now finally, we can take Ey such that Ey E3EE,A = I. Now, it gives 
E,E;3E,R,A=I = I= E,'E,'E;'E,! 


Since inverse of elementary matrix is elementary, every 2 x 2 invertible matrix can be written as product of atmost 
four elementary matrices. 


Result 
n=4 
7.a 
(a) Given 
i 2. 2 
a be 
a Pe 
Multiplying by elementary matrix of type (i) as given by 1.4.13 does not change the determinant of any matrix. So 
1, t. A 1 1 1 
det}a 6b c}]=det{/0 b-a c~a 
ap ce 0 B-@ c-da 


=aet |p Sal 

= (b- a)(c* - a’) —(ce- a)(b? - a’) 
= (b—a)(c~a)(c~ a —(b~a)) 

= (b— a)(c — a)(c — b) 

= (a — b)(c — b)(c — a) 


A 


(b) We prove the formula for determinant using mathematical induction. Suppose let 


1 am 1 
ay eee ay 
det = Il (a; — a;) 
: : 1<i<i<n 
i ant 
Now, doing Rasy = Rp — a; Rn, we get 
1 1 
ai Qn+1 
det 
(a,)" (Qn+1)" 
1 1 i! 
a, a2 Qn+1 
=det]} : : 
Gt a ys 3°" 


0 a2)" —aj(az)"* 2. (@asr)” = a1 (@ny1)"™ 


Similarly, elementary row operation Ry — Ry — ai Rp-1 withk = n,n —1,...,3,2 gives 


1 1 sia 1 
0 ag — ay coe Ans} — ay 
= det |: : 
0 as? —aj(a2)"—? ...  (@ng1)"-! — a1 (any) 
0 (a2)” - ay(a2)""! are (dn+1)” _ ai (a@n+1)"~* 
So, we get 
az — a) be An+1 ~ a 
= det 


a3! — ay (a2)"* se* (dnyi)” — (ans1)""* 
(a2)" — a; (a2)"" (Qns1)" — a1 (dni1)” 
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Upon factoring a; — a; from each row, we get 


1 1 
dg An+1 
= (a2 — a)) +++ (@n41 — ay) det , 
(aq)"-! (dni1)""} 
Now, using induction hypothesis, the determinant is 
1 1 
a2 $+ Qn+1 
det]. : = [J @-a) 
: : Q=i<j<n+l 
(a2)""} (a a)e* 
which gives the determinant as 
1 an i 
ay eee An+1 
det = (a2 — @)) +++ (@n41 — a1) II (a; — aj) 
: 4 Q=i<j<n+1 
(a;)" (@n+i)" 


lsi<j<n+1 
(c) Consider the polynomial given by 
{ Ieee (Pee 1 1 oo 1 
E» ty 3k thy they As ta 
Py(t) =]. ; 
ttf ees (be-1)”— (Cea)” +> (tn)” 


Now P,,(t;) = Oif 7 # k. If (th, ys.) be any point then choose c}, such that cj, = yx / Py(ty). The n degree 
polynomial given by 


P(t) = So cuPa(t) 
k=0 


is the polynomial that passes though any given (tx, yx). 


Result 


Sof5 


(a) Expanding the determinant gives the required result. (b) Use induction to show that determinant is given by 
The: jen(4j — aj). (©) Such polynomial can be constructed by replacing a each column by 1, t,...¢” in 
Vandermonde matrix. The sum of determinant of such matrix with appropriate coefficient gives the required 


polynomial. 
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(a) 


This is provided in the text of the exercise. 


(b) 


This actually means that L must also be a right inverse! So, there is actually no problem here, and L is a two-sided 
inverse. Thus, A is invertible in the full sense. 


Result 20f2 


This actually means that L must also be aright inverse! So, there is actually no problem here, and L is a two-sided 
inverse. Thus, A is invertible in the full sense. 


Given A is 2 x 2 matrix and A), Ao be the columns of A. Now if P is a parallelogram whose vertices are 

0, Ay, Ao, Ay + Ag then the area of P remains unchanged under elementary row operation in which rows are 
swapped and multiple of rows are added to other. This represents the multiplication to A by elementary matrix of 
type first and second given by 1.4.13. The row operation in which a row is scaled by c also scales the are of the 
parallelogram. 


The parallelogram with vertices (0,0), (1,0), (0,1), (1, 1) have column (1,0) and (0, 1) forms the matrix I. The 
area is also 1 which is same as det I. Now for any invertible given matrix A, there exists elementary matrices (or 
identity matrices) Fy, Hy, Hz and Ey such that 


FE, FE, E3EsI = A 


The matrices E,, Eo, E3, Ey either leaves determinant unchanged or change sign or scale the determinant by 
some factor. Correspondingly, elementary row operations leaves area unchanged or scales it. This gives det A = 
det FE, - det E> - det E3 - det Ey which is scaled area of rectangle with columns given by I. 


Result 2 0f2 


Using elementary matrix operation, show that I can be scaled to A. 


10. a 


Suppose that (J, — AB) is invertible. Consider the matrix 
D=I,+B(Im—AB)'A 
Then 
(In — BA)D = (In — BA)(In + B(Im — AB) A) 
= I, — BA+ B(Im — AB)“1A — BAB(Im — AB)“'A 
= I, — BA+ B((Im — AB)~!A — AB(Im — AB)~'A) 
= I, — BA+ B((Im — AB)! — AB(Im — AB)"!)A 
= I, — BA+ B(Im — AB)"(Im — AB)A 
ae 


I 
=I[,-BA+BA 


— 
Here we used the Distributive Property multiple times. 


Thus, D is an inverse of (J,, — BA), so (I, — BA) is truly invertible. 
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Now assume that (J, — BA) is invertible. Define 
C =In+A(In — BA)'B 
Then, similarly to above, 
(Im — AB)C = (Im — AB)(Im + A(In — BA)~'B) 
= I, — AB + A(I, — BA)“'B) — ABA(I, — BA)“'B) 
= Im — AB + A((In — BA)~'B — BA(In — BA)~'B) 
= I, — AB + A((I, — BA) — BA(I, — BA)“')B 
= I, — AB + A(In — BA)~'(In — BA)B 
—<—,, -—__ 
I 
=In-AB+AB 
= Im 


Thus, C is an inverse of (I;, — AB), so (I, — AB) is truly invertible. 


Result 


Hint: if I, — AB is invertible, consider the matrix D = I, + B(I, — AB)71A. 


1i.a 


(a) The system of linear equations associated with this Dirichlet problem is 


1 0 -1/4 0 0 T_10 1/4 
0 1 -1/4 0 0 T0,-1 0 
1 


-1/4 -1/4 —1/4 -1/4] | too | = | 0 
0 0 -1/4 1 0 TO 3/4 
0 0 -1/4 O 1 710 1/4 
which has solution - 
T_1.0 fi 
T0,-1 
0,0 | = B 
TOA 8 
T10 rd 


45 


(b) By the Laplace equation each value f(u,v) of a harmonic function is 
the average of the values of its four neighbors. The average of a set of 
values is always lower or equal to the maximum of these values. The 
maximum principle then follows by induction on the maximum distance 
lp between a point in R and a point in OR. 


If /z=1 each point of 2? is surrounded by boundary points so its value by 
J is at most a value of the boundary. By induction assuming this holds 
for lz = k if the maximum distance is k +1 then considering R’ c R the 
subset of points at a distance k from the boundary then by the inductive 
hypothesis the maximum principle for the region R’ holds (considering 
the points R — R’ as being part of the boundary now), so the maximum 
value occurs in either the boundary or at the points in R— R’. But then 
the maximum principle for 2 — R’ (note that the boundary of R— R’ is 
contained in R’) implies the values at the points in R — R’ are at most 
the values of points in R’. Therefore the points with maximum value 
must occur at the boundary of R. 


(c) The existence of a unique solution is equivalent to L being an invertible 
matrix. Now note that L is of the form J — A with 


_ guy [1/4 Me) - (ew) =1 
A=Kal= tf \(u,v) — (x,y)| #1 


Therefore L~! = }>,, A". 


Result 


(a) The system of linear equations associated with this Dirichlet problem is 


1 0 -1/4 0 0 ] [r-10 1/4 
0 1 -1/4 O 0 X0,-1 0 
-1/4 -1/4 1 —1/4 -1/4| | too | =| 0 
0 0 -1/4 1 0 ro1 3/4 
0 0 -1/4 +O 1 T10 1/4 
which has solution es 
t-1.0 i 
0,1 e 
x00 | = 
T10 RB. 


(b) The maximum principle follows by induction on the maximum distance 
lz between a point in R and a point in OR. 


(c) Since L is of the form J — A we have L~! = >, A”. 


2 


Chapter 2 


Section 1 


lia 


Take a,b,c € S. Then 


(able =ac=a 


On the other hand, 
a(bc) =ab=a 
Thus, 
(ab)c = a= a(be), 
so 


(ab)c = a(be), 
and this law is indeed associative. 
Now suppose that e € S is the identity. Then, for each a in S, we must have 
ae=ca=2a 
However, 
ea=a 
yields, since ea = e by definition of this law of composition, 
e=a 


So, the identity is equal to all elements of S! This is clearly possible if and only if S = {e}, that is, S has only one 
element. 


Result 
Prove that (ab)c = a(bc) for alla, b,c € S. 


For the second part, prove that S must contain only one element. 


(a) 


Let a be such that 1, r with the properties la = 1 and ar = 1 exist. Multiply the equality la = 1 by r from the 
right: 


(la)r =1r 
Since 1 is identity, lr = 7. On the other hand, since the law is associative, and r is the right inverse, 
(la)r = (ar) =U =1 
Thus, 
la=1 
after multiplying by r from the right yields 
l=r 


as required. The other two statements now follow directly: 


Thus, a7! = r(=1). 


(b) 
Suppose that b), be are inverses of a. We must prove that b; = bo. Start: 
by = by 1 = bi (aby) = (b:a)by = 1by = by 


In the first equality we used that 1 is the identity, in the second we used that bo is an inverse of a, then we used the 
associative property, then the fact that b, is an inverse of a, and finally that 1 is the identity again. 


Thus, 


so the inverse is unique. 


() 

Using the associativity and the definitions of inverse and identity multiple times: 
(ab)(b~'a~!) = a(bb™! a! = ala! = aa! = 1 
(b-'a~!)(ab) = b-'(a~'a)b = b'1b = b= 1 

Thus, b~!a~! is the (unique!) inverse of ab, so 


(ab)~! = b'a7! 


Result ne 
Hints: 
For the first part, multiply the equality la = 1 by r from the right. 
For the second part: Suppose that b), bo are inverses of a and prove that we must have b; = bo. 


For the last part, just prove it by definition of the inverse. 


Intuitively, both "discrepancies" happen because 1 is not in the range of s; that is, there exists no n € N such that 
s(n) = 1. 


Let f : N + N be any function from the set of natural numbers to itself. Let m = f(1). Then 
(so f)(1) = s(f(1)) = s(m)=m+1>1 


Thus, s o f cannot be the identity function, since then we would have (s o f)(1) = 1. Since f was taken 
arbitrarily, than s has no right inverse. 


Now let gm, where m € N, be a function from a set of natural numbers to itself defined as follows: 


ins m forn = 1 
= ~ )n-1 forn>1 


Now, for every n € N, 


(gm © 8)(n) = gm(s(n)) = 9m(n + 1) =n 
>1 


Thus, gm © 8 is an identity function, so g,, is a left inverse of s. Since m was an arbitrary taken natural number, we 
conclude that infinitely many left inverses of s exist. 


Result 


Hint: both "discrepancies" occur because | is not in the range of s. 


Section 2 


j.a 


We first need to write all elements of Ss. We will write them as products of 
disjoint cycles (including the cycles of 1 element): 


pr = (1)(2)(3) 
pz = (12)(3) 
Ps = (1)(23) 
pa = (13)(2) 
ps = (123) 
Pe = (132) 

Now we need to find all products. For example, 
Ps © Ps = [(1)(28)](123) = (321) = (182) = po. 


since ps sends 1 to 2 and ps3 sends 2 to 3, and so on. We also used the fact, 
that the cycle can be written with any element in it written on the first 
place; we just have to make sure we do not change the positions between 
elements. 


So, the table will be as follows: 


| ° | pt | pe | Ps | ps | Ps | Pe | 
Pi | Ps | Po | ps | Pa | Ps | Po | 
| p2 | p2 | ri | ps | po | ps | pa | 
| ps | ps | ps | pi | ps | ps | pr | 
| Pa | Pa | Ps | Po | Pr | Pe | Ps | 
| Ps_| ps | Pa | P2 | ps | Pe | 
| ps_| ps | ps | ps | pr | pr | Ps | 
Result 
pi = (1)(2)(3) 
pz = (12)(3) 
ps = (1)(23) 
pa = (18)(2) 
Ps = (123) 
ps = (132) 


Lo | pi | pe | ps | ps | ps | po | 
Pa | Pi | P2 | Ps | Ps | Ps | Po | 
| P2 | p2 | Pr | Ps | Po | Ps | Ps | 


| Ps | ps | po | i | Ps | Ps | po | 


| ps | pa | ps | po | pi | pe | ps | 
| Ps | ps | ps | Po | Ps | Po | Pr | 
| Ps | Po | Ps | Ps | Po | Pr | Ps | 


Let T be a set of all invertible elements of S. 


We first must prove that for alla, b € T, we have ab € T (so for the law of composition to be well-defined on T). 
However, the product of two invertible elements is invertible, so ab truly is in T. 


Now for the associativity. However, this follows directly, because the law of composition is associative on S, and T 
is a subset of S. 


Moreover, S has an identity; we will denote it by e. However, 
ece=€, 
so € is invertible (inverse being e€ itself)! Thus, e € T, and T has an identity element. 


Finally, let a € T. Then there exists an inverse a~!. For now we know only that a~! € S; we must prove that it is 
also an element of T! However, 


actually means that a is an inverse of a~!; hence, a7! is invertible, and a~! € T. Thus, every element of T has an 
inverse in T. 


Result 20t2 


Denote by T the set of invertible elements of S. Prove that a restriction of the law of composition on T is well- 
defined, that it is associative, that T has an identity, and that each element of T has an inverse in T’. 


3.a 
(a) 
First multiply by 2~! from the left: 
yz tw =! 
Now multiply by w~! from the right: 
ye =a tw 


Finally, multiply by z from the right: 


(b) 
Start from zyz = 1. Multiply by z~! from the right, and then by yt from the right to get 
ga 2 ty) = (yz) 
Now multiply by yz from the left: 
yzz=1 
For the second statement, let G = S3, let 
x = (1)(23), y= (12)(3), 2 = (123) 


Then xy = (132) and ryz = (132)(123) = (1)(2)(3), which is an identity in $3. On the other hand, yx = 
(123) and yxz = (123)(123) = (132), which is not an identity. Thus, the second statement does not hold. 


Result 2: 
(a) y = z-!w-!z 


(b) The first statement holds, the second does not. 


(a) 


Subset? Since every matrix with real entries can be interpreted as a matrix with complex entries, we conclude that 
HG: 


Closure? For every A, B © H wehave AB € H since H is a group itself. 


Adentity? The identity in G is In, the identity n x n matrix. Since every entry of J, is real (every entry of I, is 
either | or 0), we conclude that J, © H.Thus, H contains the identity. 


Inverse? For every A € H we have A~! € H since H isa group itself. 


Thus, H is a subgroup of G. 


(b) 

Subset? Since R” is a set of nonzero real numbers, we conclude that H C G. 

Closure? For every z,y © H wehave ry € H; this is seen by looking at all possible combinations of x and y: 

z=lry=l>a2y=1ceEH 

z=-lry=l>czy=-led 
z=ly=-ls>ay=-1¢eEH 
z=-ly=-l>ay=1¢EH 

Identity? The identity in G is 1, which is also in H. 

Inverse? For every 2 € H we have x~! € H; again, this is seen by looking at all cases with respect to a: 

@=1>1-1=152'=1eH 
g=-1>-1-(-1)=1>2'!=-1¢eH 


Thus, H is a subgroup of G. 


(c) 
Notice that 0 is an identity in Z*, but 0 ¢ H, so H is not a subgroup of G. 


(d) 


Notice that H is not even a subset of G (matrices in H have determinant 0), so H is clearly not a subgroup of G. 


Result Sof 


H isa subgroup of G in (a) and (b). It is not a subgroup in (€) and (d). 


Let 1g be the identity in G, and let 1 be the identity in H. We must prove that lg = ly. 
First of all, since H C G, 1y € G. This means that, since G is a group, iz exists, and 
1q71;' = 1¢ 


Now notice that i; € H since ly € H and H is a subgroup of G. Now we can apply the closure property to 
conclude that lg = 1yly eH. 


Finally, 
ly = lyle = le, 


where in the first equality we used the fact that 1y © G and that 1g is the identity in G, while in the second 
equality we used the fact that lg € H and that 1, is the identity in H. 


20f2 


Result 
Let 1g be the identity in G, 1y be the identity in H. First prove that lg € H. Then, argue why the following holds: 


ly =1lgle =1¢ 


6.a 


Associativity? 


Letz,y,z € G°.Then 


v*(y*z)=(y*z)r =(zy)x 


and 


(*y)* z= 2(2*y) = 2(yx) 
Since the associativity in G holds, 

(zy)a = z(yx) 
Thus, 


x (y+ 2) =(z¥y)*2, 


which means that the associativity in G° holds. 


Identity? 


Let 1 be the identity in G. Since G and G° "share" the same set, we know that 1 € G°. We will now prove that it is 
also the identity in G°. 


Let 2 € G°. Then 
leag=2l=2 
zel=lz=2 
since 1 is an identity in G. Therefore, 
ee oe 
so 1 is truly the identity in G°. 


Inverse? 


Let 2 € G” be arbitrarily taken. Then, since G° and G "share" the same set, z € G. It also has an inverse z~! inG 
since G is a group. We will prove that z~! is an inverse of a in G°. For this, 


which prove that 2~! is truly an inverse of x in G°. 


Conclusion. Since all properties of a group hold, G” is a group. 


Result 


Prove that the properties of a group hold. 


Section 3 


lia 


We perform the Euclidean Algorithm: 


312 = 123-2 + 66 
123 = 66-1+ 57 
66 = 57-1+9 
57=9-6+3 
9=3-3+4+0 


Therefore, 
gcd(123, 312) = gcd(123, 66) = gcd(66,57) = gcd(57,9) = gcd(9,3) = gcd(3,0) = 3 
because clearly gcd(m, 0) = m, for all m € Z. Thus, 


Now we write the above equalities a bit differently: 


312 = 123 - 2 + 66 > 66 = 312 — 123-2 

123 = 66-1+57 => 57 = 123 — 66 

66 = 57-1+9=>9 = 66 — 57 
57=9-64+3>3=57-9-6 
9=3-3+0 


Therefore, 


3=57-9-6 
= 57 — (66 — 57) 
= —66+ 57-2 
= —66 + (123 — 66) -2 
= 123-2— 66-3 
= 123 - 2 — (312 — 123-2) -2 
= 312- (—2) + 123-6 


Thus, 


Result 


First, since a and bare positive, p cannot divide a and p cannot divide b (since a < pandb < p). Nowletebea 
(positive) common divisor of a and b; that is, e divides a and e divides b. Then a = ke and b = le for some 
positive integers k,l, and 


ke+le=p=>(k+le=p 


Thus, e divides p. Since p is prime, only | and p divide p, so e = 1 or e = p. However, e = pis impossible since e 
divides a and b, but p does not. 


Therefore, e = 1. By definition, d = gcd(a, b) is a positive integer which divides both a and b. Since the only 
positive integer which divides both a and bis 1, we conclude that as required. 


Result 2 of 2 


Prove that the only positive integer which divides both a and bis 1. 


3.a 


(a) 
We define it as a positive integer d such that 
Zd = Za, +...+ Zan (1) 
Such d exists because 
S=Za,+...+Za,={n€Z|n=rja,+...+7ndn, T1,---;?rn € Z} 
is a subgroup of Z. Proof: 
Subset? Clearly, S C Z. 
Closure? Let z, y € S.Then 
T=1jQ,+...Ipdn, Y= YQ, +.--YnQn 
and 
aty= (x, + ya; +...+ (tn + Yn)an 
which is in S because 7] + yo,...,2n + Yn € Z. 
Inverse? Let x € S, 


© = 110, +... 7LnQn 


Then its inverse is 
—z = (—2))a, +...(—an)an, 
which is also in S, since —a1,...,—@p, € Z. 
Thus, S is a subgroup of Z, so there exists a positive integer d such that (1) holds because of Theorem 2.3.3. 
Moreover, d € S means that there exist r),..., 7, such that 


d=rja,+...+1naQpn 
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(b) 
Denote by 
a, =a1;/d, ...., @,=an/d 


Suppose that e is a positive integer which divides a}, isla de Then a’, = ekj, fori = 1,...,, where kj are 
positive integers. This also means that a; = da} = (de)kj. So, de divides all aj. By the generalization of 
Proposition 2.3.5 (c), we conclude that de divides d. However, de > d since e > 1; so, we must have that de = d, 
soe=1. 


Similarly, we can conclude that d’ = gcd(a},..., a},) divides all a}. This is because 
Zd' = Za +... + Za, 


So, a} € Zd’, which means that a} = ld’ for some positive integer 1. This in turn means that d’ divides a}. 


Finally, since the only positive integer which divides all a} is 1], we conclude that [¢ =1] 


Result 
(a) Just copy the definition of the gcd of two integers. 


(b) Hint: prove that the only positive integer which divides a; /d, \\dots, a,,/d is 1. 


Section 4 


tia 


Multiply the equality ab = ba® by a? from the left: 
a®b = a*ba® 
Now use that ab = ba® to conclude that 


a*ba* = (a*b)a* = (ba*)a* = ba® 


Therefore, 
a°b = ba® 
Now multiply this equality by a from the left: 
a'b = aba® 
Since a’ = 1, we get 
b = aba® 


Finally, multiply by a from the right: 


ba = ab >| ab = ba 


Result ate 


Multiplying by a? from the left one easily gets a°b = ba®. Then, multiply by a from the left and then from the right 
to get the desired equality. 


(a) 
Using De Moivre's formula, if 2" = 1, then 


z= eteri/n 


where k = 0,1,..., — 1. Thus, if we denote by S the set of nth roots of unity, 
Giusz fi emis Le ein—lxi/ny 

We first prove that it is a subgroup of CC”: 

Subset? First of all, S C (C% is trivial. 


Closure? Let 2, y € S.Then 2 = e***i/" y — e!*!/n tor some k,l € {0,1,...,n — 1}. Now, 


ry = ezkri/n ,2ni/n = e2lktlxi/n 


Moreover, notice that, if k + 1 = an + b, with a and b positive integers, b € {0,1,...,n — 1}, then 


2(an+b)mi/n 


ry=e as eat i e2bmi/n os e2bmi/n es 


VY 
1 


Thus, zy € S, so S is closed. 


Inverse? Leta € S. Ifa =1,thena! = 1. 


Otherwise, z = e”**/" with k € {1,...,n — 1}. Then y = e2("-*)"/" & § (sincen — k € {1,...,n — 1}), and 
ry = yr = e2nn/n =e7™=1 
Thus, y=a2-!,soz eS. 


This proves that S truly is a subgroup of (C*. 


To prove that it is cyclic, just notice that 
(em) : = e2kri/n 


so|S = (ein 
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(b) 


The product is 


n-1 
_ elin/n ,., .2(n—1ix/n _ 2khin/n 
l-e e = Ile 
ss e2in/n Tht k 
= pdin/jn By 
= e(n—ljix 
Now, if n is odd, then n — 1 is even, and 
eln—lix _ 1, 
since e'*” is periodic with period of 2 and it is ] when x = 0. 
Similarly, if n is even, then n — 1 is odd, and 
eln-Dix _ git _ 4 


Thus, we can write 


eln-lix = Ey? 


So, the desired product is 


Result 
(a) Prove that S = (e2in/m), 


(b) (—1)"* 


3.a 
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We first look at the case when ab has a finite order. 


Assume that ab has an order n. Then (ab)" = 1 So, 


(ab)(ab)--- (ab) =1 
—_—_—_— 
n times 


Multiplying by a~! from the left and by b~! from the right, 
(ba)(ba) --- (ba) = ato? 
SS 


(n—1) times 
Now multiply by ba from the right: 
(ba)" = abba = ata =1 


Thus, ba has a finite order, denote it by m, and we conclude that m < n, since m is the smallest positive integer 
such that (ba)* = 1. 


Similarly, 
(ba)™ =1 
(ab)""! = ba"! 
(ab) = b'a'ab=b'b=1 
Thus, n < m, from which we conclude n = m, as required. 


Now suppose that ab has an infinite order. We must prove that ba also has an infinite order. Suppose that ba has a 
finite order m, then the previous proof shows that (ab)™ = 1, which is a contradiction. 


Result 


Hint: look at cases when ab has a finite and infinite order independently. 


4.a 


The easiest example is G = {1}. Now we suppose that G # {1}. 
First suppose that G is not cyclic. Then there exist nontrivial a, b € G such that 

b¢ (a) 
However, now (a) is a proper subgroup of G (since it is not equal to neither { 1} nor G), which is a contradiction. 
Thus, G must be cyclic, that is, 

G = (a) 
If the order G is infinite, then, for example, 

(a) 

is clearly a proper subgroup of G. Thus, the order of G must be finite, say, n. 


Moreover, now (a*\ is a subgroup of G for every k € {0,1,2,..., — 1} (we do not need to take into account 
other k because a? = a” = 1, so we can easily "translate" every a! to be of the form a* with k € 

{0,1,2,...,m —1}). Moreover, the order of (a*) is equal to n/d, where d = gcd(n, k) by Proposition 2.4.3. 
Thus, (ak ) has an order strictly between | and n if and only if 1 < d < n. Also, in this case, (a* is a proper 
subgroup of G (because of the number of elements). 


If nis not prime, then there exists k € {2,3,...,n — 1} such that d = gcd(k,n) > 1 and d < n (for example, 
we can pick one k which divides n; such exists because n is not prime). By above discussion, (ak ) is then a proper 
subgroup of G. Thus, G must be of prime order. 
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So, it is necessary for G to be of prime order. Is it sufficient? In other words, does every cyclic group G of prime 
order satisfy the given condition? 


Let G be a cyclic group of prime order. Let H be its subgroup. We will prove that H is also cyclic. If H = {1}, 
the result is trivial, so suppose H + {1}. Define 


S ={k € {1,2,...,n—1}|a* € H} 
Let ko = min S (such exists because S C {1,2,...,n — 1}). We will prove that 
H = (a) 
First of all, (a*) C His trivial, since a € H, and H isa group (so a” € H for every m € Z). 


Now let z € H_ Then, since H C G, and G = (a), x = a™ for some m. Now we write m = qkp + r, where 
O<r<kp. 


Moreover, 

a™ = ait" = (a)? a” 

: m ko\@ 
Since a” € H and (a ) € H, we conclude that 
ko\2\ + 

a’ =a"((a ) ) €H 
Furthermore, r = 0. Otherwise, ifr > 0, thenr € S andr < ko = min S, which is a contradiction. 
Thus, 

a= (a)? = (a) 


Finally, we can complete this exercise. Every subgroup of G is of the form (a*). Since n is prime, gcd(k, n) is 
either 1 or n, so every subgroup of G is either G or {1}. This completes the proof. 


Result Sof 


G= {1} or G is acyclic group of prime order. (Hints. What if it is not cyclic? What if it is infinite and cyclic? What 
if its order is not prime?) 


Let G = (a). Let H be some subgroup of G. Define 
S={keZ|a‘* cH} 


We will first prove that S is a subgroup of Z~. 


Subset? Clearly S C Z*. 


Closure? Let k,l € S. Then a* € H anda! € H. Since H isa subgroup of G, it is closed, so a**! = a* - a! © H 
Thus, k+l € S. 


Inverse? Let k € S. Then a* € H. Since H is a subgroup of G, a~* = (a*)-! € H. Thus, —k € S. 


Conclusion. Now we know that S is a subgroup of Z*. If S is trivial (S = {0}), then H = {1}, which is trivially 
cyclic. If S is nontrivial, then by Theorem 2.3.3. there exists some positive integer b such that 


S=Zb 
So, k € S if and only if there exists some integer | such that k = lb. Moreover, this means that 
H = {a"|\leZ} 
by definition of S. Thus, 
H= (a’) 
which proves that H is cyclic. 
Result eos 


Define S = {k € Z| ak eH }. Prove that S is a subgroup of Z*. Conclude the rest by using Theorem 2.3.3. 


6.a 


(a) 
For the first case, 
G = {1,a,a’,a*,a*,a*} 


By Proposition 2.4.3, the order of (a) is 6/d, where d = gcd(6, d). So, the order of (a) and (a*) is 6, while for 
the others, the order is less than 6. Thus, only a@ and a? generate the entire G. 


For the second case, 
G = {1,a,a’, a°,a*} 
Now notice that every element except | can generate the entire G, since d = 1 fork = 1,2,3,4. 
For the third case, 
G = {1,a,a”,a?,a*,a°,a°,a"} 
Similarly, only a, a’, a’, a’ can generate the entire G. 
(b) 


From before, a*® can generate the entire G if and only if gcd(k, nm) = 1. Thus, the number of elements of G which 
can generate it is equal to the number of integers 1 < k < n which are relatively prime to n. 
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Result 


(a) 2; 4; 4 


2o0f2 


(b) The number of elements of G which can generate it is equal to the number of integers 1 < k < n which are 


relatively prime to n. 


We will first prove that 

ry = yz 
This follows because 

(zy)? = 1 => (ay)(zy) =1 
Now multiply by y~!a~? from the right: 
zy=y te 
However, since 
y=yy=1, 2 =aer=1, 

we conclude that y~! = y and a~! = z. Thus, 

ry = yz 
as required. 


Subset? 1, 2, y € Gis trivial. Furthermore, ry € G since G is a group. Thus, H C G. 


Closure? Let a,b € H. We prove this by looking at all possibilities with respect to a, b. 


a=1,b=1=~ab=1cH 
a=1b=r2=>ab=rcEH 
a=1lb=y=ab=ycH 
a=1,b=2y = ab=2zyceH 
a=2,b=1—>ab=rcEH 
a=2,b=2—ab=27°=1EH 
a=2z,b=y=—>ab=ryeH 
a=2,b=2y => ab=2°y=ycH 
a=y,b=1=—>ab=yceH 
a=y,b=2 => ab=yr=ryeH 


a=y,b=y— ab=y’=1EH 
a=y,b=2y => ab=yry=2y’=2eH 
a=zry,b=1=>ab=2yeH 

a= zy,b= 2 => ab=2yzr = yr?’ =ycH 
a=cy,b=y—ab=ay=2EH 
a=zy,b= zy = ab=(ay)?=1¢EH 


Inverse? It is enough to notice that, for every a € H, we havea” = 1,soa7! =a H. 
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Conclusion and order. Thus, H is a subgroup of G. To prove that it is of order 4, we have to prove that no two 
elements of H are equal. 


Since x, y, ry are of order 2, they are certainly not equal to 1. Moreover, z + y, since if z = y, then ry = z= 
, which is a contradiction with zy having order 2. 


Now suppose that z = zy. Multiply by z from the left: 


PS eye voi, 


rz=rzyo6e 
since 2? = 1. However, this is a contradiction since y 4 1.Thus, a + ay. 
Similarly, suppose that y = zy. Multiply by y from the right: 

y=ryey=zy oz=1, 


since y* = 1. However, this is again a contradiction since z # 1. Thus, y # zy. 


So, we concluded that no two elements of H are equal, meaning that the order of H truly is 4. 


Result Sot 


First prove that zy = yz. Then prove that H is a subgroup of G. Finally, to prove that it has an order 4, prove that 
no two elements of H are equal. 


(a) 
Let A € GL,(R). Itis sufficient to prove that 
EnEm-1-+: ER, AF Fo +--+ Fy = In 
for elementary matrices of Type | and 3 Ej, Fj. Then 
A= E;'.:- EB! -Fy!..- Fy! 


Now we contruct such matrices inductively. If a;; = 0, then there must be some aj; # 0 (or else we have a zero 
row in A, which means that det A = 0 and A ¢ GL,,(IR)!). Add the jth column to the first; we can do that by Type 
1 elementary matrix. Now we can “scale” that element to 1 by a Type 3 matrix. Finally, by using Type | matrices, we 
can get all zeros in other entries of the first row and column. Thus, there exist some F,,..., E,, F,,....F, Typel 
and 3 matrices such that 


1 0 
E,E,-, +++ Ej AF, Fy +++ F; = F Ar 


where B is an (n — 1) x (n — 1) matrix. Since det A = det(1) - det B = det B, we must have det B # 0, so 
B € GLy,_1(R). Now we proceed inductively. 


The base case is when C' € GL;(R). Then C = [cl], c $ 0, so it can easily be transformed into C = J, = [1]. 
Thus, by construction, 
EnEm—1+:: EF, AF Fy: Fi, = In 


which completes the proof by discussion from the start of this proof. 
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(b) 
Let A € SL,,(R). Similarly to (a), we will prove that there exist elementary matrices of Type 1 such that 
EmEm-1::: FE, AF Fo-:: Fy = In 
First observe the case when A isa2 x 2 matrix. Then 
a-[e d 
If a = 0, then b $ 0 (otherwise, A has a zero column, so det A = 0 $ 1). Thus, we can add the second row to 
the first and get that ay; + 0 bya Type 1 matrix. 


Now we can multiply the first row and add it to the second to get 1 in ag1. Then we can multiply the second row 
and add it to the first such that a1; = 1 (this is done by two Type | matrices). Finally, we can, as in (a), get 


Es: BAP -“F, = i 3 


where B isa 1 x 1 matrix. However, det B = det A = 1, so B = [1], which completes the proof when A is a 
2 x 2 matrix. 


When A isan x n matrix, we actually proceed the same as above; we get 


1. -O 
E, ++» EF, AF, +++ F, = fF 3 


where det B = 1 and Bis a(n — 1) x (n — 1) matrix, so we proceed by induction. 


Result 
Both parts can be solved by proving that 
EB, +++ BAF, +++ Fy = Ip 
by some permissible matrices E; and Fj. 
9.a 


Let p € Sy. When we write p as a product of disjoin cycles, we get one of the following cases: 


¢ phas 4 1-cycles. So, p = 1 (the identity in $4), which is clearly not of order 2. 

¢ phas12-cycle and 2 I-cycles. Since disjoint cycles commute, clearly p = 1. So, such pare of degree 2. There 
are (3) = 6 such permutation (we choose 2 elements which will be in a 2-cycle; the other elements are in 1- 
cycles). 

e phas 2 2-cycles. Again, disjoint cycles commute, so p = 1. So, such p are of degree 2. There are 3 such 
permutation, because we choose which of the other 3 elements will be in a cycle with the first element; the 
remaining two elements are in other cycle. 

e phas | 3-cycle and a |-cycle. This p is of degree 3, not 2. 

e phasa 4-cycle. This p is of degree 4, not 2. 


To conclude, there are 9 such permutations. 


Result 20f2 


10. a 


19 


For the first statement, we consider GLo(R), and 


fe 


(clearly det A = det B = —140,s0 A, B € Glo(R)). Moreover, it is easy to check that 


A= B=, 
so A and B are of degree 2. 
Now look at their product: 
2 0 
ales F 1 ‘a 


It is easy to see that 


as fo apy 


for alln € N. Thus, (AB)” + Io for all € N, meaning that AB is of infinite order. 


On the other hand, if a group is commutative, then the product of elements of finite order is of finite order. 
Suppose that G is abelian, and let z € G be of order n, y € G be of order m. Then 


ym = (zy)(2y) -+- (ey) S ary = (2")"(y)" = 1"1" = 1, 


nm times 


(xy 
where (1) holds because G' is commutative. 


Result 


Consider GLo(IR), and 
= {0 a ey as 
a-[ od 2b 0 


If G is abelian, then the product of elements of finite order is of finite order. 


(a) 
We will prove that, for every p € S;, there exist transpositions 7), ..., 7, such that 
To Tp =1, 
where 1 € S,, is an identity. We prove this by induction. 
Ifn = 2, then Sp = {(1)(2), (12)}. For p = (1)(2), we can write 
(12)(12)(1)(2) = 1 = (1)(2) 
For p = (12), we write 
(12)(12) = (1)(2) 
since (12) is a transposition. Thus, the statement holds for n = 2. 


Now assume that the statement holds for 2 < n < k, where k > 2. Let p € Sj. Suppose that p(k) = i # k (if 
i = k, we skip the following step). Let 7 € S), by a transposition which swaps 7 and k. Then 


(ro p)(k) = r(p(k)) = T(t) =k 
Thus, Tp is a permutation of S;, which we can interpret as a permutation of S;_; (since k is fixed). Using induction, 
TreeTs(Tp) = 1 


Thus, the statement holds for n = k. 


So, for every n € N and every p € S,,, there exist transpositions such that 
Tr ++ Tp = 1 

or 
1 


= =1 
p=Ty 296 ST ** Tey 


since transpositions are clearly of degree 2. Thus, transpositions generate S,,. 


(b) 


This is similar to above. Base case is n = 3. Let p € A3. Suppose that p(3) = i. Let 7 = (ji3), where j i,j F 
3. Then 


ro p(3) = 7(p(3)) = 7(i) =3 


Thus, Tp is an even permutation (product of even permutations is even!), and it fixes one element. If it swaps 1 and 
2, then it would be odd permutation. So, Tp = 1, and we are done. 


Now suppose that this holds for all 3 < n < k, where k > 3. Let p € Sj, p(k) = i. Define 7 = (jik), where 
jH#ijH#k.Thus 


Tp(k) =k, 
so Tp © Ap_1. Now apply induction: 
Trees TTP =1 


Finally, this decomposition yields 


1-1 =1 


p=T Ty sie ts 


where all permutations on the right side are clearly 3-cycles. (The inverse of (ijk) is (Kji).) 
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Result 
(a) Prove that there exist transpositions 7; such that 
T+ T1p=1, 
where 1 € S,, is an identity. 


(b) Same as in (a). 


Section 5 


lia 


First let G = (a). Let x € G’. Then there exists some g € G such that y(g) = 2, since y is surjective. However, 
G = (a) and g € G means that g = a‘, for some k € Z. Since y is a homomorphism, 


x = (9) = 9(a*) = y(a---a) = y(a)--- p(a) = v(a)* € (¢(a)) 
ktimes —~—attnes 


Therefore, G’ C (y(a)), so it is a subgroup of acyclic group (y(a)), and it also must be cyclic by Exercise 4.5. 


Now let G be abelian, and let z, y € G’. Then there exist some g, h € G such that x = y(g) andy = y(h). 
Now, 


ry = 9(g)p(h) Z y(gh) 2 p(hg) 2 glh)e(g) = yx 


(in (1) and (3) we used that y is ahomomorphism and in (2) we used that G is abelian; that is, that gh = hg). 


So, ry = yz for all z, y € G’, so G’ is abelian. 


Result 
Hint for the first part and G = (a), x € G’: 
x = (9) = 9a") = o(a---a) = 9(a)---9(a) = oa)" € (e(a)) 
k times k times 
Hint for the second part: 
ry = 9(g)e(h) = e(gh) = ylhg) = vl(h)p(g) = yx 
where z,y € G’. 
2.a 
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K 1H is a subgroup of H 


We check the properties from the definition of a subgroup. 

Subset? It is trivial that K OH C H. 

Closure? Let rz, y € K MH. We must prove that zy € KH. 
First of all, 2, y € K.Thus, zy € K since K is a subgroup of G. 
Similarly, 2, y € H, hence zy € H since H is a subgroup of G. 
Finally, since ry € K and ay € H, we conclude thatry € KO H. 
Inverse? Let az € K 1 H.We must prove thatz~! € KOH. 

First of all,  € K,soa~! € K since K is a subgroup of G. 
Similarly, 2 € H, so 2~! € H since H is a subgroup of G. 

Thus, 2-1 € KOH. 


Conclusion. Now we can conclude that K M H is a subgroup of H. 


K 1\.H is anormal subgroup of H 


Now suppose that K is a normal subgroup of G. To prove that K 9 H is anormal subgroup of H, let h € H and 


k © KOH, and we must prove that hkh-! « KOH. 


First of all, k € H, so hkh-! € H since H isa subgroup of G, so it is closed. 


Now we want to use the fact that AK is anormal subgroup of G. Since k € K MH, then, specially, k € K. 
Moreover, h € H, and since H is a subgroup of G, we know that h € G. Similarly, h~! € G. Now we use the fact 


that K is anormal subgroup of G to conclude that hkh—! € K. 


So, hkh-! € K andhkh=! € H,sohkh" € K 9 H, which completes the proof. 


Result 


For the first part, check properties of the definition of a subgroup. 


For the second part, prove that, for every hh € H andk © KOH, wehave thathkh“! ¢ KOH. 


3.a 
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First of all, a 4 0 since A is invertible, so y is well-defined. 


y is a homomorphism. 
_ far bh _ fag be 
Let Ar = [4 a) 42=(6 a]: The 
_ |a,aQ ab, + by de 
ae 0 «dia 


Thus, 


by + bid 
absssy moter obs) 


= (aja2)? 


= clot 


“(fe BDC 2D 
= ~(A1)p(Az2) 


and y is a homomorphism. 


Kernel. 


To determine its kernel, first recall that 1 is the identity in R*. So, we need to find all A € U, 


sf 


pA=1ea=1e|a=+1| 


So, the kernel of ¢ is the set of all invertible matrices A of the form 


[a 


such that 


, or, written more precisely, 


= fe 6 
erg = {acu |A=|% al} 


Image. 
To determine its image, first notice that a? > 0 for alla € R \ {0}, so y(A) > Oforall A € U. So, 
imp C {ct €R|z>0} 


Now let z € R, z > 0 be arbitrarily taken. Then Jz € R, so we can define a matrix 


_[vz 0 
i=l 1 
Notice that A € U since itis invertible and upper-triangular. Moreover, 
y(A) = (vz)? =2 


Thus, 2 € imy, so 


imp = {x € R | x > 0} 
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Result ete 
To prove that y is ahomomorphism, prove that y(A;A2) = y(A;) (Ag) for all Ay, Ap € U. 


Then, kery consists of all A € U such that a = +1, and imy is the set of all positive real numbers. 


4.a 


Since |e'*| = 1, for every x € R, we know that e'* ~ 0, so f is well-defined. 
\underline fisahomomorphism. 
Letz,y € R*.Then 
fla+y) =e = ee = f(z) f(y), 

so f is truly a homomorphism. 
Kernel. 
Recall that 1 is the identity in (C*. So, we need to find all z € IR™ such that 

f(z) =1Se" =1Scosz+ising =1+i-0 
This yields the system of equation of real numbers 


cosz = 1 
sinz = 0 


The solution of cosz = lis x = 2k7,k € Z. 


The solution of sinz = Oisa = kz,k € Z. 


Thus, the solution of the system is| 2 = 2k, k © Z| so 
keryp = {x = 2kr, k € Z} 


Image. 


Since |e'*| = 1 for alla € R, we conclude that imy C {z € C™ | |z| = 1}. Now we want to prove that the 
converse inclusion holds. 


Let z € C%, |z| = 1. Then z is located on a unit circle in complex plane. Thus, there exists a real number R such 
that 


z=cosx+isinzg =e™ 
Therefore, 
f(x) =z 


To conclude, we now have that 


imp = {z € C* | |z| = 1} 


Result 
First prove that f(a + y) = f(x) f(y) foralla,y € R~. 


Then, kerp = {a = 2k, k € Z}, imp = {z € C* | |z| = 1}. 
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Subgroup? 
We check the properties from the definition of a subgroup. 


Subset? First of all, clearly H C GL,(R), since det M = det Adet D + 0. 


Closure? Let 


_|Ar By 
M= E a 
_ {Ag Bo 
M2 = if Hd 
. Then 
ae A; Ao A, Bo + B, Do 
MM, =| 0 DD» 


Since det (A, Ao) = det A; det Ap 4 0 and det(D, D2) = det D, det Dp # 0, Ay Ao € GL,(R) and 
D, Dy € Gly_,-(R). Thus, My Mp € H. 


Inverse? Let 


. Define 


(A! and D~ exist since A € GL,(R) and D € GLy_,(R). Also, clearly N € H, since A~! € GL,(IR) and 
D- € GL,_,(R)) 


Then 
A B)fA? -A "BD" TI, -BD+ BD" S 
uv= [5 all's “> |=[5 77,5 |=* 
—1 _,-1 =1 1 =1 
NM = ¥ posed i a= c A~ a AS | as 


Thus, VN = M-!,soM—! € H. 
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Homomorphism and kernel. 


Now denote by f the describe mapping. Let 


A B 
sd i Ha 
Ay B 
van i Hd 
. Then 
A\AQ Ai Bp + B,D 
MMe = | a ee | 
So, 


(Mi M2) = A) A? = f (M1) f(M2) 
Thus, f is ahomomorphism. 
To find its kernel, first note that J, is the identity in GL, (IR). So we want to find all 


A B 
a= i a 
, where A and D are invertible, such that 
f(M) =I, 


However, by definition of f, itis clear that f(M) = I, if and only if A = I. Thus, 


wi-{(5 8 


DEGL, -(n)} 


Result SHS 
To prove that H is a subgroup, check all properties from the definition of a subgroup. 


To prove that the mapping, denoted by f, is ahomomorphism, prove that f(M1M2) = f(Mi)f (M2) for alt 
M,, M2 © H. Moreover, 


anf = [5 | D e Gtn-»(&)} 
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Let A be some matrix in the center We will first prove that 
AE;; = EjjA, 
where B; j isann x nm matrix with zeros everywhere except on position (i, j ) where we have 1. 
First note that (I, + Ej;) € GL,(IR) because this is an elementary matrix. Thus, 
A(In + Eij) = Un + Eij)A 
(that is, A commutes with it). Moreover, 
A(I, + Eij) = A+ AEj; 
and 
(In+ Ej )A=A+ EjyjA 
because of distributive property. Thus, 
A+ AE;;=A+ EA 
which yields 
AE;; _ E,j;A 


Let 
@i1 @i2_ «-- Gin 
a2, G22 ... Q2n 
A= 


GQnl Gn2 «++ Gnn 


Now consider Fj» (it has a1 on the intersection of the first row and second column). Then 


Qi @12_~«w«ss~=—s« Qn D> $2," s5<. © Oa scx. 0 
a2} a2 ... Gm} j0 0... 0 0 ay ... O 
AE\2 = 38 = 

Ont! (Gee. Wass. Gel VOOR sc 0 0. odin * stn 0 
i ae St be ay, ay Ain Qo, G92... Aan 

0.0 ca 0 Qa, Goo... Gan 0 0 eee 0 

E\2.A = : : ia clea ok < ’ 
OO sss Ol eer Ga cece Gn 0 0 sa 0 


Since AE} = FA, we conclude that a}; = age and that a;; = 0, for j > 1, and aaj, for j F 2. 


Similarly, by multiplying by all Fji+1,7 = 1,2,...,n — 1, we conclude that 


@11 = 422 = 33 = ... = Ann 
and 
ay=0, t#7 
Thus, 
a 0 0 
0a 0 
A= Fi 2 =al,, 
Oredk: 4 a 


where a # O since A € GL,,(R). 


So, all A that are in the center must be of the above form. Now let A be of the above form, let B € GL, (R) be 
arbitrary. Then 


AB =al,B =aB = Ba= B(al,) = BA 
Thus, all such matrices commute. 


To conclude, the center is 


{al, |a € R \ {0}} 


Result 


{al,, | a € R \ {0}} 


Section 6 


lia 
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Denote by f the described mapping. 
\underline f homomorphism? 


Leta, y € R~.Then 


fe+y=|) 77% =(0 lo Y=serm 
(the second equality is checked by direct computation). Thus, f is truly a homomorphism. 
\underline fin jective? 
Let x,y € R®* be such that f(a) = f(y). Then 
fo }-b 4 
01 0 1{’ 
so x = y. Thus, f is injective. 


\underline f surjective? 


Let 


0 | 


be arbitrarily taken matrix of this form. Then clearly f(a) is that matrix, so f is surjective. 


Conclusion. 


Since f is both injective and surjective, we conclude that it is also a bijection. Since it is also a homomorphism, it is 
an isomorphism. 


Result 20f2 


It is an isomorphism. Prove that it is a homomorphism, and that it is injective and surjective. 


Let ¢(1) = m. First of all, 
m = 9(1) = p(1 + 0) = y(1) + o(0) = m + v(0) => 9(0) = 0, 
where the third equality follows from the fact that yy is a homomorphism. Moreover, 
0 = (0) = o(1 + (—1)) = e(1) + o(-1) = m+ 9(-1) = ¢(-1) =—m 
Moreover, now we can get how y operates on every k € Z! 
For n € N, we have 


y(n) = p(l+1+...+1)=9(1)+...+ 9(l)=mt...t+m=nm 


n times = aha n times 
and 
y(—n) = y((—1) +... + (—1)) = o(-1) +... + y(-1) = (—-m) +... + (-m) = —-nm 
n times n times n times 
Thus, 
p(k) = km 


for every k € Z. 


With this we described all homomorphisms Z~ — Z~. 


If m = 0, then y(k) = 0 for all k € Z, so this ¢ is not injective. 
Now let m # 0. Let k,l € Z be such that p(k) = y(l). Then 
km =Ilm => (k—1)m=0 
Thus, m = 0 or k — 1 = 0. Since m # 0, we conclude that k — 1 = 0, so k = I, and vis injective. 
To find surjective homomorphisms, it is enough to notice that 
imp = {y(k) |k € Z}={km|ke Z}=Zm 
So, ¢ is surjective if and only ifm = +1. 


Moreover, by combining all information above, we finally conclude that y is an isomorphism if and only ifm = +1 


Result S0f5 


Prove that p(k) = mk, for some m € Z. Then prove that ¢ is injective if and only if m # 0, and that it is 
surjective if and only if m = +1. Then it easily follows that y is an isomorphism if and only if m = +1. 


3.a 
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First notice that 


(fo f)(e) = f(F(2)) =f (z) ae 


and 
2-1 1 1 
z-1 ia =a 1 
(gea)(e) =9( = ) = 
So x 
1 ere. en 
(92.9092) = a((ge9)(2)) =9 (--~;) = 2=}—=—4 
“g-1 z-1 


1 z-1 z-1 
(fegoa)(2)=f(->+q) =-@-1) 
1 l-z 
(9° f)(2) = (=) a ea Ser eee 
x zr 
(9090 f)(z) =9(1—2) =~ 7=—* = —* a1 
(fogo f(z) =f(l-2) = =-— 
x Sil xz —(ax-1) 
(9° fog)e)=9(2,) = 2=} = 232 =} 
= Se 


Now we conclude that 


H = {id, f,9.9°, f9.9f} 


is a group (notice that before we were actually checking all combinations of elements of H to confirm the closure 


property; the inverse property follows from the closure property and from the orders of f and g). 
Now, we write S3 as 
S3 = {id, (12), (123), (123), (12)(123), (123)(12)}, 
since 
(123)? = (132) 
(12)(123) = (23) 
(123)(12) = (13) 
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Now define the function y : H — S3 as 


(id) = id 
y(f) = (12) 
9(g) = (123) 


~(fg) = (12)(123) 
y(gf) = (123)(12) 


The fact that it is a homomorphism and that it is bijective follows directly from definition. Thus, 
Hw S3, 


as required. 


Result 


Prove that 


H = (id, f,9,9°, f9.9f} 


Sof 3 


is a group generated by f and g. Prove that there are two elements of S3 that generate S3. Use that to define an 


isomorphism. 


4.a 


We need to find some g € G such that 
ab = gbag! 
Now notice that, for g = a, 
gbag- = abaa~' = ab 


So, ab and ba are conjugate. 


Result 


Hint: g = a in the definition of conjugate elements. 
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We want to see if a matrix M € GLo(R), 


M= |? 7 ’ 
such that 
A= MBM", 
exists. The above equality is equivalent to 
AM = MB, 


or 


3a 3b) _ |a—2b a+4b 
2c 2d} |c—2d c+4d 


This yields the system of equations 


3a = a— 2b 
3b=a+4b 
2c = c— 2d 
2d=c+4d 


Simplifying, 


Thus, 


So, 


We need to choose b, d such that det M + 0. Now, 
det M = —bd + 2bd = bd 


So, we can choose b = d = 1. We get 


—1 
M= GLo(R 
Fes € o( ) 
for which, by above calculations, 
A= MBM"! 

holds, so A and B are conjugate. 

Result 

They are conjugate. 
6. a 
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Let 


We will try to find M € SLo(R), 


welt 
, such that 

A= MBM"! 
holds. Equivalently, 

AM = MB 


or, after plugging in A, B, M, 


at+c b+d|_ja+b b 
c d | |c+d d 


This yields the system of equations 


a+c=a+b 
b+d=b 
c=c+d 
d=d 
Simplifying, 
b=¢ 
d=0 
d=0 
d=d 
So, d = 0andb=c. So, 
a b 
u-[ 


We will try to find a, b such that det M = 1. This yields 


det M=1—sa-B=1e>[a=41 


So, picking b = 1 and a = 2, we get 


which is in SL(IR) and 
A= MBM"! 
by above calculations. Thus, A and B are conjugate in SLo(R). 


Furthermore, since SLo(R) is a subgroup of Gl2(R), we conclude that M © GL»(R), so A and B are also 
conjugate in GLo(R). 


Result 


They are conjugate in both groups. 
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Subset? 


Let 2 = ghg™! € gHg™!. Then, since H is a subgroup of G, h € G. Moreover, since G is a group, we now 
conclude that ghg~! € G. Thus, gHg™! C Gis true. 


Closure? 


letz,y € gHg!,2 = ghg"!, y = gkg™', for some h,k € H. Now, 

ay = ghg"'gkg"' = g(hk)g™' 
Since H is a subgroup of G, we conclude that hk € H. Thus, zy € gHg™!. 
Inverse? 


Let2 € gHg™!, x = ghg™! for some h € H. Since H isasubgroup, h~! € H, soy = gh"'g"! € gHg"t. 
Furthermore, 


vy = ghg'gh-'g"' = ghh"'g"' =gg' =1 
and 

ye =gh'g‘ghg'=gh'hg'=gg'=1 
Thus, y= 2z~!,sor-! € gHg". 


Result 


Check the properties from the definition of a subgroup. 


Denote by f the described mapping. 
\undertine f homomorphism? 
Let A, B € GL,(R). Then 
f(AB) = ((AB)')* = (BYA')* = (A‘)“"(BY)* = f(A) f(B) 
Here we used that 
(AB) = BtAt 
and 
(AB)! = BA"! 

Thus, f is a homomorphism. 
\underline finjective? 
Suppose that f(A) = f(B). Then 

(At)! = (Bt) 
Multiply by A’ Bt? to get 

A’ = B' 
Transpose both sides and use that (M*)' = M: 
(4*)}t = (Bt)' => A=B 


Thus, f is injective. 


\undertine f surjective? 
Let X € GLo(R).Then (X~!)* € GLo(R), and 
F(X) = (X77 = (XY = X 
Thus, f is also surjective. 
Conclusion. 


Since f is a bijective homomorphism, it is an isomorphism. Also, its domain and codomain is the same, so it is an 
automorphism. 


Result 2of2 


Prove that this mapping is a bijective homomorphism. 


Notice that g ++ g would be a bijection. However, this would not be a homomorphism because in G° the order of 
"multiplication" is reversed! We can correct this by defining 


f:G>G°, f(9)=9" 
Denote by * the law of composition of G°. 
\undertine f homomorphism? 


Letg,h € G. Then 


f(gh) = (gh) t=h'g* =g' *h = f(g) f(r) 
Thus, f isa homomorphism. 
\underline finjective? 
Suppose that f(g) = f(h). Then g~! = h7!. Since the inverse is unique, g = h. Thus, f is injective. 
\underline f surjective? 
Let g € G°. Then f(g~!) = (g~!)~! = g. Thus, f is surjective. 
Conclusion. 


So, f is a bijective homomorphism, so it is also an isomorphism, which means that G ~ G°, as required. 


Result 


Hint: consider f : G + G®, f(g) =g7. 


10. a 
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(a) 
Let 
G = (a) = {1,a,...,a"} 
Let y(a) = a*. We will prove that 
imp = (a*) 
First of all, if y € imy, then there exists some g € G such that 
9(9) =y 


However, g = a!, for some 0 < 1 < 10,so 


= g(a!) = ee iat aah’, 5, ck — fj Akyl k 
y= 9(2) = o(e---a) = o(a)--- (a) = g_---@ = (a') € (a’) 
I times I times i times 


Thus, 
imy C (a*) 


Now take some x € (a* ). Then there exists some integer | such that z = (a* yt The previous computations now 
show that 


so x € imy, and 
imp = (a*\ 


Since a* generates the entire G if and only if gcd(k, 10) = 1 (Proposition 2.4.3.), for a* to generate the entire G 
(and for y to be an automorphism!), we must have k = 1, 3, 7,9. Thus, there are 4 automorphisms. 


(b) 
First notice that 
S3 = {id, (12), (123), (123), (12)(123), (123)(12)} 


Now let y be an automorphism. Since it is injective and (id) = id, we must have y((12)) 4 id. Moreover, we 
must send it to some element of order 2! To prove that, let g = ((12)), then 


g = ((12)") = ylid) = id 
Similarly, suppose that h = ((123)). First of all, — being injective, h + id. Now suppose that h? = id. Then 
h? = ¢((123)?) 


Since (123)? = (132) $ id, this is a contradiction with the injectivity of y. 
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Now all that is left to notice is that 
S3 = {id, 9g: h, h?, gh, hg} 


where g is any element of S3 of order 2 and h is any element of S3 of order 3. Therefore, if we define 


(id) = id 
9((12)) =9 
y((123)) =h 


y((123)*) = h? 
((12)(123)) = gh 
((123)(12)) = hg 


we get one automorphism. 


Result 
(a) Any homomorphism ¢ with g(a) = a‘, where k = 1,3,7,9. 
(b) Let g be of order 2 and h be of order 3. Then an automorphism is given by 
y(id) = id 
9((12)) =g 
((123)) =h 
((123)*) = h° 
o((12)(123)) = gh 
y((123)(12)) = hg 


1i.a 


\f a = 1, then the statement is trivial. For the rest of the proof, assume a + 1. 
We must prove that a commutes with every element g of G; that is, 
ga = ag 
Now let g € G be arbitrarily taken and denote N = {1, a}. Since N is anormal subgroup. 
gag 'cN 
So, gag~' = 1 or gag™! =a. For the first case, 


gag! =1ega=gea=1 


(in the first equality multiply the equation from the right by g, in the second multiply it from the left by g=); 
However, we assumed a + 1, so we must have that gag”! = a. Multiplying from the right by g yields 
ag = ga 


as required. 


Result 2o0f2 


Prove that ga = ag for every g € G (hint: gag! € {1,a}). 
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Section 7 


lia 


Let G be a group and a ~ b if a = gbg™! for some g € G. The relation is 
equivalence relation. 


1. a ~ a since a = eae~! for identity element e € G. The relation is 
reflexive. 


2. Ifa~b then a = gbg~! for some g. 
a=gbg! => ag=gb = g ‘'ag=b 
Now take g/ = g~! then we get 


b=g'a(g’)" 


which shows b = gag™*. i.e. the relation is symmetric. 


3. Now suppose a ~ b and b ~ ¢ then there exists g,h € G such that 
a = gbg™ and b = hch~'. This gives 


a =g(hch-')g-! => a= (gh)e(gh)" 
i.e. a~c. This shows that relation is transitive. 


Therefore the relation is equivalence relation. 


Result 20f2 


Show that relation is reflexive, symmetric and transitive. For reflexive a ~ a which holds trivially. For symmetric, 
take g' = g~!. For transitive, assume a ~ b and b ~ c. Show that a ~ c by substituting b ina = gbg7!. 


Given R is subset of S x S. The relation R is equivalence relation if it is 
reflexive, symmetric and transitive. 


1. For reflexive, a ~a => (a,a)€ R. 
2. For symmetric, a~b =>» b~aso (a,b) € R should imply (b,a) € R. 


3. For transitive a ~ b,b ~ c implies a ~ c so (a,b),(b,c) € R should 
imply (a,c) € R. 


Result 2of2 


(i) (a,a) € R, (ii) (a,b) © R = > (b,a) € Rand (ii) (a,b), (b,c) € R implies (a,c) € R. 
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Let R and R' be two equivalence relation on S. The intersection RM R’ is equivalence relation. Since both R and 
R’ is reflexive, R  R’ is also reflexive. If (a,b) € RM R’ then (b,a) € RM R' as both set contain this element. 
Similarly (a, b), (b,c) € RO R’ then (a,c) € R, R' hence (a,c) € RM R’. This shows R U R’ is transitive. 


However R U R’ is not equivalence relation. Let S = {1, 2,3} and R = {(1, 1), (2,2), (3,3), (1, 2), (2, 1)} 
and R’ = {(1, 1), (2, 2), (3, 3), (2, 3), (3, 2)} then R U R’ contains (1, 2) and (2, 3) however it does not 


contain (1, 3). 


Result 


20f 2 


RN R’ is equivalence relation however RU R’ is not equivalence relation. 


4.a 


Geometrically, symmetric means that elements of R must contain it's mirror image about line y = 2. Mirror image 
of (a, b) about line y = z is (b, a). Reflexive means R must contain all points of line y = z. 


(a) For {(s, s) : s € R}, all axioms are satisfied by 
this relation since it contains only points of y = z line 
which is reflexive. It is naturally symmetric and 
transitive. 


Step 2 


(c) For the locus {zy + 1 = 0}, the relation is not 
reflexive since it does not intersect with y = x. The 
relation is symmetric since (a, y) lines in the locus 
implies (y, 2) also lines in the locus. Now, Now, 


zy+1=0 => y=-= 


For z + 0, this point is unique so (x, — 1) lines in the 
line. Now for —4, we get 


1 
-1/(—--)=2 
/(-=) 
so (—1 ; 2) is the only other point. Hence relation is 
Joa y 


transitive. 


Result 


(b) For empty set, the relation is not reflexive. It is 
symmetric and transitive trivially since there are not 
elements. 


20f3 


(d) Given the locus {a*y — y?a — x + y = O}. For 
any (s, 8), we see that ss — s*s -s +s =0so 
relation is reflexive. The relation is also symmetric 
since changing y — 2, we get 


y’a — 2’y—y+2=—(2*y— zy? -2+y)=0 


Now, simplifying equation gives 
ry(x ~y) —(2—y) =(zy—1)(e@—-y) =0 


Now, if a 4 y then y = 4 so (2, +) isin the locus. 
For x + 0, the other coordinate is either x or - which 
is unique. Now for 4, the other coordinate is either 4 
or 1/ (4) = a. Hence the relation is transitive. 


(a) All (b) Not reflexive (c) Not reflexive (d) All 


A 


The number of equivalence relation on set correspond to the number of partition of the set. The partition of 
integer 5 is 52 which is also Bell's number Bs. Thus there are 52 possible equivalence relations on set S consisting 
of five elements. 


Result 2 0f2 


52 possible equivalence relations. 


Section 8 


lia 


Given H = {(), (1, 2,3), (1,3, 2)} is subgroup of alternating group Ay = 
{(), (1,3)(2, 4), is » 2)(3, 4), (1, 4)(2, 3), (2,4, 3), (1,3, 4), (1, 2,3), (1,4, 2), 
(2,3, 4), (1,3, 2), (1, 2, 4), (1,4, 3)}. The right cosets are calculated as 


H() = {(), (12,3), (1,3, 2)} 
H(2,3,4) = {(2,3,4), (1,3)(2, 4), (1,4, 2)} 
H(2,4,3) = {(2,4,3), (1,4,3), (1, 2)(3,4)} 
H(1,2,4) = {(1,2, 4), (1,4)(2, 3), (1,3, 4)} 


The left cosets are calculated as 


()H = {(), (1,2,3), (1,3,2)} 
(2,3,4)H = {(2,3, 4), (1, 2)(3, 4), (1,3, 4)} 
(2,4,3)H = {(2, 4,3), (1,2, 4), (1,3)(2,4)} 
(1,4, 2)H = {(1,4, 2), (1, 4,3), (1, 4)(2,3)} 


Result 20f2 


The right cosets of H are {(), (1, 2,3), (1,3, 2)}, {(2, 3, 4), (1, 3)(2, 4), (1, 4, 2)}, {(2, 4, 3), (1, 4, 3), 
(1, 2)(3, 4)}, {(1,2, 4), (1, 4)(2, 3), (1,3, 4)} and {(), (1, 2,3), (1, 3,2) }, {(2, 3, 4), (1,.2)(3, 4), 
(1,3, 4)}, {(2, 4,3), (1, 2, 4), (1, 3)(2, 4)}, {(1, 4, 2), (1, 4, 3), (1, 4)(2, 3)} respectively. 


42 


Let R™ is additive group of vectors and W be the set of solution of a system of homogeneous linear equations 
AX = 0. Then W is subgroup of R™. For inhomogeneous equation AX = B, let V represent it's solution. If the 
system AX = Bis inconsistent, it has no solution hence V is empty. Otherwise, let X' be a solution of AX = B 
.Then for anye € Rand X” « W 


A(X'+ cX") = AX'+cAX"=B 


Hence solution is of the form X' + W which is (additive) coset of W. 


Result 20f2 


If the system is consistent, show that X’ + W is solution of AX = B for some solution X’. 


(Cauchy’sTheorem) If p is a prime number that divides order of group G then G contains an element of 
order p. 


\f G is of order p” then there exists element of order p. 


This can also be proved using induction. Suppose group has order prime p then it is cyclic group which has 
generating element of order p. Suppose, for all & < n, group of order pF has an element of order p. 


For |G| = p"*1, suppose if G has an element a of order p"*1, then we may take a” which is not identity and has 
order p. If G does not have an element of order pet (since order of subgroup divides order of group) than take 
any e + b € G then (b) has an order of p™ where m < n. By induction, it has element of order p. 


Result aS 


By Cauchy's theorem there exists an element of order p. 


4.a 


(Cauchy’sTheorem) If p is a prime number that divides order of (finite) group G then G contains an element 
of order p. 


Since 7 and 5 are primes dividing 35, by Cauchy's theorem there exists element of order 7 and 5. 


Anothermethod : The order of element must divide the order of group. Since 7 - 5 = 35, the order of (non 
identity) element must be 7 or 5. 


Suppose if G has order 35 and it does not have element of order 7, then all element must be of order 5. Consider 
the subgroups which is of order 5. There are five elements in each with one common identity element so there 
must be 4n + 1 element of G. But for any n € Z.,4n + 1 ¥ 35 thus it contradicts that G is of order 35. 


Similarly if we assume that there are no element of order 5, then we get 6n + 1 = 35 for which n has no solution 
in Z,. 


Therefore G must have elements of order 5 as well as 7. 


Result 20t2 


By Cauchy's theorem, there exists elements of order 5 and 7. 
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Since G is finite, the orders of x and y divide the order of G. Let n = |G]. Then, since the order of z is 10, 
10\n, 
so there exists a positive integer k such that 
n= 10k 
Moreover, since 6 is the order of y, and 6|n, there exists a positive integer | such that 
n=6l 


So, 6l = 10k, or, after dividing by 2, 31 = 5k. Therefore, 3|5k. Since 3 is prime, 3|5 or 3|k. However, clearly 3 + 5, 
so 3|k, which means that there exists some positive integer m such that 


k=3m>n= 30m 


(since n = 10k). This also means that 


Result 20f2 


\G| = 30m, for some positive integer m. 


By Corollary 2.8.13, 


© |G| = |kerg| - jimg| 
© |kerg| | |G| 
« limp | |G, imp | |G’! 


Thus, if |keryp| = n, |imy| = m, 


*nm=18 
en|18 
e m|18,m{15 


We will start with the last condition. The divisors of 18 are: 1, 2, 3, 6, 9, 18. The divisors of 15 are: 1, 3, 5, 15. So, m = 1 
or m = 3 (since m divides both 15 and 18, and 1 and 3 are the only positive integers with this property). However, 
|imy| = m = 1 would means that y is a trivial homomorphism (since the identity is always in the image of a 
homomorphism). Therefore, 


limp| =m = 3 


Now we just use the first condition: 


rn = 99 = 18 — [le = n= 


Result 


|kerp| = 6 
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Let H = (a, y) be the subgroup of G generated by x and y. To prove that H = G, itis sufficient to prove that 
|H| = 22 (because then H C Gand |H| = |G| yield H = G). 


Since H is a subgroup of G, by Lagrange's Theorem, |H| | |G|. So, |H| | 22. Since the divisors of 22 are 1, 2, 11, 22, 
we conclude that |H| = 1, |H| = 2, |H| = 11, or |H| = 22. We now prove that all cases except for the last lead 
to contradiction. 


\f |H| = 1, then Z is trivial; that is, only 1 is in H. However this is not possible, since z € H anda # 1. 


if |H| = 2, then, because 1,2 € H, H = {1,2}. Since H isa subgroup of Ganda € H,2? = a-zisin H. 
So, we must have 2” = 1 (because the only other case is x? = x, which yields z = 1, a contradiction). Moreover, 
y © H by definition of H. This means that y = z ory =1= x. However, by the assumption of the exercise, yis 
not a power of x. Contradiction. 


\f |H| = 11, then H = (2). This is because H is a group itself, and 2 € H, so |x| ||H|. So, |x| = lor |a| = 11. 
Since z # 1, we conclude that |az| = 11. This means that | (a) | = 11. Thus, trully H = (z). As before, now y = 
zk for some k = 1,2,...,11 (because x!! = 1), which is a contradiction. 


Therefore, |H| = 22 is the only possible outcome, which prove that H = G. 


Result 20f2 


Let H = (x,y). Since H is a subgroup of G, and |G| = 22, by Lagrange's Theorem |H| = 1,2, 11, or 22. Show 
that the first three cases lead to a contradiction, thus |H| = 22. Conclude that H = G. 


Letz € G,x # 1. Then |2| | |G|, so |x| |25. This means that |2| = 1,5, or 25. Since x 4 1, |x| 4 1. 
\f |z] = 5, then by definition (x) is of order 5, and it is a subgroup of G, so we are done. 
If |z| = 25, then consider H = (°°). Now we see that 
H={i, 2°, lO 7 )5 20), 
since z?° = 1. Thus, H is a subgroup of G of order 5. 
Now suppose that G contains only one subgroup of order 5; denote it by H. Suppose that G is not cyclic. 


Leta € G, x # 1. By Lagrange's Theorem, || | 25. Thus, || = 1,5, or 25. Since x # 1, |x| 4 1. Moreover, 
|x| = 25 would mean that (x) was of order 25, so G = (x), which is a contradiction since we assumed that G 
was not cyclic. 


Thus, |z| = 5, so H = (x). Now notice that G \ H # @! Thus, there exists some y € G \ H; more precisely, 

y ¢ (x),soy #1,y 4 2*, k = 1,2,3,4 Onthe other hand, as with a, we conclude that |y| = 5. Thus, (y) is 
another subgroup of G of order 5. This is a contradiction with the assumption that G contains only one subgroup 
of order 5, so our assumption that G is not cyclic was false. 


To conclude, G trully must be cyclic. 


Result 20f2 


For the first part, pick any x € G, x 4 1. What are the possible orders of 2? For each case, define the required 
subgroup. 


For the second part, show that if G is not cyclic, we can find at least two different subgroup of order 5. 
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Suppose that y is an automorphism. First of all, it must be a homomorphism, so 
p(xy) = o(x)p(y), 
for alla, y € G. This means that 
(zy)? = 2°y’ > xyry = rey 
Multiply the above equality by a! from the left and by yt from the right to get 
ty = ye, 
for allz, y € G. Thus, G must be commutative. 


Moreover, y must be bijective. For it to be bijective, it is necessary for it to be injective. Now suppose that z € G 
is of even order, |2| = 2k. Then 


p(a*) = 2* =1 


Since a* + 1 (if a* = 1, then |2| = k, not |x| = 2k, since k < 2k!), and y(1) = 1, we conclude that ¢ is not 
injective. 


Therefore, in G there exists no element of even order. 


Now we prove the converse; if G is commutative such that there exists no element of even order in G, then y is an 
automorphism. 


First of all, 
(zy) = (xy)? = zyzy = eryy = x*y’ = 9(x)p(y) 
for alla, y € G, so vy is ahomomorphism. 
Now let z € G, x # 1. Since |z| is not even, specially |a| 4 2. This also means that 
y(z)=27 41, forala41 (1) 
Now suppose that (a) = y(y), for some 2, y € G. Then 
z= y? =< ry? =] 
Moreover, 
(zy) = (zy!)(zy*) = 2?y, 
so 
p(y") =1 
Now, from (1) we can conclude that 
zy =1=S f= y 
Therefore, ¢ is injective. Since it is a function on a finite set to itself, it must also be surjective; hence, it is bijective. 


Finally, y is trully automorphism with the given conditions. 


Result 


y is an automorphism if and only if G is commutative and G contains no elements of even order. 


10.a 
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Let H be a subgroup of G of index 2. Let g € G. We will show that 
gH = Hg 
There are two cases. If g € H, then 
gH ={gh|he H}=H 
Hg={hg|he H}=H 
since H is a subgroup of G. Thus, 
gH = Hg 


Now suppose that g ¢ H. Then gH # H, so H and gH are two left cosets of G. Since [G : H] = 2, these are 
the only left cosets, so 


G=HvUgH 
since left cosets form a partition of G. 


Now, Hg = {hg | h € H}. Thus, we take h € H, and show that hg € gH. Suppose that hg ¢ gH. Then hg € 
H (since hg € GandG = H U gH), so there exists some h’ € H such that 


hg=h' 


This also means that 
g=h"h' cH, 
which is a contradiction with g ¢ H.Thus, hg € gH, and Hg C gH, since hg € gH holds forallh € H. 
The other inclusion is obtained similarly, by noticing that 
G=HvUgH 
Thus, gH = Hg. 
This means that for every g € G we have 
gH = Hg, 


and by using the Proposition 2.8.17 (iii) we can finally conclude that H is a normal subgroup. 
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Now let G = $3, H = {1, (12)} = ((12)) (the last equality holds because (12) is clearly of order 2). Thus, H is 
a subgroup of G of order 2. Now, 


[G : H] =|G|/|H| =3 
So, H is also of index 3. 
We will prove that H is not a normal subgroup of G. To do that, notice that 
(23)(12)(23)~* = (23)(12)(23) = (13) ¢ H 
Thus, 
(23)H(23)"' Z H, 


so H is not anormal subgroup of G. 


Result Sof 3 
Hint: Proposition 2.8.17 (iii). 


When [G : H] = 3, then H does not have to be normal. Consider G = $3, H = ((12)) 


Tica 


We will first see what are the left and right cosets. Let 


,x > 0. Let 


, z > 0.Then 


This means that 


Therefore, gH can be considered a horizontal ray {(@, y) | 2 > 0} in the right half-plane. 


On the other hand, 


so 


Therefore, Hg can be considered as a ray {(za, zy) | z > O}. 
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Sketches of gH for y = 3,y=0,y = —2 


y 


EEE 
pa he 


=5 PEE 


-10 CHEECH 


x 
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Sketches of Hg forz = 2,y=3,2 =1,y=02=10,y=-Le=1ly=52=1,y=-—5: 


+ 
a | 
— 


| fo) ee 


Left cosets are horizontal rays in the right half-plane parallel to the z-axis. 


Result 


Right cosets are rays {(za, zy) | z > O} forz > 0. 


12. a 
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We check the properties from the definition of a subgroup. 
Subset? S C G is stated in the text of the exercise. 
Closure? Let 2, y € S. We will first show that 7S = S. 
For that, notice that z € 2S since 1 € S, and 
zS = {rs|seS}={1}U{as|seS\ {1}} 


Thus, z € SM 2S. Since aS forma partition of G, two cosets are either equal or disjoint. Since 2S and S are not 
disjoint, it follows that 2S = S. 


Now zy € 2S,so ry € S, as required. 


Inverse? Let 2 € S. We want to show that a! € S. 


Consider the set z—!.9. Since x € S,2-!w € 2!$,s01 € a!S. Moreover, 1 € S.Thus,1 € 2 !$S,so 
z!§ and S are not disjoint. Since aS form a partition of G, we must have that 21S = S. 


Now, sincel € S,2-! = 27! -1e€27!$,soz7! € S,as required. 


Result 2of2 


Check the properties from the definition of a subgroup. 


13. a 
(a) 
Operation +. 
We will show that 
[Pos] + [Neg] 


is not contained in any single subset of this partition. To show this, note that 
2¢€ [Pos], -—3¢ [Neg], and2+(—3) =—1€ [Neg] 
2€ [Pos], -—1¢ [Neg], and2+(—1) =1€ [Pos] 


So, [Pos] + [Neg] contains elements of both [Pos] and [Neg], so it cannot be contained in only one set of this 
partition. 
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Operation ~. 
First of all, clearly 
[{0}] [Pos] = [{0}] 
[{O}] x [{0}] = [{0}] 
[{O}] [Neg] = [{0}| 
[Pos} x [{0}] = [{0}] 
[Neg] x [{O}) = [{0}} 
Now, 
[Pos] x [Pos] = {ab | a,b € Pos} = {ab | a, bare positive integers} = [Pos], 
since the product of positive integers is a positive integer. 
Similarly, 
[Neg] x [Neg] = {ab | a,b € Neg} = {ab | a,b are negative integers} = [Pos], 


since the product of two negative integers is a positive integer. 


Furthermore, 
[Pos] x [Neg] = {ab | a € Pos, b € Neg} = [Neg], 
since a product of a positive and a negative integer is a negative integer. 
Since multiplication on Z is commutative, 
[Neg] x [Pos] = [Pos] x [Neg] = [Neg] 


So, all combinations of products of subsets that form this partition are contained in some subset of this partition 
(moreover, each product is equal to some subset of partition!), so x is compatible with this partition. 


Result 20f2 


+ is not compatible, while x is. 


Section 9 


lia 
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We will prove that 2 has a multiplicative if and only if n is odd. 
Suppose that n is odd. Then n = 2k + 1, for some positive integer k. Now, 
2-k+1=2(k4+1) =2k+2=ns1=1, 
by the definition of multiplication in Z / Zn. Thus, k+lisa multiplicative inverse of 2: 
Now suppose that n is even. That is, n = 2k, for some positive integer k. Now, 
2-k=2k=n=0 
Suppose that 2 has a multiplicative inverse @. Then 


3-h=0= 4:3-F=2-0 = 1-k=0=— kb =8 
a 
1 


However, clearly k # 0 (mod n), so k + 0, which is a contradiction. Thus, 2 does not have a multiplicative 
inverse. 


Result 2¢ 


It has an inverse if and only if n is odd. 


Modulo 4 
First of all, there are four possibilities on a: 
a = 0 modulo 4 
a = 1 modulo 4 
a = 2 modulo 4 
a = 3 modulo 4 
Now we consider all cases independently, and use Lemma 2.9.6 implicitly. 
If a = 0 modulo 4, then 


2 


a? = 0? modulo 4 => a? 


= 0 modulo 4 


If a = 1 modulo 4, then 


nw 


a? = 1? modulo 4 => a? = 1 modulo 4 


If a = 2 modulo 4, then 


nw 


2 


a? = 2? modulo 4 = > a” = 4 modulo 4 => a? = 0 modulo 4 


since 4 = 0 modulo 4. 


If a = 3 modulo 4, then 


2 


a? = 3” modulo 4 => a” = 9 modulo 4 => a? = 1 modulo 4 


since 9 = 1 modulo 4. 


2 


Thus, a* is congruent to either 0 or 1 modulo 4. 
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Modulo 8 


First of all, there are eight possibilities on a: 


a = 0 modulo 8 
a = 1 modulo 8 
a = 2 modulo 8 
a = 3 modulo 8 
a = 4modulo8 
a = 5 modulo 8 
a = 6 modulo 8 
a =7 modulo 8 


Now we consider all cases independently, and use Lemma 2.9.6 implicitly. 
If a = 0 modulo 8, then 

a” = 0 modulo 8 => a? = 0 modulo 8 
lf a = 1 modulo 8, then 


a” = 17 modulo 8 => a” = 1 modulo 8 


If a = 2 modulo 8, then 
a” = 2” modulo 8 => a” = 4 modulo 8 
If a = 3 modulo 8, then 
a” = 3? modulo 8 => a” = 9 modulo 8 => a? = 1 modulo 8 


since 9 = 1 modulo 8. 


If a = 4 modulo 8, then 
a” = 47 modulo 8 => a” = 16 modulo 8 => a”? = 0 modulo 8 
since 16 = 0 modulo 8. 


If a = 5 modulo 8, then 


a” = 5° modulo 8 —> a” = 25 modulo 8 — a” = 1 modulo 8 
since 25 = 1 modulo 8. 
If a = 6 modulo 8, then 

a” = 6? modulo 8 => a” = 36 modulo 8 => a” = 4 modulo 8 
since 36 = 4 modulo 8. 
If a = 7 modulo 8, then 

a” = 7” modulo 8 = a” = 49 modulo 8 — a? = 1 modulo 8 


since 49 = 1 modulo 8. 


Thus, a? is congruent to either 0, 1, or 4 modulo 8. 
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Result 


2 


a“ is congruent to either 0 or 1 modulo 4. 


a’ is congruent to either 0, 1, or 4 modulo 8. 


Let a be of the form 
a = an-10" + an_-1-10"!+...+4;,-10+ 49 


Then dy, An—1, \\dots, ay, dp are digits of a. Now we will first prove that 10” = 1 modulo 9 for all nonnegative 
integers n. 


Prove 10” = 1 modulo 9 
We will prove this by induction. 
The base case is when n = 0. However, now 10° = 1, and 1 = 1 modulo 9 is trivial. 
Now suppose that the statement holds when n = k, where k is some nonnegative integer. 


Letn = k + 1.Then 10**! = 10* - 10. Also, 10* = 1 modulo 9 by the Induction Hypothesis, while 10 = 1 
modulo 9 is seen by definition. Thus, using Lemma 2.9.6, 


10**! = 1? = 1 modulo 9 
Therefore, the statement holds forn = k + 1. 


Now, by the Principle of Mathematical Induction, we conclude that the statement indeed holds for all nonnegative 
integers n. 


Complete the exercise. 


Since 10” = 1 modulo 9, then 
ay10* = a, - 1 = ay modulo 9 
fork = 0,1,...,n by Lemma 2.9.6. Moreover, by the same Lemma, we now have 
a= an + Gn_-1 +... + @, + Ap modulo 9, 


which completes the proof of the exercise. 


Result 20f2 


Leta = a, -10"+...+ a; - 10+ ap. Then a; are digits of a. Prove that 10 = 1 modulo 9 for all nonnegative 
integers k. Now use Lemma 2.9.6 to prove the rest. 


Modulo 9 
By definition, 
22 =5modulo9 ifandonlyif 9 divides 2x — 5 
This means that 
22 —5 = 9k 
for some integer k. Furthermore, 
2c = 9k +5 = 9(k-1)+14=91+14, 
for some integer I, or 
2(z — 7) = 91, 
which means that 22 = 5 modulo 9 if and only if 9 divides 2(x — 7). 
However, gcd(2, 9) = 1, so there exist some integer a, b such that 


2a+9b=1 


Multiply by (2 — 7): 


2(x — 7)a + 9(x — 7)b = x — 7 => 9[(x — 7)b] = (x — 7)[1 — 2a] 


Thus, 9 divides x — 7. This means that 
xz = 7 modulo 9 
is the only candidate for the solution. However, 
2z = 14 = 5 modulo? 


so it is trully a solution. Thus, 


zx = 7 modulo9 


Modulo 6 
By definition, 
22 =5modulo6 ifandonlyif 6 divides 2x — 5 
This means that 
22 —5=6k 
for some integer k. 
Now notice that for every z € Z, 22 — 5 is odd. On the other hand, 6k is clearly even. Thus, 
22 —5=6k 


cannot hold for any integers x, k. Thus, this congruence equation does not have a solution! 


Result 
Modulo 9: x = 7 modulo 9. 


Modulo 6: No solution. 
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From 22 — y = 1 we get y = 2a — 1. Thus, 
4x + 38y = 24 4r4+ 3(22 — 1) = 2 | 10x = 5 modulon 
Now suppose that n is such that the solution exists, and denote one solution by 29. Then, by definition, 
10z%p =5modulon ifandonlyif ndivides 10z9 — 5 
Thus, there exists some integer k: 
nk = 1029 — 5 & nk — 1029 = —5 


Since gcd(n, 10) divides n and 10, it divide the whole left side, so it must also divide the right side; that is, it must 
divide 5. 


Now we want to prove that the above condition is sufficient; that is, that if d = gcd(n, 10) divides 5, then 
10z = 5 modulo n 


has a solution. First of all, we can define integers n’, a’, b’ such that 


n=nd 
10 =a'd 
5=b'd 


1Us, 


102 = 5 modulon _ if and only if a’dr = b'd modulo n'd 


y definition, this is if and only if n'd divides (a'da — b'd) = (a'x — b')d, so if and only if there exists an integer k 
jch that 


kn'd = (a'z —')d = kn = (a'r —V), 
rif and only if n’ divides a’x — b’. Finally, this is if and only if 
a'z = b' modulo n’ 


ow notice that gcd(a’, n’) = 1. Trully, if c is a positive common divisor of a’, n’, then cd is a common divisor of 
0, n. Since d is the greatest common divisor of 10, n, then d = cd, which means that c = 1. 


nus, there exist integer 1, m such that 


al+n'm=1 
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Multiply by b’ to get 
a'lb! + n'mb! = b! = n'(—mb’) = a’ (Ib') — b 
Thus, n’ divides a'(1b’) — b!, so 
a'(lb') = b' modulo n’ 

This means that zo = Ib’ is one solution of 

a'z = b' modulo n’ 
By the previous discussion, now we know that 

10z9 = 5 modulo n, 
so the starting equation has a solution. 
Finally, it is now clear that the system of equations has a solution 


Zp, y=2rm-1 


Result 


It has a solution if and only if gcd(10, 7) divides 5. 


We will prove that there exists 2; such that 
br; = umoduloa 
Since gcd(a, b) = 1, there exist integers k, | such that 
ak+bl=1 
Now multiply the above equation by u: 
auk + bul = u => a(uk) = b(ul) — u 
Therefore, a divides b(ul) — u, so 
b(ul) = u modulo a 
So, we can take 2; = ul. 
Similarly, there exists 22 such that 
ax = v modulo b 
Finally, consider vp = ba, + aa. Then 
@ = ba, + arg = br; = umoduloa 
Lp = ba, + arg = azg = v modulo b 
(we used that avy = 0 modulo a and bx; = 0 modulo b). 


This proves that the starting system has a solution. 


Result 20f2 


Prove that there exist 2, 2 such that br; = u modulo a and ax = v modulo b. What can you tell about zp = 
br, + arg? 


We will raise the power of A and B until we get the identity matrix J. 


ef 
eaeanl J=b je 
So, the order of A is 3. 
eft 
pap. pa|** = A 


i 
are | 
on 
wu oO 
[ Bett | 


0 
rasan fh =f J 
sara-f =f] 
pes k =f 4 


Therefore, the order of B is 8. 


Result 


The order of A is 3. 


The order of B is 8. 


Section 10 


lia 


A permutation cycle is odd if there are even number of elements in it. Similarly, if it has odd number of elements, 
then it is even cycle. For example, (1 2 3) is even cycle and (1 2 3 4) is odd cycle. Cycle decomposition of a 
permutation consists of disjoint cycles. If n is the number of odd disjoint cycles in cycle decomposition of 
permutation then the parity of n gives the parity of given permutation. 


Result 2at2 


The number of disjoint odd cycles gives the parity of permutation. 


59 


(a) 
if2H 1 yK = 0, we are done. Thus, suppose thatwH N yK #0, andletg € rH ON yK. 


Since g © xH, there exists some h € H such that g = ch. Similarly, since g € yK, there exists some k € K 
such that g = yk. We will now prove that 2H = gH andyK = gK. 


To prove that rH = gH, first take some z € rH. It is of the form z = zh’, for some h’ € H. Since g = zh, we 
get that 2 = gh7!, so 


z= 2h’ = z=gh"h' = g(h"h’) 
— et 
cH 
((h-th’) € H holds since H is a subgroup of G). 
Thus, z € gH, andvH C gH. 
Now let 2’ € gH. Then there exists some h” € H such that z’ = gh". Since g = zh, 


2! = gh" = 2z' = chh" = 2(hh") 
eH 


Thus, 2’ € eH, and gH C zH. 


Finally, we conclude that zH = gH. Similarly, yK = gK, so 
tHoyK =gHOgk 
Our next objective is to show that 
gHOgK =g(HNK), 


which truly is a coset of HM K. 


Letz € gH gK.Thenz € gH, soz = gh, for some h € H. Similarly, z € gK, so z = gk, forsomek € K. 
So, gh = gk. Dividing by g~! from the left yields h = k. So, h € K, which, together with h € H, yields h € 
H 1 K. Recall that z = gh to conclude that z € g(H M K). Therefore, gH 1 gK C g(H K). 


Let z € g(H M K).Then there exists vy € H MK such that z = gv. Since v € H, then z € gH. Similarly, since 
v € K, then z € gK. Therefore, z € gH 1 gK. This means that (HK) C gH gK. 


Finally, 
g(HOK)=gHngk 
To complete the exercise, 
tH OyK =gH gk =g9(HNK) 


Thus, rH 1 yK isacosetof HM K. 
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(b) 
We will show (combinatorically) that 
[IG:HNK]<[G: AG: K] 
On the right side, we have all possible combinations of ordered pairs of cosets (rH, yK). 


Now let g(H 9 K) be some coset of H M K. In (a) we have proved that g(/H 9 K) = gH  gK. Thus, this 
coset "corresponds" (in a counting sense) to (gH, gK) on the right side. 


Since [G : H  K] is anumber of cosets of the subgroup H M K, we conclude that 
IG: HN K]<[G: AG: K] 


This also means that [G : H 9 K] is now finite. 


Result 
(a) Prove that, ifrH NyK A Vandge rH yK, 
tH yK =gH gk =9(HOK) 
(b) Prove that 
IG:HNK]<[G: AG: K] 
The last equality stated in the hint for (a) may be useful. 
3.a 


The fact that y is surjective is clear. Let us find the kernel K: 
g9¢K & 9(g)=1 
Since g € G, g = 2 for some j € {0,1,..., 11}. Thus, 


1=9(9)=y’ 


However, since y is of order 6, we conclude that 6 divides 7. This means that 7 = 0 or j = 6. Thus, 


K = {z°, 2*} = {1,2°} 
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Since G is cyclic, all subgroups of G are also cyclic. Now we will directly find all subgroups of G (just raise the 
power of a’ and use that the order of a is 12 until you get 2! again): 


(1) = {1} 
(z) =G 
(2*) = {2* | k € Z} = {1,2”,...,2°,... 219} 
(2°) = {a** | k € Z} = {1,2°,2°, 29} 
(a*) = {a"* | ke Z} = {1,24,2°} 
(2°) = {2 |keZ}=G 
(a®) = {a |keZ}= {1c} =K 
(2") = {2™ |keZ}=G 
(2) = {a | k € Z} = {1,24,2°} = (2*) 
(z®) = {2% | k € Z} = {1,2°,2°,2°} = (25) 
(a?) = {a'* | ke Z} = {1,2",...,2°,...2} = (z*) 
(xt) = {2"* |keZ}=G 


Thus, all subgroups that contain K are G, K, (2), and (23). 


Now we want to find the correspondence. 


y(G)=H (since y is surjective) 
y(K) = {1} (definition of kernel) 
((x”)) = {(1), o(2”),..-,9(@™)} = {1,y?,..- 9} = (Ly? yt = (y’) 
((x*)) = {9(1), o(@*), o(2*), o(2")} = {1,y",y°,y°} = {1.y°} = (y*) 
(we used that y is of order 6). Thus, from the Correspondence Theorem, we now define the correspondence f with 
{(G)=H 
f(K) = {1} 
F((2*)) = (¥*) 
f((x*)) = (y’) 


Result 
f(G)=H 
f(K) = {1} 
f((2*)) = (y’) 
f((2*)) = (y*) 


Define a bijection. 
Since y is surjective, p(G) = G’. Also, p(H) = H’. So, we must prove that 
[G : H] = [o(G) : o(4)) 


which can give us an idea which bijection to define. 


We will prove that 
f : {cosets of H} + {cosets of H’}, 
defined by 
f(9H) = o(9)e(#) 
is a bijection. 


\underline fiswell — de fined. 


We first need to prove that f is a well-defined function. That is, the two elements of the domain yield the same 
element of the codomain. 


Let gH = g'H.Then 
f(9H) = f(9'H) = 9(9)9(H) = 9(9')e(H) => 9(9' 9) (A) = 9(H) 


(in the last equality we multiplied the previous equality by y(g’' an) from the left and used that y is a 
homomorphism). However, gH = g'H means that g’-'g € H, so y(g'~!)g) € (A), so the last equality indeed 
holds. Thus, f(gH) = f(g'H). 


\underline fisinjective. 


Now to prove that f is injective. Let gH, g'H be such that f(gH) = f(g'H). By the above discussion, this is if 
and only if 


(9 '9)e(H) = 9(H) 
This holds if and only if 
v(g''9) € 9(H), 
which is if and only if 
v(g'~'g) = o(h), 
for some h € H. from this, 
g(gtght) =1 


(multiply by p(h-) from the right and use that yp is ahomomorphism). However, this means that 


g ‘gh eK, 
since K is a kernel of y. Moreover, K C H, so 

g ‘igh cH 
That is, there exists some h’ € H such that 

gtgh* =H, 
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or 


g tg=h'h 
So, 

g ‘geH 
which means that 

gH =g'H 


Thus, f is injective. 


\underline fissur jective. 
Let gH’ be some coset of H’ in G’. Since is surjective, there exists some g € G such that 
9(9) =9 
Moreover, we now have 
f(gH) = 9(9)e(H) = gH’, 
since H' = y(H).Thus, f is also surjective. 
Conclusion. 


Now we know that f is a bijective function, which means that its domain and codomain have the same number of 
elements (possibly infinity). By definition of index, this means precisely that 


[G: H}=[G': H"'), 


as required. 
Result 
Observe 
f : {set of cosets of H} — {set of cosets of H’}, 
defined by 
F(gH) = 9(9)e(#) 
5. a 


The elements of S4 that leaves the partitions 
Tl, : {1,2} U {3, 4}, lp : {1,3} U {2,4}, Ty : {1,4} U {2,3} 
unchanged is the kernel of the homomorphism. The elements of 4 that leaves the partition unchanged are 
K = V; = {(1), (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} 
which is also known as Klein-4 group, is the kernel of group homomorphism. 
Now there are six subgroups of $3 which are 


{(1), (1 2)}, {(1), (1 3)}, {(), (2 3)}, (1), (123), (13 2)} 


and the other two groups being itself and trivial group. 


The subgroup of S4 corresponding to trivial group {(1)} is the kernel V4. 


Now consider subgroup {(1), (1 2)} of $3. The subgroup of $4 that contains Vy and is mapped to this subgroup 
permutes the partition I, ++ [Ip which is done by element of (2 3). Thus the corresponding subgroup of 5; is 


K U{(23)k:k € K} 
whose elements are 
{(1), (2 3), (1 2)(3 4), (1 2 43), (14), (1 4)(2 3), (13 4 2), (1 3)(2 4)} 


This group is Dihedral group. Similarly other corresponding subgroups are those containing K along with (1 3) 
and K along with (1 4). These are groups of order 8. 


The subgroup of $3 corresponding to {(1), (1 2 3), (1 3 2) is Alternating group Ay which contains kernel K and 
the subgroup corresponding to 3 is S4 itself. 


Result 


The subgroups are Klein-4 group, Dihedral Groups, Alternating (Ay) group and Sj itself. 


Section 11 


lia 


It is given that 2 has order r in G and y has order s in G’. The order of element (2, y) is given by Iem(r, s) where 


rs 


Iem(r, 8) = ged(r, 8) 


Since order of (x,y) inG x G’ must be divisible by order of r and s in G and G’ respectively. 


Result 20f2 


The order of (x, y) is given by least common multiple of r and s since order of (a, y) must be least positive 
integer whose order is divisible by order of both r and s. 
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We take z = (1 2 3) and y = (1 2). Since, we have 
K = (zx) = {(1), (123), (13 2)} and H = (y) = {(1), (1 2)}. Given f : H x K —+ S3 is amap given by 


f(h,k) = hk 


Since HM K = (y) 9 (x) = {(1)}, the map is injective. Since (1 2 3)(1 2) # (1 2)(1 2 3), the map is not 
homomorphism. Also H = {(1), (1 2)} is not normal subgroup of $3, however HK = S3. The map is not 
isomorphism since the map is not homomorphism. 


Result 20f2 


The map is injective but not isomorphic. Also HK = G but it is not consequence of the Proposition. 


3.a 


Let G = (x) and G’ = (y) be two infinite cyclic groups. Then 
Gx G' = {(2™,y") : m,n € Z} 


We show that this group is not cyclic. Let e and e’ be the identity elements of G and G’ respectively. Then 
(x",e') = (x, e’)” and (e,y) = (e, y)™. However (e, y) # (a, e’) and any other element besides (e, y) and 
(e,y~!) cannot generate (e, y”) and similarly for (x, e’). Hence G x G’ cannot be cyclic. 


Result 2 0f2 


Show that there are two elements in G x G’ which can ONLY be generated by two different elements. This shows 
the group is not cyclic. 
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(a) 
Define f : H x K — G, f(h,k) = hk. We check the conditions of Proposition 2.11.4 (d). 
\underlineH 9 K = {1}? 
letz € HN K.Sincez € H,r = +1.Sincezr € K,z > 0.Thus, zr = 1,s0oH NK = {1}. 
\underlineHK = G? 
HK C Gis trivial since G is a group. Now letg € G= R*. lfg > 0, theng € K,sog=1-gEH~x K. 
lfg <0, thenk = —ge K,sog=(-1)-ke Hx K. 
Thus, G C HK, and HK =G. 
H and K normal subgroups of G? 
We will show that H is a normal subgroup of G; that is, by Proposition 2.8.17, 
ghg”' € H, 
for every g € G,h € H. This is easy to show since G is abelian; let g € G,h € H, and 
ghg' =h(gg')=h-1=heH 
Thus, ghg~! € H for every g € G,h € H, and H is anormal subgroup. 
We prove that KC is normal using the same arguments. 
Conclusion. 


By Proposition 2.11.4 (d), we conclude that f is an isomorphism, so G is isomorphic to H x K. 


(b) 
We will prove that H and K are abelian, while G is not. 
Leth,, ho € H, 
_ {a4 0 _ {a2 0 

n= als ae i 4 
Then 

_ jajag O | laggy Of _ 

| 0 oA = 0 a —— 


Thus, H is abelian. 


Letk,, ko € K, 


Then 


Thus, K is abelian. 
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Now let 


cee 
a= 10 2 
1 1 
alee |e | 
. Then clearly gi, g2 € G, while 
a | Ae 
9192 = 0 2 
- fh. 3 
ng = 0 2 
Hence, 
N92 = 9291, 


so G is not abelian. 


Next, we prove that H x K is abelian. Let (hi, ki), (he, ko) € H x K.Then 


HK abelian 


(hi, ky)(he, ko) = (hihe, hike) (hohi, kok) = (he, ke) (hi, ki) 


Thus, H x K is abelian. 


Now suppose that G is isomorphic to H x K, and let f : H x K — G be some isomorphism. Let gi, go € G. 
Then there exist some (hy, k,) € H x K, (hg, ko) © H x K such that g) = f(y, k1), go = f (ho, ko). Then 


(hi, k1)(h2, k2)) 
(ho, k2)(A1, k1)) 
ho, ke) f (Ai, ki) 
= 9291 


f 
=f 
f 
Thus, we now get that G is abelian, which is a contradiction. Thus, G is not isomorphic to H x K. 


() 
Define f : H x K — G, f(h,k) = hk. We check the conditions of Proposition 2.11.4 (d). 
\underlineH 1 K = {1}? 


Lette € HM K. Sincez € H, |x| = 1,andz = cosy +isiny forsomey € R. Since x € K, x > 0. This 
means that sin y = 0, so y = kz, k € Z, and that cos y > 0. Since cos(k7) = +1, we conclude that cosy = 1 
(and that k = 21, 1 € Z; we however do not need that here). Thus, zr = 1,so HM K = {1}. 


\underlineHK = G? 


HK C Gis trivial since G is a group. Now letg € G = C”. 


Since g # 0, |g| # 0, so we can define h = iar Now, |h| = 1,so h € H. Moreover, |g| > 0, so if we define 
k = |g|, we get k € K. All that is left is to conclude that g = ci lg] = hk € HK. 


\g| 
Thus, G C HK, and HK =G. 


H and K normal subgroups of G? 
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We will show that H is anormal subgroup of G; that is, by Proposition 2.8.17, 
ghg eH, 
for every g € G,h © H. This is easy to show since G is abelian; let g € G, h € H, and 
ghg! = h(gg') =h-1=heH 
Thus, ghg~! € H for every g € G,h © H, and H is anormal subgroup. 
We prove that K is normal using the same arguments. 
Conclusion. 


By Proposition 2.11.4 (d), we conclude that f is an isomorphism, so G is isomorphic to H x K. 


Result 
(a) Yes. (Hint: Proposition 2.11.4 (d)) 
(b) No. (Hint: show that H x K is abelian, while G is not) 
(c) Yes. (Hint: Proposition 2.11.4 (d)) 
5. a 


This will be proved using a series of equivalent statements. 
We have that (gi, g2) is in the center of G x Go if and only if 

(91,.92)(1, he) = (hi, h2)(91, 92), 
for every (hy, ho) € Gy x Go, which is if and only if 

(911, 92h2) = (higi, hoge) 

This, in turn, holds if and only if 

gihy =higi and gehy = hoge 
for every hy € G1, hg € Go. So, the statement holds if and only if g; € Z1, go © Zo, which is equivalent to 

(91,92) € 21 x Ze 


Thus, (1, g2) is in the center of Gy x Go if and only if (gi, go) € Z, x Ze, so the two sets must be equal. 


Result 20f2 


Just use the definition of the center. 


Let H be of order 3, K be of order 5. Then both are cyclic since orders are prime numbers (let z € H, then the 
order of x divides 3, so x is of order | or 3; if 2 # 1, then z generates H, hence H is cyclic); let H = (x), K = 
(y). We will observe 


HK = {x'y |i=0,1,2, j =0,1,2,3,4} 


Since H is normal, HK is a subgroup of G' by Proposition 2.11.4 (c). So, all that is left is to prove that HK has 15 
elements. 


To do that, suppose that 


Then 


Thus, x*-* € H anda‘ € K (the right side of the above equality is from K). Since H is of order 3, the order of 
zi divides 3, so 2‘~* is of order 1 or 3. Since K is of order 5, the order of a'~* divides 5, so a*~* is of order 1 or 
5. Thus, *~F is of order 1, so 


i-k 


ge kaj=s27'=2k 


Similarly, by the same arguments, 


ee 


Thus, 
Spertiadak fay 
This means that HK has 15 elements, since 
a'Z¢a*, wheni,k € {0,1,2},i4k 
y #y!, whenj,l ¢ {0,1,2,3,4},j £1 


For example, to prove that a’ Z zk, suppose that az! = x, and leti > k without loss of generality. Then gi-k = 
1,soi—k>0,i—k < 3, whichis acontradiction with the fact that 3 is the order of z. 


Result 20f2 


Let H = (zx) be of order 3, K = (y) be of order 5. Consider HK. 
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Given that H is subgroup of G and y : G + H is ahomomorphism where y restricted to G is identity map. Let 
{Hg : g © G} represent set cosets of H in G. Then 

(Hg) = »(H)y(g) = Hy(g). Since yp(g) € H, we get y(gH) = H. Hence for every coset of H in G, there 
is one element which gets mapped to identity hence there is one to one correspondence between cosets of H in 
G with the kernel N of the map ie. N contains one element from every cosets of H in G. So the set of all cosets 
of H in Gis given by {Hg : g € N}. Thus by proposition 2.11.4, NM H = {0} so the map H x N > Gis 
injective. By same proposition, the kernel N is normal subgroup, the map is homomorphism. 


Also the set of all cosets of H in G is given by {Hg : g € N}. Every element of G is contained in some coset so 
HN = G. Thus the map is an isomorphism. 


Result 20f2 


The mapping is injective. 


Let 6 : H — G x G' be some homomorphism. 


Define 7 : G x G’ + Gas m(g,g') = g. Similarly, define 7’ : G x G’ — G' as 7’ (g, 9’) = g'. We will prove 
that o @: H + G_r'o®: H — G' are homomorphisms. 


First, prove that 7 is a homomorphism. Let (91, 91), (92,95) € G x G'.Then 
™((91 91)(92,.95)) = *(9192, 9192) = 9192 = 7 (91.91) (92, 92) 
Now let h, h’ € H.Then 
( 0 &)(hh’) = m(@(hh’)) = 1(&(h) B(h')) = 1(B(h))x(&(h')) = (7 0 &)(h)(m 0 B)(h’) 
Thus, 7 © ® is ahomomorphism. 
We prove that 7’ o ® is ahomomorphism the same way. 
Thus, we can now define a function 
f : {homomorphisms & : H —+ G x G’} — {pairs of homomorphisms (y, ¢’)} 
by 
f(®) = (ro 6,70) 


(we needed to prove that 7 o ® and 7’ o & are homomorphisms to see that f is well-defined). Now we must 
prove that f is bijective. We do that by proving that it is both injective and surjective. 
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\underline finjective? 


Let ©; , By be such that ®; + By. Then there exists some h € H such that ®(h) # &o(h) (two functions f,, fo 
with the same domain and codomain are equal if and only if fi(a) = fo(x) for every x in the domain). 


Let 
1(h) = (91,91) 
Bo(h) = (92, 93) 
Since ©)(h) 4 ®2(h), gi 4 ge or gi # gb. If gi F go, then 
(m0 @1)(h) = m(91,1) =n F G2 = 7(92,.95) = (7 0 2)(h) 
Thus, 7 o ®; + 7 o @y. Similarly, if g) # g5, then 
(x’ 0 &1)(h) = m(g1, 94) = 91 #92 = 7(92,9) = (7 o H2)(h) 
Thus, 7’ o &; + 7’ 0 a. Hence, in both cases, 
(10 1,7! 0&1) 4 (70 Bo, 7’ 0 Ho), 


so f is injective. 


\underline f surjective? 
Let (vy, yg’) be some pair of homomorphisms y : H — G, y’ : H — G'. Define a function 


@:H+GxG', &(h) =(¢(h),¢'(h)) 
We will prove that ® is a homomorphism. 


Let hy, hy € H.Then 


@(hyh2) = (p(hihz), o'(hihe)) 
= (p(hi)p(h2), o'(hi)ye"(ha)) 
= (y(h1), ¢(h1))(Y(h2), 9’ (he) 
= (hi) (he) 


Thus, ® is a homomorphism. Now all that is left to see is that 
p=nod, y'=7'0% 
For example, 
(x0 &)(h) = m(@(h)) = m(p(h), o'(h)) = 9(h) 
Thus, (7 0 ®)(h) = v(h) for every h € H, so p = 7 0 ®. The other equality is proven the same way. 
Thus, 
f(%) =(¢.¢'), 


so f is also surjective. 


Conclusion. f is both injective and surjective, so it is also bijective. Thus, it is the desired bijection. 


Result 
Let 6 : H — G x G’ be some homomorphism. 
Define 7 : G x G’ + Gas 7(g,g’) = g. Similarly, define x’ : G x G’ > G'asz'(g,g') =’. 
Prove that 
f(®) = (ro $,7' 06) 


is the desired bijection. 


HK subgroup => HK = KH 
Let HK is a subgroup of G. 
Let € HK. Since HK is a subgroup, x~! € HK, and x! = hk forsome hh € H,k € K. Moreover, now 


z= (27')"! = (hk) 2 = kn, 
~~ 
eK ¢H 
hence x € KH, and HK C KH. 


Now let z € KH. Then z = k’h’, for some k’ € K, h’ € H. Now, 


gol == h’-1p/-1 
tin atl 
cH EK 
Thus, z~! € HK. Furthermore, since HK is a subgroup, z = (2-1)! € HK. This proves that KH C HK. 


Finally, we have HK = KH, as required. 


\underlineHK = KH => HKsubgroup 


Let HK = KH. We will prove that HK is a subgroup by checking the properties from the definition of a 
subgroup. 


Subset? HK is clearly a subset of G since G is a group so it is closed to multiplication. 


Closure? Let x,y € HK.Then x = hk, y = hk’, for some h,h’ € H,k,k’ € K.Now, 
zy = hkh’k’ 
Now, kh’ € KH = HK, so there exist some h” € H,k” € K such that kh’ = h"k". Finally, 


ay = hkh’k! = hh"k'k’ = (hh")(k"k’) 
——s=_—” 


K 


1 
m 
m 


Thus, zy € HK. 

Inverse? Let € HK.Thenz = hk for some h € H,k € K.Now, 
a7) = (hk) =k th" 

Thus, z~! € KH. However, KH = HK,soz™! € HK. 


Conclusion. HK is a subgroup of G since all properties hold. 


3of 3 
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Result Sof 5 
To prove that HK = KH if HK is a subgroup, prove the two inclusions. 


To prove that HK is a subgroup if HK = KH holds, check the properties from the definition of a subgroup. 


Section 12 


lia 


\f H were normal then for a,b € G, we have aH = Haand bH = Hb. Then for two cosets aH, bH, we have 
aHbH = abHH = (ab)H =cH 


This shows that product of two cosets is another coset if H were normal. Now, by contraposition, if there were two 
cosets aH, bH such that aHDH is not any coset, then H cannot be normal. 


Result Zof2 


Show by contraposition that if aHbH were not coset, H cannot be normal. 


H is a subgroup of G 
We check the properties from the definition of a subgroup. 
Subset? 
Since the determinant of each element of H is 1, which is not zero, we conclude that H C G. 


Closure? 


Lethi, he € H, 


la bh 1 ag by 
hy = |0 1 Ci! ; ho = |0 1 co 
O° Oy al 0.0 <2 
Then 
Ll aptan. Bb +b9+ a, 
hyho = }0 1 cj) + 
0 0 1 


Thus, hyho € H. 
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Inverse? 


Leth € H, 


Now, 


which can be checked by direct computation. Thus, h~! € H. 


K is anormal subgroup of H 


We check the properties from the definition of a subgroup. 


Subset? 
K C K is clear. 
Closure? 
Letki, ko € K, 
10 bh 1 
k=1]0 1 O|, k&=j0 1 
0 Ov 2 0 
Then 
te b; + bo 
kiko = |0 1 0 
0 0 1 


Thus, kiko € H. 


Inverse? 
Lletk € K, 
t 0) b 
R10) 10 
001 
Now, 


10 -b 
k*=]0 1 0 
00 1 


which can be checked by direct computation. Thus, k~! € K. 


Normal subgroup? 


Lethe H,ke K, 
1a b 1 0 
h= 0 le ’ k= 0 1 0 
Um | et 001 
Then 
1 -a ac—b 
his 0 1 = 
0 0 1 
and 


10d 
m= 1 ex 


0:02 


Thus, hkh-! € K for everyh € H,k € K,so K is anormal subgroup of H. 


Quotient group H/K. 
Leth, h’ € H be such that 
lab 1 de 
h=|0 1 cl, W=|0 1 fF 
0 <0 -1 00 1 
and 
hK =h'K 
This is if and only if 
h'"he K, 
and since 
1 a-d b-—cd-—e+df 
hth={|0 1 c—f ; 
0 0 1 
we conclude that hK = h’K if and only if 
a=d, c=f 


Thus, 


la 0 
Bes nk |h = 0 1 c],acER 
Ol 
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Center of H. 


We need to find all z € A such that for all hh € H we have that 


hz=zh 
Let 
j a? ec 
B= 10-3 of 
0:.<0"-<1 
lab 
h=1]0 le 
00 1 
. Then 
hz=zh 
if and only if 
1 a+d b+e+af 1 at+d b+cd+e 
0 1 ce+f = 10 1 c+f 
0 0 1 0 0 1 


which is if and only if 
b+e+af=b+cd+e 


This is clearly equivalent to 


af =cd 
The above equality must "work" with alla,c € R since h € H was arbitrarily taken. Thus, if we seta = 0,c = 1, 
we get 
d=0 
Similarly, setting a = 1,c = 0 yields 
7=0 


10 "e 
z=1|10 1 O], eER 
001 
On the other hand, for such elements z, 
1 a b+e 
hz=]|0 1 c 
0 0 1 
1 a b+e 
sh'= 10:.-1 c 
0 1 
hz=zh 


Thus, such z are in the center of H. Moreover, we can now see that z € Z(H) (the center of H) if and only if 
z€K,soZ(H)=K. 
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Result 


1a 0 
H/K=¢hK|h=|0 1 cl,a,cER 
fa | a | 


The center of H is K. 


Check the properties from the definition of a subgroup first. 

Subset? 

Itis clear that N C G. 

Closure? 

We need to prove that for every 2, y © N, we have that zy € N. This is equivalent to 
NN CN, 

where NN = {zy | z,y € N}. 

Note that, since 1 € N, for every 2 € N we have that 

z-1ENN and z-1=2r2EN 

So, in NN there are some elements which are in N. Now we can conclude that 

NNCN 


since the product set is contained entirely within one of the sets of partition, so, since there are some elements in 
N, all elements must be in N. 


Inverse? 


We need to prove that for every x € N we have that z~! € N. Suppose that 2! ¢ N, and thatz~! € M, 
M # N.Then 


az!€NM, z2z=1EN 


So, we would have NM C N (since the product set is contained entirely within one of the sets of partition). On 
the other hand, 


lz1eNM, 127'=2'¢N 
So, NM Z N, acontradiction. 


Therefore, we conclude that our assumption that x} ¢ N was wrong, and that we must have zien. 
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Normal subgroup? 
We will prove that, for every g € G,n © N, we have that 
gng'eN 
Take some g € G. Let g € A, g™! € B where A, B are some elemenst of partition P. Then we first show that 
ANCA 
Since g € A, 
g:-l1eE AN, g-1=gEA 
As before, since the product set AN is entirely contained in some element of partition P, AN C A. 
Now we prove that AB C N. 
Since g € A, g~! € B, we have that 
gg !'€ AB, and gg'=1EN 
As before, AB € N. 


Now we can prove that gng~! € N for everyn € N.To do that, first notice that gn € AN C A, so there exists 
some a € A such that gn = a. So, 


gng!=ag!cABCN 


Thus, gng~! € N.Thus, gng~! € N for every n € N. Since we can do this for every g € G, we conclude that N 
is truly a normal subgroup of G. 


Cosets? 
Let A be some element of partition, and let a € A be some element. We will prove that 
A=aN 
We break this equality in two inclusions. 
[C|we first prove that A C aN. Letb € A. Let b-! € B. Then 
bbe BA, bo =1EN, 
so BA C N. Specially, 
btae N, 

so there exists some n € N such that 

bta=n<—a=bn = b=an! 


Since N is a subgroup of G, n=! € N. Thus, b € aN, so A C aN, as required. 


[3]We now prove thataN C A. First, 
AN CA; 
this is because a € A, 1 € N,so 
a-lE AN, a-l=acEcA 
(of course, we use that the product set is contained entirely in one element of partition). Now, 
aN = {an|neN}C{an|ae Ane N}=ANCA 
Thus, aN C A, as required. 


Thus, we can conclude that A = aN. 
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Result 4of4 


To prove that N is a subgroup, check the properties from the definition of a subgroup. For example, for closure it 
can be helpful to show that VN C N. 


For normality, show that gng~! € N for everyg € G,n € N. Hint: Suppose that g € A, g~! € B. Show that 
AN C Aandthat AB CN. 


For the left part, let A € P, anda € A. Show that A = aN. 


All cosets are of the form 
2H = {+z, tiz}, 
where z € C*. Thus, for z = a + ib, a,b € R, we have that 
2H = {a + ib, —a — ib, ia — b,b — ia} 
To prove that G/H is isomorphic to G, consider the function 
y:G 4G, (z)=2! 
homomorphism? 
Let x,y € G. Then 
(ry) = (ay)* = aty* = 9(x) p(y) 


Thus, ¢ is a homomorphism. 


Image of py? 
We will prove that imy = G. To do this, let 2 € G. Then 2!/4 exists, it is 
in G, and 
o(z/*) =x 
Thus, imy = G. 


Kernel of y? 
We need to find all « € G such that 


v(x) =1 
This is equivalent to 
ri=1 
Thus, z = +1, +i. So, 
kerp = H 


Conclusion. By Theorem 2.12.10 (the First Isomorphism Theorem), we conclude 
that G/H is isomorphic to G. 


Result 
Forz =a+ib, 
2H = {+z,+iz} = {a + ib, —a — ib, ia — b,b — ia} 
We can prove that G'/H is isomorphic to G. Hint: consider 
4 


g:G>G, og(«)=a2 


and Theorem 2.12.10. 
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(I) 
To prove that S is a subgroup of G, we check the propeties from the definition of a subgroup. 


Subset? S C G is trivial. 


Closure? 
Letz,y € S, 
==[ oof 
Then 
= lO 
Thus, zy € S. 
Inverse? 

Leta € S, 


. Then we can easily check that 


= l/a 0 
hes 0 Wi 
(itis well-defined since a # 0 andb # 0).So,a-! eS. 


Thus, S is a subgroup of G. 
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Normal subgroup? 


Recall that S is anormal subgroup of G if and only if 
geg cS 


for every g © G, x € S.Take 


1 i LB 
o=(5 i}e6 and 2=() jes 


Then 


,and 
qc PE TY PE OP a Say) & de 2 
979 =[ A tr |= (0 A 
Thus, S is not a normal subgroup of G. 
(il) 


To prove that S is a subgroup of G, we check the propeties from the definition of a subgroup. 


Subset? S C G is trivial. 


Closure? 
Leta,y € S, 
_|@a.b ec d 
efor ee f= lb 1 
Then 
ac b+ad 
v- ia” 
Thus, zy € S. 
Inverse? 
Letz € S, 
= Ns 2B 
ied | da | 
. Then we can easily check that 
4 l/a —b/a 
0 1 


(it is well-defined since a 4 0).So,2! € S. 


Thus, S is a subgroup of G. 
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Normal subgroup? 
Recall that S is a normal subgroup of G if and only if 

geg icS 
foreverygeG,reS. 


Now let g € G, x € S be arbitrarily taken; 


Then 


rs 1/a —b/(ad) 
om 0 1/d 


Now it is easy to see that 


pat eh 
weg =|) tes. 


.Thus, S is anormal subgroup. 


where h = nhefat 


Quotient group. 


Let gS, hS € G/S be such that gS = hS. This holds if and only if 


hgeS 
Let 
o=[o deel 5 
Then 
t= [Md ean) 
0 1/f 
Thus, 
tes E 3) 
9 
So, 


c 
if and only if = = 1, which is if and only if ec = f. 


f 
Thus, gS + AS if and only if c = f, which means that 


G/s = {9S\a= F ejee\ cor} 


(notice that a, b do not determine whether two cosets are equal; thus, we can seta = 1,6 = 0). 
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(iil) 


To prove that S is a subgroup of G, we check the propeties from the definition of a subgroup. 


Subset? S C G is trivial. 


Closure? 
Letz,y € S, 
_|@a 5b Herd 
e = 10.-al? 2 6c 
Then 
ey 
y= 
0 ac 
Thus, zy € S, 
Inverse? 
Letz € S, 


=f! 


wie i ae 


. Then we can easily check that 


0 l/a 
(it is well-defined since a 4 0). So, a7! € S. 


Thus, S is a subgroup of G. 


Normal subgroup? 
Recall that S is a normal subgroup of G if and only if 

geg' eS 
foreverygeG,zeS. 


Now let g € G, x € S be arbitrarily taken; 
_ ja b alee 
= s ‘ T= é e 


tts Ye -b/(ad) 


Then 


0 I/d 


Now it is easy to see that 


om als 


gzg' = ; eS 


Thus, S is anormal subgroup. 
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Quotient group. 


Let gS,hS € G/S be such that gS = AS. This holds if and only if 


h ges 
Let 
o=[o =o 5 
Then 
ria [la fen] 
Thus, 
-1 d a \s ri 
: a= i | 
So, 
h ges 
ad obiil= 2 wnnindonroe =: 
fod ec f 


Result 


(Il) S is a subgroup, but it is not a normal subgroup. 


(il) S is anormal subgroup, and 
a U 0 T 
c/s = {asa = 0 ej eeR\ {03} 


(ill) S is anormal subgroup, and G/S is such that 


gS =hS 


Miscellaneous Problem 


lia 
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Let 
a-[e 
be an integer matrix such that its inverse A-lis also an integer matrix. Since 
det A = ad — be, 
we conclude that det A is an integer. Similarly, det A~? is an integer. Furthermore, 
det (Iz) = 1 
Now, 
det(A) det(A~!) = det(AA~') = det(J,) = 1 
lf det A > 1, then det A~ cannot be an integer. Similarly if det A < —1. Thus, 
det A= +1 
(We also get det A~! = det A, but we do not need that here.) 
If det A = 1, then 


ad — be = 1 = > ad+c(—b)=1 


Thus, a, c are integers such that there exist integers z, y such that 
ar+cy=1 


However, this means that gcd(a,c) = 1 (since gcd is the smallest positive integer which can be written as am + 
cn, for some integers m, n, and 1 is the smallest integer which exists, so we must have gcd(a, c) = 4), 


Similarly, if det A = 1, then 
ad — be = —1 => a(—d)+cb=1 
Again, gcd(a,c) = 1. 


In other words, a and c must be relatively prime. 


Result 20f2 


gcd(a,c) = 1; thatis, a and care relatively prime. 
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(a) 


Let G be of even order. Notice that we can write 


G= U {9.9°'} 


g6G 


However, 1 € G, and 1! = 1, so {1, 1~'} isa set of one element. If all other sets {g, g~!} consist of two 
elements, then clearly G would be of odd order. 


Thus, there exists some set {h, ho} with h, h~! € G such that it is a set of one element; meaning that 
h=h, 
or, after multiplying by h, 
h=1 


Thus, h is an element of order 2! 


(b) 
Suppose that in G exists some element « of order 21. Then 
gy? a | 


Now notice that y defined as y = 2” is of order 3. 


Now suppose that in G we do not have elements of order 21. Since the order of an element divides the order of 
the group, the order of elements can be 1, 3, or 7. Suppose that no element is of order 3. Let 2 be an element of 


order 7. Then H = (x) has 7 elements. 


Thus, there exists some y € G, y ¢ H. It must have order 7 (because 1 € H), so K = (y) also has 7 elements. 


Now we want to show that H 1 K = {1}. First of all, H  K is a subgroup of H. Moreover, y 4 HK, so 


H 1 K has less elements than H. 


Since the order of H MK divides the order of H, and |H| = 7 which is prime, we conclude that |H 9 K| = 1 


or |H 1 K| = 7. However, it cannot be 7 because H  K has less elements than H. Thus, 


|HNK|=1=> HNK = {i} 
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Now we will show that all elements 
a'y’, 
for0 <i < 7,0 <j < 7, are distinct. Suppose that 
ay _ ry? 


forsome0 <i<7,0<j<7,0<a<7,0<b<7.Then 
So, z'-* € HN K = {1},s0 


Since —7 < i— a < 7, and7is an order of 2, we conclude that i — a = 0; that is, i = a. Similarly, we prove that 
j=). 


Thus, ifi # aor j + b, we have that 
aiy) 4 xy? 
Thus, the set 
{r'y) |0<i<7,0<j<7} 


has 49 elements. But it is a subset of G, so G must have at least 49 elements! This is a contradiction since |G| = 21 


Thus, G must have at least one element of order 3. 


Result Sof 


Hint for (a): 


G=U{o.9"} 


gcG 


Hint for (b): Suppose that all elements are of order 7. Can you construct a subset of G which is too large? 
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() 
If a € Gis of order 6, then (a) has 6 elements. This means that G = (a), so G is cyclic. 
Now we can prove that G is isomorphic to Z/Z6; just define 
{:G—>Z/Z, f(a‘) =i 
(il) 
Let b € G be of order 3. Then N = (b) is of order 3, and 


aT 


= Ini =? 


[G: N] 


Thus, NV is anormal subgroup of G. This means that the quotient group G'/ N is well-defined, and 
|G/N| =[G: N] =2 
So, there exists some a € G, a ¢ N, such that 
G/N ={N,aN} 
(a $+ NN since if we would have a € N, we would have aN = N; acontradiction). 
So, there are only two left cosets of G: N and aN. Since left cosets form a partition of G, 
G=NUaN 
Now let g € G.Theng € NorgcaN. 
Ifg € N,theng = bi, for0 <i <3. 


Ifg € aN, then g = ab’, for0 <i < 3. 


This means that 
G = {1,b, 6, a, ab, ab} 
We can also see that 
G = (a,b); 
this is because (a,b) C G clearly holds. On the other hand, 
{1,, b*, a, ab, ab*} C (a, b) 
is also Clear. 


One more detail which we can prove is that a is of order 2. Look at a’. Itisin G, soa? € N ora? € aN. Ifa? € 
aN, then a €_N, which is a contradiction. 


Thus, a? € N. If a? = b, then a’ is of order 3, since |b] = 3. This means that a is of order 6; a contradiction since 
we assumed that G' contains no element of order 6. 


Similar conclusion follows if a? = b?, since b? is also of order 3. 
Thus, a? = 1, so itis of order 2. 
Now it is clear that G is isomorphic to S3, since 
$3 = {1, 2,2", y, yx, yx?} 


(the standard presentation of 53). 
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(iil) 


We will first prove that G is abelian. Let 2, y € G. Then zy = 1, or zy is of order 2. If zy = 1, theny = 27}, so 
ry=yr=1. 


lf zy is of order 2, then 

1 = (ay)’ = zyry 
Multiply by y from the right and use that y =p & 

y = ryry” = zyz 
Multiply by x from the right: 

ye = yx” = ry 
Thus, G is abelian. 
Now let a € G, x # 1.Then 

(x) = {1,2} 


Thus, there exists y € G, y ¢ (a). Now notice that 


Now consider 


H = {1, x,y, ry} 


It is easy to see that H is a subgroup of G. It is clear that H C G and that all inverses are in H (all elements of H 
are of order 2; therefore, they are its own inverses). Closure is seen directly. For example, 


y(zy) = y(yr) = y’e@=2 eH 
Moreover, H has 4 elements; thus, there exists some z € G, z ¢ H. Consider 
K = {1, 2, y,z, xz, ry, yz} 
We will prove that all elements of K are distinct. First, 1 is unique, so no other element is equal to it. Moreover, 
rF#y, #2, yF2, 
by definitions of y and z. Now assume that, for example, 


r= yz 


Then, by multiplying by y from the left, 
z=yrz=ayeH 
However, z ¢ H; acontradiction. Similarly, if zy = yz, then 
yo=yz>ec=z 
(multiply by y from the left). 
Again, a contradiction. All other combinations are checked similarly. 


Thus, K has 7 elements, and K C G, since G is a group, so all products of its elements are in it. However, G has 6 
elements; a contradiction! 


What can we conclude from all this? That such G cannot even exist. 
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Result 
(I) Such G are cyclic, and isomorphic to Z/Z6. 
(il) Such G are isomorphic to S3. 


(itl) Such G do not exist. 


The semigroup generated by one element can be classified into two types. If s' is distinct for all i > 1 then the 
semigroup is infinite which is {1, s, s”,... }. 


If there exists integers m > n such that s™ = s” then the semigroup is finite and consists of n elements 
{1,s,s7,...,8"-1}. Forall j > n, there exists m <i <n— 1 such that s' = s/. 


The semigroup with n elements generated by single element may not be isomorphic to each other as m may vary 
from 0 to n — 1. This gives n distinct semigroup with n elements. 


Result 2 of 2 


The semigroup can be finite or infinite. There exists m non isomorphic semigroups of size n. 


Let G be finite semigroup generated by single element. Then G contains identity, the operation is associative with 
the law of composition and closure property also holds. We need only to show that if cancellation law holds then 
there exists inverse for every element. 


Suppose s” = s” where n > m. Then by cancellation property, we get 
s™ = sa’ —:. oo =_ 1 
This semigroup contains n — m elements and define inverse of s* as s"-~® from which we get 
n-mMm—a@ a a .n-m—a 


8 igh — ata —) dine | 


Thus inverse of every element holds hence G is a group. 


Result zoe 


Show that cancellation property implies inverse of every element exists. 
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(a) 
1. Reflexive 


Define function f(t) =a for all t € [0,1]. The function is continuous 
hence a ~ a. 


2. Symmetric 


Suppose a ~ b, then there is continuous function f : {0,1} + R* 
such that f(0) = a and f(1) = b. Define g(t) = f(1— t) then g is 
also continuous function from {0, 1] to R* and g(0) = f(1) = 6 and 
g(1) = f(0) = a. Hence b ~ a. 


3. Transitive 


Suppose a ~ b and b~ c. Let f and g be the paths from a to 6 and 
from b to c. Now define 


_ J F(2t) if t € [0, 1/2) 
a -1) ifre [1/2,1] 


At t = 1/2, h(1/2) = limy; f(t) = g(0) = 6 so it is continuous. 
Then this is also continuous function and since h(0) = f(0) = a and 
h(1) = g(1) =«¢, this is path from a to c. Thus a~e. 


This shows that relation ~ defined by existence of path between two points 
is an equivalence relation. 


(b) Relation ~ given by question defines equivalence relation on S. An equivalence relation defines a partition on 
subset S. Therefore S can be partitioned into subsets which are path connected ie. if Sq is subset of S which 
consists of elements b such that b ~ a then every Sq is path connected since there exists path from any element 
or any other element. 


Step 3 3of 4 


(©) The curves 2? + y = land ry = O are path connected while zy = 1 is not path connected. The curve x? + 
y” = lisacircle so we may define f(t) = (sin(ct + d), cos(ct + d)) where c and d are taken appropriately for 
any two points a and b on it. 


The curve ry = 0 consists of z = 0 and y = 0 which are pair of straight lines. They intersect at (0,0) and since 
(0,0) has path to any other point on curve. The curve is path connected. 


The curve zy = 1 is not path connected. Take point (1, 1) and (—1, —1). There exists no path between these two 
points. 


Result 4of4 


(a) Show existence of path (continuous function) between points as required for equivalence relation. (b) 
Equivalence relation defines partition on set. In this case, partition is of path connected subsets. (c) 2+ y = 
1, ry = 0 is path connected while zy = 1 is not path connected. 


7.a 


(a) Given G is subgroup of GL, (R) and A, B,C, D € G. If there exists path from A to B and from C to D then 
there exists path from AC to BD. 


Since there exist path from A to C, let f be continuous function st. f(0) = A and f(1) = B. Similarly, g be 
continuous function such that g(0) = C and g(1) = D. Now, fg being product of continuous function is also 
continuous and 


£9(0) = f(0)g(0) = AC, fg) = f(g) = BD 


Thus there exists path from AC to BD. 


(b) Let N represent subset of G containing all elements which can be joined 
to identity matrix J. We first show that this is group. 


1. Since J can be joined to itself, J € N. 


2. Suppose A,B € N can be joined to J then by part (a), there exists 
path from AB to JJ = I. Thus closure property holds. 


3. Elements of GL, (IR) are invertible so for any A, there exists continuous 
function g4 : G + G such that y4(X) = A~!. Now, suppose A 
can be path connected to J, then there exists continuous function 
f : [0,1] > GL,(R) such that f(0) = J and f(1) = A. Now take 
9 = ¢of which is continuous function such that g(0) = A~! and 
g(1) = IT. This shows A~! € N. 


This shows N is subgroup of G. 


To show that N is normal subgroup, let A €¢ N, B € G then we will show 
that B-!AB is path connected to J. We know that A is path connected to 
I, there exists continuous function f s.t. f(0) = J. Now for any B € G, 
ge(X) = B-'XB is continuous on GL,(R) so g = yg o f is also continuous 
from {0, 1] to GL,(R). Since g(0) = J and g(1) = B-!AB, B-1AB EN 
hence B~'NB = N ie. N is normal subgroup. 


Result SofS 


(a) Take product function fg which forms the required path. (b) Show that N C G is subgroup first. To do that, we 
construct the required paths. Also make compositions with continuous functions from GL,,(R) to itself. 
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(a) 
We will prove that every A € SZ,,(R) is connected to the identity matrix J,,. 


First of all, let Bj;(A) be some elementary matrix of the first type; it has 1 on the diagonal, and A at the position 
(i,j). 
If A = 0, then B;;(A) = In, and it is clearly connected to itself. 
if \ + 0, define 
f: [0,1] + SL,(R), f(t) = Ei;(td) 


Then f is clearly continuous (using the identification GL,(R) «+ IR"*" described in the previous exercise), and 
f(0) = In, f(1) = Ej; (A). Thus, £j;(A) is connected to I, by a path f. 


So, each elementary matrix of the first type is connected to I}. 


By the previous exercise, if H,, E> are two elementary matrices of the first type, then EF HK» is connected to 
by Se ae Fe 


By induction, now we can prove that, if By), Eo,..., Ey are elementary matrices of the first type, then 
E, Ey --- Ey is connected to In. 


Now let A € SL,,(R). Since the elementary matrices of the first type generate SL,,(IR), There exist elementary 
matrices of the first type F,..., Fj) such that 


A=F,.+h 


Since F --- F) is connected to I, so is A. 


Now let A, B € SL,,(R) be two matrices. Since A is connected to I;, and B is connected to In, and 
being connected is an equivalence relation, we conclude that A is connected to B. 


Thus, SLn(R) is truly path-connected. 


(b) 
Define 
GL; (R) = {A € GL, (R) | det A > 0} 
GL; (BR) = {A € GL, (BR) | det A < 0} 
Then clearly 
GL,(R) = GL; (R) UGL; (R) 
We will prove that GL (IR) and GL; (R) are path connected. 
Let A € GL; (R). Define 
(1—t)+tdetA 


: + = 
f:(0,1J) 3GLy, f(j= det A A 
Since det (oe) > O for every t € [0, 1], f is well-defined. Moreover, 
f(1)=A, (0) = Ao, 
1 
where A; = qe so det A; = 1,so A; € SL,(R). 


Now let A, B € GL (R). By the previous part, A is connected to some Ap € SL,(R), and B is connected to 
some Bo € SL, (R). By (a), Ao is connected to Bo. Since being connected is an equivalence relation, we 
conclude that A is connected to B. Thus, GL; (R) is truly path-connected. 
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To show that GL; (IR) is path-connected, let A, B € GL; (R). As with GL (IR). Let A’ = AFj..2, where 
EF ..9 is the elementary matrix of the second kind which switches the first and the second row of A. Then 
det A’ = det Adet F..2 > 0. Define B’ similarly, so A’ is connected to B’ by the previous part. Let 

=-1 


f : (0,1) + GL, (R) 
be the specified path. Define 
9: [0,1] +GL,(R), g(t) = f(t)Bise 
Firstly, 
det(g(t)) = det(f(t))det Fi.o < 0 


>0 =-l 


Moreover, g is clearly continuous, and 
9(0) = f(0)Fiog = A’ Bio2 = AB o2Fi42 = A 
and 
gi) =B 


Thus, GL; (R) is path-connected. 


To show that GL,(R) is not path-connected, let A, B be such that det A > 0 and det B < 0. If f is apath, then 
g(t) = det f(t) is a continuous real function on a segment, which has positive and negative values, so for some to 
we have that g(to) = 0. Thus, f (to) is a matrix of the determinant zero, which is a contradiction, since f must have 


its image contained in GL,(R). 


Result 
(a) Use the previous exercise and the hint provided with this exercise. 
(b) GL, (R) = GL; (R) U GL; (R), where 
GL; (R) = {A € GL,(R) | det A > 0} 
GL, (R) = {A € GL,(R) | det A < 0} 
9.a 


They partition G. The proof is similar to the proof that left cosets of one 
subgroup partition G. 


On G, define the relation ~ as 
a~b if b=hak, forsomehe Hk eK 


We will prove that this is an equivalence relation. 
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~ reflexive? 
Let g € G. Then we can write 


g=l|gl 


Moreover, 1 € H and 1 € K, sog~g. 
Therefore, for every g € G we have that g ~ g, so ~ is reflexive. 


~ symmetric? 
Let a ~ b. Then b = hak, for some h € H, k € K. Multiplying by h~! from 
the left and k~! from the right we get 

a=h"ak"! 


Since H is a subgroup of G, h~! € H. Similarly, k~! € K. Thus, b ~ a. 
So, for every a,b € G such that a ~ b we have that b ~ a, so ~ is symmetric. 


~ transitive? 
Let a,b,c € G such that a ~ b, b ~ c. Then 6 = hak for some h € H, 
k € K and c = h’bk’ for some h’ € H, k’ € K. Therefore, 

c= h'bk' = h'hakk’ = (h'h)a(kk’) 


Since H is a subgroup of G, h’'h € H. Similarly, kk’ € K. Thus, a ~ c. 
So, for every a,b,c € G such that a ~ b and b ~ c we have that a ~ c, so ~ 
is transitive. 


Therefore, we now know that ~ is an equivalence relation. This means that its equivalence classes partition G. 
Now let S be some equivalence class, and g € S. Then 
S={aeG|g~a}={aeG|a=hgk, forsomeh €¢ H,k € K} = {hak | he H,k € K} = Hak 


Thus, equivalence classes are equal to double cosets, so we conclude that double cosets truly partition G. 


Result Sof 


The proof that double cosets partition G is similar to the proof that left cosets partition G; define a relation ~ on 
G with 


a~ bifb=hakforsomeh€ H,k EK 


Prove that ~ is an equivalence relations, and prove that double cosets are its equivalence classes. 


10.a 
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\underlineH gH = gH = > Hisnormal 
Suppose that HgH = gH, for every double coset. 
Letg © G,h € H be arbitrarily taken. Then 
ghg* = g(hg-*h)h 
Since we have that 
Hg'H=g"'H, 


and hg-!h € Hg“!H, we conclude that hg-th € g~!H, so there exists some h’ € H such that hg-th = 
-lpy 
g *h’. Thus, 


g(hg th)h = gg th'h a Who 
Thus, 
ghgt = Wh 


Since H is a subgroup of G, we see that h'h~! © H. Thus, ghg~! € H. Since g € G andh € H were taken 
arbitrarily, we conclude that H is a normal subgroup of G' by definition. 


H isnormal =» HgH = gH 
Since H is normal, by Proposition 2.8.17. (iii), 
gH = Hg 
Thus, 
HgH = gHH = o(HH) 
(multiplication in a group is associative, so “multiplication of sets" is also associative). 


Moreover, since H is a subgroup of G, HH = {ab | a,b € H} C H. Thus, 
=H 


g(HH) C gH 
and 
HgH © gH 


The other inclusion is trivial; let 2 € gH. Then x = gh, for some h € H. We can also write z = 1gh, and use the 
fact that 1 € H to conclude thatz € HgH.Thus, gH C HgH. 


Therefore, we conclude that 
gH = HoH, 


as required. 


Result 
if HgH = gH, thenlet g € G,h € H, and show that ghg™! € H. The equality 
ghg”' = ghg" ‘hh 
may prove useful. 
\f H is normal, then gH = Hg, so 
HgH = g(HH#) 


Conclude the rest 
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Tica 


(a) Suppose we are given an invertible matrix 


ee 1 

a a ny 

A=[a'] = ay ay an 
= eee pss 
ay a} ay, 


such that we know there is a lower triangular matrix 


oo. 0 

RB. 0 
L=[tj=|. *. , 

a | ay 6, 


and an upper triangular matrix with unit diagonal entries 


oe 
; 0 1-- uw 
vawi=[) * 
0 0 1 
that satisfies 
A= LU. 
We want to calculate the entries li and u’ from the entries a’. 


From A = LU we have by definition that for all 1 < i, 7 < n we have 


n 

i=) ca 

a;= Uuj. 
k=l 


Note that by definition li = Oifi < j, ui = Oifi > j anduj = 1foralll <i<n. 


Step 3 3 of 12 
We can now proceed to calculate the columns of L and U from the first to the last. 


For j = 1wehave ai = S>y_, liuk = Li so we have the first column of L. Note we also trivially know the first 
column. 
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Let 7 > 1 and suppose we have already computed from the first to the (j — 1)-th columns of L and U. We want 
to compute ui fori < j andl fori > j. The equations ai = S>;_, I, w then give us a system of n linear 
equations with n unknowns 


A 

2. - 925.1 Zoe 

a; = 14; + bu; 

gSE BSE ion, j-1,,j-1 

a; =u; + ate 

Se eee Aen i 

“ 1 crs 1 + Gat 1 a 1 
jt+1_ sexe att AR a+ 
a, = ujpt-:- thu +G 


By assumption this system has a solution so any method such as Gauss elimination gives us the values for ui for 
i < jandli fori > j. 


Step 5 5 of 12 


After n steps of the above algorithm we have computed both L and U. 


(b) Suppose we have lower triangular matrices L, and Ly and upper triangular 
matrices U; and U2 such that L;U; = A = L2V2. Note that det A 4 0 
since A is assumed to be invertible, which implies det L; # 0 and 
det U; 4 0. Therefore the L; and Uj are all invertible. 


Step 7 7 of 12 


The equation LjU; = L2U2 then gives us UjUy — Lye. Since the left side of the equation is upper 
triangular and the right side is lower triangular both sides are diagonal matrices. 


Step & 8 of 12 


Further the diagonals of U; and Up are composed of Is, so the same is true for U; us which means this is the 
identity matrix. We conclude that Up = Uj. Also L7'L2 = UjUy! = Id, and so L; = Lz. 


Step 9 9 of 12 


(c) Note that for some permutation o of {1,2,...,n} the associated permutation 
matrix is P, = [5% -,,] (here represents the Kronecker delta such that 

oF =1if k=l and 6§ =O ifk #1). Such that AP is A with its columns 

permuted according to the permutation o and PA is A with its rows 

similarly permuted. 
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Now, for any invertible matrix A there is a lower triangular matrix L such that for each 1 < j < n there is exactly 
one 1 < i < nsuch that [A~!L]i = 1 and for k < i we have [A~L]k = 1. This means there is some 
permutation matrix P such that A~!LP is upper triangular with Is in the diagonal, which is invertible. 


Step ll N of 12 


Defining U-! := A-!LP we then get A = LPU. 


Step 12 12 of 12 


(d) Let g be any invertible matrix, so that any matrix of the form LgU also 
is invertible. By the previous item there is some permutation matrix P, 
lower triangular matrix L’ and upper triangular with unit diagonal U’ 
such that LgU = L’PU', which means P = L’~!LgUU'~!. Therefore 
the LgU equals the double coset LPU. 


12. a 


The exercise is false when r, s must be strictly positive (you cannot write numbers of the form k = na using this 
method), so | assumed that r > 0, s > 0. 


(a) 


We will first prove that a numbers 

0, b, 2b, (a—1)b 
are not congruent modulo a. Suppose that 

rb = sb modulo a, 


wihO<r<a0<s<br#s.Thenadivides rb — sb = (r — s)b. However, a and bare relatively prime, so 
a divides r — s. Since —a < r — s < aandr — s £0, this is impossible. 


Thus, we have a numbers which are not even in pairs congruent modulo a. This means that, for k € Z, there exists 
aunique s € {0,1,...,a— 1} such that 


k =rbmoduloa 
Thus, a divides k — sb, so there exists some r € Z such that 
k-—sb=ra=>k=ra+sb 


The only problem here is that r € Z, so it does not have to be a positive integer. This means that we cannot write 
every integer k in a way described in the exercise. However, if k is "sufficiently large" (will be specified later), then 


k—sb>0, 
so 
ra>0 


Since a > 0, we must have that r > 0. Thus, for "sufficiently large” & the statement of the exercise holds. 
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(b) 
Now we need to find out just how large must k be. Suppose that r is negative. Then, from 
k=ra+sb, 
ands <a-1,r<-l, 
k<(a—1)b—a=ab—a~—b 


Thus, every integer for which we have r < 0 is at most ab — a — b, meaning that, if k > ab — a — b, we know that 
we can write it as 


k=ra+sb 
withr,s € Z,r>0,s>0. 


Now we want to prove that ab — a — b cannot be written in this form, which will mean that it is also the largest 
positive integer which cannot be written in this form. Suppose that 


ab—a—b=ra+sb 
forsome r > 0, s > 0. Then 


(r+1l)a=(a—s—1)b 


This means that b divides (r + 1)a. On the other hand a clearly divides (r + 1)a, so (r + 1)a is acommon 
multiple of a and b. 


On the other hand, from 
ab—a—b=ra+ sb, 
we get 
(r+1)a+sb=(b—l)a 


Since sb > 0, we must have that (r + 1)a < (b— 1)a; thus, sincea >0,r+1<b-1. 


Putting things together now, 
a(r +1) <a(b—1)<ab 


Thus, there exists a common multiple of a and b which is strictly less than ab. This is however impossible since a 
and b are relatively prime, and their least common multiple must be ab. 


Finally, we obtained a contradiction, so ab — a — b cannot be written in the way described in the exercise, which 
completes the proof. 


Result aot 


The exercise is false when r, s must be strictly positive (you cannot write numbers of the form k = na using this 
method), so | assumed that r > 0, s > 0. 


First prove that 
0, b, 2b, (a —1)b 


are not congruent modulo a. So, for every k € Z, there exists s € {0,1,...,a — 1} such that a = sb modulo a. 
How can you now get 7? And how large must k be? 


Hint: the largest positive integer which we cannot write using this method is k = ab — a — b. 


13. a 
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Let S be the set of reachable points, 
T = {(a,b) | a,b EN, gcd(a,b) = 1}. 
We will prove that 


We will break this equality into two inclusions. 
[C]We will first prove that S C T. To do this, let (x, y) € S, and take the "path" 
(1,1) = (x0, yo) a (v1, 41) a ST a (ns Yn) — (x,y) 


In each step, (2p. Yn) = (@n—-1 + Yn—1; Yn—-1) OF (Zns Yn) = (Ln—1, Ln—-1 + Yn-1)- Thus, it suffices to show that 
if ged(a, b) = 1, then gcd(a + b,a) = land gcd(a,a + b) = 1. 


Since gcd(a, b) = 1, then there exist some integers m, n such that 
ma+nb=1 
Now notice that 
m(a+b)+(n—m)b=ma+mb+nb—mb=ma+nb=1 


Thus, there exist integers r, s such that r(a + b) + sb = 1. Since the greatest common divisor is the least positive 
integer which can be written in such form, and 1 is the least positive integer of them all, we conclude that gcd(a + 
b,b) =1. 


The other equality, gcd(a, a + b) = 1, is proven similarly. 
Thus, if we return to our path 
(1,1) = (zo, yo) > (w1,y1) + «+. > (@n, yn) = (2, y), 
we conclude that, since gcd(1, 1) = 1, 
gcd(ro, yo) = 1, gcd(z1,y1) = 1, ..., gcd(@n, yn) = 1, gcd(z,y) = 1 


Therefore, (2, y) € T, and S CT. 
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Now we want to prove that T’ C S. That is, each point (a,b) such that a, b are positive integers and gcd 
(a, b) = 1 can be reached. This is done by induction. 


If a = 1. Then our point is of the form (1, b), where b € N. Now we find the path manually: 
(1,1) > (1,2) — (1,3) —... > (1,5) 
Thus, (1,6) € S. 
If b = 1, then we take the path 
(1,1) + (2,1) > (a, 1) 
Thus, (a, 1) € S. 
Suppose that for (a,b) € T such that max{a, b} < n we have that (a,b) € S, where n € N. 


Now let (a,b) € T with max{a, b} = n+ 1. Ifa = b, then gcd(a, b) = gcd(a,a) = a=n+1>1,whichisa 
contradiction. Thus, a + b. Without loss of generality, we can assume that a > b. Thena—b>0,soa—b>1. 
Also, a — b < a, so max{a — bb} < a=n + 1; thatis, max{a — b,b} < n. Moreover, (a — b,b) € T (the 
proof that gcd(a — b, b) = 1 is the same as in the proof of the other inclusion), so we can finally apply the 
Induction Hypothesis: (a — b, b) € S. Therefore, there exists a path 


(1,1) = (ao, bo) > (a1,b)) > ... 4 (Gn, bn) = (a — 5, b) 
Finally, we can now find a path all the way to (a, b): 
(1,1) = (ao, bo) — (a1, bi) > -.. > (dn, bn) = (a — b, b) — (a,b) 
Thus, (a,b) € S,soT CS. 


Conclusion. Since S C T and T C S, we now conclude that S = T. 


Result Sos 
Prove that 
S = {(a,b) | a,b EN, gcd(a,b) = 1} 


Hint: break it up into two inclusions. One inclusion follows from gcd(a, b) = gcd(a + b, b) = gcd(a,a + b). The 
other inclusion can be proven by induction. 


14. a 
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Let 


ro |? dl € SL3(Z) 
. Then 

ad — be = 1, 
so a and care relatively prime. By the previous exercise, we can find a path 


(1,1) > (a1,¢1) +... 4 (Gn, en) = (a,c) 


where (aj, Cy) = (@x—1 + Ch—1, Ckh_-1) OF (Ax, Ch) = (@k-1, @k—-1 + Ch—1). Now notice that this means that there 
exist some matrices F,,...,F,, where 


1 -1 1 
A=) 5 or A | 3 1 


such that 


Notice that b and d are integers. 
Since clearly det Fj, = 1, we conclude that det B = 1. Thus, 


d—b=1—>d=5+1 


Thus, 
1 6 
= k b+ | 
Moreover, let 
L., *'0 
r=[1, |] 
, then 
_ fi 6 
m-[! Jc 
Finally, 
FF,:---FiA= FB=C 
Notice that 
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Moreover, 
pin fae a 
rel 


Pee omer a ate 8 


and 


All that is left is to see that 


5 
Bay | 
o=f a: 


so A is generated by the matrices from the text of the exercise. 


Result Sof 


Use the previous exercise and the fact that the first column of matrix A € SLo(Z) consists of relatively prime 
integers. 


15. a 
WI 


16. a 


The group H is defined as the group generated by the letters of the alphabet subject to the relation that two 
words (in the group theoretical sense) that are English words with the same pronunciation are identified. 


For instance bee = be, from which we can conclude by the cancellation law thate = 1 


Step 2 20f6 
From marry = merry we can conclude that a = e = 1. 

From buy = by we can conclude that u = 1. 

From to = too awe get that o = 1. 

From made = maid and a = e = 1 we get md = mid and so thati = 1. 


We conclude that all vowels are trivial in H. 
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From plumb = plum we get b = 1 
From wear = where we getth = 1 
From knight = night we getk = 1 
From mail = male we get! = 1 
From damn = dam we getn = 1 
From psalte = salte we get p = 1 
From fairy = ferry we getr = 1 
From bass = base we gets = 1 
From butt = but we gett = 1 

From chivuy = chivy we get v = 1 
From won = one we get w = 1 
From eye = I we gety = 1 

So far the nontrivial generators of H are 


{c,d, f,g,j,m,q, 2, z} 


From cell = sell we getc = 1 

From chased = chaste we getd = 1 
From right = write we get g = 1 

From dammed = damned we getm = 1 
From tax = tacks we getz = 1 


So far the nontrivial generators of H are 


{f.5,4,2} 


Step 5 

From daze = days we get z = 1 
From phase = faze we get f = 1 
From genes = jeans we get j = 1 
From queue = cue we getq = 1 


Therefore all generators of H are trivial and so H is trivial. 


Result 


His trivial. 
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3 


Chapter 3 


Section 1 


lia 


Denote by S the specified set. We check the five properties from (3.2.1). 
¢ Letz,y € S.Thenz =a+ b/2, y=ct+ d4/2, for some rational numbers a, b, c, d. Now, 
a+y=(a+bv2) +(c+dv2) =(a+c)+(b+d)v2 
Since a + cand b + dare rational numbers, we conclude that z + y € S. 
e Letz € S.Thenz =at+ by2, for some rational numbers a, b. Moreover, —z = —a — b/2, since 
(a + bV2) + (—a — bV2) =0 
Furthermore, we can write —2 = (—a) + (—b)4/2. Since —a and —bare rational numbers, then —z € S. 
e Letz,y € S.Thenz =a+b/2, y =c+dy/2, for some rational numbers a, b, c, d. Now, 
zy = (a+ bV2)(c + dV2) = (ac + 2bd) + (ad + be) V2 
Since (ac + 2bd) and (ad + bc) are rational numbers, we conclude that zy € S. 
° Letz € S.Thenaz = a+ bv2, for some rational numbers a, b. To get x~!, we simplify 


1 1 a—b/2 a—b/2 _ a —b /2 


= = ——_ . —_“= = — = ——__  —____. 
zr at+b/2 a—b/2 @-2h a?—-2h a—-2 
Si = d = tional le} lude that a! : ES 
ince =—~ and ———x are rational numbers, we conclude thata7~' = — € S. 
a? — 2b? a? — 2b? x 


¢ We can write 1 = 1 + 04/2. Since 1 and 0 are rational numbers, we get that 1 € S 


All properties are satisfied; hence, S is a subfield of (C. 


Result 


Check that properties from (3.2.1) hold. 


In each case, we need to find F € F, such that 
bz = 1 +> 5dr =1 
This is equivalent to 


52 = 1 modulo p 
\underlinep = 7 
To find x such that 

5z = 1 modulo 7, 


we will use the Euclidean algorithm on 5 and 7: 


7=5-14+2—42=7-5 
5=2-24+41=—31=5-2-2 


2=1-2+0 
Thus, gcd(5, 7) = 1, and 
1=5-2-2 
=5-—(7-5)-2 
=7-(—2)+5-3 


Thus, 

5-3+7-(-2)=1 
Since 7 - (—2) = 0 modulo 7, we conclude that 

5-3 = 1 modulo7 


Therefore, we take x = 3, and, considering elements in F7, 


\underlinep = 11 
To find x such that 

5x2 = 1 modulo 11, 
we will use the Euclidean algorithm on 5 and Il: 

11=5-24+1=>1=11-5-2 
5=1-5+0 
Thus, gcd(5, 11) = 1, and 
1=11-5-2 

Thus, 

5-(-2)+11=1 
Since 11 = 0 modulo Il, we conclude that 

5 - (—2) = 1 modulo 11 


i" 


Therefore, we take 2 = —2, and, considering elements in F 1, and that —2=9 


\underlinep = 13 
To find x such that 
52 = 1 modulo 13, 


we will use the Euclidean algorithm on 5 and 13: 
13=5-2+3=—3=13-5-2 
5=3-14+2—52=5-3 
3=2-14+1=>1=3-2 
2=1-2+0 

Thus, gcd(5, 13) = 1, and 

1=3-2 
=3- (5-3) 
=—-5+3-2 
=-5+(13-—5-2)-2 
=13-2+5-(-5) 

Thus, 

5-(—5)+13-2=1 
Since 13 - 2 = 0 modulo 13, we conclude that 


5+ (—5) = 1 modulo 13 


Therefore, we take z = —5, and, considering elements in Fj3, and that —5 = 8, 


\underlinep = 17 
To find z such that 
5x = 1 modulo 17, 


we will use the Euclidean algorithm on 5 and 17: 


17=5-34+2=52=17-5:3 
5=2-24+1=>1=5-2.-2 


2=1-2+0 
Thus, gcd(5, 17) = 1, and 
1=5-2-2 
=5-—(17-—5-3)-2 
=17-(-2)+5-7 


Thus, 
5-74+17-(-2)=1 
Since 17 - (—2) = 0 modulo 17, we conclude that 
5-7 = 1 modulo 17 


Therefore, we take x = 7, and, considering elements in F}7, 


z=7 


Result 
p=7:3 
p=11:9 
p=138 
p=17:7 


Since F7 is commutative, 
(ax*)(bx*) = aba®*9 


Moreover, since we can apply the Distributive Property, the starting product is the same of the following 
polynomials: 


(a* + 327 + 32 + 1)a4 

(a? + 3a” + 3x + 1)(42°) 

(a? + 3x” + 32 + 1)(627) 

(a? + 3a” + 3x + 1)(4a) 
(a> + 327 + 32+ 1)1 

Applying the Distributive Property again: 
(a? + 3a? + 3a + 1)at = 2*- 24 + (327)24 + (3z)2' + 124 
=a’ + 32° + 32°42! 


(a? + 3a? + 3x + 1)(42°) = 2*(4x*) + (3a)(4a°*) + (3x) (4x°) + 1(424) 
= 4x° + 122° + 1224 + 423 
= 4r° + 52° + 5at + 42° 


(The last equality follows because 12 = 5 in Fz) 
(a* + 3x7 + 3x + 1)(6x") = 2°(6x") + (3x”)(6x7) + (3a)(6x”) + 1(62”) 
= 6a° + 182 + 182° + 62? 
= 6x + 4a + 42° + 62? 
(The last equality follows because 18 = 4 in F7.) 
(a? + 3x” + 3x + 1)(4a) = 23 (4x) + (3a*)(4x) + (32)(4x) + 1(42) 
= 42! + 122° + 122? + 4 
= 4a! + 5x9 + 5x? + 42 
(The last equality follows because 12 = 5 in Fz.) 
The equality 
(a? + 3a” + 32 + 1)1 = 2? + 327 +3241 


is trivial. 


Now the original product is equal to the sum of all these polynomials; so, it is equal to 


(x + 3a° + 32° + a) + (42° + 52° + 5a + 42%) + (62° + 4a + 42° + 6x?) + (44 + 52° + 5a? + 42) + (x? + 32? + 32 + 1) 


Using the Distributive Property on 2°, this is equal to 


az’ + (3+ 4)a°+ (34+54+6)2°+ (145444 4)at+ (444454 1)2° + (64+54+3)2?4+ (44+3)r41 
=a’ + 7x® + 142° + 1424 + 1425 + 1427 + 7241 


-Fea 


since 7 = 14 = Oin F7. 


Result 
2 41 
4.a 
Let 
_|6 -3 << {| 24 _ {3 

4b ol *-[a]-2- fi 
\underlinep = 5 
Firstly, 


det A= 36+3-2=42=2 
(the last equality holds in Fs). 


Thus, det A + 0. This means that A 1 oxists; we use the following formula: 


o=(¢ als c! = (det) le = 


a 


Furthermore, 2~! = 3 in Fs (since2-3 =3-2=6=1). 
6 «3 18 9 3 4 
_— . = — 
eee De a ie a b H 


xaata=[t J }-[4] - ff 


Thus, 
Thus, 


To write it clearly, 


Pe — 3] modulo 5 


\underlinep = 11 
Firstly, 

det A= 36+3-2=42=9 
(the last equality holds in F 1). 


Thus, det A + 0. This means that A~! exists; we use the following formula: 


c=(¢ HE c= (aetcy| 4 a 


—c a 


Furthermore, 97! = 5 in Fi; (since 9-5 =5-9=45= 1). 
4og [EF] BH). 8 4 
é =5-( 8 a(t alm 3 


xeaa=[t J §]-f]-[ 


Thus, 
Thus, 


To write it clearly, 


A= Hl modulo 11 


\underlinep = 13 
Firstly, 

det A = 364+ 3-2=42=3 
(the last equality holds in F 3). 


Thus, det A + 0. This means that A~! exists; we use the following formula: 


om (3 Ap Co = (det) ie a 


Furthermore, 3~! = 9 in Fy3 (since 3-9 = 9-3 = 27=D). 
-1_q.|6 3] _[54 27]_ /2 1 
ee be l= [ts =~ |e A 
= guage |e Al Shas [TE oe 
x=ae=[5 allt] = [|= [9 


A= Hl modulo 13 


Thus, 


Thus, 


To write it clearly, 


\underlinep = 17 
Firstly, 

det A = 36+3-2=42=8 
(the last equality holds in Fy7). 


Thus, det A + 0. This means that A~! exists; we use the following formula: 


d ry 


—c a 


o= (6 +E ct = (aetcy| 


Furthermore, 8-! = 15 in Fjz (since 8 - 15 = 15-8 = 120 = 1). 
azyes| © Shs [Oe 46) ..8: 2 
2 =15:1% |= ("30 90] |4 5 
ite (SAL) WS) = 1261) 18 
xaare=[t 3] h)=[al- 


pe — Hl modulo 17 


Thus, 


Thus, 


To write it clearly, 


\underlinep = 7 
Firstly, 

det A= 36+3-2=42=0 
(the last equality holds in F7). 


Thus, det A = 0. We therefore cannot find the inverse A7!. We solve this system a bit differently. 


First, 
A-[2 
The system 
AX=B 
can be written as two equalities: 
—, — 322 =3 


24,;- t=1 


Multiply the first equation by 2 and add it to the second equation: 
—x, — 32. =3 


—Tz2=1 


However, —7x2 = 0 in F7, so the second equation becomes 0 = 1, which clearly does not hold in F7. Therefore, 
this system has no solutions. 


Result 


p=: = al modulo 5 
p=11:X= oI modulo 11 
pH=13:3 X= aI modulo 13 


5 eet Y Ge, Hl modulo 17 


p = 7: no solutions 


This matrix is invertible if and only if det A 4 0. We will first find the matrix in R using the following row operation: 


‘ . Rj+Ri 

multiply the 7th row with the constant c and add it to the zth row: ie : 
i 2. 0 Pera | 2 O 
0 3-14" 0 3 -1 
—2 0 2 04 2 


Now apply the LaPlace Expansion on the first column: 


12 0 
03 -1|=[f 2 |= 
04 2 
Thus, 
det A= 10 


Now det A = 0 in F, if and only if p divides 10. Since 10 = 2 - 5, we get that det A = 0 in F, if and only if p = 2 
orp=5. 


Thus, A has an inverse (equivalently, det A + 0) if and only if p # 2 andp + 5. 


Result 


p#2andpF5. 


We always use 


Solving in Q. 
System AX = 0. 
Here AX = O is equivalent to the system of equations 


z+ 22 =0 
Z1 +23=0 
@ —2%—23=0 


Adding the first and the second equation to the third, the third equation becomes 


321 =0 
Thus, [x = 0} Moreover, we now easily obtain and Thus, 
0 
X= 10 
0 
System AX = B. 
Now onto the system AX = B. This becomes 
+29 = 
FS] +273=-1 


zj —z2-—23=1 


Adding the first and the second equation to the third, the third equation becomes 


32, =1 


Therefore, Now, from the first and the second equation, we can easily obtain and 


Thus, 


Solving in F2. 
System AX = 0. 
Here AX = 0 is equivalent to the system of equations 


+22 =0 
T} +23=0 
@1—Z2—23=0 


Adding the first and the second equation to the third, the third equation becomes 


321 =0 
Moreover, 3 = 1 in Fo, so 34, = x, and [71 =0} Moreover, we now easily obtain and Thus, 
0 
X= j0;} = (modulo 2) 
0 
System AX = B. 
Now onto the system AX = B. This becomes 
a+ 22 =1 
2 +23=-1 
Tj —~ @g—- 273 = 


Adding the first and the second equation to the third, the third equation becomes 


32, = 1 


Therefore, since 32, = 2}, Now, from the first and the second equation, we can easily obtain 
and[ a3 = —2 = 0] (because —2 = 0 in F9). Thus, 


x= 16 (modulo 2) 
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Solving in Fs. 
System AX = 0. 
Here AX = Ois equivalent to the system of equations 


a+29 =0 
2) +23=0 
@j—2%—23=0 


Adding the first and the second equation to the third, the third equation becomes 
32, =0 


Moreover, 3 = 0 in F3, so 32, = 0. Thus, the third equation is 0 = 0. The whole system is 


r+ 29 =0 
ZT} +23=0 
0=0 
Thus, 
v9 = —Z, = 22 
z3 = —z) = 27} 


(since —1 = 2 in Fs, it follows that —r1 = 221). So, when we set t = x) as a parameter, 


t 
X = }2t|,t¢€F3 (modulo3) 


at 


System AX = B. 


Now onto the system AX = B. This becomes 


Ao 
A 
8 
os 
ll 
| 
Paar 


Adding the first and the second equation to the third, the third equation becomes 


321 =1 


Therefore, since 321 = 0, the third equation is 0 = 1. This is however absurd since 0 1 in F3. Thus, this system 


has no solution. 
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Solving in F7. 
System AX = 0. 

Here AX = O is equivalent to the system of equations 

@j+22 =0 

z +23=0 

v1 — 22-73 =0 
Adding the first and the second equation to the third, the third equation becomes 

321 =0 

Since F7 is a field, the inverse of 3, 3-1, exists. Multiplying the above equation by : 


31.32, =3!-0=+[21 =0] 


Now from the first and the second equation, we now easily obtain 


[x2 = 0}, 


Thus, 
0 
xX=10 (modulo 7) 
0 
System AX = B. 
Now onto the system AX = B. This becomes 
@1+ 22 =1 
zy +23=-1 


@1—-%—23=1 
Adding the first and the second equation to the third, the third equation becomes 
32, =i 


Now we want to find 3~! explicitly. Notice that 3-5 = 5-3 = 15 = 1 (in F7), so 37! = 5. So, multiplying the 
equation 32, = 1 by 5, 


152, =5 =>[z = 5] 


The first equation is now 


S+22=1/-5 => 2 =-4=3=>[z =3] 


Similarly, the second is 


5+23=-1/-5 => 23=-6=1=>[23=1] 


Therefore, 
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Result 
Q: AX = 0 hasa solution 


0 
X= 0 


0 


, AX = Bhasasolution 


F3: AX = 0 has a solution 


t 
X = ;2t 
at 


,t € F3, AX = B has no solution. 


F7: AX = 0 hasa solution 


13 


\underlinep = 2 


In this case, 
Fy = {0,1} 
Therefore, 
> = {1}, 
which is clearly cyclic with the generator 1. 
\underlinep = 3 
In this case, 
F; = {0,1, 2} 
Therefore, 
F;° = {1,2}, 


Since 2? = 4 = 1, this group is cyclic with the generator 2. 


\underlinep = 5 
In this case, 

Fs = {0,1, 2,3, 4} 
Therefore, 

Fx = {1,2,3, 4}, 
Calculate potentions of 2 up to the third power (p — 2): 

fe 
8=8=3 
Therefore, 
{2°,2!, 9? 23} = {1,2,4,3} = FX, 


and this group is cyclic with the generator 2. 
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\underlinep = 7 
In this case, 
F; = {0,1, 2,3, 4,5, 6} 
Therefore, 
Fx = {1,2,3, 4,5, 6}, 
Calculate potentions of 3 up to the 5th power (p — 2): 
,=9s2 
a .8=23:3=0 
¢#='3 5=6-3=18=4 
SaF854-3= =F 
Therefore, 
{3°, 3!, 3?, 3°, 34, 3°} = {1,3,2,6,4,5} = FX, 


and this group is cyclic with the generator 3. 


\underlinep = 11 
In this case, 
Fy = {0,1, 2,3, 4,5, 6, 7,8, 9, 10} 
Therefore, 
Fyi = {1, 2,3, 4, 5,6, 7, 8, 9, 10}, 
Calculate potentions of 2 up to the 9th power (p — 2): 


?=4 


2° —2°.2=10-2=20=9 

2° = 2°.2-9.2=18=7 

= 2'.2=7-2=14=3 
Fae 8-38-2268 


Therefore, 


PSS D2? oY 41.9 4.8.5:10,0:7, 3:0) = Fa: 


and this group is cyclic with the generator 2. 
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\underlinep = 13 
In this case, 

F,3 = {0,1, 2,3,4,5, 6, 7,8, 9, 10, 11, 12} 
Therefore, 

Fi, = {1, 2,3, 4,5, 6, 7, 8,9, 10, 11, 12}, 


Calculate potentions of 2 up to the Ith power (p — 2): 


g7 = 9°.9=12-2=24=11 
g§ — 97.2=11-2=22=9 
9° — 9°.2=9.2=18=5 
910 — 99.9=5-2=10 
gt — 9 .9—-10-2=20=7 


Therefore, 


2°, 2°, 2; oF OF 2) oF at 9*.98 08 OU) = 19.9.4, 8.S: 6,12:11,9, 6,10, 7} = Fe, 


and this group is cyclic with the generator 2. 


\underlinep = 17 
In this case, 

Fiz = {0,1, 2,3, 4,5, 6, 7,8, 9, 10, 11, 12, 13, 14, 15, 16} 
Therefore, 

Fy; = {1, 2,3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16}, 


Calculate potentions of 3 up to the 15th power (p — 2): 


16 


3 =9 
3° = 27 = 10 
34 = 3°.3=10-3=30=13 
3° = 3.3 = 13-3=39=5 
3° = 3°.3=5-3 = 15 
3? =3°-3=15-3=45=11 
3° = 37.3 = 11-3 = 33 = 16 
3° = 38.3 = 16-3=48=14 
g! = 99.3 14.9 49=8 
31 — 3 .3=-8.3=24=7 
3% = 3" .3=7-3=21=4 


38 — 3".3=4.3=12 
34 — 35.3-12.3=36=2 
34 = 34.3=-29.3=6 


Therefore, 


(3°; gi 37, 58: bis gh. 3°. gt 98. 3° gio gil gz gis: gi 345} 
= {1,3,9, 10, 13,5, 15, 11, 16, 14, 8, 7, 4, 12, 2, 6} 
= Fj, 


and this group is cyclic with the generator 3. 


\underlinep = 19 
In this case, 

Fyy = {0,1, 2,3, 4,5,6, 7,8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19} 
Therefore, 

Fy = {1, 2,3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19}, 


Calculate potentions of 2 up to the 17th power (p — 2): 


17 


2® —= 25.2=13-2=26=7 
es ey paw he eos | 

28 — 27.2 =14-2=28=9 
2° = 28.2 =9-2=18 


2% — 2°.2=18:2=36=17 


gt — 9° .9—17.2=34=15 
g — 9 .9=15-2=30=11 
2'3 — 9” .9=11-2=22=3 
24 — 93 .2—3.2=6 
2 —94.9-6.2=12 
26 — 95.9 12.2=24=5 
gi? — 916.9 —5.2=10 


Therefore, 
{2 gl 9°. >. of. 95. 9°. 2 2°, 7 ag 910. gu. gi? gis’ Dad 9. 16. 7 
= {1,2,4,8, 16, 13,7, 14, 9, 18, 17, 15, 11, 3, 6, 12, 5, 10} 
= Fp, 


and this group is cyclic with the generator 2. 


Result 
Some primitive roots are as follows: 
pa 21 
p=3:2 
p=5:2 
p=7:3 
p=11:2 
p=13:2 
p=17:3 


P= 19:2 


(a) 
If p divides a, then the result is trivial, since 
a=0 and a?=0 modulop 


If p does not divide a, thena@ € F p: Since this is a group of order p — 1, we conclude that 


This is because the order of @ divides the order of the group; so, p — 1 = kal, for some positive integer k, where 
\@| is the order of @. Now, 


k 


a?! — (@@)*§ =T =] 


From a?-! = A by multiplying by @, we get 


a 
II 
al 


This means that 
a’ = amodulo p, 


as required. 


(b) 
If p = 2, then (p — 1)! = 1 = —1 modulo 2. 
lf p = 3, then (p — 1)! = 2 = —1 modulo 3. 


Now let p > 3. Since FD isa field, eacha € Fp = {i, ...,p — 1} has a unique inverse b (we also assume that 
0 < a < p). Suppose that b = @. Then 


a =1<+>a?-1=0 
This means that p divides a” — 1 = (a — 1)(a + 1). Since pis prime, p divides one of the factors. 
If p divides a — 1, then, because 0 < a — 1 < p, we must have that a — 1 = 0; that is, a = 1, anda = 1. 


If p divides a + 1, then, because 0 < a+ 1 < p, we must have thata + 1 = p; thatis,a = p— 1, anda = 
p—l. 


All other elements have an inverse which is different from themselves; thus, we can pair them up (because @ has a 
unique inverse b $ G, and @ is also a unique inverse of b), from which we get 


y Pe er ay ee | 


Thus, 


Therefore, 


which by definition means that 
(p — 1)! = —1 modulo p, 


as required. 
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Result 3 OFS 


(a) If p divides a, the statement is trivial. If it does not, then @ € F>. What is the order of this group? How can it 
help you to prove the rest? 


(b) Each element a € ZS has a unique inverse. Show that 
2-3---(p—2) =1 modulo p 


Prove the rest. 


9.a 


Notice that the identity element is the identity matrix 


Let 


. Then 


Now we use that 7 = 0 in F7 to conclude that 


- LA 
ots f 1 
Thus, the order of A is 7. 
Now let 
2 0 
a= [0 | 
. Then 
4 0 
2 
a= |p | 
8 0 
or 
e=[p | 
Now we use that 8 = 1 in F7 to conclude that 
3 jl 0 
mS k 1 


Thus, the order of B is 3. 


Result 


The order of the first matrix is 7, the order of the second matrix is 3. 


10. a 


Let S be the described set, and 


0 0 
sail | 
a=[0 4] 

11 
A= |i A 
-[ 


Addition makes S into an abelian group. 
Associativity. This follows from the fact that matrix addition is associative. 
Identity. It is enough to notice that 
Ao + A; = Aj + Ap = A; 


for alla = 0,1, 2,3. Thus, Ao is the identity. 


Inverse. Notice that 
A; + A; = Ap, 
since all elements of A; + A; will be either 0 or 2. If they are 2, we have that 2 = 0 in Fo. Thus, the equality holds. 


Commutativity. This follows from the fact that matrix addition is commutative. 
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Now first note that S* = {A1, Ao, A3}. 
Multiplication makes S” into a group. 
Associativity. This follows from the fact that matrix multiplication is associative. 
Identity. It is enough to notice that 
A, A; = Aj Aj 
for alli = 1,2, 3. Thus, A; is the identity. 


Inverse. We will find the inverse of each element. First of all, 


is trivial. Moreover, 


wef JE JB 6 d= 


ome TP JB alk Je 


Therefore, Az 1 — Ag and Az 1 — Ap, which proves that each element has an inverse. 


Multiplication on S is commutative. 

First, 

Aj Aj = Ap = Aj Ao 
for alla = 0,1, 2,3, so Ap commutes with each element. 
Moreover, A; is the identity in S*, so 

A, A; = A; = AjA, 
for i = 1, 2,3, so it also commutes with each element (that it commutes with Ag was checked before). 
Finally, 

Ap A3 = A; = A3Ao 
Now we conclude that 

A;A; = AjAj 


for alli, 7 € {0, 1, 2,3}, so multiplication is commutative. 


Distributive Property. 


This holds since it holds for the standard matrix operations. 


Result 
Denote the set of this matrices by S, and the set of its nonzero elements by S*. Check that: 
(S,+) is an abelian group. 
(S*,-) isa group. 
Multiplication is commutative. 


The distributive property holds. 


Tica 


Let S be the described set. 
Addition makes S into an abelian group. 
Associativity. This follows from the fact that addition of complex numbers is associative. 
Identity. It is enough to notice that 0 € S. Since 0 is the identity in C, it will also be the identity here. 


Inverse. Leta + bi € S.Thena € Fs, so there exists its additive inverse —a € Fs. Similarly, —b € F3 exists. 
Therefore, —a + (—b)i € S. Now, 


(a + bi) + (—a + (—b)i) = (a + (—a)) + (b+ (—b))i=0 
(—a + (—b)i) + (a + bi) = (—a+ a) +(—b+5)i=0 
Thus, each element of S has an additive inverse. 


Commutativity. This follows from the fact that addition of complex numbers is commutative. 


Multiplication makes S” into a group. 
Associativity. This follows from the fact that mutliplication of complex numbers is associative. 
Identity. It is enough to notice that 1 € S*. Since 1 is the identity in (C*, it will also be the identity in S*. 


Inverse. Leta + bi € S*.Thena + 0 orb #0. Since a? + b? is either 1, 2, 4, 5, 8, a + b* 4 0 in F3. Thus, we can 
proceed as follows: 


1 a—bi a—bi a —b 


SS SS ae ney 
a+bi a—bi a+b a@+hP af+Ph 


Since a? + b? + 0, its inverse (a? + b?)~! in F¥ exists. Therefore, a(a? + b*)~! € F3 and —b(a? + b?)-! € F3. 
Thus, a(a? + b)-! + (—b(a? + b?)~!)i © S. and the previous calculations show that this is the multiplicative 
inverse of a + bi. 


Thus, each element of S has a multiplicative inverse. 

Multiplication on S is commutative. 
This follows from the fact that the multiplication of complex numbers is commutative. 
Distributive Property. 


This holds since it holds for the standard operations with complex numbers. 
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Fs and F7. 


First notice that everything we did, excluding finding inverse, did not depend on the fact that p = 3. Thus, 
everything except that fact holds. 


If p = 7, we can proceed the same way, because a+b? + 0 for alla,b € F7 such that at least one of them is 
not zero. 


lf p = 5, then this does not holds (take for example a = 2, b = 1). Moreover, we can show that 2 + i does not 
have an inverse! 


Notice that 
(2+i)(2-—i) =5=0 


Now suppose that 2 + 7 has the multiplicative inverse; denote it by (2 + a)7}. Multiplying the above equality by it 
yields 


2-—7=0 


This is a contradiction since clearly 2 — i + 0. Thus, 2 + 7 does not have the multiplicative inverse, so 
multiplication does not make this set into a group, so this set with standard complex addition and multiplication is 
not a field. 


Result 
Denote the set of this numbers by S, and the set of its nonzero elements by S*. Check that: 
(S, +) is an abelian group. 
(S*, -) isa group. 
Multiplication is commutative. 
The distributive property holds. 


The same method works for F7, but it does not work with Fs. 


Section 2 


lia 
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(a) 
For any two scalars a, b and any vector v, we have that 

(a+ b)v = av + bu 
Now take a = b = 0, the zero element of the field F. Then 

(0+0)v = 0v+0v 
Now notice that 0 + 0 = 0, since 0 is the zero element of the field. Thus, 

Ov = 0v + Ov 
Since Ov € V, it has an inverse —Ov. Add —Ov to the above equality: 
Ov + (—Ov) = Ov + Ov + (—0v) 
Moreover, Ov + (—Ov) = 0 (here it is the zero vector of V). Thus, 
0=0v+0 

Moreover, Ov + 0 = Ov, so the above equality finally yields 


Since v € V was taken arbitrarily, the statement follows 


(b) 


For W to be a subspace, it must be closed under addition and scalar multiplication. So, since w € W, we know 
that (—1)w € W, since —1isa scalar. Moreover, since lw = w, 


w+ (—1)w = 10 + (—1)w 2 (1+ (-1))o 2 ow 20 


(1) follows from (a + b)v = av + bv. 
(2) follows from 1 + (—1) = Oina field F. 
Similarly, 
(—1)w + w = (—1)w + lw = (-1+1)w =0w =0 
Therefore, 
w+ (—1)w=(-1)w+w=0 


This means that (—1)w is the inverse of w in V~. Therefore, since the inverse is unique, —w = (—1)w, so —w € 
W, since (—1)w is in W. 


Result 
(a) Hint: the equality (0 + 0)v = Ov + Ov holds (why?). 


(b) Show that (—1)w = —w. 


(a) 
We will show that this set is closed under addition and scalar multiplication. 


Closed under addition. 
Let A, B be two symmetric matrices. Let C = A+ B.Then 


Ct =(A+B)'=A'+B'=A+B=C, 


where the second equality follows from the properties of matrix transpose, while the third equality follows from 
the fact that A and B are symmetric. 


Therefore, C = A+ Bis symmetric, so this set is closed under addition. 

Closed under scalar multiplication. 

Let A be some symmetric matrix, let c be some scalar. Let B = cA. Then 
Bt = (cA)! = cA'=cA=B, 


where the second equality follows from the properties of matrix transpose, while the third equality follows from 
the fact that A is symmetric. 


Therefore, B = cA is symmetric, so this set is closed under scalar multiplication. 
Conclusion. 


The set of symmetric matrices truly is a subset of F"*". 


(b) 


We can almost immediately see that this is not a subset of F”*”. Take any invertible matrix A. Multiply it by the 
zero element of F:0- A = 0, where 0 on the RHS is the zero matrix. However, the zero matrix is not invertible, so 
this set is not closed under scalar multiplication, so it is not a subspace of F”*". 


(c) 
We will show that this set is closed under addition and scalar multiplication. 


Closed under addition. 
Let A, B be two upper triangular matrices. Let C = A + B. To show that C is upper triangular, we will show that 
for its coefficients ¢;; the following holds: c;; = 0 whenever i > j. 


By the definition of matrix addition, cj; = aj; + bij. Now, ift > j, then aj; = bj; = 0 since A and B are upper 
triangular. So, when i > Jj, we conclude that c;; = 0. 


Therefore, C = A+ Bis upper triangular, so this set is closed under addition. 
Closed under scalar multiplication. 


Let A be some upper triangular matrix, let c be some scalar. Let B = cA. Then, the same as above, bj; = c+ aij 
by the definition of the scalar multiplication. Furthermore, if? > j, aij = 0 since A is upper triangular, and bj; = 
c-aij =0. 


Therefore, B = cA is upper triangular, so this set is closed under scalar multiplication. 
Conclusion. 


The set of upper triangular matrices truly is a subset of F”*”. 
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Result 


(a) Yes. 
(b) No. 
(c) Yes. 
Section 3 
lia 
Let A be some symmetric matrix, 
Qj, Gj2 «+++ Gin 
421 422 «++ Gan 
A = 
GQni Gn2 +++ Ann 
Transpose is: 
Q@1y Gq7 «+e Ani 
t @12 G22... Gn2 
A = 
Qin @2n s+» Qnn 


Since A = At, we conclude that aj; = ji, fort # Jj (for example, a@j2 = ag1). Thus, we can write 


qi ay 
az ay 


Ain 


2n 


eo w 


Qin @2n «+++» Gnn 


Remember that a;; are scalars, so we can simplify A even further: 


LO ase 0 QO. 0 scx “0 0.°0: .sz 0 
00 a. 38 Od) soe AG OG ono “0 
A=a f Pe ua 2 ra lag + Ann sa 
0 0 0 OF 20). snes 0 0 1 
1 Ties | 0 Gi iD 2 1 0 0 0 
1-0) <a 0 Di. 0.,.«s25° 0 OO vcs 1 
+a}. . M4 7h lim aoe oo i ¥ VN tetas Gag lS +s ny ull) Swe ss 
00 0 1 0 0 01 0 


Now define E; as a matrix with zero everywhere except at (7, i) where there is 1, and E; j as a matrix with zero 
everywhere except at (7, 7) and (j, 7) where there is 1. Then 


n 
A= > aE; 1? oe aij Ei; 
i=1 1<i<j<n 
This means that the set 
{E; | iE {1,2,...,n}}U {Ei | Ls n} 


spans the entire space of symmetric matrices (the fact that it is a subset of the set of symmetric matrices is clear 
from the definition of E; and E;;). 


Now we only need to see that this set is linearly independent. Take any linear relation 
Fiz, +...+ Entn + Eyoti2 +... + EinZin +... + Eon®on +... + E(n-1)n2(n-1),n = 0 


for some elements 2;, 2;; € R, and 0 on the right side is a zero matrix. Using the definitions of matrices Ej and 
Ej;, the left side is 


ZT; %FyQ «.-- Lyn 
712 F220 «++ = LO 
Zin Tn ++» Lmm 


Since this must be equal to the zero matrix, we get zj = 0 for alli = 1,2,...,n, andajj =O forall <i< 
j <n. Thus, this set is linearly independent, so it is also a basis for the space of symmetric matrices. 


3 of 3 


Result 


Define Ej; as a matrix with zero everywhere except at (i, 7) where there is 1, and EF; j as a matrix with zero 
everywhere except at (2, 7) and (j, 7) where there is 1. Then the basis is 


{E; jie {1,2,...,.n}}U{Bj |1<i<j<n} 
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Let 


The equation AX = 0 is equivalent to the system of linear equations 
27; +279 + 273 + 324 = 0 
@+29+ 3273 =) 
Subtract the second equation from the first: 
Tv} —a3+32,=0 
@+2+ 323 =0 
Now subtract the first equation from the second: 


Fl —2a3+32r4=0 
@ + 423 — 324 =0 


Therefore, 
zr, = 73 — 3x4 
and 
@ = —473+ 324 

This yields 

2 z3 — 324 1 —3 

= 2 = ees =i - ie : 
4 z4 0 1 


Thus, every solution of AX = 0 is of the above form. Since x3 and 24 are scalars, we conclude that the set 


1 —3 
—4 3 
rs i a (a 
0 1 


spans the set of all solutions of AX = 0 (the fact that S is a subset of the space of all solutions of AX = Ois 
clear, since 


1 —3 
a) ee 3 
A 1 =0=A 0 
0 1 
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To confirm that this is the basis of the set (space) of all solutions of AX = 0, we only need to confirm that it is 
linearly independent. To do this, we show that the linear relation 


1 —3 0 
—4 3 0 
a|, +b c1—\o 
0 1 0 


has only a = b = 0 as a solution. Notice that this is equivalent to 


a— 3b 0 
—4a+3b| _ |0 
a ~ 10 
b 0 
Now, from the third and the fourth component, we get that a = b = 0, as required. Thus, the set S is linearly 
independent, so it is also the basis for the set (space) of solutions AX = 0. 


Result Sofs 
1 -3 
—4 3 
111.0 
0 1 
3.a 


We need to show that the linear relation 
az” + bcosz + ce” =0 (1) 
has only the trivial solution a = b = c. 


First of all, since we are observing the set of functions, the equation (1) must hold for all real x. Specially, it must 


hold for z = 0,2 = Wad Picking such z yields the following equations: 


2 
z=0: b+c=0 
2 
z= 5: ao +c-e7? =0 
2 
z=-5: a-— +ce-e 7? =0 


Subtracting the third equation from the second, we obtain the equation 
c (e"? - a7?) = 0 
Since e*/? — e~*/? 4 0, we conclude that [e=0} Plugging this into the second equation, we obtain 
2 
T 
a a0 


Plugging c = 0 into the first equation we immediately obtain [b= 0] 


Thus, the only solution of the linear relation (1) is a = b = c = 0, so the given functions are linearly independent 
by definition. 
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Result 
Show that the linear relation 
ax* + bcosx + ce™ =0 


has only trivial solution a = b = c = 0. (Hint: the above equation must hold for all real x.) 


We will first prove the result when A’ is the result of applying one elementary row operation on A. 


Let the rows of A be r1,72,..., 7m. Let the rows of A’ be rj, 75,...,1°/,. We have three cases regarding the 
elementary row operation used. 


Ist case. If we swapped the ith with the jth row, then r, = r}, fork #i,k 4 j, andr} = rj, r', = rj. However, 
this means that 


{71 :Toy seam} = {71,725++09 Tm} 
so 
span{r},75,---5T,} = span{ri,r2,...,7%m} 


is trivial. 


2nd case. If we multiplied the ith row by a constant c # 0, then rj, = rx. fork Ai, andr! = cri. So, 
Ae ee ee a ee eee 
We first show that 
{r1,72,..+,CTi,.++;Tm} C span{ri,..., 7m} 


Letaz € {ri,r2,...,cri,..., Tm}. fa A er;, thenz € {r1,...,Tm}, soz € span{ry,..., 7m} is trivial. Ife = 
cr;, then x € span{rj,..., Tm}, since cr; is a linear combination of elements of {r1,..., Tm}, so itis in 
subspace spanned by this set. 


Thus, {r1,72,..-,CTi,---,Tm} C span{ri,..., 7m}. Now we use Lemma 3.4.5 (note that span{ri,..., 7m} isa 
subspace of IR™!) to conclude that 


span{ry,12,...,CTi,---; Tm} C span{ry,..., 7m} 
On the other hand, we now show that 


{935 0025 Tm} G span{ry, 2.5 ¢% 4.635 Tmt 


Letz € {rj,..., Tm}. lf2 #7; thena € {rj,...,crj,...,%m},andz € span{r),...,cri,..., Tm}. lfa =r; 
, then notice that, since c 4 0, r; = ry (cr;), sor; € span{r),...,cTi,..-,Tm}- 
Thus, {ri,...,?m} C span{ri,...,cri,..., 1m}. By Lemma 3.4.5, 
span{ri,...,Tm} C span{ri,...,cri,..., Tm} 
Therefore, 
span{ri, «=, Tm} = span{m, «<> 5 CTi,ss<5 Tmt, 


which we needed to show. 
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3rd case. If we multiplied the jth row by c and added it to the ith row, then rj, = rp, fork 4 i, and ri = rj + crj. 
So, 


{ry 5 Taq 08s pT eys ie Trak = {715725 800 Tt + CTF; «055 T mh 


Now we use the methods used in the second case. 


We first show that 

{71,725 655Tt + CP}5+0+5Tm} Cspan{ri,..., Tm} 
Letx € {ri,ro,..., 7; terj,...,Tm}.lfa@ Ari +ery, thenz € {ri,..., rm}, soz € span{ri,..., 7m} is 
trivial. If a = rj + erj, then € span{ri,..., 7m}, since rj + cr; is a linear combination of elements of 


{ri,...,Tm}, So it is in subspace spanned by this set. 


Thus, {r1,72,...,Ti + Pj,---5Tm} C span{ri,..., 7m}. Now we use Lemma 3.4.5 (note that 
span{rj,..., Tm} isa subspace of R™!) to conclude that 
span{r},12,...,7i + CPj,..+,Tm} C span{ry,..., 1m} 


On the other hand, we now show that 


{ri,.-.5%m} C span{ry,..., 77 +.rj,-.-,%m} 


Letx € {ri,..., Tm}. Ifa #7;, thenz € {rj,...,7j +rj,..-,Tm},and az € span{ri,...,77+ 
CPj,.++5Tm}-. Ifa = 7;, then notice that r; = (rj + er;) + (—e)r;, which is a linear combination of elements of 
{ri,...,%i + crj,..., Tm}, sor; € span{ri,..., 7) +crj,...,%m}- 


Thus, {r1,.--;Tm} C span{ry,...,7j; + C7j,-.-,Tm}. By Lemma 3.4.5, 


span{r},...,?m} C span{rj,...,7; +crj,...;Tm} 
Therefore, 
span{r),...,Tm} = span{ri,...,7j +crj,..-,Tm}; 
which we needed to show. 
Multiple elementary row operations. 


Now suppose that we had k elementary row operations; let Al be the matrix after ith elementary row 
operations. Thus, Alk) = Al. Abusing notation a bit for simplicity, let rowspan M denote the subspace spanned by 
rows of matrix M. Using the above result, we conclude that 


rowspan A = rowspan A!) 


and 
rowspan A") = rowspan A+) §=1,2,...,k—1 
Therefore, 
rowspan A = rowspan A”) = rowspan A’, 
as required. 
Result 5of5 


Hint: first show the result when only one elementary row operation was used. Then conclude the general result. 
(For example, by induction.) 


32 


Let (e 1; €2,+++;€m) be a basis of W (such exists by Proposition 3.4.16 (a)). Now we can add elements to it to 
obtain a basis of R” (again, by Proposition 3.4.16 (a)); let (€1, €2,...,€m;@m+1;--+s€n) be some basis of R”. 


Now take P, a basechanging matrix, which changes the standard basis to (€),...,€n). 


Now let 
0 0 0 0 
i, ios ae oS 
ee lel ee 


Soe BO te 
This is ann X m matrix. Now we set A = BP. We will prove that the system 
AX =0 
is the desired system. 


Let Y € W.Then Y = bye; +... + bm€m for some scalars bj, since (€),...,€m) isa basis for W. By the 
definition of a basechanging matrix, 


Now, 
by 


ay'= BPY = 0 «::. 0% <.. 0 ‘ =0 


Therefore, Y is a solution of AX = 0. 
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Now let X € R" be asolution of AX = 0. Since X € R", and (€1,..., €n) is a basis of R”, there exist scalars 
a; such that X = aye; +... + Gn€n. By the definition of a basechanging matrix, 


by 
hs 
Px = a 
bm+1 
bn 
Now, 
0 0 0 0 * : 
bin 0 
0= AX = BPX = |0 Oy 0 = 
: bm4i bmit 
0 0 0 1 b, b, 
So, we have by.) =... = b, = 0, and 
X = bye, +... + bnem © W 
This proves that X € W if and only if AX = 0, which solves the problem. 
Result Sofs 


Take basis of W and R" such that the basis of W is a subset of the basis of R”; denote the basis of R” by S. Take 
the basechanging matrix P from the standard basis to the basis S. Consider A = BP, where 


= Ts 0 
dal 


6.a 
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Let W be the space of solutions of this equation. Let 


Tr} 
rQ 
. a2] 
Th 
be in W. Then 
a +2%9+...+nz, =0 => 2 = -249-...-—na, 
Therefore, 
zr} —2 —n 
ro 1 0 
X= || =fe] . | eee oa] . (1) 
Zn 0 af 
Now let 
—2 —n 
1 0 
Ss = . ’ 4 
0 1 


Every element of S solves the given equation, and by (1) it spans the entire space of solutions. To conclude that 
this is a basis of W, we need to check that it is linearly independent. 


Let 
—2 —n 0 
1 0 0 
a2 f +... +n £ =i]. (2) 
0 1 0 
be the linear relation. We need to prove thataz =... =a, = 0. 
Since 
—2 —n —2ay —... — Nay, 
it 0 a3 
ag ‘ +..0t an 7 = + ’ 
0 UI An 
the equation (2) becomes 
—2ag —...— Ny 0 
ag 0 
Ay, 0 
From this, we easily confirm that ag = ... = a, = 0, so the set S truly is linearly independent, and a basis of W. 


Result 


—2 —n 
1 0 
S= Ae) arse A 
0 1 
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7.a 


Since the set 
fap ©. Oh PROPER, Ob SRR © to) 


consists of mn vectors, and dim R™*” = mn, by Proposition 3.4.21 (b) we only need to see that S spans the 
entire R™*”. 


Now let A € R™*". Notice that, for fixed? = 1,2,...,m, 
A‘X; 


is well-defined since A‘ has m columns, and _X. ; isam x 1 matrix, and A‘X; isan x 1 matrix. Therefore, we can 
say that A'X,; € R". Since (Y;, Yo,..., Yn) isa basis for R”, so it also spans R”, there exist scalars Gy j = 
1,...,m, such that 


AtX; = caYi +...+inYn 
Using the properties of a transpose of a matrix, 
XtA = Xt(A‘) = (A‘X,)' = (aN +... + cinYn)t = ca¥i +... + cin¥¢ 
Now multiply this equation by X. j from the left and use the distributivity of matrix multiplication: 
X;X{A = ci X;Y{f Se eo CinX;Y, 
Therefore, for each i,j € {1,2,...,m} we have that 


X;X{A € span $ 


Now notice that 


0 BO ate 0 
0 BO saz, 8 0 
a) RE -Orcea. D> ace Aas Se H ; 
0 We 35D ge ol 


where 1 on the left side is in the ith component, and on position (i, ) on the right side. If we set 


0 
0 
Bi = |i 
0 
and 
0 0 0 0 
0 0 0 0 
Ei=19 0 1 0}: 
0 0 0 0 
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we see that 

yf = Ey +...+ Emm = F\Et+...+ EmE!, 
Moreover, E; € R™, and, since (X1,..., Xm) is abasis of R™, it also spans R™, so there exist scalars 
Qj}, +--+ @jm such that 


E; = aj, X,+...+4imXm 


Thus, 

E;E! = (ai X1 Seat ta G dimXm)(aiX} a erie te a GimX¢,) 
= a2, X, Xi +... + dima XmXi +... +02, XmX5, 
= aj;a;,X; Xp, 

j=l k=l 
Finally, 
A= fA 
= (= Bs) A 
i=l 
=) > BA 
i=l 
=> EiE{A 
i=l 
= 55 (x: ¥ajeaXs%) A 
i=1 \j=1 k=1 
m m m 
= > x: > ajjaj,XjX,pA 
i=1 j=l k=1 
m m m 
Since X;X},A € span S, we conclude that also x os om aj;a;,.X;X,A € span S, so A € span S. This 
i=1 j=1 k=1 


means that S spans the entire R*”, and, by the discussion from the start, it also means that S is a basis of R™*”. 


Result 


This is truly a basis for R’™*". Hint: Proposition 3.4.21 (b). 
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Since the set (v1,...,U,) has n vectors, and dim R” = n, by Proposition 3.4.21 it follows that (v1,..., Un) isa 
basis if and only if (v1,..., Up) is linearly independent. 


Let v; = (aj1,...,@jn). Then 


aj, 421 ani 
Q@j2 G92 ..- Ang 
A=([n m .. wl=]. 
Qin Gan «++ Ann 
Now we see that 
cl 
c2 
A]. | =cut... +cntn (1) 
Cn 


(this is seen by direct computation). This system and its equivalent form will prove useful. 


\underline Aisinvertible. 


Suppose that A is invertible; that is, A~* exists. To prove that (v1,..., Un) is linearly independent, take any linear 
relation 


cj¥, +... + avn = 0 (2) 
We must prove that c) = ... = Cn = 0. By (1), the equation (2) is equivalent to 
C1 
a7) si 
Cn 


Since A! exists, we can multiply the above equation by it: 


Cj 
C2 
AA = A1(0) 
Ch 
So, 
cy 
C2 
. | =90 
Cn 
which prove that c] = ... = c, = 0, and the set (v),..., Up) is invertible. 
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\underline(v,,..., v, )islinearlyindependent. 
Suppose that (v1, ..., U,) is linearly independent. This means that the equation 


C1Vy +... + CnUn = 0 


has only the trivial solution cj = ... = Cn = 0. This also means, by (1), that 
Cy 
Aj: |= 0 
Ch 


has only the trivial solution 


Cn 


. By Theorem 1.2.21, we now conclude that A is invertible, as required. 


Result 
Hint: show that 
cy 
C2 


Al. | =cyvy+...+entn 


Cn 


Section 4 


lia 


(a) 


Since B has 3 vectors, and dim R® = 3, by Proposition 3.4.21 (c) we only need to confirm that B is linearly 
independent. 


So, we need to show that the linear relation 


1 2 3 0 
a|2]}+bj]1} +cj1] = |0 
0 2 1 0 


has only the trivial solution a = b = c = 0. Since this relation is equivalent to 


a+ 2b+3c 0 


2a+b+cj} = j0), 
2b+c 0 
we obtain the system of equations 
a+2b+3c=0 
2a+ b+ c=0 
2b+ c=0 


Multiply the first equation by —2 and add it to the second: 


a+2b+3c=0 
—3b—5c=0 
2b+ c=0 


Multiply the third equation by 5 and add it to the second: 


a+2b+3c=0 
7b =0 
2b+ c=0 


Now from the second equation we get b = 0. Plugging this into the third equation we obtain c = 0. Finally, from 
the first equation we now get a = 0. Thus, 


and B is linearly independent. Therefore, it is also a basis for R°. 


(b) 


The coordinate vector of v with respect to B is 


rT) 
X= 72), 
T3 
where 21, 29, @3 are such that 
1 2 3 
v=a2, |2| +29 }1) +23 }1 
0 2 1 
This equation is equivalent to 
1 a+ 2ro + 323 
2) = | 27, +29+ 23 
3 2x. + 23 


From this, we obtain the system of equations 


@ + 279+ 323 =1 
2a; + to+ @3=2 
279+ 23=3 


Multiply the first equation by —2 and add it to the second: 


2) + 2x9 + 323 = 1 
—32 — 523 = 0 
220 + a3 =3 


Multiply the third equation by 5 and add it to the second: 


av +270 + 373 =1 
7x9 = 15 
2%9+ 23=3 


15 
From the second equation, we obtain zy = > Plugging this into the third equation, 


We =3 => 2 ao 
ees aes 
Plugging all this into the first equation, 
x Ps ee ere ee 
oy ee eR 


Therefore, the coordinate vector of v is 


A 


(c) 


By definition, we must find a matrix P such that 
B'’=BP 


So, P is such that (write the vectors of corresponding bases as columns of 


corresponding matrices): 
Ow DT «2 L253 
EO, Bee. ae 
oO 1.0 02 1 


L°2°3 
From Exercise 3.3.8 we know that F 1 i is invertible. Thus, 
0-2-1 


‘ie ee Vee (ae ae 
211) {101 
021) |0 10 


Now we find the inverse. We use the following elementary row operations: 


1. Interchange the ith and the jth rows: R; @ Rj. 
2. Multiply the ith row by a scalar c 4 0: cRj. 


3. Multiply the jth row by a scalar ¢ and add it to the ith row: Rj +cR;. 


1S Sia O.0 12 3/1 00 
9-1 ay Oi) a ae SE. Ge Hh, 
021/001 Ce te er 
eta S a4 8 O 
re Oo 7 O1<2 43 
0°22) 6 ao 3 
i s31 4 @ 6 
1 
‘lo 1 0/-2 4 3 
eae 2a 
: P2314 6 6 
a0 1 0/58 2. 4 
001)% -3 -3 
10 3/2 -2 -2 
Sey a ole ee 
ao ee ie aes ee 
10o0|-! 4 -3 
ed ee a 
OO 24 = eg 


Therefore, 


ll 
—— 
ae J 

beta Lae 

I fet eee ood 
ube 
| najer | 
os 
a | 
— as 
oro 
- Oo 
or bt 
[ ae | 

Il 

c_—!_ 
| ae 
“ure 
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Result 


(a) Check that B is linearly independent. Why is it enough to conclude that it is also a basis for R°? 


(b) 
4/7 
X = | 15/7 
—9/7 
(c) 
4/7 -2/7 2/7 
P=] 1/7 3/7 —-3/7 
—2/7 1/7 6/7 
2.a 
(a) 
First of all, 
1 0 1 
veo-Bl+f)-B 
and 


1 0 1 
= (Ol a ped 
To solve the exercise, we must find a matrix P such that 
B=EP 


Writing the vectors of corresponding basis as columns of a corresponding matrix, we get the equation 


ae eg ae ee 
i Al-b 1] P= BP 


From this we immediately get 


(b) 
Similarly to (a), we obtain the equation 
0:0: scar OF LO" exe D 
0 0 1 01 0 0 
a a ane P=I,P 
Od 0 0 0 0 L<40 
1 0 0 0 0 0 OL <t 


From this we immediately get 
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This vector v9 is equal to v2 = (—1/2, /3/2)*. This is obtained using the following sketch (all that is left to notice 
is that vo = ae, + beg and 
a = sin 30°, b = cos 30°): 


\v2|=1 


vi=e1 


As before, we obtain the equation 


From this we immediately get 


_ fi -1/2 
P=lo var 
Result 
(a) 
A oT 
p= lt 4 
(b) 
0 0 1 
0 0 I <0 
P= : 
0 1 0 0 
1 0 0 
(c) 
1 -1/2 
P=|) yap] 
3.a 
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Let B’ be the new basis, B be the old basis. Let P be the basechanging matrix: 
B’=BP 


By Exercise 3.3.8, matrices B and B’, which are the matrices whose columns are vectors of corresponding basis, 
are invertible. Moreover, now clearly 


B' = BP 
and 
P=B"'pB' 


Now we conclude that P is invertible as a product of two invertible matrices. 


This also means that now there exist elementary matrices F),..., Ey, such that 
PE,-:- En =In 

Therefore, 
P=E,':--Ej' 


Note additionally that all E; 1 are also elementary matrices. 
Finally, this means that 
B’ = BP = BE; --- Ej? 


All that is left to notice is that each E; ! affects B in one of the described ways (this is because of the definition of 
elementary matrices), and that there is a finite number of them. 


RY 


Result 
Hint: let B’ be the new basis, and P be the basechanging matrix: 
B’ = BP 


Write P as a product of elementary matrices (why can you do that?). Why does this solve the problem? 
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(a) 
Let B be some fixed basis for Fe. Define the function 
f : GL2(F?) — {bases of F2} 
as 
f(P)=BP 
We will prove that such f is a bijection. 
\underline fissur jective. 
Let B’ be some other basis. Then there exists a basechanging matrix P such that 
B’=BP 
Now let B’ and B be matrices whose columns are vectors of corresponding basis. Then, by the above equality, 
B' = BP 
Furthermore, by Exercise 3.3.8, B and B’ are invertible, so 
P=B'p’ 
is also invertible. Thus, P € GL2(Fp), since det P < 0 if and only if P is invertible. Hence, 
f(P) = BP 
and f is a surjection. 


(NOTE: You cannot just write f(P) = BP before checking that 
P € GL2(F,); this is because we must make sure that P is in the domain of f!) 


\underline fisinjective. 


Suppose that P;, P) € GL2(F,) are such that f(P;) = f(P:) = B’. Using the same notation as in the proof 
that f is surjective, we now obtain that 


Bp’ =.BP, 
B'= BP, 
Thus, 
P, = BB’ =P 


Hence, P; = P», which means that f is injective. 
Conclusion. 


We now know that f is a bijection, which means that its domain and codomain have the same number of elements, 
which proves the statement of the exercise. 


(b) 
\underlineG Lo(F,) 


If the columns are linearly dependent, they do not form a basis, hence the matrix is not invertible by Exercise 3.3.8; 
moreover, the matrix is also not in GL(F,). Thus, if we denote columns by v; and v9, the linear relation 


av, + bvo = 0 (1) 
must have only the trivial solution a = b = 0. 


If vy = 0, then the linear relation (1) has a nontrivial solution a = 1 and b = 0; thus, the matrix will not be in 

GL (F,). This means that v; 4 0, and we have p* — 1 combinations to accomplish this (since v; € FF? in every 
component we can have p elements, so the total number of combinations is Pp: however, we must remove the zero 
vector, making the number of legal combinations p — 1). 


Now onto ve. Notice that if ve = Av1, for some scalar A, the linear relation (1) has a nontrivial solution a = —A, 
b= 1 (since —Av, + ve = 0). 


On the other hand, suppose that zv; + yv2 = 0 for some nontrivial x, y (at least one of them is nonzero). Then 
we must have y + 0; if y = 0, then x + 0, and xv; = 0 implies v; = 0, which is a contradiction. Thus, we can 
write 


=I 
wary U1 
or 
vo = Av; 


Therefore, the linear relation (1) has a nontrivial solution if and only if ve = Av), for some scalar F p: Since we have 
p such scalars, p vectors are not allowed to be v2. Since there are P total combinations to pick v2, the number of 
legal combinations is p” — p. 


Finally, the total number of combinations of both v; and v2 are 


(p? — 1)(p” — p) = (p— 1)(p + 1)p(p — 1) = p(p + 1)(p — 1)? 


\undertineS Lo (IF,,) 


Let 


, where i € {2,3,...,p — 1}. Define a function 
f : SL2(F,) > {A € GL,(F,) | det A = i} 
by 
f(A) = AM 
\underline fiswell — defined. 


We first check that f is well-defined. However, 
£50 s,m fi 
det f(A) = det A det 01 =a WS ae 


since A € SLo(Fp). Thus, it is really well-defined. 


\underline fisinjective. 
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Let A, B € SLo(F,) be such that 

f(A) = f(B) 
This means that 

AM = BM 


Since det M + 0, itis invertible; multiply the above equation by M~! from the right: 


A=8 
This proves that f is injective. 
\underline fissur jective. 
Let X be a matrix such that det X = 7. Consider 

XM" 


Since det(AB) = det Adet B, and MM~! = I, we conclude that 
det(MM~!) = det I —> det M det M-! = 1 => idet M7! =1 => detM 7? =i"! 
Therefore, 
det(X M~') = det X det M"! =i-i! =1 
So, XM“! € SL»(F,). Furthermore, 
f(XM")=XM"'M=X 


Thus, f is surjective. 


Conclusion. 


Since f is bijective, the number of matrices with the determinant | is the same as the number of matrices with the 
determinant 7. This means that the set of matrices with the determinant 7 has the same number of elements as 
SL(F,). Notice that i € {2,3,...,p — 1} was arbitrarily taken; we will need it later. 


Now write 
GL2(F,) = SLo(Fp) U {Ae GL(F,) | det A = 2}U...U{AeE GL (F,) | det A = p— 1} (@) 
and notice that the sets on the right side are pair-wise disjoint. 


Denote by card X the number of elements of X. Moreover, notice that card(X U Y) = card X + card Y when 
X and Y are disjoint. This leads to: 


card (X,U...X,) = card X, +...+ card X,, 


when_X; are pair-wise disjoint. 
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Finally, if we denote D; = {A € GL2(F,) | det A = i}, from the equality (*) we conclude that 
card GLo(Fp) = card SLo(Fp) + card Do +... + card Dp-1 (+*) 

From before, 

card GLo(Fp) = p(p + 1)(p — 1) 
Moreover, card D; = card SLo(Fp) fori = 2,...,p — 1. Thus, (**) becomes 

p(p + 1)(p — 1)’ = (p— 1)card SL2(Fy) 

Finally, 

card SL2(Fp) = p(p + 1)(p — 1), 


as required. 


Result oor 
(a) Use the fact that we can “change” from one basis to another by using basechanging matrices. 


(b) For GLo(Fp), use Exercise 3.3.8. For SL2(Fp), prove that the number of matrices of determinant 1 is the same 
as the number of matrices of determinant i, fori = 2,...,p— 1. 


(a) 

Dimension = 0. 
There is only one subspace of dimension 0: {0}. 

Dimension = 1. 


The subspaces W of dimension | are of the form W = span{v;}, where v, # 0 (because the dimension is the 
number of elements of a basis for W). Since 


span{v;} = {av | a € Fy} 
(a € Fy because Fy is the field in this exercise), we conclude that 
W = {0,%,...,(p—1)u:} 
Now notice that 
W = span{av;}, 


for any a = 1,2,...,p — 1. This is because av, € span{v;}, so {av,} C span{v; }. Moreover, now 
span{av;} C span{v} and, because the dimensions are the same, span{av } = span{v }. Therefore, W is 
uniquely determined by picking any of its nonzero points. 
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Now to conclude something about the number of said W. There are p — 1 nonzero vectors v € FS. It is easy to 
see that 


{W | W isa subspace of dimension 1} = {span{v} | v 4 0} 
However, p — 1 vectors v span the same subspace, so there are 


3 2 
p?-1_ (p°+p+1)(p—1) 2 
"i ti ee =p'+p+l 


such subspaces. 


Dimension = 2. 
Similarly to the dimension 1, all subspaces of dimension 2 are of the form 
W = span{v, w}, 


where v and w are linearly independent. There are (p® — 1) choices for v 4 0, and (p® — p) choices for w. This is 
because v, w are linearly dependent on if and only if w = Av, for some A € Fp. To prove this, first notice that if 
w = Av, then —Av + w = 0; thus, the linear relation av + bw = 0 has nontrivial solution. On the other hand, if 
av + bw = 0 has anontrivial solution, then b = 0 implies av = 0, which, because v ¥ 0, implies a = 0, so we 


a 
get a trivial solution. So, we must have that b 4 0. Then w = — 5 so w = Av. This proves that {v, wh, with v # 


0, is linearly dependent if and only if w = Av, so there are p such w (since A € Fp). 


Moreover, in this discussion the order in which v and w are taken mattered; when counting subspaces W,, the 
order in which the elements are in the basis does not matter, so the number drops to 


(p> —1)(p?—p) _ p(p—1)*(p? +P +1)(p+1) 
2 2 


However, since we get the same result when taking av and bw, with a + 0, b + 0 (because the span is the same), 
the number drops to 


2,2 
eee ee) _ pp? +p+1)(p+1) 
(p-1) 2 


(because there are p — 1 such a $ 0, and p — 1 suchb 0). 


The question is how many {v, w} span the same subspace W of dimension 2. Notice that span{v} and span{w} 
-—1 

=p+l1 
=p oe 
different subspaces of dimension |. So, we see that each basis of W gets us two different subspaces of dimension | 
of W. The converse is also true: by choosing two dimensions 1 of W, by making the union of their bases, we get a 
basis for W (because they must be linearly dependent). 


are two subspaces of dimension | in W. Similarly as in dimension 3, we obtain that there are 


When picking two subspaces out of them p + 1, we get 


(5) <5 


different combinations. 
So, the total number of subspaces W of dimension 2 is 


p(p? +p+1)(p+1) 


2 = :2 
(p+ 1)p as ae 
2 


Dimension = 3. 


Only FS is a subspace of FS of dimension 3. 
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(b) 

Dimension = 0. 
There is only one subspace of dimension 0: {0}. 

Dimension = 1. 
As in (a), there are 


pat 


=i =p +p+p+l 


such subspaces (the only difference is that the total number of nonzero vectors is p* — 1, not p> — 1). 


Dimension = 2. 
This is also very similar to (a). There are 


(p* —1)(p'—p) _ p(p—1)(P*' +P? +P+1)(P?+P+1) 
2 2 


“starting” v and w, using 
p'— p=p(p — p) = p(p— 1)(p" +p +1) 
. We must divide this number by (p — 1)?. Thus, the number drops to 


p(p? +p? +pt+1)(p?+p+)1) 
2 


Again, there are 


(53) <p 


pairs of different subspaces of dimension 1. Thus, the total number is 


pp? +p? +pt+1)(p?+p+1) 


2 _ (pe +p? +pt1)(p?+p+1) 
p(p + 1) “s pt+l 
2 


using 


ptp+ptl1 _ (p?+1)(p+1) 


2 
=p°+1 
pt+l pt+l P 


= (p? + 1)(p? +p+1), 
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Dimension = 3. 


This is very similar to dimension 2, but we have three vectors {v, Ww, z}. We can pick v, w in (p! - 1)(p' — p). lf 
z= av + uy, then the linear relation has a nontrivial solution. On the other hand, if the linear relation av + 

bw + cz = 0 has a nontrivial solution, we c = 0 implies av + bw = 0, so a = b = O since v, w are linearly 
independent. Thus, c 4 0, and z = av + Bw. Since there are p* choices on a, 8 (p on each of them), we get that 
there are p' _ p indendent 2's. Therefore, the "starting" number is (do not forget to divide by 3! = 6, since the 
order does not matter) 


(p* — 1)(p* — p)(p'—p*) _ p*(p—1)*(p? +p? + p+ 1p? + P+ 1p +1) 
6 6 


Since we can scale v, w, z with nonzero scalars and obtain the same subspace, we divide this number by (p — 1) 


Ptp-iiprep spre tert) 808 4 9? 4 + 1)(p? +p +1)(p+1) 
i aT es ety 
— oy SE Sa ee eS ON te Pe 


Like before, we now use that we have 


pe+pt+l 


subspaces of dimension 1 in W (this is shown in (a); we can somewhat take W as if we have FS). We must pick 3 
subspaces of dimension 1 in W which are different and the third must not be in the span of the first two. So, we first 
take two of them: 


(es j _ (p?+p+1)(p? +p) 
2 - 2 


Now there are p + p+ 1 total subspaces of dimension 1; however, p + 1 of them will be in the span of the first 
two (there are p + 1 subspaces of dimension | in a subspace of dimension 2). Thus, the number becomes 


— MPareda wails za retues) 


However, we must further divide this number by 3 (it does not matter which of the three vectors will span the 
subspace of dimension ]): 


p'(p? +p+1)(p+1) 
= ae 


Finally, the total number of subspaces of dimension 3 is 


P(p?+p?+p+1)(p?+p+1)(p+1) 


6 
P(p’ +p+1)(P+1) 
6 


Dimension = 4. 


=p+ptptl 


There is only one subspace of dimension 4: FS. 
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Result 

(a) Dimension 0: 1 
Dimension |: p? +p +1 
Dimension 2: p> + p+1 

Dimension 3: 1 
(b) Dimension 0: 1 
Dimension |: p? + p?+p+1 
Dimension 2: p? + 1 


Dimension 3: p? + p?+p+1 


Dimension 4: | 
Section 5 
1.a 
It! 
2.a 
We first find a basis for W}. 
Let A € Wj, 
a1 42 Gin 
a2; 22 Q2n 
A= ‘ ; 
Ani ang ann 
Since the trace of A is zero, we get 
Q4y +...+ nn = 0 => ay = —agQ2 — ... — Ann 
Thus, 
0 1 0 -1 0 0 -1 0 
0 0 0 0 1 0 0 O 
A= a6 a ee) a ee fe 
00... 0 00... 0 0 0 


Thus, if we denote by Ej; the matrix which has 1 on position (i, 7) and 0 everywhere else, we get 


n 


A= > ajFij + YS aii(Eii = Ey) 


iZj i=2 


— 


Since each E;;,i # j and E,; — Ey, is clearly in Wi, we conclude that the set 
S= {Ei; | je 2 BRR A # SU {Ei — Ey, | we {1,<3..,9n}} 
spans Wj. Moreover, notice that 


—Vyedii 412... Gin 
x a2) 22. «4. Aan 
> a5By + 50 (Ea - En) = ; ae ie 
1 : : 


iZj fe : : 
Qn Qn2 «++ Ann 


Thus, the linear relation 
n 
Yo ayBy + D5(Fx — En) =0 
iZj i=1 
is equivalent to 
— eG Ge... Gin 
ar} a2... an 
Qni Gn2_ «+++ Ann 
from which a;; = 0 easily follows. Thus, the set S is linearly independent, so it is also a basis for W. 
Moreover, notice that there are n? — 1 elements in S. Now we define 
T=SU{En} 


Then T has n? elements. We will prove that it is a basis for R”*". For this, it is sufficient to prove that it is linearly 
independent (because dim R"*" = n?2). As before, the linear relation 


n 
> aij + anEu +} (Ei — En) =0 


iAj i=1 
is equivalent to 
n 
@11—>yj-94ii «412 ~«-- Gin 
a2) G22 «ws =D 
=0 
Qn Qn2 .-- Gnn 


From this we easily get aj; = 0, for alli, 7 € {1,2,...,n}. Thus, T is linearly independent, and a basis of R"*". 


Now, by Proposition 3.6.4. (a), we can set 


a 0 0 
| ere | | 
W2 = span{Ey,} = Par _ljaceR 
0 0 0 
Result 
a .10)) = 0 
GG es 0 
W2 = . aéR 
0 0 0 
3. a 
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We only need to show that W;,..., W). are independent, that is 
wyt...+u,=0 
forw; € W;,i = 1,...,k, implies that w; = wo =... = u;, = 0. 
Notice that 
wr = (—wy) +... + (—we-1) () 
Therefore, w, © Wy +... + Wy_ (since —w; € W)). Therefore, 
we © Wen (Wy +... + Wei) 


However, Wi. (Wy +... + We_1) = {0}, so[w, = 0] From (1) we now get (after multiplying by —1, of 


course) 
Wy oe We] =0 
Inductively, we show that 


[wi =... = we =0}, 


as required. 


Result 
Let 
wy+...+ uw, =0, 


for w; € Wj. From this, show that w, = (Wi +... + Wz_-1) 9 Wi, so wy = 0. Complete the proof. 


Section 6 


lia 


The span consists of vectors of the form 
V=CyVy +...+ CVn, (1) 
where n is some positive integer, c},...,Cn € R, and vy,...,Un © (w, ey, €2,...). 
Now let v € span(w, €1, €9,...). Then, by the above definition, 
v =cw + cey + 2s + Cn, (2) 


where C, C1, C2,.--,Cn © R,i4,...-,%n are positive integers. (If w does not originally appear in (1), we can write it 
in (2) as 0+ w.) 


Notice that v has c; + c on i;th coordinate, and c everywhere else. So, we now define the set S as a set of all 
vectors « € R™ such that there exists some positive integer k such that for all positive integers m > k we have 
that mth coordinate of x is equal to d, for some d € R (that is, x is a constant sequence after some point). Notice 
that v € S (with m = max{ij,...,in} + D. Therefore, since v was arbitrarily taken, 


span(w, €1,€2,...) CS 
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We want to prove that S C span(w, €1, €2,...) also holds. Let z € S. Denote by 2(7) the ith coordinate of z. 


Let c € Rand the positive integer k be such that m > k implies z(m) = ¢, for all positive integers m (such k, c 


exists by definition of S). Now all that is left to notice is that 
z = (#(1) —c)ey +... + (a(k — 1) —c)ex_1 + cw 


Truly, let n be some positive integer n. If n < k, by definitions of e; and w, we conclude that a(n) = (a(n) — 
c) +c = 2(n), because only e,, and w have | on the nth coordinate, and all other e; have zeros on this 
coordinate. If n > k, then a(n) = c, because w has 1 on the nth coordinate, and all e; have zeros. Thus, 2 € 
span(w, €1, €2,...), and 


S C span(w, e1, €2,...) 
This means that 


span(w, €1,€2,...) = S 


Result 


This span is the set of all sequences which are constant after some point. 


Definition of a function. 
Denote by V the vector space of doubly infinite row vectors. By definition 
of an isomorphism, we must find a bijective function y : V + R® such that 


p(v+w) =(v)+¢(w) and y(cv) = cp(v) (1) 


for all vectors v,w € V and scalars c € R. 
We will define 


p(.--,@—2,4-1, 40, 01, 02,...) = (@9,-1,41, A—2, a2,...) 


To clarify, let k € Z. If k < 0, then we send the kth coordinate of 
(...,@-2,@_1, 49, @1,@2,...) to the 2|k|th coordinate, and if k > 0, we send 
it to the (2k + 1)th coordinate of the vector of R*®. We will now prove that 
y is a bijection and that conditions (1) hold. 


y injective? 
Let (a),(b) € V be such that y(a) = y(b); that is, 


(ao, 2-1, @1, 2-2, 42, ...) = (bo, b-1, 61, b-2, be, .. .) 
From this we easily get that a, = b, for all k € Z. This also means that 
(a) =— (...,@~2,@~1,49,@1,@2,...) = (...,b-2,b_1, bo, bi, be...) = (b) 


Therefore, (a) = (b), so yy is injective. 


y surjective? 
Let (y) € R™; (y) = (m1. yo.---). We define 


(w) = (...,%-2,0-1, 20, 21,22, .+-) = (..., 4s Yas B1,Y3, Y5s---) 


To clarify, let k € Z. If k < 0, then the kth coordinate of (x) is the (2|k|)th 
coordinate of (y). If k > 0, then the kth coordinate of (x) is the (2k + 1)th 
coordinate of (y). 
Now we easily check that 

(x) = (y), 


so ¥ is surjective. 
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satisfies the conditions (1)? 
Let (v),(w) € V. Then 


p(u+w) = p(...,v-2 + w_2, v_1 + W_1, Vo + Wo, U1 + WI, V2 + We, ...) 
= (vo + Wo, U-1 + W-1, U1 + W1, V-2 + W_2, V2 + W2,...) 
= (Vp, V-1, U1, V_2, V2,...) + (Wo, W_1, W1, W_2, We,...) 
= ov) + o(w) 
So, 
o(v + w) = o(v) + o(w) 
for all vectors v,w € V. 


Now let (v) € V7, cE R. Then 


y(cv) = 9(..., cv_g, Cv_1, CU, CV}, CV2,...) 
= (cup, CU_1, CV}, CU_9, CV2, ...) 
= ¢(¥9, V_1, 0}, V_2, V2,.-.) 
= ep(v) 
So, 
y(cv) = ep(v) 
for allu€ V andc eR. 


Conclusion. 
The function y which we defined is truly an isomorphism between V and 
R®, so V is isomorphic to R®. 


Result 
Hint: show that 
p(. ++, @_2,@_], 49,4), 42,.. .) = (ao, a@_},@),@_2,42,.. 
is an isomorphism. 
3. a 


To prove that /” is a proper subspace of 1?+!, we need to prove that: 
1. 1? is a subset of l?*!, 
2. 1? is closed under the addition of vectors. 
3. 1 is closed under the scalar multiplication. 


4. There exists some vector in /?*! which is not in /?. 


:) 
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1. Subset? 


Let (a) = (a), a2,...) € l?. Since the series 


oo 
> lanl? 
n=1 
converges, we must have that 
lim |an|/? = 0 
noo 
and, because of that, 
lim |a,| = 
no 
Because of that, there exists some N € N such that, for n € N, 
(n>N) implies (Ja,| <1) 
(pick ¢ = 1 in the definition of the limit). Now write 


N 


oo 2° 
Di lanl = Dilan + D lanlPt? 
n=1 


n=1 n=N+1 
However, |an| <1 for n > N, so |an|?*! < |an|? for n > N. Therefore, 
Solent + So anit < Ye r+ 3 lanl 
n=1 n=N+1 n=N+1 


Furthermore, because |a,| > 0 for all n € N, 


oo oo 
De lanl? < DU lanl? < 00 
n=N+1 n=1 


Now we conclude that 


Yea + 3 lanl? < 00 
n=N+1 
and 
+e prt 4 = |a,|?*} < Slo pot 3 |an|? < 00 
n=N+1 n=N+1 


Finally, 


oo 
e a, |?** < oo, 
n=1 


so (a) € ?*}, as required. 


So, 1? C 1?! holds. 
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2. Closed under addition? 
Let (a), (b) € ?. Then 


dn + bn|? < (l@n| + |bn|)? 
( 


< 

< (2- max{|an|, |bn|})? 
= 2? - max{|an|?, |bn|?} 
< 2?(|an|? + |bn|?) 


The first inequality is the Triangle Inequality, the second inequality follows from |a,| < max{|dn|, |bn|} and 


|bn| < max{|an|, [bn |}, the final inequality holds because |a,|? > 0 and |b, |? > 0,s0 |an|? < |an|? + |b, |? and 
|Dn|? < lan|? + |b, |?, which implies that max{|an|?, |bn!?} < Jan|? + |bn{?. Since 


oo oo 
bm lan|? <oo and be |bn|? < 00, 
n=1 n=1 


and |dn + bn|? < 2?(\an|? + |bn|?), we conclude that 


SY lan + bal? < $(2?(lan|? + |bn|?)) < 00 
n=1 


n=1 


Therefore, (a) + (b) € I?, as required. 


3. Closed under scalar multiplication? 


Let (a) € l?,c © R. Then 


« oo 
> lean| = lel $5 lanl? < 00, 
n=1 n=1 
co 
because a,| < oo. Thus, c: (a) € IP. 
Y len Thus, c- (a) € IP 
n=1 


4. Proper subset? 


1 
Let (a) be defined with a, = ——.Then 


nie 
<i co 1 
ptl __ 
> |an[?™" = > nriye <% 
n= a= 


pt+l1 


since > 1 


On the other hand, 
oo co 1 
P— -= 
lan? = 0 = = 00 
n=1 n=1 


Thus, (a) € 1P*} \ PP. 


(Note that in this exercise we used the following Theorem: for a € R, 
oo 


1 
> = converges if and only ifa > 1) 


n=1 
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Result 
To prove that /? is a proper subspace of 1”*!, prove the following: 
1. 1? is a subset of 1?*!. 
2. 1? is closed under the addition of vectors. 
3. /P is closed under the scalar multiplication. 


4. There exists some vector in /?+! which is not in /?. 


Let S be countably infinite such that 
V =spanS 


Suppose that U is an uncountably infinite subset of V which is linearly independent. Then we can extend it to the 
basis B for V; B must then also be uncountably infinite, since U C B. 


Since B is a basis for V, it must span the entire V. Specially, we can write every s € S as a linear combination of 
vectors of B: 


8 = CV, +... + CnUn, 

for some n € N, c),...,¢n € F, U1,...,Un € B. 

Now define T as a set of all vectors of B which are present in some linear combination 
Cv +... + ntn € S, 

forsomen € N,cy,...,Cn € F, v1,...,Un € B. 


(So, we write each s € S asa linear combination of vectors of B and "put" vectors used in that linear combination 
into T.) 


First note that T C B, by definition. 


Since S is countably infinite and every linear combination has a finite number of vectors, we conclude that T is 
also countably infinite. Furthermore, by definition of T, 


S C spanT 
Since span S = V, we also conclude that span T = V. Therefore, T spans the entire V. 


Since T is countably infinite and B is uncountably infinite, we obtain that T C B (proper subset). By the above, 
we now obtained that there exists a proper subset of B which spans the entire V, which is absurd since B is a 
basis. 


So, we obtained a contradiction, so the assumed U cannot exist. This means that all linearly independent subsets 
of V are either finite or countably infinite. 


Result 20f2 


Hint: suppose that U is an uncountably infinite linearly independent subset and extend it to a basis B for V. Try to 
obtain a contradiction (for example, find a proper subset of B which spans the entire V). 
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Miscellaneous Problem 


lia 


The function det is surjective. 


To prove that det is surjective, we need to show that for each i € F,, there exists some matrix A such that 
det A = i. 


Leti € F,, and let 


Then 
det A =i, 


as required. 


All nonzero values are obtained the same number of times. 
Leti € {2,...,p— 1}. Define a function 
f : {matrices of determinant 1} — {matrices of determinant i} 
by 
f(M) = ME;, 


i 0 
B= [6 | 


. First of all, we check that f is well-defined; that is, that det(M E;) = 7. However, this is clear by the properties of 
the determinant: 


where 


det(ME;) = det M det EF; = 1-i =i, 
since det M = 1. 
Now we want to see that f is a bijection. To prove that, we first prove that it is injective. 
Let Mj, Mp be such that f (M1) = f (Mz); that is, 
ME; = MoE; 
Since det FE; + 0, it is invertible; so, we can multiply the above equality by E;} from the right to get 
Mi = Mp, 


which proves that f is injective. 
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To prove that f is surjective, let N be such that det N = 7. Then we consider the matrix 
NE;! 
First of all, by the properties of the determinant: 
E,E;1 = Ip = det(E;E;') = det lb — det E; det E;| = 1 — idet EF; =1 
Therefore, det E> ' = i-!. This means that 
det(N E>!) = det Ndet E>} = ii} =1 
So, we can conclude that 
f(NE;") = NE;1E;=N 


and that f is surjective. (NOTE: we cannot immediately conclude that f (NE; 1) — N without first checking that 
NE; ‘isin the domain of f!) 


Since f is a bijection, its domain and codomain have the same number of elements. Since 7 was taken arbitrarily, 
we now conclude that each nonzero number is truly taken the same number of times. 


There are more matrices of determinant 0 than of determinant 1. 
We will first find the number of all matrices with nonzero determinant. 


Let A be such matrix. Its first column must not be equal to the zero column; thus, we have p — 1 options for the 
first column. 


Now onto the second column. We now that det A = 0 if and only if A is invertible, which, by Exercise 3.3.8, is if 
and only if its columns are the basis of F2 which is clearly true if and only if the columns are linearly independent. 


Now let v, w be the columns of A, with v being the first column. Thus, v # 0. If w = Av, for some scalar A, then 
they are clearly not linearly independent, since (—A)v +1-w = Oand1 #0. 


Suppose that v and w are linearly dependent; that is, there exist some scalars a, b, not both zero, such that 
av + bw =0 
If b = 0, then av = 0, which means that a = 0 since v + 0. This is a contradiction. Thus, b # 0, and w = 


-5 = dv. 


So, we conclude that v and w are linearly dependent if and only if w = Av for some A € Fy (because Aisa 
scalar). 


Since there are p choices for 4, we have p columns w which are linearly dependent with v. Thus, the number of 
linearly independent columns is p? — p. 


From all this, we conclude that the number of matrices with the nonzero determinant is equal to 
9 
(p? — 1)(p — p) = p(p +. 1)(p - 1) 


Since all nonzero numbers are taken the same number of times, and there are p — 1 nonzero numbers in F,, we 
get that we have 


p(p + 1)(p— 1)? 


<i = p(p+1)(p—1)=p*—p 


matrices with the determinant 1. 
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Total number of matrices in F2*? is p*. Of them, (p” — 1)(p? — p) are of nonzero determinant. This means that we 
have 


p'—(p?-1)(P’ —p) =p’ +p —p 
matrices with the determinant zero. Now it is clear that 
p+p’—p>p*—p, 


so there are more matrices of determinant 0 than of determinant 1. 


Result S.0f5 


For the first part, notice that 


s -0 : 
aet |} i] = 


For the second part, prove that the following function is a bijection: 
f : {matrices of determinant 1} — {matrices of determinant i} 
with 
f(M) = ME; 


For the final part, prove that the number of matrices of determinant 1 is p? — p, while the number of matrices of 
determinant 0 is p? + p? — p. 


Let J,, be the identity n x n matrix. Define the set 
2 n2 
SS 4 As AS, 4 AP} 
We will show that S is linearly dependent. 


Suppose that S is linearly independent. Then we can extend it to the basis of R”*”; let B be such basis. Since 
S CB, Bhasat least n? + 1 elements. However, dim R"*" = n?! Thus, B cannot be a basis of R”*”, which 
means that S cannot be linearly independent. 


Now, we know that the linear relation 
BEA GAP... eae =O (1) 
has at least one nontrivial solution with regards to c;; fix one of them. 
Let cy be the nonzero ¢; of the largest index (such exists because not all c; are zero). Then (1) becomes 
coln + At+...+evA% =0 
Since cy # 0, then we can divide the above equality by it, and get 


c 
BE et ge Se ey. 
CN CN 


as required. 


63 


Result 
Hint: show that the set 
9 = {Ip A,A®,...,A"} 


is not linearly independent. 


3.a 


(a) 


We start with a little digression. Let Py be the set of all real polynomials (in variable t) which are of degree 4 or 
less. Thus, 


P, = {at + bt? + ct? + dt+e|a,b,c,d,e € R} 
It is easy to show that this is a vector space, and we will show that 
B = (¢*,t°, ?7, t,1) 
is a basis for P4. 
First of all, 

(at! + bt? + ct? + dt +e) € spanB, 
so B spans the entire Py. Now we want to show that it is linearly independent. 
Take any linear relation 

at! + bt? + ct? + dt+e-1=0 
Then, by the Theorem of Equality of Polynomials, we get that 
a=b=c=d=e=0 


This proves that B is linearly independent. 


Thus, B is a basis for Py, and since B has 5 elements we conclude that dim Py = 5. 
Now onto the exercise. We define the set 
S = {2(t)’, 2(t)y(t), y(t)’, 2(t), y(t), 1} 


Notice that all elements of S are polynomials of degree 4 or less. Moreover, S must be linearly dependent! 
Suppose that S is linearly independent, then we can extend it to the basis TD S of Py. However, T has at least 6 
elements (because S has 6 elements), which is impossible since dim P, = 5 (all bases must have exactly 5 
elements). Therefore, S is linearly dependent. 


Since S is not linearly independent, there exists a nontrivial linear relation 
azx(t)? + br(t)y(t) + cy(t)? + da(t) + ey(t) + f =0 
Therefore, 
f(x,y) = ax* + bry + cy? + dx +ey+ f 
is a nonzero polynomial such that 


Ff(x(t), y(t)) =0 
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(b) 


Here we first conclude that 


? = 2(t)+1—> t= /2(t) +1 


(taking only the positive root is enough). Then, 


y(t) = t(t? — 1) = z(t) + 12(t) 


Squaring, 
So, we define 
and conclude that 


f (x(t), y(t) = 0 


Now we first sketch 


{f(z,y) = 0} = {2° +2” —y’ = 0} 
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Now we sketch the path 


(c) 


This is almost the same as (a). Let z(t) be of degree m, y(t) be of degree n. We can prove that Py, of all real 
polynomials of degree mn or less is a vector space, and that dim P,, = mn + 1. Now we define a set 


S = {x(t)'y(t) |0<i<n,0<j<m} 


Notice that S has (m + 1)(n +1) = mn+m-+n+1> mn +1 elements. Thus, S cannot be linearly 
independent, so there exists some nontrivial linear relation 


n m 
YY aszlt)'vo’ =0 
i=0 j=0 
So, we define 


f(z,y) = >> > au2'y 


i=0 j=0 
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Result Sof5 


(a) Prove that P, of real polynomials of degree 4 or less is a vector space and that its dimension is 5. Define S = 
{x(t)?, x(t)y(t), y(t), x(t), y(t), 1}. How can you, using the information provided, find a polynomial f? 


(b) For example, f(a, y) = 2° + 2? — y?. 


(¢) HINT: Very similar to (a). 


4.a 


Suppose that 
V=YUWU...UV,, 
where Vj; are proper subspaces of V. 


Let x € Vj. Since V, is a proper subspace of V, there exists some y € V \ Vj. Now we consider the vectors 2 + 
ay, where a € F, and F is the field of V. Since F is infinite, there are infinitely many vectors of the form z + ay. 
Moreover, if z + ay € Vj, fora 4 0, then (x + ay) — 2 € V,, since Vj is a subspace of V, so it must be closed 
under vector addition and scalar multiplication. This also means that ay € Vj. Since Vj is closed under scalar 


1 

multiplication, we conclude that y = —(ay) € Vj, which is a contradiction. So, for all a + 0 we conclude that 
a 

r+ayeEVoU...UVr. 


This means that there exists some V;, jE {2, Araen n} such that at least two vectors of the form x + ay are in it. 
Let a + ay and x + by be in Vj, with a + b. Then 


(x + by) — (x + ay) = (b—a)y € V; 


Moreover, b — a # 0, so 


1 
y= 5, ((- aly) EV 
Now we conclude that ay € Vj, and 

z= (z+ ay) — (ay) € Vj 


Thus, 2 € VoU...U Va. 


Therefore, 
Yycwu...UVn 
This means that 
V=UUWU...UW=hWvU...UN 


Proceeding inductively, we can show that 


n 
icU™, 
j=i+l 
so 
V=V 


This is impossible since V, is a proper subset of V! 


Therefore, we obtained a contradiction, so we cannot have that V is a finite union of its proper subspaces. 
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Result 


Suppose that 
V=V,UWU...UYV, 


Let x € Vj. By observing the vectors x + ay, where y € V \ Vj, andaisa scalar, conclude that € VoU... 


V,,. Thus, 
YcCwWwV...UW, 
and 
V=VYUbWU...UV, =hu...UV, 


Complete the proof. 


(a) 


Suppose that c + 0. Then 


aatetoton(le-8)-(B-De(S) 
2 =2=> (cee +be+a) (22 a + = me r+ a 2 


Plug in x = a. Then 


a -2= (ca? +ta+a)(2a-5)+(5-*2)a+(4-2) 


Poa ab 


ab 
Pee A 

ea 

ce oe 


3of3 


(1) 


Since all number on the right side are rational, we conclude that a is also rational. However, this is a contradiction 


sincea ¢ Q. 
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Therefore, we have that 


So 
w 


and, plugging this into (1), 


S —-2=0= ab=2¢ 
Therefore, 
B® = 2c3 
From this, 
b= V2ce=ac 
Now we conclude that 
a= : EQ, 


which is a contradiction. 


We considered all possible cases when c # 0. Therefore, we must have that c = 0. 


If c = 0, then the linear relation becomes 
ba+a=0 
\f b # 0, then 
a= -; EQ, 
which is a contradiction. Therefore, we must have that b = 0. 
If b = 0, then a = 0, so we only have a trivial solutiona = b= c= 0. 


Finally, we see that only the case a = b = c = Dis possible, so (1, a, a’) is linearly independent over Q. 
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(b) 
Denote 


F = {a+ba + ca? | a,b,c € Q} 


Addition makes F into the abelian group. 


1. If a,y € F, then x = a, +b,a + ¢,0? and y = ay + bya + cya, for 
some rational numbers @r, br, Cr, dy, by, cy. Thus, 


z+y = (az + ay) + (be + bya + (cr + cya? € F 


2. Associativity trivially follows, because addition is associative in C, and 


F CC (with the same law for addition). 


3. Notice that 0 =0+0-a+0-a? € F. Clearly 


zr+0=0+4+27=2 


for all z € F. Thus, 0 is the additive identity in F*. 


4. Commutativity trivially follows, because addition is commutative in 


C, and F C C (with the same law for addition). 


5. For any «x = a+ ba +ca?, notice that —a + (—b)a + (—c)a? € F, and 


Multiplication makes the set of nonzero elements of F into an abelian group. 


1. 


that 
z+ (—a+(—b)a + (—e)a?) = (—a + (—b)a + (—e)a”) + x =0 


Therefore, 
—x = —a+(—b)a+(-c)a? € F 


If z,y € F*, then x = ay + bea + cra? and y = ay + bya + cya”, for 
some rational numbers a,,b,, cy, dy, by, Cy. Thus, 


TY = (@,0y+2b,c,+2c,by)+(Azby +b, Ay +2C,Cy)a+(AzCy+brby+eray) © F 


. Associativity trivially follows, because multiplication is associative in 
C*, and F* C C* (with the same law for multiplication). 


3. Notice that 1 =1+0-a+0-a? € F*. Clearly 


for all « € F*. Thus, 1 is the multiplicative identity in F*. 


4. Commutativity trivially follows, because multiplication is commutative 


in C*, and F* C C* (with the same law for multiplication). 


. We must prove that each number z € F™ has a multiplicative inverse. 
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Let « € F*; 2 =a+ba+ca?. We want to find rational numbers q), 42.93 
such that 
(a + ba + ca?) (q) + q2a + gga”) = 1 


This is equivalent to 
(aq, + 2bq3 + 2cq2) + (ago + bq + 2cq3)a + (agg + bq2 + eq) = 1 
This is furthermore equivalent to the system of equations 
aq, + 2cq2 + 2bq3 = 1 


bqi + ag2 + 2cq3 = 0 
eq, + bq2 + aq3 = 0 


We can write this in the matrix form: 
a 2c 2b] [a 1 
b a 2e} |qo} = |0 
c b al {lq 0 


Now we want to show that the above equation has only one solution. To 


a 2c 2b 
prove that, it is sufficient to prove that A= |b a 2c} is invertible, and 
6) oa 


for that, it is sufficient to prove that det A 4 0. To begin 
det A = a® — Gabe + 2b° + 4c 


Suppose that det A = 0; that is, a* — Gabe + 2b* + 4c*. Since a,b, are 
rational numbers, we can multiply this equation by some integer to obtain 
the equation 

a} — Ga,b,c, + 2b3 + 4c} = 0, (2) 
where a;,6;,c, are integers. Furthermore, we can assume that they are 
relatively prime (we simply divide the equation by their greatest common 
divisor if that is not the case). 
Notice that a} = 6a,b,c — 1 — 2b} — 4c}, so 2 divides a?. Since 2 is prime, it 
must also divide ay. Thus, a, = 2k, for some integer k. Plugging this into 
(2), 

8k? — 12kbic, + 2b} + de? = 0 


Now divide this equation by 2: 
4k* — 6kbyc, + b} + 2c? = 0 (3) 
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The same as before, we conclude that 2 divides b;, so b; = 2l, for some integer I. Therefore, plugging this into (3), 
we obtain 


4k* — 12kIc, + 8b? + 2c} = 0 
Dividing this by 2: 
2k* — 6klc, + 4b} + c} = 0 


Now we get that 2 divides c;. So, 2 is acommon divisor of a4, by, and ci, which is impossible since we assumed 
that their greatest common divisor is 2. 


Thus, our assumption that det A = 0 was wrong, so det A + 0. This means that 


1 1 
A lq] = |0 
43 0 
has a (unique!) solution. This also means that 
(a + ba + ca*)(q; + @a + qa’) =1 comm. (q1 + @a + qoa*)(a + ba + ca”) 


Thus, z~! exists for every z € F™. 


Distributive law. This trivially follows because it holds in ‘C, and F C CC (with the same laws for addition and 
multiplication). 


Conclusion. We conclude that F is truly a field. 


Result 
(a) Use the hint provided in the exercise. The fact that a ¢ Q can be of great help. 


(b) Check properties from Definition 3.2.2. 


6.a 
WI 
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A 


Chapter 4 


Section 1 


lia 


Let A be alm matrix and B be a matrix of order n « p over the field F. 
We have to show the assignment M ++ AMB is a linear transformation from F™" to F"’?. 


Let A € F and M,, Mp € F'™*". We have to show 
A(AM, + Mo)B = (AM,B) + (AMbB). 
Now, A(AM, + M2)B 


= (4am) os (AM) B [Matrix multiplication is right distributive over addition] 


= (A(AM))B) + (AM2B) [Matrix multiplication is left distributive over addition] 


= \(AM,B) + (AM2B) [Scalar multiplication is compatible with matrix multiplication]. 


ie) 
° 


Result 
We showed that A(AM, + M2)B = A(AM)B) + (AM2B) for each A € F and each My, Mp © F™*”. 


Let V be a vector space over the field F. Let 1, v72,...., un be n-elements of V. 


Define a map ¢: F" > V by (2), 22,..., Zn) = ZIV] * T2V?2 +... + LpVp for all (x, 22, ..., Zn) € F”. 


We have to show @ is a linear transformation. 


So let (21, 7a, ...,2n) and (Y1, Yo, ..-, Yn) are two elements of F” and c € F. Then 


6(cleran weep Bn) + (Yt, Yos «+5 )) = 6( (ces + Y1,CL2 + Yo, ...,CLn + wn) 
= (cx, + yi)U1 + (ete + yo)¥2 +... + (Cln + Yn)Un 
= ((ca)v, + (cag)v + ... + (C€n)Un) + (yrd1 + yov2 + -. + YnUn) 
= c(x1 01 + LQV2 +... + ZpUn) + (yiv1 + ove +... + YnUn) 


_ c$(@1, £2, ..-, Xn) + P(Yis Yas +s Yn): 


Therefore @ is a linear transformation. 


Result 30f3 


We showed that 6 (elena ey En) + (41, Yo, =) = cO(21,22,...,2n) + O(Y1, Yo, ---; Yn) foralle € F 
and for all (11, ...,2n), (Yi, +; Yn) € F”. 


Let A be a m«n matrix over a field F. 


We have to use dimension formula to show that the space of solutions of system of linear equations AX = 0 


has dimension at least n - m. 


Let us consider the function @ : F" + F'™ defined by ¢(X) = AX, VX € F".The map @is linear: fore € F 
and X,,X»9 € F” we have d(cX, + Xo) = A(cX,; + Xo) = A(cX,) + AX =cAX, + AXz, using 
the fact that matrix multiplication is right distributive over addition and scalar multiplication is compatible with 
matrix multiplication. 


Now ker(¢) = {X € F" : 6(X) = 0} = solution of system of linear equations AX = 0. Now dimension 
formula says, dim(ker(d)) + dim(im(@)) = dim(F") = n. Since im(¢@) is a subspace of F’”", so dimension 
of im(@) can be at most dimension of F™. Therefore , dim(ker(¢)) = n — dim(im(@)) > n — dim(F™) = 
n—m. 


Result S ofS 


We used the dimension formula to the linear transformation @ : F" — F™ defined by o(X) = AX, VX € F”. 


Let A be am~n matrix over the field F of rank 1. We have to show A can be written as A = XY, 


where X and Y are m and n dimensional column vectors. 


Write A as A = (A): Ap: +--+: A,|, where Aj, Ao, ...An are columns of A. Since rank(A) = 1 we have j € 
{1,...,n} such that A; # 0 and some scalars cy, ..., Cj-1, Cj41) +++5Cn © F with 


A= |e, A; : 2A; sees cj-1 Aj : A; : C5414; s0ees c,Aj]. 


So our X = Aj; and 


Note that we have to choose a non-zero column of A 


and correspondingly we have unique scalar mutiplies of this column to write other columns of A. 


Result SofS 


Writing A as A = [c,Aj : cpAj : +++: cj Aj : Aj : ¢j41.Aj : +++ : Cy Aj] for some non-zero column A; of A 
and for some scalars C1, ..., Cj-1, Cj41, ++) Cn € F we have 


t 


Let U, W be two vector spaces over a field F. We have to show the operations 
(uw) + (u’,w’) = (u+u'.w+w’);Vuu EU & w,w' € W, 


c(u,w) = (cu,ew), Vee F & Yue U & Vw e W 
make the product space U x W into a vector space. 


Let Op and Ow be the identities of U and W respectively. Then for u, u’ € U 
and w,w’ € W we have u+ au! = u' +u andw+uw’ = w' + w and 
Oy +u=u=u4+O0y and Ow + wv = w = w+ Ow so that, (u,w)+(u',w’) = 
(u+u',w+u’) = (u'+u,w’+w) = (u’,w’)+(u,w) and (u, w) + (07, 0y-) = 
(u+0y,w + Ow) = (u,w) = (Ov + u. Ow + w) = (Ov. Ow) + (u,w). So the 
+ operation makes U x W into a commutative group with identity (Oy, Oy). 


Now 1(u, w) = (lu, lw) = (u,w),Vu € U,Ww € W. 


Next let a,b € F, then for u € U and w € W we have (ab)(u,w) = 
((ab)u, (ab)w) = (a(bu),a(bw)) = a(bu, bw) = a(b(u,w)). This proves the 
associative law of scalar multiplication. Similarly, we have (a + b)(u,w) = 
((a + b)u, (a + b)w) = (au+ bu, aw + bw) = (au, aw) + (bu, bw) = a(u, w) + 
b(u, w). This shows distributive law of scalar multiplication. 


Let U and W be subspaces of a vector space V. Define a map T: UxW + V 
by T(u,w) =u+w,.V¥u € U,Ww € W. We have to show T is linear. 


So let (uj,w1), (uz, w2) are two elements of U x W and c be a scalar. So 


that. 
7 (cus, wi) + (ua, a2) ) = P( (ous sews) + (a2) 
= T(cuy + wy, cug + W2) = (cu + w1) + (ug + w2) 
= c(uy + wW,) + (U2 + We) = cT (uy, wy) + T (ua, we). 
So T is linear. 


Let U and W be subspaces of a finite dimensional vector space V. Define amap T : U x W > V by 
T(u,w) =u+w, vu € U,Yw € W. Now dimension formula says, dim(range(T)) + dim(kernel(T)) = 
dim(U x W). 


Note that, range(T) = U + W. So dim(range(T)) = dim(U) + dim(W) — dim(UN W). 


Also, ker(T) = {(u,w) € U x W : u= —w}. Now consider a basis B of U 9 V. Consider the set C := 
{(u, —u) : u € B}. Certainly, C is a linearly independent subset of the vector space U x W : 


Sp Ak(Uk, —Ue) = (0, 0) for scalars Aj, ..., Ax implies ( Die kU: — Dp Aut) = (0,0) ie. 


bare Apup = Die. Ay = 0,..., Ax = 0. Next for any (u, —u) € ker(T) we have u € U 9 W, so we have 
scalars, C1, ...,Cm and vectors uj, ..., us, € B such that, u = pee cu}, Hence, (u, —u) = 

(Soe Chup, — Ly ceuj) = SLL, ce(uj, —uj,). Hence, C is a basis of ker(T’). But dim(ker(T)) = 
cardinality of C = cardinality of B = dim(U 1 W). 


Next let, {a,...,2,} be a basis of U and {y;,..., ys} isa basis of W. Let {j11, ..., tps} be a set of scalars with 
er (xp, 0) + ee Le+r(0, ys) = (0,0) ie. es pyr, =0= Saad Mrsryk. Hence, 0 = py =... = 
Ly+s. Now choose (u, w) € U x W then we have scalars a, ..., @, and scalars §),..., 8; such that u = 

Wear CheR and w = h_, Beye. Then S>p_, an (eK, 0) + p_, Fe (0, yx) = (u, w). Therefore, 

{(z1,0),..., (zz, 0)} U {(0, y1), ..., (0, ys) } is a basis for U x W. That's dim(U x W) = r+s=dim(U) + 
dim(W). 


Using the above discussion and the dimension formula dim(range(T)) + dim(kernel(T)) = dim(U x W) 
we have the identity, 


{dim(U) + dim(W) — dim(U A W)} + dim(U NW) = dim(U) + dim(W). 


Result Sof 4 


We showed that dim(im(T)) = dim(U) + dim(W) — dim(U NM W) and dim(ker(T)) = dim(U NW) 
and dim(U x W) = dim(U) + dim(W). 


Section 2 


lia 


Let A and B are two 2 «2 matrices over F. We have to find the matrix of the operator T : F2*2 —, F2*2 defined by T(M) = AMB, 


VM ¢ F? wrt. to the basis ey = t a| ,e2= F 7 /e21= f al ,e22 = F | of F22. 


Let 
ge ie a2 
ay, Ag2 
and 
— fou bv 
boi baa 
. Then 
b by a 0 b bye 
r ea be ihe ag 11 | 
(en) = be a2 boo a2, 0} [bo bee 
= [abu aubie = (ay1b11)e11 + (Qi by2)e12 + (@21b11 )e21 + (Gai bi2)e 
=lasitis ost  oneeu 11512 )e12 2101; ear 21b)2)ea9. 
Next 
Tew ed er | He 2s F “ bit | 
ag, a 0 azi} [ba bee 
bo 
= ae oa = (ay1ba1 )e11 + (@11b22)e12 + (@21b21 )e21 + (a21b22)e22. 
And 
T(en) = ay, ay2| |0 O} [bu bi} — Jai2 O} Jb dio 
71) lar a22| [1 0] [bor bee| — [asx O} [bor bee 
b b 
= eS roel = (ay2b11)e11 + (ai2bi2)e12 + (a22b11 )e21 + (a22b12)e29. 
And 


T (es) = i nat f | bu | = F so bu al 
: Gz, d22| [0 1} [bo bee O a2} [boi bee 
= bes por (ai2b21 ei; + (a12b22)e12 + (@22b21)e21 + (a22b22)e29. 


Therefore, the matrix of T w.rt. the basis {€11, €12, €21, €22} is 


Q410j;  @y1bo, aygby,) aigba 
Qy1b2  Ay,b29 Aygbj2 Ay gbo9 
213, Aayb2, g9b4, — Aggba) 
21d; Aa1b99 Aggbj2  Azgbo9 


Result 
Letting 
ay, a 
= | ret 2) 
a1 99 
and 
by bye 
B = 
bo; bag 
we showed that matrix of T’: M ++ AMB wat. the basis {e11, €12, €91, €29} is 
ay1by,  ayibo, $= ayeby,  ay2b21 
ayibi2  ayibe2  ay2bj2 ~ a2b22 
4216; a21b21  a22b,  agaba1 
421b12 a2ib22 az2b\2  a22bo2 
2.a 


Let A be ann x n matrix and let V denote the vector space of n-dimensional row vectors. Note that ann x n 
matrix can be composed with a row vector only from the right. If we do that, then it is easy to see that 


T(v)=vA 


is indeed a linear operator. We will find its matrix in the standard basis. The standard basis is: 


ee) = (10 eee 0) 
€2 = (01 eee 0) 
en = (00... 1) 


(Note that these are 1 x n matrices i.e. row vectors.) Consider how right multiplication acts on e,: 


a1 a2 Gin 

a2, a2 Q2n 
e,A = [0...010... 0] 

GQni Gn2 «++ Gnn 


= [ayy +++ Qkk-1 Ukk Ukhel+++ An | 
= Qkie1 +... + Akn€n 


This allows us to write the matrix of the operator T in the standard basis. The columns will be the coefficients 
above, so: 


Qi Gay «+e =Anl 
4i2 G92. «++ «=n? At 
Gin Gn +++ Ann 


Thus the "right multiplication by A" operator has At as its matrix in the standard basis. 


Result 20f2 


Acting on the standard basis with right multiplication by A, we find the matrix of this operator. It turns out to be At. 


We have to find all real 2 x 2 matrices which carry the line y = z to y = 3c. 


Note that, each point on the line y = x can be written as (t, t) for some t € Rand each point of the line y = 3a 
can be written as (s,3s) for some s € R. 


Let 


el 


be a matrix which takes the line y = z to y = 3a. Now note that, 


H 
fe al Ll = [e 


for some s € R. That'sa+b=sandc+d=3sie.3(a+b)=c+d. 
t 
t 
a 6b] /1 8 ts 
fe alld =*le al] =". = [oa 


which is certainly on the line y = 3z. 


is on the line y = a. So that 


Check:—For the point 


on the line y = x we have 


Result 


The required matrix has the following form 


el 


with 3(a + b) = c+d. 


Let A be an m x n matrix. The rank is defined as the dimension of the image of the corresponding operator. Let 
€1,...,€n be the standard basis (for F'”). Since these vectors span the domain of A, 


Ae, Aéo,..., A€n 


must span all of the image of A. The number r of linearly independent vectors among these is the rank. Note that 
these vectors are just the columns of the matrix A. Sort the above vectors so that the first r are linearly 
independent (if the matrix is non-zero there must be some such vector). Write them as 


Ui, 09; 2.0. Up; Urdis ss Un 


Switching rows or columns is a matrix operation which can be realized by multiplication with the appropriate 
matrix. Switching columns is done by multiplication from the right. Suppose this was achieved by a matrix P;. We 
have arrived at the matrix 


AP, = [v; v2 ... Un] 


whose first r columns make a linearly independent set. 


Now, since there are only r linearly independent vectors, we must have a relation 


Ups] = C1V1 + CVE +... + CrUp 


But then adding the first column —c; times, adding the second column —c2 and so on, to the r + 1-st column, we 
would arrive at a matrix which has for the r + 1-st column the zero vector. The same goes for Up+2,..., Un. 
Adding columns (multiplied by a number) is an invertible matrix operation which can be realized by multiplying 
with the appropriate matrices from the right. Thus there is a P2 such that 


AP; Py = [vy v2... 0, 0...0] 


Now, consider the matrix of the form 


ce. 0 
“-[5 


where I, is shorthand for the r x r identity matrix and the rest of the entries are all zero. Let c1,..., Cp be 
arbitrary. By multiplying the first row c; times, adding the second row cz times to the first row and so on, we can 
arrive at the matrix with first row: 


ieee an 


Thus we can make the first row into an arbitrary vector with the first r elements non-zero. The same can be 
accomplished for any row. Thus we conclude that by row operations, we can get an arbitrary matrix of the form: 


bir Big sccbg 0.20 
bay Bay css Bap 05050 


Bint Ono «ss Bae 0.0 


Since only row operations were used, we conclude that there is an invertible matrix Q such that QA’ is equal to 
the above matrix. 


Finally, write P = P,P». This is an invertible matrix since P;, P) were. Note that AP has exactly the form as the 
matrix QJ, in the previous paragraph. Thus for a suitable choice of Q, we would have 


AP = QA’ 


Multiplying with the inverse of Q from the left, we finally arrive at the fact that there are invertible matrices P,Q 
such that 


A'=Q"AP 


Result Sof 


The rank r is the number of linearly independent column vectors. Reorder the columns of the matrix A so that the 
first r vectors form a linearly independent set. 


The other vectors can be expressed with them, thus for an appropriate invertible matrix P, column operations give 
a matrix 


AP = [v1 12... 0, 0...0] 


Finally, consider A’. With appropriate row operations, this can be converted to any matrix whose columns are 0 
after the r-th one. Thus for an appropriate Q, we have QA’ = AP, as desired. 


5. a 
Let A = [aj,];=125" be a mn matrix of rank r. 
Let I = {i,, ia, ..., ir} C {, 2, ..., m} and J = {j1, J2, Jr} C {I, 2, ..., n} such that 7) < ig <... <a, and ji < jz <... < jp. 
Also let, {Aijs, Aizs,--, Aire} be a linearly independent subset of rows of A and {Ayj), Axjz, ..., Axj,} be a linearly independent subset of columns of A. 


We have to show the matrix M := [ai ,]KE7 is invertible. 


Consider the matrix B = [A,j, : Aaj : ++ ++ Asj,]. Now column rank of B is r. Hence row rank of B is r also. Let 
Biy«; Bigs, ++; Bi,» be a independent set of rows of B, where {l),...,],} C {1,...,.m} andl < ly <... < bp. 
Hence Aj, «, Alps, --; Al, is also a independent set of rows of A. Since { Aj;, Ains,.--, Ai,+} is a basis of row 
space of A, each Aj,, can be written as linear combination of Aj,,, Als; -+-, Al,« fort = 1, 2,...,7. Hence, each 
Bi, can be written as linear combination of rows of M fort = 1, 2,...,7. That is row space of B is same as row 
space of M. Hence row rank of B is same as row rank of M. But row rank of B is r and M isar x r matrix. 
Hence M is invertible. 


Result Sof 


We use the fact that foram x n matrix row rank is same as column rank. 


Section 3 


Consider the linear operator T : R" — R" defined by T(zi, .... 2n)* = (a1 + Bn, £2 + Ln-y ey En * 21)". 


We have to find kernel and image of this operator. 


Suppose, (21, 29, ..., 2p)’ € ker(T), then T(z, 29,...,2n)' = (0,0,...,0)* ie. (2) + 2p, 22+ 
Ly—2 +++; Ln + 21)* = (0,0,...,0)!. That is, rp = —21,%p_9 = —a, .... Conversely if (a), a2, ...,@n)’ € R” is 
such that a, = —an_x, Vk = 1, 2,..., (n — 1), then (a), ...,an)' € ker(T). 


Therefore, ker(T) = {(z1,....tn)* € R" : ep = -2n-k, Wk = 1,2,..., (n- 1}. 


Now suppose (yj, ...; Yn)’ € im(T), then there is (2, ...,2,) € R” such that (y), yo, «5 Yn)? = (a1 + 
Bn, LQ + Ly_9y «++, Lp + 21)". That is yr = Yn—k, VE = 1, 2,..., (nm — 1). Conversely, let (b;, bo, ..., bn)’ € R” 


be such that bj = Bn—p, Vk = 1,2,...,(m — 1). Then T(4, %, 2, ..., 2, nyt = (b1, by, bg, .-+5 n—15 On) » 


Hence im(T) = {(yi, y2, -- Yn)! © R” = ye = Yn-k, Wk = 1,2...., (n- I}. 


Result Sof 5 


We show ker(T) = {(x1,.-.,2n)' € R” : zp = —@n_z, Vk = 1,2,...,(n — 1)} andim(T) = 
{(y1, 425 -+-sYn)? € R” : yk = Yn—k VE = 1,2, ..., (n — 1}. 


2.a 


e [a)]Consider the matrix 


ab 
where c is non-zero. We will show that we can change the a into 0 by conjugation. 


Since c is the only element we are sure is non-zero, we should use it eliminate a. We could do this by a row 
operation. Indeed, for 
a! 
= c 
s=[o | 


1 —| jab 0b- wi 
sa= lf] [tal-[2 a 
Now, note that multiplication by S~! from the right will be a column operation, but this will not change S.A from 
having a 0 term. Indeed, 


one will find that 


and 


sos— fs eile 


Thus for the above choice of the elementary matrix S, we find that SAS~! has 0 instead of the element a. 
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 [b)] Suppose c = 0. If b 4 0, then we can proceed similarly as above by choosing the appropriate S: 


as [el foal [st] = [ 


We see that $~!AS has 0 instead of a in the upper left corner. We conclude that even if b + 0, the matrix is 
similar to a matrix with 0 instead of a. 


Now, assume that b = c = 0. Then for a matrix 


, we have: 


1 a0) |1 —z]_ Jaz(a—d) 
wvan=loilfoa lo 1]= [0's 
for any x. If a — d + 0, then R-! AR can be transformed to a matrix with 0 instead of a just like above. Since 
similarity is transitive, we conclude that A is again similar to a matrix with 0 instead of a. 


Now, if we were to have the case that b = c = 0 and a = d, then we would have that A = aI, where I is the 
identity matrix. Obviously then S~!AS' = A, so that it cannot be changed to anything else. 


We conclude that the matrix A is similar to a matrix with 0 instead of a If and only If b + 0 or a + d (or if Ais the 
zero matrix). 


Result Sof 5 


a) By choosing the appropriate elementary similarity matrix 


to=4 
slo i 
, one easily shows this explicitly. 
d 


b) Similar to a), if b 4 0, one can turn the ‘a’ term into 0. If b = 0, then one can still do that if a # d. But if even this 
is not met, then it is possible only if A is the zero matrix. 


3.a 


Let T be a linear operator on the vector space V with dim(V) = 2 such that 
T is not multiplication by a scalar. We have to show there is v € V such 
that {v,T(v)} is a basis of V. 


In particular, T' is not zero operator. Hence there is a w € V — {0} such 
that T(w) 4 0. Now if {w, T(w)} is linearly independent then we are done. 


Next consider the case when {w,7(w)} is linearly dependent i.e. we have 
two scalars \ and yz, not both zero such that Aw + uT(w) = 0. Actually 
A #0 and p £0 as T(w) 40 and w 40. Choose u € V such that {u, w} is 
a basis of V. Write T(u) = dw+au for some scalars 6 and a. Let v = yw+u 
where ¥ is a scalar such that y = 0 if 6 40 and y #0 if 6 = 0. Note that 
5 = 0 implies a+Ay~! 4 0 as T is not multiplication by a fixed scalar. Now 
let c; and cg are two scalars, not both zero such that c)v + c2T(v) = 0 ice. 
e1(yw + u) + co(yT(w) + dw +au) = 0 ie. c)(yw + u) + c2(—7Auo hw + 
dw+au) =Oie. (ec, + c2a)u+ (ery — cxyAu7! + c2d)w = 0. Now, {u, w} is 
linearly iodepensent implies c) + c2a = 0 = cyy — coyAu7! +-c2d. Therefore, 
¢2(—ay — yA! +5) = 0. Now cp #0 as v £0. That is y(a+ Ayo!) = —6. 
By our choice of 7 this leads to a contradiction. Therefore, {v,T(v)} is a 
linearly independent set. Hence we are done. 
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Now we have to find the matrix of T w.rt the basis {v, T(v)}. 
Note that, T(T(v)) = av + bT(v) for some scalars a,b. Therefore the matrix of T w.rt. the basis {v, T(v)} is ft ‘ , 


Result cides 
Matrix of T’ w.rt. the basis {v, T(v)} is 
0 a 
1 b 


for some scalars a and b. 


We show that, for a n x n complex matrix B the operator T on the space 
of all n x nm matrices defined by T(A) = AB — BA is singular. 


Step 2 2 of 3 
Certainly, B = 0 implies T = 0. So we are done in this case as ker(T) 4 {0}. 
Next let B 4 0, then B € ker(T) as (B)B — B(B) = B? — B® = Die. ker(T) F {0} in this case also. 


Hence in either case T is singular. 


Result Sof 5 


B = Oimplies ker(T) is the whole space and B 0 implies ker(T) contains the non-zero vector B. That is in 
either case T is singular. 


Section 4 


tia 


Let T be a linear operator on a vector space V and \ be a scalar. 


Let V be the set of all eigenvectors of T corresponding to the eigenvalue A, 


together with 0-vector. We have to show V™) is an invariant subspace of T. 
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Note that, V) is non-empty as it always contains 0. Now if v, v2 € V) we have Tv, = Avy and Tv) = Avy. 
Now let c be a scalar then T(v, + cv) = T(v,) + T(evg) = T(v1) + eT (v2) = Avy + c(Ave) = A(v, + 
CU). That's V\) is a vector space. 


Now let v € V™) then Tv = Avie. T(Tv) = T(Av) = AT(v) ie. T(v) € V. since v € V™) is arbitrary we 
have T (Vv) CV). Hence V) is a invariant subspace of V under T. 


Result Sof 


We showed that, T(V)) c VO). 


Let T' be a linear operator on a vector space V over a field F with char(F’) + 2. Also, tet T? = I. Now, let uv € 
V and suppose v — Tv is anon-zero vector. Then T(v — Tv) = Tv — T?v = Tv — Iv=Tv-—v= 
(—1)(v — Tv). Since, char(F’) 4 0, we can say 2 := 1+ 1 4 0, so that 2 is an invertible element in F’. Hence, 
we have T ($(v — Tv)) = (—1) ($(v — Tv)) Therefore, 3(v — Tv) is an eigenvector of T with eigenvalue 
—1. 


Similarly, for any w € V with (w + Tw) 4 0 implies T (}(w + Tw)) = }Tw + §T?w = }Tw + }Iw = 
3Tw + $w = (+1) ($(w + Tw)). Therefore, (w + Tw) is an eigenvector of T with eigenvalue +1. 


Now, note that z = }(z — Tz) + $(z + Tz) for any z € V. So, when z # Oeither $(z — Tz) 4 Oor $(z + 
Tz) $0,ie. V=VO) + VY, where VOY = {2 EV: Tr = zh andVO) := {y eV: Ty = -y}. 
Note that u € V'*)) 4 V'-) implies Tu = u and Tu = —u, and these further imply u = 0. So, we have V = 
V+) @ V‘-)) Therefore, T is diagonalizable. 


Let T be a linear operator on complex vector space V with T4 = I.Now 
4-T=[1+T?+T?+T7]+[1-1T°? +7? —T]+ [I — iT? —T? + iT] + [1 + iT — T? - iT]. 
Also, 
To(l+T+77?+T)=T4+T4+ P+ =14+T4+7+T, 
To(I-P+T -T)=T-I14+7-f =-(1-T+T-T), 
To(I -iT® —T? +iT) =T -il —T* + iT? = -i(I — iT® — T? + iT), 
T o(I+éT® — T? —iT) = T + il — T* — iT? = i(I + iT* — T? - iT). 


write, Ty = I + T? + T? + T and Tz = I — T3 + T? — T and T3 = I — iT*® — T? + iT and Ty =I + 
iT’ — T? — iT. 

Then for any v € V we have v = }[Tyv + Tov + T3v + Tyv] and Tyv € V", Tey € VO"), T3v € VO), 
Ty € V". Hence V = VM + VC) 4 VO) +4 ye. 


Now suppose, 0 = 2 + y + w-+zwherexz € Vy e VI“), w © VI) andz € V". Hence, 0 = TO = 
Te +Ty+Tw+Tz=2-y —iw +izand0 = T70 = T?2+T?yt+ TY +722 = 2 +y —w—zand 
0=T°0 = T*r+ T*y + T?w + Tz = x — y + iw — iz. Solving these 4 equations we have 0 = = y= 
w = z. Therefore, V=V @vW-) gov) vl. 


Result Sofs 


We use the fact that, 47 = 4- J = [J+ T9+77+T]+ [1 —1T3+T? —T]+ [I — iT? —T? +iT]+ [1+ 
iT? — T? — iT], where T* = I. 


3.a 
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Let T be a linear operator on a vector space V and suppose Wj and W? are two T-invariant subspace of V. 


We have to show Wj + W2 and WN W? are also T-invariant. 


Note that W, + Wo = {w, + wo: w; © W, & wo € Wo}. Soleta +y € Wi + We be arbitrary vector of 
W, + Wo with z © Wy and y € Wo. Now W is T-invariant implies T(x) € Wj. Also W4 is T-invariant implies 
T(y) € Wo. Therefore, T(x) + T(y) € Wy + Wo. Since x + y is arbitrary vector of W, + Wo we have 
T(W, + We) C Wy + Wo. 


Now let v € Wy  W be arbitrary. Then v € W, and T(W,) C Wj imples T(v) € Wj. Also v € Wo and 
T(W2) C Wo implies T(v) € Wo. Therefore, T(v) € Wy Wa. Since v © WM Ws is arbitrary we have 
T(W, 0 Wo) CW, 9 Ws. 


Result Sof 


We show that, T(W, + Wo) C Wy + Wo and T(W, 9 We) CW, 9 Wo. 


4.a 


Let A be a2 «2 matrix with eigenvectors v = (1,1) and v2 = (1,2)! corresponding to the eigenvalues 2 and 3 respectively. 


We have to find A. 


Let 
a b 
ae! 
. Then v, is an eigenvectors of A corresponding to eigenvalue 2 imples 


fH alt) se tof) casnadsors 


Similarly, vo is an eigenvectors of A corresponding to the eigenvalue 3 implies 


a 6) |2) _ g(t) a. Ja+20] _ [3]. 3 7 
b ‘ >| =3|3| 4.é. babel Ea i.e.a+2b=3&c+2d=6. 


Solving these equations we have, b = (a + 2b) — (a+b) = 3 —2 = Landd = (c+ 2d) — (c+, d) = 6— 
2=4iea=2—b=2-—1=landc=2—d=2-4=-2. 


So our A is 2 4 ; 


Result she 
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We have to find all invariant subspace of the operator T : R? > R? defined 


vl, L. Tile 
y 0 1 ly] ° 
Certainly, zero vector space is invariant under T. So let V be a non-zero 


T invariant subspace. Now suppose, € V for some a,b € R with 


a 
b 
b #0. Then fF | FI = fi : ' € V. Now Ps | and Al is linearly 


independent : for A, € R with A ite + jt F] = Hl implies that, 


b(A + w) = 0 and A(a+ b) + pa = Die. A = —p as b F 0. Hence 
0 = N(a+b) + pa = p(—a —b +a) = —phie. pp =O0ie. A= 0. Now 
dim(R?) = 2 and V has two linearly independent vectors, so V = R?. 


Now let W be another non-zero T invariant subspace such that Al € 


W => y=0. Then oI € W for some c € R — {0}. Hence + oI € W ie. 


fo] €W ie w={[]-«[4 ‘aeR}. 


Now we have to find all invariant subspaces of the operator S : R° > R° 


defined by 
10 Ol Iz 
+10 2 O} Jy]. 
00 3] {z 


Certainly, zero vector space is invariant. So we have to consider three cases. 


nea 


a 
Case 1:— V is a invariant subspace under S and there is a vector J eV 


with abe # 0. 


1 0 O| Ja a ; . 4 
Then, |0 2 O}| |b} = |2b] € V and 7 i € V. Now 
00 3] Ic 3c 


a a 
let a, 3,7 € Rsuch that, a |b} +8 | 2b] +7 rm = ; ie. a(at+8+y) = 
c 3e 9e 0 
and b(a + 23 + 37) = 0 and c(a + 48 + 9y) = 0. Since abe 4 0 we have 
a+8+7=0 and a+ 28+ 37 =0 and a + 48 + 9y = 0 and solving these 
equations we have 0 = a = § = y. Hence V has three linearly independent 
vectors. Also dim(R*) = 3. Therefore, V = R*. 


Case 2:— V is a invariant subpace under S. Also let, 1st coordinate of 
each vector of V is 0 but V contains a vector whose 2nd and 3rd coordinates 
are non-zero 


me: 
So let }a] € V with ab 4 0. Then , ; ; 2 € V. So let 
b a 0 3 


0 0 
a,8 € R with a ja| + ]2a} = ; ie. a(a + 28) = 0 = b(a + 38). 
b 3b 0 


Since ab 4 0 we have a = 0 = 3. That is V has two linearly independent 

0 

vectors. Also V is a subspace of { | aye R} which has dimension 2. 
y 

0 

Therefore, V = { x 


| sven} 


y, 
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In similar manner, one can show, if V is a invariant subspace under S such that, 


2nd (3rd) coordinate of each vector of V is 0 but V contains a vector 


z zx 
whose Ist and 3rd (2nd) coordinates are non-zero, then V = { | zy € x} (= { | :Z,ye x} ). 
y 0 


Case 3:—V is an non-zero invariant subspace under S such that Ist and 2nd co-ordinates of each vector in V are zero. 


0 0 0 
So let | € V with a + O. Now V is closed under scalar multiplication as it is a vector space, s9 V = { 2] -AE x} — { y :2re Rf. 
& Aa x 


In a similar manner, one can show if V is non-zero S invariant subspace 


such that 2nd and 3rd (Ist and 3rd) coordinates of each vector in V are zero then 


Result 
We showed that, invariant subspace of 
ee £ Alle 
y 0 1) \y 
are zero space, R? and vector space spanned by 
1 
0 
6.a 


Let P be the real vector space of polynomials p(x) = ap + ajz +... +anx" Of degree at most n. 
Let D denote the derivative mS, considered as linear operator on P. We have to show D is a nilpotent operator on P. 
Note that D(bo + bya + box? + bgar> +... + Ba |) + ama™) = bya + Qbga + 3b322 +... + (m- Vm v2 + mbna”, 


for m € {0,1,2,...,n} aNd bp, by, .... bm € R. Hence D"™! = De Doo D{(n+1)-times} = 0 where 


Now we find the matrix of D w.r.t. the basis {1, x,2?,r,...,2"}. 


Notice that, D(1) = 0, D(x) = 1, D(a?) = 2x, D(x) = 32?,..., D(a") = 
nx"~!, Hence the matix of D w.r.t. the basis {1,2,2?,,...,.2"} will be 


OFT 0 0: Or a.8 60 of 0 
00 220) One 10. Ds 0 
00 0 3 0 0 oO 90 
00000... 0 n-1 0 
0 00°00) s0°0- 0 om 
000-00. e788 oo 0 
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Now we have to find all invariant subspace of D. 
Let V be an invariant subspace of positive dimension. Note that, the only subspace of dimension zero is {0} which is certainly invariant. 
Let f(x) = co + qa + cox? +... + em2™ € V with m € {0,1,2,....n} aNd C9, €1,.€2, Cm € Rand em #0. 
Note that D°(f) := f, D(f), D?(f),.... D™(f) is linearly independent : 
for if Aof + AD(f) + A2D2(f) + ... * AmD™(f) = 0 for some Ao, ..., Am € RB, then Ag = 0 since the coefficient of x” in D*(f) isO when] <k <m. 
Hence the linear combination reduces to \)D(f) + \2D2(f) + ... * \mD™(f) = 0. Now, A; = 0 as coefficient of 2 in D*(f) is O when 2 < k < m. 


Hence the linear combination reduces to \2D?(f) +... + AmD™(f) = 0. Continuing this way, we have Az = 0, Az = O, «... Am = 0. 


Let g be the largest positive integer for which there is a polynomial, 


say f, in V of degree gq. Let V, be the space of all polynomials with degree at most gq. 


Then V C V,. Certainly, dim(V,) = q+ 1. Also {f,, D( fy), ... D“(f,)} is a linearly independent subset of V. Hence V = V,. 


Therefore, invariant subpace of D are {0} and V; := set of all polynomials of degree at most j, where j € {1,2,..., n}. 


Result 4Of4 


We show that D"*! = 0 and invariant subpace of D are {0} and V; := set of all polynomials of degree at most j 
, where j € {1,2,..., n}. 


© [a)]Suppose_X is an eigenvector of the matrix A. Then AX = Y isa scalar multiple of X, so that 
AX =\AX=Y 


for an eigenvalue A. Let 


. Then: 
(A —Al)x = Ax — Ax = 0 
so that 
a—~rX »b | _ |(a—A)a,+brg| _ [0 
c d—x| |xo| ~~ |cry +(d—A)zo| ~~ |0 
Thus we arrive at two equations: 


(a — A)a, + bag = 0 
cx; + (d—A)ao = 0 


Divide both by 2a, to get equations in s and A: 


(a—A)+bs=0 
c+(d—A)s=0 


Eliminating A, we arrive at the equation for s: 


_ e+ds 
~ atbs 


After multiplication with the denominator, this becomes a quadratic equation as it should, since there are two 
possible eigenvalues, and thus two possible slopes. 


e [b)] If an eigenvector v lies in the third or fourth quadrant, note that —v will lie in the opposite quadrant and 


still be an eigenvector. Thus it is enough to show that there is one eigenvector with positive slope and another 
with negative. 


Consider the equation from part a): 


bs? + (a—d)s—c=0 <> 


s— ¢— a+ v(a— da)? + Abe 
- 2b 


Assuming that all the a, b, c, d are positive, we find that 


d—a+/(a—d)? +4bc > d—a+ /(a—d? =d-—a+|d—al>0 
d—a-—./(a—d)? +4be <d—a-— /(a—d)? =d—a+|d—a| <0 


Thus we see that the two solutions have opposite signs, showing that one eigenvector has positive slope and the 
other negative. This means one can be chosen from the first quadrant and another from the second. 


Result 235 


a) Note that (A — AI) = 0. From this we get two equations in A, 21, 22. Divide by 2, to get the slope s = 
2/2 into the equations. Then eliminate A. 


b) From part a), we solve the equation and show that its solutions have opposite signs. Thus one eigenvector has 
positive slope and the other negative. 


Let T be a linear operator on a finite dimensional vector space V over the field F, 


such that every non-zero vector is an eigenvector. We have to show T is multiplication by a scalar. 


First suppose dim(V) = 1. Then there is a non-zero vector v € V such that V = {cv : c € F}. By hypothesis 
we have A € F such that T(v) = Av, so that T(cv) = cT(v) = c(Av) = X(cv) ie. T = AI where I: V — V 
is the identity operator. So in this case we are done. 


Next suppose, dim(V) > 2. Then let u, w be two linearly independent vectors of V. Now by hypothesis we have 
a, 8 € F such that T(u) = awand T(w) = Bw. Now note that u + w 4 0as {u, w} is a linearly independent 
set. Hence there is y € F' such that T(u + w) = y(u+w).Sothatau + Bw =T(u)+T(w) =T(ut+ 

w) = y(u+w). Hence au + Sw = yu+ ywie. (a — y)u = (7 — §)w. Since {u, w} is a linearly 
independent set we have a — y = 0 = y — Bi.e. a = B. What we observe is that for every vector w which is 
linearly independent with u we have T(w) = au where a € F is such that T(u) = au. Now every linearly 
independent subset can be extended to a basis of V. So let {v, saute Un} be a basis of V with u = vj, then for any 
x € V with representation x = c,v1 + cove +... + CnUn With C1, ...,Cn © F we have T(x) = c)T (v1) + 

CoT (v2) +... + CnT (Un) = Cy (v1) + Co(av2) +... + (Cpavn) = a(cy vy +... + CyUn) = avie.T = al. 


The case when dim(V) = Os trivial as in this case V = {0} so that T = 0 = OJ, where J : V - V is the 
identity operator. 
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Result 


We show that T’ = dI for some 6 € F. 


Section 5 


lia 


© [a)]Consider the matrix 
—2 2 
4-[3 4 
We can write the characteristic polynomial directly since this a2 x 2 matrix: 


p(t) = t? — (traceA)t + (det A) 
= t? — (-2+ 3)t+ (—2-3 — (-2) -2) 
=t?-t-2 


Solving p(t) = 0, we arrive at the two eigenvalues 4; = —1 and Ay = 2. Next, we (try) to find solutions to the 
systems (A — AJ)a = 0. For A = —1, we arrive at the system: 


(a-anx =|) 4] [= [0 


which has as solution any vector (21,22) with v1 = 2x9. Thus (2,22) = (2, 1), and we see that any multiple 
of (2, 1) is an eigenvector. In particular, (2, 1) itself is an eigenvector. 


For A = 2, we similarly look at the equation 


(a—apx=[7) 3] [2] = [4] 


Here we find that z2 = 21, and so the eigenvectors are given by (271, 21) for arbitrary 71. In particular, (2, 1) is 
an eigenvector. 
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© [b)]Consider the matrix 


We can write the characteristic polynomial directly since this a2 x 2 matrix: 
p(t) = t? — (trace A)t + (det A) 
= t? —(1+1)t+(1-1-i-(-i)) 
= t? —2t 


Solving p(t) = 0, we arrive at the two eigenvalues A; = 0 and Ag = 2. Next, we (try) to find solutions to the 
systems (A — AI)x = 0. For A = 0, we arrive at the system: 


(A—AI)X = FB | =] in ol 


which has e.g. (1,2) as a solution (or any multiple of it). Thus (1, 7) is an eigenvector for A = 0. 


For A = 2, we similarly look at the equation 


(A-AX = ie : 4 7 A 


Here one can see that this is satisfied by the vector (—1, i). This is an eigenvector then for A = 2. 


© [c)]Consider the matrix 


cos@ —sin@ 
A= ne cos6 


We can write the characteristic polynomial directly since this a2 x 2 matrix: 
p(t) = t? — (trace A)t + (det A) 
= t? — (cos@ + cos@)t + (cos @ - cos @ — sin - (— sin @)) 
= t? — (2cos0)t+1 


It is easy to see that this is satisfied by 1 = e” and z= e~. Next, we (try) to find solutions to the systems 


(A — AI)x = 0. We use Euler's formula, which states 


e” = cos + isin 


For \ = e”, we arrive at the system: 


ananx- [i a] f 


sind —isin@} |r 


which has e.g. (1, —z) as a solution (or any multiple of it). Thus (1, —7) is an eigenvector for \ = ef 


For A = e~”, we similarly look at the equation 


_ jisin@ —sin@] |a;| {0 
(SaaS jes asl iz] = Hl 


Here one can see that this is satisfied by the vector (i; i). This is an eigenvector then for \ = e# 
Result 4o0té 


In each of a),b),c) the characteristic polynomial is calculated as p(t) = t? — (traceA)t + det A. The quadratic 
equation p(t) = 0 is solved and then we solve the systems of linear equations (A — AJ)x = 0. 


20 


O°} 2 
Consider the matrix ( 1 ) where a,b are two complex numbers such that, 
lab 


t? - 4t-1is the characteristic polynomial of this matrix in indeterminate t. We have to find a and b. 


Note that characteristic polynomial of 


in indeterminate t is given by 


t-1 1 
1 a 


0 


t-1 0O it 
1 t-5b 


=(t—0)(-1)") yf taene + 2(-1)**? 


= t(t — 1)(t — b) — (t— 6) + 2a(t —1) -2 = #° — (1+ d)t? + bt —t +b + Qat — 2a 2 
= t? — (1+5)t? — (1—b—2a)t — (2+ 2a—b). 


Now comparing the polynomials t? — 4t — 1 and t? — (1 + b)t? — (1 — b — 2a)t — (2 + 2a — b) we have 
1+b=0and1—b—2a=4and2+ 2a—b=1,ie.b = —landa=-—l. 


Result 

The matrix 

01 2 

t -T-0 

lab 

has characteristic polynomial 
t® — 4t — 1 in indeterminate t if b = a = —1. 

3. a 
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© [a)]Suppose a linear operator T satisfies T” = I for some positive integer r. Suppose 
v is an eigenvector of T. Then 


Tv =v 
T?v = T(Av) = A°v 


T'v=Xv 
Now, T” = I, so we also have T’v = Iv = v. Since v is an eigenvector, it is non-zero, thus at least one entry is 
non-zero. Therefore A"v = v implies that 
Aa 


We see that an eigenvalue, if there is one, must be an r-th root of unity. 
Any of the r-th roots of unity can be eigenvalues as is exemplified by: 


2m 


ee ‘DO .6i. 10 


o 
©: 
—_— 


* [b)]Suppose a linear operator T satisfies (T — 2/)(T — 31) = 0. Suppose 
v is an eigenvector of T. Then 


0 = (T — 21)(T — 31)v = (T — 21)(Av — 3v) 
= (A* — 5+ 6)v 


Since v is an eigenvector, it is non-zero, thus at least one entry is non-zero. Therefore A? — 5A + 6 = 0 implies 
that 


A= 2,3 


We see that an eigenvalue, if there is one, must be either \ = 2, 3. 
Both cases are possible, e.g. by taking T = 2] or T = 33. 


Result SOfS 
a) We show that A” = 1 so that A must be an r-th root of unity. 


b) We show that A must be 2 or 3. 


4.a 
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The characteristic polynomial of the matrix in the exercise is calculated as 


A -1 0 0 
-1 A -1 0 
pn(A) = det(AIn — An) =|9 ~—1 A -+- 0 
Ovid! des, 


We will use the multilinearity of determinant. That is the property that the determinant is linear in each column/row. 
Thus we can write: 


A bh, Oo ane 0 » 0 OY case, -O 0 -1 O 0 
=f «A> =L na. 0 -1 xX -1... 0 -1 A -1 0 
Pn(A) = 0 -1 A oj—}0 -1 A. O),);0 -1 A 0 
0. «Q) “Oy sex 2 0 Oo O A 0 Oo oO DN 
A -l 0 —1 -l 0 
f= OX see. 0 0 cps 
2 |e ae .|-(-1)]. = 2 . | (Laplace expansion) 
a eee 0 0 d 
BN 0 
= Apn-1(A) + (—1) : : 
OA 


— APn-1(A) = Pn-2(A) 


We use the recursion for the characteristic polynomial derived above. For n = 1,2 we compute it explicitly: 


pi(A) = det(Al; — Ay) =A 


p2(A) = det(Aly — Ap) = A? — 1 
p3(A) = Ape(A) — pi(A) 

= (A? -1)-A 

= 3-2) 


pa(A) = Aps(A) — po(A) 
= A(A* — 2A) — (A? - 1) 
= \f— 2)? — )? +1 
= \1- 3)? 41 
ps(A) = A(A* — 3A? + 1) — (A? — 2A) 
= 5 — 4)? + 3A 


Result SofS 


Use multilinearity of the determinant in the first row. The recursion turns out to be p(A) = Apn—1(A) — pn-2(A). 
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Let 
a b 
le) 
be a2 x 2 real matrix. Now the characteristic polynomial of A in indeterminate t is given by 


act (5° og) = tata) be = — (a +a)t-+ad — be, 


Now A has only real eigenvalue 

<=> t?—(a+d)t + ad — be € Rit] has only real roots 
<= discriminate of t? — (a + d)t + ad — bc is non-negative 
<= (—(a+d))”—4-1-(ad—be) > 0 

<> a®+2ad+d? — 4ad + 4bc > 0 

<= (a—d)?+4be>0 


Note that when off diagonal entries of 


a b 

ed 
have same saign then we have be > 0. Also a,d € R so that, (a — d)? > 0. Hence, off diagonal entries have 
same sign implies (a — d)? + 4be > 0 which further implies that 


(: «) 


has only real eigenvalues. 


Result 3of3 
We showed that 
a b 
ec d 
has only real eigenvalues if and only if (a — d)? + 4be > 0. 

6.a 
Let (vp, U1,.-.,Un) be a basis for the vector space V. Suppose we define a linear operator by defining it on the 
basis as follows: 


T(v;) = Vi+1; O<i<n 
T(vn) = aovo + a1V1 +... + GnUn 
where the a; are scalars. 


The matrix of T is found by writing the coefficients of Tv; in the standard basis in the columns. Thus the matrix of 


the operator is: 


0 0 0 ag 
10 0 ay 
T= 0 1 0 ag 
OK Oh ase 
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Now consider the characteristic polynomial of the matrix T, which is computed as det(AJ — T’). Use Laplace's 
expansion: 


Xr 0 0 —ag 
-1 2A 0 —aj 
p(A) = 0 -14A —a2 
0 0 0 es 
A 0 —a; -1 A 0 0 
-1 xX —ag -1 xX 0 
= + (-1)"(~a0) 
0 0 A= an 0 0 0 —1 
A 0 —a) 
ed. XK has —ag 
=a DS + aayt—ay" 
0 0 A- ap 


Now, note the self similarity of this expression. We can apply the same logic to the remaining determinant: 


As? ‘Oy isc —a\ 
=1 Ao sce —ay 
= : - 4 ‘i .| — 40 
0 0 ... A—Gy 
Xr —ag 
= X(A}: ; — a) — a 
0 A- an 
ps —ag 
=}? : —ajA — ao 
0 A- ap 
= A"(A - Qn) - Geox —...—ajA —a0 
= Ne a? = gaa Ss a = 88 
Result Sof5 


The matrix of the operator T is easy to write down by the definition of a matrix representation of a linear operator. 
The characteristic polynomial comes from a determinant which is computed in a recursive way. 
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Consider the matrix 


. Note that, 1 is the only eigenvalue of A. Also, if 


is an eigenvector of A, then 


ie. y = 0. Hence eigenvector of A are 


, where z is a non-zero scalar. 


Now consider the transpose of A ie. 


is an eigenvector of A‘. Then 


i.e. a = 0. So the eigenvectors of At are 


where b is a non-zero scalar. 


From the above observations, it follows that, A and At doesn’t always have same eigenvector. 


Now let A be an x n matrix over the field F’. Now the characteristic polynomial of A in indeterminate z is 
det(xI,, — A) € F[z]. But notice that, characteristic polynomial of At in indeterminate z is det(xI,, — At) = 
det ((xI,, — A)') = det(xI,, — A). So the characteristic polynomial of A and A’ are same. So if \ € F is an 
eigenvalue of A with algebraic multiplicity n then, A is also an eigenvalue of At with algebraic multiplicity n. 


Result Sofs 


For a matrix A eigenvector of A may not same as eigenvector of A. But eigenvalues of A are same as eigenvalues 
of At (counting multiplicity). 
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Consider the 3 x 3 matrix A = [a; i]. We calculate its characteristic polynomial, in particular the coefficient of the 
linear term t. A 3 x 3 determinant can be calculated by e.g. Sarrus’ rule. 


t-ay —ay —a13 
p(t) = det(tl —A)=| —an t—ag —ayg 
—a3} —a32 +t — azz 


(t — ay1)(t — ag9)(t — a33) — ay2@93431 — a43421432+ 
— (t — ay )a93432 — (t — ag2)a13431; — (t — a33)ay202 
Se t(ai1.422 + 492433 + 433411 —13 431 — @12@21 — 23032) SEY 


Grouping the terms in the right way, we find that the coefficient is equal to: 


= 41492 — G12Aq] + 492433 — 493432 + 433411 —13 431 


a1 412 
421 422 


ail 413 
431 433 


a a 
22 423) 
432 433 


Result 20f2 


Calculate the characteristic polynomial by definition. Collecting the coefficients of t, it is not hard to check that 
they are of the given form. 


Consider the linear operator of left multiplication by ann x mn matrix A on the space F"*” of n x n matrices. 
Calling this operator L, we are looking for the trace and determinant of the operator 


L(M) = AM 


Let Ej; be the matrix with all zeroes except at position (i, 7) where itis 1. The set {F; | 1 < i,j < n}is the 
standard basis form x m matrices. Now, consider how T acts on the subspace spanned by 


V, = span{ Fj,, Bor,..., Enr} 


(these are the matrices who have non-zero entries only in the r-th column). Consider how the left multiplication 
acts on these: 


n 
AEjy = bs Aicbe;| 
c=l 


0 Aik 0 

0 aa}. 0 

0 Ank 0 
=) anE wr € V; 


c=1 


Here we denote the elements of Ej, with bj;. Note that b,; = 0 if 7 # k. The point is that AE;, has non-zero 
terms only in the r-th column. Thus we see that V, is an invariant subspace for left multiplication by A. 


We want to write the operator T' in matrix form with the standard basis. Order the basis as follows: 


Fy, E91,.--, Eni, Fiz, Eoo,..+, Bony. ++; Enits+++5Enn 


Thus the first n columns will be the determined by the action of A on Fj,, Eo,,..., Epp and so on. As seen 
above, AV, C V,, thus we in fact get a block matrix of the form: 
Ay SO? 235. 1G 
Oi! Ao, saz, °'D 
O° 0. cx As 


where A; is the matrix of the operator acting A acting on V;. As shown above, 


AE kr = AiE kr = Y) ck Ecr 


c=1 


We see that this expression does not depend on 7. Thus all the matrices A; are one and the same. It is easy to 
check that in fact 


Qi, @jQ «++ Ain 
Qj2 Gog «+--+ Aan 

A; = =A 
Gni Gn2 +--+ Ann 


Finally, all of this means that the operator L has as matrix the block matrix 
with A on the diagonal 


rn eee 

ie eee 
So = 

0 0 A 


The trace and determinant are computed as 


trace L = trace A+ trace A+...+ trace A 
=n-trace A 
det L = det A- det A...det A 
= (det A)" 


Sof 5 


Result 


Consider the standard basis forn x n matrices given by Ej; = [6;;]. One can check directly that AE, = 
yoy Ack Ecr. Thus grouping the basis matrices appropriately, we find that the matrix for left multiplication by A 
(in the standard basis) can be written as a diagonal block matrix. The trace and determinant are then easily 
relatable to the trace and determinant of A. 


10.a 
Consider the linear operator of multiplication by n x n matrices A = [a;;],.B = [b;;] on the space F"*" of n x 


n matrices given by 


T(M) = AMB 
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In the previous exercise we calculated the determinant of the operator L defined by L(M) = AM. Consider 
now the operator of right multiplication 


R(M) = MB 
As in the previous exercise, let 2; be the matrix with all zeroes except at position (7, 7) where it is 1. The set 


{Ei; Jl<ijg< n} is the standard basis for n x n matrices. Similar to the previous calculation, we can consider 
now 


W, = span{Ey1, E,2,..., En} 


We would find that 


R(E,.) = En~.B 
= [bijdxi 


— > es 
c=] 


Again, just as in the previous example, we would find that R is a diagonal block matrix 


Bt ie, 
0 Beas 0 
Bs +" 
a ey: 


Again, B;E,, = BE,), and so all the B; are the same and given by 


by bay eee 

bio bog «en ‘ 
PS ie sy eh =e 

bin bro eee Brn 


This means that 


det R = (det B')" = (det B)" 


Notice that our operator T can be written as a composition of left multiplication by A and right multiplication by 
Bie. 


T(M) = LR(M) = AMB 


The determinant of this operator is 


det(T) = det(LR) = det(L) det(R) = (det A)"(det B)” 


The trace is not multiplicative so the same proof doesn't apply. Consider how T(M) = AMB acts ona basis 
vector 


n 
T (Er) = AEB = [} 7 aicdes)B 
c=1 
= [aijbxj]B 
n 
= > AicDkebej| 
c=) 
= [ajxb,;] 
=... + apnb-p Epp +... 
Thus, writing out T in the standard basis, we will find that the diagonal entries have coefficients 
Apj Dry 1l<k,r<n 


The trace is the sum of the main diagonal elements, so 


n n 


trace T = >, »¥ Op Dpp 


k=1 r=1 


(=) (2) 


= (trace A)(trace B) 


oe 
Result Sof S 


Using the previous exercise and an analogous statement for right multiplication, we prove that the operator has 
determinant (det A)"(det B)”. The trace is calculated by considering an explicit basis and turns out to be the 
product of the traces of A and B. 


Section 6 


lia 
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Let A be an n x n matrix whose characteristic polynomial factors into linear factors: 
p(t) = (t — Ay)... (t — An). By the textbook lemma, this means that there is a set of eigenvectors which form a 
basis in which A becomes diagonal. This means that there is a similarity matrix such that 


i 0 0 
pap es : 
0 0 e 


Now recall that trace AB = trace BA. Thus 


trace A = trace (AP)P™! 
= trace P~'(AP) 
= trace A 
=AytAgt+...+An 


For the determinant it's even easier: 


det A = (det P)~! det A(det P) 


= det P“!AP 
= det A 
= AjAp..+An 
Result 20f2 


Since the characteristic polynomial factors completely, the matrix A is diagonalizable. The resulting diagonal A = 
P-!AP matrix has the eigenvalues as entries. It is easy to see that A and A have the same trace and determinant. 


© [a)]Suppose a complex n x n matrix A has distinct eigenvalues Ay, Ao, ..., An with eigenvectors ¥1,..., Un- 
Eigenvectors coming from distinct eigenvalues must form a linearly independent set. Since there are n of them, 
we see that they form a basis for (C”. An arbitrary vector represented in this basis is of the form 


V = AV, + AQUa +... + AnUn 


Suppose v is an arbitrary eigenvector i.e. Av = ku for some k € CC. All the eigenvalues are given by the A; thus 
k= X,. 


Suppose then that Av = Ayu = SO"_, Ajajv;. But 
n n 
Av = A(S> ajvj) = > Aja;0; 
j=l j=l 
This leads to two different representations of the same vector: 


n n 
Av = > AjQjv; = > Ajay; = 
j=1 j=l 
n 
YAi = Asajvj = 0 


j=l 


Since the v; are linearly independent, we must have that the coefficients are all zero. But since A; are distinct, we 
find that all the coefficients a; must be zero (except for j = 7). We see that v must be of the form 


Vv = QjVvj 
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Thus if v is eigenvector, it must belong to one of the given eigenvalues and must in fact be a multiple of the 
corresponding vj. 


© [b)] Suppose the conditions above hold. Write down the matrix [B) which has as columns the eigenvectors 
V1, -++, Un (in that order). This is a change of basis matrix for the eigenvector basis. We know that 


A = [B]“' A[B] 
where A is the diagonal matrix which has the eigenvalues A;, A2,..., An (in that order). Thus A is easy to write 
down as is [B]. [B]~! exists and is calculated in the usual way. Thus 

A= [B)A[B}"! 
Result a 
a) Note that the eigenvectors form a basis. A1,..., An are all the eigenvalues, so assume Av = Ajv. Write v down 


in the eigenvectors basis. Equating coefficients, one will find that the only possibility is for v to be a multiple of vj. 


b) We know that A = [B]~!.A[B] where A is the diagonal matrix with eigenvalues on its diagonal, and [B] isa 
change of basis matrix for the eigenvectors (which do form a basis). From this, it is easy to recover A. 


Let T be a linear operator on a finite dimensional vector space V and A be an eigenvalue of T 


such that 2, v2 are two linearly independent eigenvectors of T corresponding to the eigenvalue 4. 


We have to show multiplicity of A in characteristic polynomial is at least 2. 


Since {v1, vo} is a linearly independent subset of V we can extend this subset to a basis of V, say B = 
{v1, v2, U3, ..., Un} is a basis of V. Note that, T(vj,) = Avy for k = 1, 2. Now the matrix of T w.rt. B is of the 
following form :--- 


‘rc ii a 


0 C 


where Ip denotes the 2 x 2 identity matrix and B isa 2 x (n — 2) matrix and C isa (n — 2) x (n — 2) matrix 
and 0 is the (n — 2) x 2 zero matrix. Hence the characteristic polynomial y,4(x) of M in indeterminate z is 

(a — A)?ve(x), where x(x) denotes the characteristic polynomial of C’ in indeterminate 2. That's eigenvalue 
of the operator T has multiplicity at least 2 in the characteristic polynomial of the matrix M. So we are done. 


Result Sof 5 


We show that multiplicity of A in characteristic polynomial of T is at least 2. 
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Note that the characteristic polynomial of 


alg 
isa” — 4x + 3 = (x — 3)(x — 1). So the eigenvalues are 3 and 1. 
Also, 
fa} h=sU] 

and 

i al LAl=1[4 

1 2] [-1 —1 
So let 

st i 3 | 

then 


P“AP = P“A[P,; : Pwo] = P™[APa : APoo] 
aS aitaeeee ese ea © 1S. 36 
= P“'(3P,, :1P,.] =P al el i: 


Here P,,, P.. denote Ist and 2nd columns of P respectively. 


Now notice that (P-1 AP) = P-14®°P So that, 
A*” = P| (P 14P ™ Re =P c P 


Now note that 


-—2|-1 1 
, SO 
ao 1 [38° 1) [-1 -1)_1/3%4+1 3-1 
~ —2 13 —1] [=1 2) ~ 919-1 3% +4]° 
Result 
We show that 
Fee | ee a Md 
—~ 9 13% —1 9341 
5. a 
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© [a)]Since there is no obvious way to write down such a matrix, we will compute the eigenvectors. If the matrix is 
diagonalizable, then the eigenvectors will form a basis. The change of basis matrix will give the required 
similarity matrix P. 


First we compute the characteristic polynomial: 


p(t) = dee(tr - a) =|" = 


t—1 


= (t — 1)? -i(-i) 
= t? — 2t 


It has the zeroes t) » = 0, 2 and these are the eigenvalues A), A2. Now we find the eigenvectors by computing 


ker A — XJ. For A = 0, one has 
_ |. e) [ery [0 


This is realized for vy = (21, 22) = (1,7) (and any multiple of this). 


Consider now the other eigenvalue \ = 2. One has 


a-ane=[} A] E-[ 


One finds that this is satisfied by vg = (1, —7). This gives another eigenvector. 


Write the eigenvectors as columns to get the change of basis matrix 


P= (i= |} | 


i -t 


From theory, we know that P~! AP is diagonal, thus P is the required matrix. 


¢ [b)] First we compute the characteristic polynomial: 


t 0 -l1 
p(t) =det(t2-—A)=]-1 t 0 
0 -1 ¢ 

= -1 


It has the zeroes t1.93 = 1,w,w? w= avs) and these are the eigenvalues 1, Ao, Az. Now we find the 
eigenvectors by computing ker A — AJ. For A = 1, one has 


-1 0 1] [a 0 
(A-—AI)v=]1 -1 Of] Jae] = j0 
0 1 -1] |23 0 


It is easily guessed that this is satisfied by (1, 1, 1). Since all the eigenvalues are distinct, there can only be one 
eigenvector for each eigenvalue (up to multiples). 


Consider now the eigenvalue A = w. One has 


w 0 1] fay 0 
(A = AT)v =]1 w 0 fg) = 0 
0 1 wt {a3 0 
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By summing the rows, we would find that 71 + 2» + 23 = 0. From this one can infer that a solution is given by 
(1, Te, @3) _ (1,w?, —w). 
The same reasoning works for A = w”, where one gets the eigenvector (21, @2,23) = (1,w, —w”). 


Write the eigenvectors as columns of the change of basis matrix: 


i oe 1 
P=([B)=|0 w” -w 
0 w —-w? 


From theory, we know that P- AP is diagonal, thus P is the required matrix. 


* [0] 


First we compute the characteristic polynomial: 

—cos@  sin@ 
—sind t—cosé 
= (t — cos)” — sin @(— sin @) 

= t? — (2cos0)t+1 


p(t) =ae(er—ay=/ 


It has the zeroes t) 9 = e9 e~9 and these are the eigenvalues A;, A. Now we find the eigenvectors by 


computing ker A — AJ. For A = e®®, one has 


_ |-isin@d sin@ | |a,| _ [0 
emia ics Soe aa | = Hl 


This is realized for vy = (21, 22) = (1,7). 


Consider now the other eigenvalue \ = e~ 8 One has 
_ {itsiné@ sin@| ja;| _ {0 
ad law i sind ul | - | 


One finds that this is satisfied by vo = (1, —7). This gives another eigenvector. 


Write the eigenvectors as columns to get the change of basis matrix 
Oe 
P= [8] =|; | 
t -t 


From theory, we know that P~! AP is diagonal, thus P is the required matrix. 


Result 4ot4 


In each of a),b),c), one first computes the characteristic polynomial. The zeroes of this polynomial are the 
eigenvalues. Finally, solving the system (A — AI)v = 0 for each eigenvalue, gives an eigenvector. P is given asa 
change of basis matrix from the standard basis to the eigenvector basis. 


Let A be an x n matrix over a field F such that A is diagonalizable over 
F ie. there is a invertible n x n matrix P over F such that PAP~! = D, 
where D is a diagonal matrix over F. We show that there is a n x n matix 


Q over F such that det(Q) = 1 and QAQ™! = D. 


Note that, det(P) 40 as PP-! = I implies det(P)det(P-!) = det(I) = 1. 
So let Q = zipyP, then det(Q) = 1 and Q-! = det(P)P-'. Now, 


QAQ™! = (aac?) (aera) 


1 
= (saya) PAP-' =1D=D. 


Result 20 


PAP-! = Dimplies (atm?) A(det(4)P-*) - (cetmdet(P)) PAP =1D=D. 


7.a 


Let A and B are two n x n matrices over the field F such that A is non-singular. Then BA = A~!(AB)A = 
A-!(AB)(A7!)-1 where, A~! denotes the inverse of A. Therefore, AB is similar to B.A. 


Result 
Ais non-singular implies that BA = A~!(AB)A = A~!(AB)(A“)71. 


8.a 
Method 1. 


To prove that 7 is nilpotent if and only if there is a basis of V such that the matrix 7 is upper 
triangular with diagonal entries zero, 


Suppose 7 be the linear operator and Is nilpotent for some positive integer x . 
Then, 
T'=0 
Then, show that there is a basis of y such that the matrix 7 is upper triangular with diagonal 
entries Zero. 


Suppose { be the eigenvalue of the matrix 7, 

Then, 

A =0 

This implies that, 

A=0 

This implies that 9 is the only eigenvalue of the nilpotent matrix 7. 

Then, corresponding to the each eigenvalue (), there is a eigenvector y,. 

Then, the eigenvector (y,) can be extended to form the basis B =(v,,v,,...,v,) for the vector 
space y’. 


Then, the matrix 7 will have the form 


A a, Gy aw 
A ay ayo ay, 
A awe a, 
T= ; 
a Ge-t)n 
2 
But, all the eigenvalue of the matrix 7 are zero. 
That is, 
A=0 
Then, 
0 a, ay My a, 
0 ay ay a, 
0 a, 4,, 
T= a 
0 Qn-1Kn-1) 
0 


Hence, it concludes that if the matrix 7 is nilpotent then there is a basis of V such that the matrix 
T is upper triangular with diagonal entries zero. 


Converse part, 


Suppose 8 a basis of the vector space jy such that the matrix 7 is upper triangular with 
diagonal entries zero. 


Then, 
0 a, 4 ay oo a, 
OMe Ge. ae ae we 
Ody. Sore we 
T= ; ; 
0 Quito) 
0 


Since, the above matrix 7 is the strict triangular matrix. 
Then, the matrix 7 must vanish at , power. 
Then, 


This implies that the matrix 7° is nilpotent. 


Therefore, the matrix 7 is nilpotent if g is a basis of the vector space V’ such that the matrix 7 
is upper triangular with diagonal entries zero. 


Hence, it is proved that 7 is nilpotent if and only if there is a basis of |/ such that the 
matrix 7 is upper triangular with diagonal entries zero. 


Method 2. 


Let T be a nilpotent operator over a finite dimensional vector space V i.e. T* = 0 for some positive integer k. 


We have to show there is a basis of V for which matrix of T is upper triangular, with diagonal entries are 0. 


Proof :— The result is true if T is zero operator. So we may assume, T is a non-zero operator. 
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We prove this by induction on the dimension of V. Clearly, this result holds when dim(V) = 1. So assume, dim(V) > 1. 


Also let the result holds for each vector space with dimension strictly less than dimension of V. 

Null space of T has a non-zero element : Let n be the smallest positive integer for which T” = 0. Then T™"! + 0. 
So there is v € V with T"™"(v) 4 0. But T” = 0 implies T(T""(v)) = 0. 

Therefore, dimension of null space of T is at least 1. So by dimension formula we have dim(range(T)) < dim(V). 
Consider the operator S = T| pangecr) : range(T) + range(T). By our induction hypothesis, 


we have a basis {u), uz, ..., Um} Of range(T’) for which matrix of S is upper triangular. 


Extend the basis {uy, ..., tm} Of range(T) to a basis of V, say {u,..., Um, Um+1, -, ul} iS a basis for V. 
Now notice that for each p € {m *],...,1} we have T(up) € range(T) = span{uy, ug, ..., Un} © {uy, ..., Up}- 
Hence the matrix M of T w.rt. {u),..., uw} is upper triangular. 
Now characteristic polynomial of T in indeterminate t is given by det(tI; - M). But notice that, as M is upper triangular, 
So is tJ; - M. Also determinant of an upper triangular matrix is nothing but product of all diagonal entries. 
Hence det(tI; - M) = (t- Mj)...{t - Mu), where Mpp denotes the p-th diagonal entry of M for p= ,...,l. 
Hence eigenvalue of M as well as T are Mj, ..., My. Now for each p € {,...,/} we have non-zero vector vp € V 
such that T(vp) = Mppvp which imples, T#(vp) = MZ,vp,T>(vp) = Mg,up,--.T*(vp) = Mfjup. But by hypothesis T* = 0. 


Hence MK, = 0 as vp # Oe. Mp = 0 for each p € {1..., I). 
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Now let T be a linear operator on a finite dimensional vector space V such 
that with respect to some basis of V the matrix of T is upper triangular 
with diagonal entries are zero. We have to show there is a positive integer 
d such that T¢ = 0. 


So let {v},..., Un} be a basis for V with respect to which matrix A = laij}P 51 
of T is upper triangular, with diagonal entries are zero. Therefore, aj; = 0 
if i > j and i,j € {1,...,n}. Also, we have T(vj) = S77, ajjv; for each 
j € {1,..., n}. 


Hence 


T(v1) =0 => T(x) =0if k>1, 
T(v2) = ay2v1 => T*(v2) =0 if k > 2, 
T (v3) = a130) + a23v2 => T*(vs) = 0 if k > 3, 


T (va) = aavi + a2av2 + a3iv3 => T*(vy) =O if k > 4, 


T(Un) = Qint1 +... + Qy(n—1)Un-1 => T*(un) =Oif k>n. 


Using these we have T" = 0. Hence T is nilpotent. 


Result 


We do it by induction on dimension of V. 


9.a 


Let A be areal 2 x 2 matrix and suppose A? = J. This amount to the matrix equality: 
aa |* b] fa b] _[a*+be b(a+d) 
~ le di le d| |e(a+d) d+ he 


Thus we arrive at the set of equations: 


a*+be=1 
b(a+d)=0 
c(a+d) = 

@+be=1 
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We distinguish two cases 


¢ Ifa+d +0, thenb = c = 0. The first and fourth equation reduce to a” = d? = 1. Sincea +d ¥ 0, we find 
that a = d and this gives the possible matrices 


41 0 
a=[% n= 


* Suppose a + d = 0. Consider the characteristic polynomial. For a2 x 2 matrix this is 
p(t) = t? — (a+ d)t + ad — be 
Since a + d = 0, we have 
p(t) = t —a? -be=t? -1 


in view of the first equality above. Thus the matrix does have real eigenvalues. If they are distinct, then the matrix 
can be diagonalized. Assume that the matrix only has one eigenvalue. Then it is similar to an upper triangular matrix 
of the form 


sl 
B=[5 ie] 


But the trace of this matrix is non-zero, whereas similar matrices must have the same trace. (The trace of A is a + 
d=0) 


Now we look at the case when the eigenvalues are distinct. This means there is a basis with eigenvectors vj, Vo, 
and that the matrix A is diagonalizable. Write 


P= [vy v2| 


for the change of basis matrix. Then 


We see that either A = +I or A has distinct eigenvalues and 
1 
— p-l 
A=P i E| P 


where P is the change of basis matrix for the eigenvector basis. 


Left multiplication by I doesn't change the coordinates. Left multiplication by —I rotates the coordinates 180° 
around the origin. 


Finally, 


4 


is just a reflection around the y-axis (if we reverse the order of the eigenvalues we'll have a reflection around the x 
-axis but this is not relevant). 


Therefore, 


_p-1|1 0 
A=P k ah 


changes the coordinate basis, does a reflection in the new coordinates, and then turns the coordinates back. 
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Result 4of 4 


Write down a general 2 x 2 matrix A. If the trace is non-zero, then A = +I and this is the identity or rotation by 
180° around the origin. 


If the trace is 0, then the characteristic polynomial of A is t? — 1. The trace of A being 0, the eigenvalues of A 
must sum to zero, thus the eigenvalues are 1, —1. This shows that 


es ae 
A=P 0 AP 


. The matrix in-between is just a reflection around the y-axis. Thus A changes the basis, reflects, and changes back. 


10. a 


(=)Suppose A, D are diagonalizable matrices. Write 
A 0 
u=[ 
.Lete},..., ef, and f{,..., f/, be eigenvectors for A, D. 


Extend the e; to e; by adding m by concatenating m zeroes. Extend fi to f; by concatenating n zeroes from the 
front. Then 


for some scalar k. The same applies to the fj. It is obvious that {e1,...,€n, fi,---; fm} isa linearly independent 
set. Thus we have constructed a basis of eigenvectors. We conclude that in this basis the matrix is diagonal. 


(<=)Now suppose a block matrix M is diagonalizable. Suppose A was an n x n matrix and D an m x m matrix. 
Since M is diagonalizable, M must have a basis of eigenvectors v1, V2,..., Un, Un+1,--+;Un+m. Write each of 
these as 


y=er fi 


where e; has zeroes in the last m entries and f; has zeroes in the first n entries. Consider the dimension of 
subspaces 
V = span{e; |i = 1,...,n +m} 
W =span{f; |i=1,...,n +m} 
Since e; has only the first n entries non-zero, we see that dim V < n. Similarly, dim W < m.Now, VQ W = 
{0} and 
dim(V + W) = dim span{e;, f; | 1,...,2 +m} 


= dim span{v; | 1,...,n +m} 


=n+m 


Finally, we arrive at the inequality: 


n+m=dim(V +W) 
= dim V + dim W — dim(U N W) 
<n+m 


A 


We see that the inequality must in fact be an equality and this happens if and only if dim V = n and dim W = m 
. Reindexing if necessary, we see that V is generated by exactly n of the e; and similarly for W, so: 


V = span{ex | k = 1,...,m} 
W = span{f, | k =1,...,m} 


Since V + W is the whole vector space, we see that the eigenvector basis v),..., Unim can be replaced by 
AERO YA Pe foe 


Denote by el the vector e; from which the last m terms have been truncated. One can then write: 
Aei| [A 0] [et 
0; {0 oO} J0 
_ [A 0) fe 
~ 10 DI} 10 


Note that we added the D with no effect since it will just multiply with zeroes. Thus this vector is expressible only 
in the e; (Le. 


Ae’ 
0 


Jev 
). 
Next, we bring this into connection with the eigenvector v;: 
A 0] fet 
[0 olla] => 
= M(v; — fi) 


= ku; — Mf; 
=k(e+fi)—-MfeV 


Note that Mf; © W and since V and W are disjoint, we can be sure that there are no e; in the expression. The 
end result must be in V, so we conclude that kf; = M f; and finally that 


(f= 


Thus e! is an eigenvector for A. Obviously, e}, Sees é, is a basis. Similarly, we would find that by truncating the first 
n terms of the fi, would give us eigenvectors for D. Thus we conclude that both A and D have a basis in 
eigenvectors, therefore, they are diagonalizable. 


Result Aoth 


If A, D are diagonalizable, then the eigenvector bases for A and D can be extended to an eigenvector basis for 
M. 


\f M is diagonalizable, then the eigenvector basis for A and D can be used to construct an eigenvector basis for 
Aand for D. 


Tica 
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e [a)]Let 


be a2 x 2 matrix with some eigenvalue X. Let 


ue 


. We will show that v is an eigenvector for A (assuming it is non-zero). This means that we should have 


Av =v = 


¢ dl pr al=Ala al = 
era —ed|=[a-a]} 


B + a - a = bas ‘jl 


We see that the first coordinate is equal, whereas for the second, equality occurs if and only if 


be+dX\—ad=XA-—a) => 
 — (a+ d)A + (ad — be) = 0 


Note that this is the characteristic polynomial evaluated at A! By definition, A is a zero of the characteristic 
polynomial, and thus we conclude that the above inequality holds. 


We conclude that v is an eigenvector for the value AX. 


* [b)] Assume the matrix A has two distinct eigenvalues A1, A2 and that b # 0. By a), we have the two 


eigenvectors 
b b 
Ay — al]? |Ag-—a 


Since b $+ 0, neither vector can be the zero vector. Since A, # Ag, we conclude that these are distinct 
eigenvectors of their respective eigenvalues. 


A matrix P such that P-! AP is given by the change of basis matrix with eigenvectors as columns: 


b b 
Ai—a A2—-a 


Result Sof 
a) Let A be the matrix and v the supposed eigenvector. By direct comparison, it is easy to check that Av = Av. 


b) Assuming that there are two eigenvalues, part a) gives us an explicit way to write them down. The matrix P is 
given simply as a matrix with the two eigenvectors as columns. 


Section 7 


lia 
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Consider the matrix 


The characteristic polynomial is 


t-1 -1 0 
p(t)=}| 0 +t-1 O | =(t-1)8 
0 -1 t-1 


Thus the only eigenvalue is A = 1. We search for the (generalized) eigenvectors 
ie. vectors v from ker(A — AJ) for j > 1. We find that 


Od D: }-6 
(A-AI)jv=0 => {0 0 0] 0 
f 1 0 4 
We sce that if v = (x1, 22,73), we need to have rg = 0. Thus 21,273 can 
be chosen arbitrarily and we see that the ker(A — AJ) is spanned e.g. by 
(1,0,0) and (0,0,1) and k), the dimension of this kernel, is equal to 2. 
Consider now (A — AI)?: 
0 
0 
0 


Thus ky = dim ker(A — AJ) = 3 and the same for higher powers. 

Now, kj tells us how many Jordan blocks there are of any size d > 1. ko — ky 
tells us how many blocks of size d > 2 there are and so on. 

We see that there is exactly kz — k, = 1 one block of size greater than 2. 
Since there are k; = 2 blocks in total, we conclude that their sizes must be 
1,2. The eigenvalue A is 1, so the Jordan normal form is given 


100 
se 
001 


Note that the upper left part is a 2 x 2 Jordan block. The 1 in lower right 
corner is a Jordan block of size 1. 


000 
(A-Al)?v=0 <— |0 0 0 
0 0 0 


Result 20f2 
We calculate the eigenvalues. It turns out that there is only one, namely A = 1. 


Consider (A — AT yj . We find that the dimensions of the kernel of this operator are ky = 2, ko = 3,.... This 
means that there are 2 Jordan blocks in total. There ky — ky = 1 blocks of size greater than 2. The only possibility 
is that the two blocks are then of size 1 and 2. 


Consider the matrix 


Then its square is 


A 


Il 
— 
-_ 
-_ 
_ 
_ 
— 

Il 
_ 
— 
-_ 
Il 
i 


which shows that A is idempotent. Suppose A is an eigenvalue and suppose that v is a non-zero eigenvector. Then 


dv = Av = A*v = dN? 


From this we have that (? — )v = 0. Since v has at least one non-zero coordinate, we conclude that A must be 
either 0 or 1 (if there is an eigenvalue). 


We try out A = 0. The kernel of A — 0J = A is given by the solutions of 


i jhe xl 0 
Ar=0 = |-1 -1 -1 0 
4 She 4h 0 


Note that all three lines reduce to one and the same equation 7) +22+23 = 0. 
Thus taking e.g. (1,—1,0) and (1,0,—1) shows that the kernel of A is of 
dimension 2. 

Now, let us check whether maybe 1 is an eigenvalue as well. We have 


O-mdt> 7 0 
(A-—Ix=0 => |-1 -2 -1 | 0 
Lt 2: 2 0 


This reduces to the two equations x; + 22 = 0 and x2 + 73 = 0. This space 
is spanned by e.g. (1,—1, 1). 


Step 3 3of 4 


We see that we have found a basis given by eigenvectors, therefore the operator is diagonalizable and we have 
that its Jordan normal form consists of 1 x 1 Jordan blocks (i.e. is a diagonal matrix) 


Result Aol 4 


Itis easy to check that A? = A. From this it follows that an eigenvalue must satisfy A? = A. Thus the only possible 
eigenvalues, if there are any, are 0, 1. We see that for 1 = 0 we have two eigenvectors, while for 4 = 1 one. This 
gives a basis of eigenvectors, so A diagonalizable. 


3.a 
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Let V be a complex vector space of dimension 5. Let T be a linear operator whose characteristic polynomial is 


(t — A). Suppose that the rank of T — AT is equal to 2. 


This means that 


ky = dimker(A — AJ) =5-2=3 


Recall that k; states the number of Jordan blocks (of any size d > 2). Since no other information is available, we 
conclude that Jordan normal form is made up of 3 blocks whose sizes can be partitioned as: 


5=3+1+1 
=2+2+1 


Thus the possible Jordan normal forms of the operator are: 


0 


ooor rf 


1 
1 
0 
0 


(Note that the individual Jordan blocks could be permuted by a different choice of basis but there all similar 


matrices.) 


Result 


0 


0 
1 
0 
0 


0 


0 
0 
1 
0 


- OOO © 


ooore 


oooro 


OoOrroe 


oroc9ceo 


- OOC © 


2 of 2 


Since the rank of T — AI is equal to 2, the dimension of its kernel is ky = 3. This means that there are 3 Jordan 
blocks. Their sizes must add up to 5, thus the possibilities are 3, 1, 1 and 2, 2, 1. 


¢ [a)]Consider matrices whose characteristic polynomial is given by 


(t + 2)?(t — 5) 


Let M be such a matrix and suppose .J is its normal form. It is immediately seen that —2 can appear twice and 5 
thrice (because of the multiplicities in the characteristic polynomial). Thus the possible Jordan blocks can be found 


by partitioning 2 and 3: 


2=2 
=1+1 

3=3 
=2+1 
=1+1+1 


The possible 2 - 3 = 6 Jordan forms are given by 


2 0000 
0 2000 
0 0 50 0|, 
0 0050 
0 0005 
20000 
1 2000 
0 0 50 Of, 
0 0050 
0 0005 


Ornoo orFnoe 


oumuooocowceo oe 


oooceo n17cco & 


Sornoo orFrnoe 


meaonoocdwrnanodc& 


ooooo nV7ceoece 
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e [b)]JAssume now additionaly that the space of eigenvectors with eigenvalue -2 is one-dimensional, and the 
space of eigenvectors with eigenvalue 5 is two-dimensional. 


This means that k; = dim ker(A + 2) = 1 and so there is only one Jordan block for A = —2. 


Similarly, for the other eigenvalue ky = dim ker(A — 5/) = 2. This means that there are two Jordan blocks for 
A=5. 


This leaves the matrices: 


=2, 0.0.2.0 —2 0 000 
1 2000 L =2'- 0! (0 0 
0 Of 8.0! Oily 0 CG 2°70) G 
0 Oo O° s.9 0 Oh a. AG 
0 0 Oi O 5 0 0 00 5 
Result Sofs 
a) From the characteristic polynomial we see that there are up to 2 Jordan blocks for \ = —2 and 3 for A = 5. In 
the first case, the possibilities are one block of size 2 or two of size 1. Similarly, for A = 5, the sizes are 3,2 + 1 
and1+1+1. 


b)With the additional assumptions, only two matrices from a) satisfy the conditions. 


Suppose a matrix A has the property that all the eigenvectors are multiples of a single vector v. Suppose w is 
another eigenvector. Then if v belongs to the eigenvalue 


Aw = A(kv) = kAv = kAv = Aw 


and so we see that w must also belong to the same eigenvalue A. Thus there is only one eigenvalue. Since all the 
eigenvectors are multiples of v, we see that 


ky = dimker(A — AJ) = 1 


This means that there is only one Jordan block i.e. the Jordan form is given by 


wo oO 42°08 
D -A oh  eas..? O 
Qutb (X-> <an 010 
0 0 Xr 0 
0 0 1 Xr 
Result 20f2 


Since all the eigenvectors are multiples of one another, we conclude that all belong to one eigenvalue. Then ky = 
dim ker(A — AI) = Lis the number of Jordan blocks. Thus the whole Jordan form is given by one block (a 
diagonal matrix with 1 on the left subdiagonal). 
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Suppose a linear operator T has a Jordan form J consisting of only one block. Suppose V was an invariant 
subspace. Consider it's direct complement W. Then putting together bases for V and W, we would have that T 
has a representation as a block matrix 

A 0 

0 B 


These matrices can be put into Jordan normal form (since T can), and we would find that the Jordan form J of T 
consists of at least two Jordan blocks. This is in contradiction with the starting hypothesis. 


We conclude that the only invariant subspace T can have is the vector space on which it is defined. 


Result a2 


Assume T has an invariant subspace smaller than the whole space on which it is defined. But then T’ can be 
represented as a (diagonal) block matrix. This is in contradiction with T having just one Jordan block. 


Let A be an«n complex matrix such that A? = A. We show A is diagonalizable. 


Step 2 20f3 


Let, A € C be an eigenvalue of A and y € (C” is a eigenvector of A corresponding to the eigenvalue A € Cie. 
Ay = Ayie. Ay = Ay = A?y = A(Ay) = A(Ay) = AAy = A?y. ie. (A? — A)y = 0. But y 4 Oas y is an 
eigenvector. Hence A(A — 1) = 0. So eigenvalues of A can be either 1 or 0. 


Suppose, 0 is not an eigenvalue of A then, det(A — OI) + Oie. A is invertible. So the equation A? = Aie. 
A(A — I) = Oimplies A = I. Hence in this case A is diagonalizable. 


Next let, 1 is not an eigenvalue of A then det(A — 11) 4 Oi. A — Iis invertible. So the equation A? = Ai. 
A(A — I) = O implies A = 0. Hence in this case, A is diagonalizable. 


Now suppose, both 0) and 1 are eigenvalues of A. Note that, A(Aw) = A? = Az for each x € C”. Also, for 

z € C" wehave z = Ax + (x — Ax). Now A(x — Ar) = Ax — A(Az) = 0, Vax € C”. Hence for each x € 
(C" we have Az is either 0 or an eigenvector of A corresponding to eigenvalue 1. Similarly, for each 2 € C” 
either z — Az is zero or an eigenvector of A corresponding to eigenvalue 0. Hence, (C” can be written as sum of 
two eigen-spaces of A. Now suppose, 0 = u + v where, u € (C” is an eigenvector of A corresponding to 
eigenvalue 0 and v € (C” is an eigenvector of A corresponding to eigenvalue 1. Then 0 = AO = Au+ Av = 
Ou + 1v = v. Hence u = 0 also. Therefore, ‘C” is direct sum of two eigen-spaces of A. Hence in this case A also 
diagonalizable. 


Result 


We show thatan x n matrix A with A? = A is diagonalizable. 
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Let A be a complex square matrix. Since it is over the complex numbers, the characteristic polynomial will have 
zeroes, and A will have eigenvalues. This means that A is similar to a matrix in Jordan normal form. 


We will first prove the statement for matrices in Jordan normal form. In particular, consider first a single Jordan 
block: 


40 0 0 
ioe eer 0 
Rated a 0 
OCD Meese 


We claim that J, is similar to J‘. Indeed, take as similarity matrix P the matrix with 1-s on the antidiagonal and 0-s 
else. Then 


a) 
NX 
T 

be 
uv 


0 0 0 AT TX 0-0 0 41 0 0] fo oO 01 
0 0 1h 1 XO 0 Ox a 0} |0 0 1 0 

: Ov Io 3X Che 0 24 0 ‘ 2 
ot 0 0 : 01 0 0 
1 0 0 0] 10 0 0 5 000 A} 1.0 0 0 


Multiply the left and right hand side out. Note that the similarity matrix is a permutation matrix. Multiplying from the 
left it works on the rows, and from the right it works on the columns. Note the matrix just reverses the order of the 
rows/columns. We find that the two sides are equal: 


0 0 1’) fo 0 i 
0 0 » of lo 0 0 
ae oof fa A 0 0 
0 oo} ta 0 0 0 


We conclude that Jordan blocks J) are similar to upper triangular matrices. 


Now, suppose J is a matrix in Jordan normal form. Then it consists of individual Jordan blocks 
J 
Jy 
Ji, 


For each of these JJ; there is a similarity matrix P; just as above. Let P the block matrix with the P; in the diagonal. 
Then PJ = J'P will again hold since it holds for all the Jordan blocks. Thus every matrix in Jordan normal form is 
similar to its transform. 


49 


Finally, since every matrix is similar to a matrix in Jordan normal form, we have a similarity matrix Q, such that 
Q1AQ =J 
Then multiplying with P~" from the left and P from the right, one finds that 
PQ AQP = PJP 
= J 
= (QAQ"")' 
=(Q7Y'A'Q' 
From which finally follows that for R = QP(Q*)-, we have 
R'AR= At 
as required. 


Thus every matrix over the complex numbers is similar to its transpose. 


Result SOM 


First prove that this is true for Jordan blocks Jy. One can take for the similarity matrix the permutation matrix which 
reverses the order of rows/columns. 


Next prove the statement for matrices in Jordan normal form. Finally, use the fact that every matrix is similar to a 
matrix in Jordan normal form to derive the general statement. 


Here we have to find a 2 «2 matix A over F, such that A” = I for some positive integer n but A is not diagonalizable over F,. 


Consider the matrix 


td 
‘=[0 1] 
. Then, 
Ce a 
aie an 
. Similarly, 
reed | fe a We | 
eo | 
. In general, 
n_|l nl 
ely 


,wheren-1=1+1+1+...+1{n-times }. Therefore, 


1 p-1)_ fi 0 
P'— = = 
aa lo l=[o ]=2 


Now we show A is not diagonalizable over F,,. Note that, 1 is the only eigenvalue of A. So if possible let, A is 
diagonalizable, then eigenvectors of A corresponding to the eigenvalue 1 forms a basis of F But if 


i 


is an eigenvector of A then 


. So that, b = 0. So the eigen-space of A is 


which doesn't contain 


0 2 
Hl F 


--- contradiction. Therefore, A can't be diagonalizable over F». 


Result 


Our required matix is 


fo 


Miscellaneous Problem 


lia 


Letv = (a, . ++ ,@n) be areal row vector. We form the n! x n matrix M whose rows 
are obtained by permuting the entries of v in all possible ways. 


Note that if 


aj = ag=>—...=4y 


then the rank of the matrix M is 0 (if all the entries are zero) or 1 otherwise. We will see that in general this case is 
quite important. 


Assume now that not all the a; are equal. Let V C IR” be the vector space spanned by the row vectors of M. 
Define 


~={r eR" |Mx=0}=kerM 
(this is in fact the orthogonal complement of V). We claim that one of these two subspaces must be equal to 
span{(1,1,...,1)} = {(¢,c,...,¢) |c € R} 
Suppose this was not the case. Then both V and V~ have vectors whose components are not all the same. Let 
w = (c1,¢2,..-,¢n) € V~ 


with c¢; + c;. We assumed that not all the a; are the same. Since V contains all permutations, without loss of 
generality we may assume that a; + a; (else reshuffle the vector uv). Define the vector 


O! HN Eigse Ofy cs 3 Gigdavig Ga) 


which has the i-th and j-th components of v switched. Since M contains all the permutations, this is still a row 
vector of M. Finally note that because of Mw = 0, we have w'v = w'v’ = 0 so that 


0= wv — w'd' = w'(v —v’) 


v — v' has only two non-zero components, those in positions i and 7. In fact: 
w'(v — v') = (cj — ¢;)(a; — a) 


By assumption c; + cj; and a; a a;, So we have finally arrived at a contradiction. Since we have assumed that not 
all of the a; are the same, we conclude that 


Vt = {(c,c,...,c) |c € R} 


Now, V is spanned by the column vectors - this means that V = M(R"”). On the other hand V‘ = ker M. The 
dimensions of these two spaces must sum to n. Since V' is of dimension 1 or 0, we see that the dimension of V is 
eithern — lorn. 


Thus the possible ranks are 0, 1,n — 1, n. These are achieved by taking e.g. 


* for rank 0 take v = (0,0,...,0) 
© for rank 1 take v = (1,1,...,1) 
¢ forrankn — 1 take v = (1,—1,...,0) 
¢ for rank n take v = (1,0,...,0) 


Result sl 
Let V be the vector space spanned by the columns. This is in fact the image of the matrix M on R”. We consider 
the kernel as well and show that one of the two must be the space spanned by (1, 1,..., 1). This shows that either 

a; = a) =... =a, oraj +a9+...+ 4a, = 0. This gives the possible ranks 0,1,n — 1, n. 
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¢ [a)] Let A be acomplex n x n matrix with distinct eigenvalues Aj, ..., An. Suppose |Ay| > |Aj;| fori > 1. 


Let X be some vector in (C”. Suppose that v,,..., Un are eigenvectors of the corresponding eigenvalues. Since 
there are n of them, they form a basis for (C” and so X can be written as a linear combination of them. Using this, 
we find that: 

Xy = A; *A*X 

Xp = Aj*A*(aiv1 +... + anvn) 

X;, = Ay * (a Atur +... +@nAnv") 


M1 An . * 
X,=a (2) n+...+ (3) Un / jim 


since (A; /A1)* tends to zero for all the i > 1. 


Note that the process doesn't work if and only if v is from the n — 1 dimensional space spanned by the other 
eigenvalues v2,..., Un. 


Letv = aru, +... +GnAnvUn be a randomly chosen vector. The probability that ay = 0 is zero. Thus the 
method should work for most randomly chosen vectors. 


¢ [b)] Let A be acomplex n x n matrix with non-necessarily distinct eigenvalues A1,..., An. Suppose |A;| > 
|A;| for > 1 (so the largest eigenvalue still is unique). 


Let X be some vector in C”. Suppose that v,..., Up, are the generalized eigenvectors of the corresponding 
eigenvalues. Since there are n of them, they form a basis for (C” and so X can be written as a linear combination 
of them. We also invoke the Jordan normal form. Let P be the similarity matrix which sends the standard basis to 
the (generalized) eigenvector basis. Then 

J=P "AP 

A=PJP 


Note that P~! sends the (generalized) eigenvector basis (v;) to the standard basis (e;). Thus: 
R= sas 
X, = Aj*(PJP)*(ayv, +... + ann) 
X, =Aj* PIF P™((ayv; +... + ann) 
X,= Ay PJ* (aie +...+ nen) 
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° [b)] 


Now consider the matrix A; K J* itis of the form: 


1 
Ay Jk, 


Ar Jk 
Decompose the J) into the diagonal and nilpotent part J, = AJ + N. Then 
kk 
3 dA k : . 
wate (2) (oo 
1 i=0 


If k is large enough (k > n), then the right sum will still have only n terms since N" = 0. Taking the limit, we find 
that 


ll 
= 
es 
|= 
Ln) 
a 
i 
os 
= 
at 
> 
nw 
S 


Note that the binomial coeffcients are polynomials in k and therefore grow slower compared to the exponential 
k 
(3) tending to zero. Therefore 


k rk 
eee ie a : 


k-+00 k-00 


* [b)] 
Now go back to X,. 


lim X;, =P (jim ats") (aye; +... + an€n) 
k-00 k-00 


As shown above the limit will tend to a matrix which has only the entry 1 in top left corner. Thus 
lim X;, = Paye; 
k-00 


= aU) 


giving the eigenvector for the eigenvalue A. 


5of5 


Result 
a) Take a basis of eigenvectors, and write X in that basis. Note that (A;/A1)* tends to zero. 


b) Take a basis of generalized eigenvectors. Write X in that basis. Let P the similarity matrix with the Jordan normal 
form of A. Prove that (Ay 1.J)* tends to a matrix with only 1 entry in its top left corner. Then one will see that Xj, 
tends to v as it should. 
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In the previous exercise, we proved that if Ay is an eigenvalue such that |Ay| > |Aj| for alla > 1, then 


Xpeae ax 
converges to an eigenvector v for Aj. This is great if we know A, but here we are asked to calculate it by such a 
method. 
Our matrix is 


ae | 
. We would like to approximate the size of A; in some way without calculating it explicitly. Note that since X;, is 


close to an eigenvector, we may naively expect Vx x to be close to an eigenvalue as well. Thus we calculate the 
sequence A* X for some vector X. Take X to be something simple e.g. X = (1, 0). Then we have 


4X = AX = (3,3) 

MX = AX = (12,21) 
A}X3 = A®X = (57, 120) 
ALX, = A*X = (231,651) 
\}X5 = A°X = (1524, 3477) 


Recall that any multiple of an eigenvector is an eigenvector. 
We try to scale these vectors - the easiest way is to divide out the second component. 
A,X, = AX = 3(1,1) 
A}X_ = A?X = 21(0.5714, 1) 
A3X3 = A2X = 120(0.475, 1) 
AX, = A'X = 651(0.4470, 1) 
A}X5 = AX = 3477(0.4383, 1) 
A$Xe = A°X = 18480(0.4355, 1) 
Ai X7 = AX = 98067(0.4347, 1) 
Aj Xs = ASX = 520149(0.4344, 1) 


Further iterations yield the same 3 decimal places accuracy. Thus v = (0.4344, 1) should be extremely close to an 
eigenvector with the largest eigenvalue. We check: 
Av =Aj\v 
A(2.3032, 5.3032) = A, (0.4344, 1) 


Thus A; should be approximately 5.3032 and ae = 5.302. Averaging the two, we get accuracy to three 


decimals, and find that A; = 5.303. 


Result Sofs 


Calculate A’ X for some random vector X. This should be approximately Nv where v is an eigenvector. Scaling 
the vectors, we should find that they convergence to an eigenvector. Calculate the eigenvector to sufficient 
precision, and then find the eigenvalue from that. 
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Let A be an infinite real matrix. Consider the matrix product X A were X is an infinite row vector. If this product is 
to be defined for all row vectors, then we would need that 


Qj; Qj. 33... Qj, 2) + AyoXo + 41373 +... 
G21 G92 G93... 9121 + Ag9LQ + 9373 +... 


[xy T 3 sia] 431 G32 G33 ...| — |@31%1 + ago%o + a33%3 +... 


Thus we would need all the series 
oc 
YS ainee 
hol 
to converge for each row 7 (and every vector 2). Fix an i. We choose a vector which will surely make the sum 


infinite if there are an infinite of non-zero a;k. This can be achieved by taking: 


as 1+ a, 
Aik 


Tk 


whenever the expression is defined (if aj, = 0 defined x}, can be whatever e.g. 0). Then the i-th row of X A will 
have 


oe oo 
¥ AiRlk = = Aiklk 
k=1 


If there are infinitely many non-zero aj, then the sum will be infinite. Since 2 was arbitrary, this holds for every row 
i. 


We conclude that if X A is to be well-defined on the whole space of infinite row vectors, we must have that every 
column of A must have only finitely many non-zero entries. 


Now consider the same thing but on the space 


Z = {2 | x has finitely many non-zero entries} 


Then the sum 
oo 
Sauce 
k=l 


always reduces to a finite sum which is always well-defined to evaluate. Thus X A is defined for any matrix A on 
the space Z. 


Result 3of3 


Note that X A gives rise to a vector whose every is a series. If X can be arbitrary, then it's not hard to choose an 
X such that at least one of the series diverges. The only possibility is if every column has only finitely many non- 
zero entries. 


On the other hand, on the space Z, each entry in X A is a finite sum and so the product is always well-defined. 
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Let F bea field and A be am~n matrix over F. Let 6: F” — F" is the linear operator defined by 4(z) = Az, 


Va € F". We have to show the following are equivalent :— 


1. There is an =m matrix B with AB = In«m. 
2. @ is surjective. 
3. The rank of A is m. 


So let y ¢ F™. We have to show there is z ¢ F" such that (x) = y. Let Au, A.2, ..., Aen denote the columns of A. 


Also let €,}, €42, ... xm denote the columns of Imm. NOW AB = Imm gives that, 37"; bjt Aaj = ek, Wk = 1,2,...,m. 


Here, bj, denotes the entry of B in the intesection of j-th row and k-th column of B. This shows that, 


each column of Ij«m is in the column space of A. But note that F” = spanf{e., ..., Cem}. 


Hence column space of A is nothing but F”. So that, ye F” can be written as y = S77) AjAuj. Hence (M1, oy An) = y- 


2..—> 3. 


dis surjective implies for each y c¢ F™ there is z < F" such that Az = (x) = yi. 


Hence column space of A is F™. So the, rank of A= column rank of A = m. 


Suppose the rank of A is m. But rank A is same dimension of column space of A. 


Therefore, dimension of column space is m. Note that each column of A is an element of F™ and dim(F™) = m. 


So column space of A is same as F’™. In particular, e.;, can be written as Yj-1 bj Axj = sk for some scalars bj, for all j = 1,2,...,.n and k =1,2,..,m. 


Here, A,; denotes the j-th column of A and e,, denotes k-th column of Imm. 
Consider the n x m matrix B whose (j, k)-th entry is bj, for all j = 1,..,n and k = ],...,m. 


Let F be afield and A be a m~n matrix over F. Let 6: F" + F is the linear operator defined by ¢(z) = Az, Vz € F". 


We have to show the following are equivalent :— 


1. There is an =m matrix B with BA = Ips. 
2. ois injective. 
3. The rank of A is n. 
1. = 2 


Suppose, ¢(x) = 0 for some z € F”. Therefore, Ar = 0. Now BA = Ix» implies that O = BO = B(Az) = Innz = z. So that ¢ is injective. 
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@ is injective implies null space of @ is {0}. Therefore dimension formula says, 0 + rank(¢) = nulity(¢) + rank(¢) = dim(F") = n. That's rank(@) = n. 


Hence range space of ¢ is F”. Therefore, column space of A is F”. Hence column rank of A is n. 


But column rank is same as rank. Therefore, rank of A is n. 


Suppose, rank of A is n. But row rank is same as column rank. Hence dimension of row space of A is n. 


Note that, i-th row Aj, of A is an element of F”, for all i = ],....m. But dim(F") =n. 


Hence row space of A is same as F”. In particular, i-th row ej. Of Inn can be written as ej. = Tf") bit Ate for each i = 1,...,n. 


Let B be the n«n matrix whose (i, t)-entry is bi for each i = |,...,,n and for each t = 1,...,m. Hence, BA = Inn. 


Result 


We use the fact that row rank of a matrix is same as column rank. 


We have to show a linear operator T on a vector space V over the field F of dimension n 
can have at most n distinct eigenvalues without using characteristic polynomial. 


So let Aj, ..., Am be a set of distinct eigenvalues of T. Also let, vj, ..., Um be a collection of eigenvectors of T 
such that T (vz) = Apuz, Vk = 1,...,m. 


Suppose, vj = v; for some i, j € {1,...,m}. Then T(v;) = T(v;) ie. Ayu; = Aju; ie. (A; — Aj)v; = 0. Now 9; 
is an eigenvector, so vj # Nie. Aj = Aj. Hence, the collection vj, ..., Um is actually a collection of distinct 
eigenvectors. 


Now for a polynomial f(z) = ag + aya + agar? +...+ a2! € Fla] we define f(T) := aol + aT + 
agT? + ... + ajT". So that, for an eigenvalue A of T with eigenvector v we have, f(T)(v) = aol (v) + 
a,T(v) + a2T?(v) +... + ajT"(v) = (ag + ay + and? +... + anA")v = fF (A)v. 


For each k = 1, ...,m we define a polynomial f(x) € Fa] such that f,(A;) = Oif k 4 j and f,(A;) = Lif 
k = j. So define, 
= (a — j)....... (a — Ap_-1)(@ — Ajay) oe (a — An) 


= Leia — Ai) 
~ Tieeagan(s — 24)! 
Hence fx(T)(vj) = f(Aj)vj = Oif Jj A Kand f,(T)(vj) = f(Aj)vj = 0; if k = j. 
Now suppose, for some scalars C1, ..., Cm We have C)v; + ... + CmUm = 0. So that, 0 = f,(T)(0) = 
fx (T) (crv +... + Cm¥m) = C1 fe(T)01 + ... + Cn fi(T) (Um) = (ch + Log = cpvR. Now vj, # 0 as vg is an 


eigenvector. So that, cj, = 0, for each k = 1, .., m. Therefore, {v1, a3 Um} is a linearly independent set. But 
dimension of V is n. So that, m < n. Hence, T can have at most n-many distinct eigenvalues. 
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Result 30f3 


Using Lagrange interpolation polynomials we have shown that, any set of m distinct eigenvectors corresponding 
to distinct m eigenvalues is linearly independent. 


(a) 
To show that K, c K, c--- and W, DW, >-- 


Suppose bea n-dimensional vector space, 7 be the linear operator on V and K, and W, 
be the kernel and images respectively of 7. 


Since, there arise two cases. 
Case-1, when the matrix of the linear operator is nonsingular and upper triangular 
Then, 
ir|+0 
This implies that 7~ exists. 
Then, the situation is trivial 
Case-2, when the matrix of the linear operator is singular and strict triangular. 
Then, dimension of yrwill decrease as r will increase and will vanish at r=n. 


In this case, the number of elements in kernel K, will increase for 7 as r will increase and 
number of elements in image W, will decrease for 7 as r will increase. 


Then, for any x € K, 
Then, 
T(x)=0 
And 
xek, 
This implies that, 
K,cK, 


But, for any ye K,, T(y)#0in K, 

Then, 

vEK, 
And so on in the similar manner, 

K,c K,c- 

Since, both K, and Ware the subspaces of the vector space y’ . 
And 

dim(ker7)+dim(im7) = dimV 
Then, 

dim(ker7)+dim(im7) = dimV 

dim(im7) = n—dim(ker7) 


Since, 7 is linear operator on the vector space jy’ , then 7” will also be the linear operator on 
the vector space 


Then, 
dim(ker7)+dim(im7) = dimV 
dim(im7 ) = n—dim(ker7) 
dim(W,) =n-dim(K,) 
Then, r will increases the number of elements in kernel K, will increase. 
Then, the number of elements in image W, will decrease. 


Then, 
W, >W,>-- 
Hence, It concludes that kernels K, < K, c--- and images W, >W,>--- . 


(b) 
To find all implications among the conditions (1)-(4), 
Suppose 7 bea n-dimensional vector space, 7 be the linear operator on ¥ and K, and W, 
be the kernel and images respectively of 7°. 
Then, the implications on the condition (1), 
k,= Lan 
Then, the restriction at 7's that the linear operator 7 is restricted to the image W, is an 
automorphism. 


This implies that, 
W,=W, 


rel 


Hence, the required implication on the condition (1) is that . 


To find the implication on the condition (2), 
Then, the implications on the condition (2), 

W,=W4 
This implies that, the restriction at 7 is that the linear operator 7 is restricted to the image W, is 
an automorphism. 


Hence, the required implication on the condition (2) is that 7 is restricted to the image W, 
is an automorphism. 


To find the implication on the condition (3), 
Then, the implications on the condition (3), 
WK, = {0} 
Then, forany ve WK, 
This implies that, 
T(v)=0 
This implies that, 
v=0 
Then, the restriction at 7's that the linear operator 7 is restricted to the image Wis an 


automorphism. 
Then, 


W,=W, 


rel 


Hence, the required implication on the condition (1) is that ; 
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To find the implication on the condition (4), 

Then, the implications on the condition (4), 
W,+K,=V 

Since, 


T(K,..)¢K, 


Vv 
Then, there is a induced map 7”: = > 


a 
re 2 
Then, 
T'(v')=0 
This implies that if and only if, 
T(v)eK, 
This implies that if and only if, 
v=0 
This implies that 7” is injective map. 
And for any y € V and for some y’ ¢ V , and for some v" « K, 
v=T(v')+" 
Then, 7” is surjective if and only if for any peV, 


v=T(v')+v" 


This implies that if and only if, 
W,+K,=V 


Since, 


me 


This implies that, 

dim(K,,,)=dim(K,) 
This implies that, 

K,.. =K, 
This implies that, 7’ is surjective 
Then, the restriction at 7'is that the linear operator 7" is restricted to the image Wis an 
automorphism. 
This implies that, 

W, =W,., 


Hence, the required implication on the condition (4) is that ‘ 


(c) 
To find all implications among the conditions (1)-(4) for infinite dimensional vector space V , 


Suppose VY be a infinite dimensional vector space, 7 be the linear operator on V7 and 
K, and W, be the kernel and images respectively of 7°. 


Then, the implications on the condition (1), 


K,=K,., 
This implies that, 

K, =K,,, ={0} 
And the linear operator 7: W, > W,., 
Since, 

K, =K,,, ={0} 


Then, the linear operator 7 is injective. 


Hence, the required implication on the condition (1) is that the linear operator 7 on the 
infinite dimensional vector space jv is injective. 


Since, whenever 


K,=K,,, ={0} 
This does not implies that, 
Wo=W. 


. rel 


Then, there is no linear operator that makes the implication between the condition (1) and (2). 
Hence, there is no implication between the condition (1) and (2). 


To find the implication on the condition (3), 
Then, the implications on the condition (3), 
W,AK, ={0} 
Then, forany veW. OK, 
This implies that, 
T(v)=0 
This implies that, 
v=0 


Then, the restriction at 7 is that the linear operator 7 is restricted to the image W, is an 
automorphism. 


Then, 
W.=W, 
Then, the linear operator 7 is injective. 
Then, 
K, =K,,, ={0} 


Hence, it concludes that the implication on the condition (1) and the implication on the 
condition (3) are equivalent. 


To find the implication on the condition (4), 
Then, the implications on the condition (4), 
W,+K,=V 
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Since, 
T(K,,)oK, 


Vv 
Then, there is a induced map rig 


ret , 
Then, 

T'(v’)=0 

This implies that if and only if, 

T(v)eK, 

This implies that if and only if, 

v=0 

This implies that 7” is injective map. 

And for any y « V and for some y’ ¢ ’ , and for some vy" e K, 
v=T(v)+v" 

Then, 7” Is surjective if and only if for any ye V, 
v=T(v')+v" 

This implies that if and only if, 

W,+K,=V 


Since, 


This implies that, 
dim(K,,,)=dim(K,) 
This implies that, 7’ is surjective map. 
Since, 7° is also injective map. 
Vv Vv 


Therefore, the induced map 7° is isomorphism from KK: 


re 


Since, K, and W, be the kernel and images for the map 7": vy >V. 
Then, there is an induced map 7’, which is an isomorphism as, 


1’: yy, 


. 


In the same way, the induced map yir+! 


rev. ey 


re 
re 


Then, the induced map 7(-+!yis an isomorphism. 


Vv Vv Vv 
Then, the image space Wis isomorphic to ra the space = isomorphic to re this 


foal re la 
rs isomorphic to the space W, . 


This implies that, the image space W, 


ret 


is isomorphic to the image space W, . 


Then, the conclusion is that W, = W, 


rel 


Vv Vv 
if and only if 7’: —— —» — is surjective. 
Se oe 


rel , 


Hence, it concludes that the implication on the condition (2) and the implication on the 
condition (4) are equivalent. 


Method 2. 


Let T be a linear operator on a vector space V and for each positive integer let K, := ker 
Let r be a positive integer and v € K; ie. T’(v) = 0. Then T™(v) = T(T"(v)) = T(O) = 0. So that, v € Ky). Since v i: 
Now let s be a positive integer and T**!(v) be an arbitrary element of W,.) = im(T*"!). Then T*"(v) 
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t K, := ker(T7) and W, = im(T"). We have to show Kj C K2 C Kz C... and Wj D W2 D W; D.... 
». Since v is arbitrary in K, we have K, C K,.. Now r is also arbitrary positive integer. So we have Ki C K2 C Kz C.... 
hen T*"\(v) = T*(T(v)) € im(T*) = W,. Since s is arbitrary positive integer we have, Wi > W2 D W3 D.... 


Now assume (1). Choose a subspaces G, H of V such that, V = K, @G and V = K,. @ H. Now let, h © H with T(h) cB 


Now let T be a linear operato 


Since V is a finite dimensional vector space. We have dim(K,,) + dim(W,,) = dim(V), for each positive int 

Now assume (1) and let v €¢ W, N Kj. Then v = T"(u) for some u 

Now assume (3). That is WM Ay = {0}. This implies, T | w, : W, — W,.1 has trivial kernel. Since all vector space he 

Now suppose (4). And choose T’(v) € W,.. Since uv € 

€ K,.Then 0 = T"(T(h)) = T™"\(h). Hence h € K,.). But H N K;.) = {0}. So h = 0. This shows T| y : H — Gis injective oper. 


* operator on a finite dimensional vector space V. Suppose r is a fixed positive integer. We show that the following are eqi 
(1) Ky = Kern, (2) We = Wee, (3) We 9K) = {0}, (4) Wi + K = V. 

dsitive integer n. Now K, = K,..; if and only if dim(K,) = dim(K,.;) if and only if dim(V) - dim(K,) = dim(V) - dim(K,.)) if an 

ow some u € V and T(v) = 0. Therefore, 0 = T(v) = T(T"(u)) = T™"(u) ie. u € K;.. By assumption, we have u ¢ K; also. Hen: 

space here are finite dimensional we have, dim(im(T | w,)) + dim(ker(T | w,)) = dim(W,). But W, > W,. implies T | w,. is surje 

Since v c¢ V = W)+ K,, we have v = T(z) + y for T(z) Wi and y € K,. Then T"(v) = T"(T(z)) + T"(y) = T™\(x) +0 = T™(z) € 

tive operator. But using the assumption we have, dim(G) = dim(V) - dim(K,) = dim(V) - dim(K,.1) = dim(H). So that, T | z i 


equivalent :— 

f and only if dim(W,) = dim(W,..) if and only if W,; = W,.). So (1) and (2) are equivalent. 

dence 0 = T"(u) = v. This shows (1) implies (3). 

urjective. So dim(W,.) = dim(im(T | w,)) = dim(W,). Hence W, = W,+. This shows (3) implies (2). 


xr) € W,.. This shows (4) implies (2). 
H is invertible operator. Now let, ve V=G@K, with v= g+u forg€ Gandué K,. Since T| x is surjective we have, h € 


h € H such that T(h) = T | y(h) = g. Hence v = T(h) + u. That's V = W) + K,. This shows, (1) implies (4). 


Now assume (2). Choose a basis B; of Kj and extend this basis of to a basis of V, say Bj uC; is a basis of V and let H; : 
Since V is infinite dime 


64 


et Hj = span(C;) for j = r,r +1. Therefore, V = K; @ H; for j = r,r +1. Now T? | #7; : Hj —» W; is invertible operator for j =r 
2 dimensional we have countably infinite linearly independent set, say B = {vo, vj, v2, ....}. Let C be another linearly indepenc 


Now let V be an Infinite dimensional vector space. And T be a linear o; 


Assume (1) and let v € W, N Kj. Then v = T’(u) for sor 

Now suppose (4). And choose T’(v) € W,. Sinc 

‘for j =r,r+1. Now let z © H,. and T(x) € K,. Then 0 = T"(T(x)) = T(z) ie. x € K,.). But H,.| MK. = {0}. So x = 0. Thel 
independent set such that B u C is a basis of V. Define left-shift operator T on basis as T(vp) = 0 and T(v;) = vj, Vj = 1,2, 


operator on V. Define K,, = ker(IT”) and W,, = im(T") for each positive integer n. Now let r be positive integer. Here we 
(1) K, = Kya, (2) W, = Wa, (3) We = {0}, (4) W\+K,=V. 
ame u € V and T(v) = 0. Therefore, 0 = T(v) = T(T"(u)) = T™"(u) i.e. u € K;.. By assumption, we have u € K, also. Hence | 
ince vc V = W\+ K,;, we have v = T(x) + y for T(z) € Wi and y € K,. Then T"(v) = T"(T(a)) + T’(y) = T™'(z) +0 = T(x) € 
rerefore, T | 1,.; : Hr > H, is injective operator. Now we show this operator is surjective also. So let y € H,. Then T(y) € ” 
2,...and T(v) = 0, Vu € C and then extend linearly. Now W,, = span(B) for each positive integer n. Also, K, = span(C) + spa 


we have to discuss about all implications of the followings:— 


ce 0 = T"(u) = v. This shows (1) implies (3) 

) € W,.). This shows (4) implies (2). 

16 W,=W,4. Let z = (T| Hea) (T"(y) € H,.). Then T(z) = y. So the operator, T | #,.; : H- — H, is invertible. Now let v « 
span(vo, U}, ... Un-1). Therefore, Ki S K2 & Kz ©... but W,, = W,. for each positive integer n. This shows (2) doesn’t imply (1). 


etv eV = K, @ H,. So there is u, € K, and w, € H, such that, v = u, + w,. But T | #,.) : Hp > H, is surjective implies ther 
y (1). Also Ky = span(C) + span(vg). Hence W,, N K) = span(vo) for each positive integer n. This shows (2) doesn’t imply (3). 


3 there is w,+) € H,« such that T(w,.1) = wy. Hence, v = uy + T(wr) € K, + Wi. This shows (2) implies (4). 
y (3). 


Now let S be the right shift operator defined on the basis as follows. S(v;) = vj, for j = 0,1,2,3,... and 
S(v) = 0, Vv € C and extend linearly. 


Now K,, = span(C) and W,, = span{vn, Un+i, ...} for each positive integer n. So that W; 2 W2 2 W; 2.... 
but K, = Ko = K3 =.... This shows (1) doesn’t imply (2). 


Result d.ofS 


When vector space is finite dimensional case, then for any operator the conditions :--- (1) Ky = Ky+1, (2) W; = 
W,+1, (3) W, 9 Ki = {0}, (4) Wi + K; = V are equivalent. But in case of infinite dimensional vector 
(1) => (3) and(2) <= (4) and(2) A= (1) & (3) (by considering left shift operator) and (1) A> (2) 
(by considering right shift operator). 


-a 
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Let T be a linear operator on a finite-dimensional complex vector space V. 
© [a)]Let A be an eigenvalue of V and let Vj be the set of generalized eigenvectors (with the zero vector). 


The generalized eigenvectors belonging to A are given by those vectors v satisfying (T’ — AI)/v = 0, for all 7. 
This is a subspace. Indeed, for v;, v2 being generalized eigenvectors, then 


0+0= (T — Al), + (T — AI)‘ vg = (T — AI)"(v, + v2) 


for sufficiently large k. This shows that Vj is closed under addition. Also it's obvious that av is a generalized 
eigenvector for any scalar @ and v. 


Now, let v € V) be a generalized eigenvector belonging to A. Then 
(T —AI)kv =0 
for some k, Note that Tv — Av = (T — AI)v is also a generalized eigenvector, since 
(T — AI)*(T — Al)v = (T — AI)(T — Al)'v = (T — AIO =0 
Obviously, Av is a generalized eigenvector. Finally, this means that 


Tv = (Tv — Av) +AVE Vy 


since this is true for the two summands on the right. We conclude that 


T(Vy) CV 


¢ [b)]Consider the two polynomials (2 — d)* and (a — do)*. They are relatively prime polynomial, thus one 
can use the Euclidean algorithm to find two polynomials p(x), g(a) such that 


p()(x — A)* + q(x)(w — A2)* = ged((x — 1)*, (w — Az)*) 
=1 


Whereas the coefficients of these polynomials are complex numbers, the variable z can even be a matrix. Plug in 
T, to find that 


p(T)(T — At)* + 4(T)(T — 21) =1 
Now, assuming there was a vector v € Vy, M Vjo, then applying both sides of the equation to v, we find that 
0=v 
and so v is the zero vector. We conclude that the sum between any two generalized eigenspaces is direct. 


We have proven in the textbook that there are enough generalized eigenvectors to span V, thus V is a direct sum 
of generalized eigenspaces. 


Result 3of3 


a) Note that Av and Tv — Av are also generalized eigenvectors. Then their sum, Tv is also one, showing that the 
space is invariant. 


b) Over the complex numbers, there are polynomials p, q such that p(x)(a — A1)* + q(a)(x — A2)* = 1. Take k 
large enough, and plug in T. Apply both sides of the equation to find that for v € Vy, M Vip, v = 0. Thus the sum 
is direct. 
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Let V be a finite dimensional vector space. And let T: V + V bea linear operator. Let K = Ker(T’) and W = im(T). 


Step 2 2o0f5 
Suppose T? = T. Then for any v € V we have T?v = Tv ie. T(T(v)) = T(v). That's for each w € W we have 
T(w) = w. 


Conversely suppose, T(w) = w, Vw € W. Choose v € V. Then T(v) € W. So that T(T(v)) = T(v) ie. 
T?(v) = T since v € V is arbitrary. 


Step 3 3of 5 
Suppose T? = T. Then for any v € V we have v = Tv + (v — Tv). Also, T(v — Tv) = Tv — T(T(v)) = 
Tv-—Tv=0ie V=W-+K. 


Now suppose u € WK, thenu € W ie. u = T(u’) for some u’ € V.Andu € K implies Tu = 0. Now 
0=Tu=T(T(u’)) =T?(u’) = T(u') =u. Hence WK = {0}. SothatV =WoK. 


Suppose, T? = T. Then by previous section V = im(T) @ ker(T). Let {w1, ..., Wm} be a basis of W = 
im(T) and {k1, ..., kn} be a basis of K = ker(T). Since V = W @ K we have, {w1,..., Wm} U {ki ..., kn} 
is a basis for V. Now T(w1) = wi, T(w2) = wo, ..., T(wm) = wm as projection operator is identity on range. 
Also T(k1) = 0, T(k2) = 0,..., T(kn) = 0. Hence w.rt. the basis {w1, ..., Wm} U {h1, ..., kn} the matrix of T 
will be 


M= i a > 


Onxm Onxn 


Now trace of T is same as trace of M ie. trace of T ism = dim(W) = rank(T). 


Result 5of5 


When T? = T we show that V = im(T’) @ ker(T) and then considering matrix of T’ w.rt. basis of im(T)) and 
ker(T) we show that rank of T is same as trace of T. 


10. a 
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Let A beam x n matrix over R and B bean x m matrix over R. Let AX € R — {0} be an eigenvalue of AB. 
Then for some  € R™ — {0} we have (AB)zx = Az. That's A(Bax) = Az. Since, A 4 0 and x + 0 we have 
Ba # 0. Hence, ABz = B(Ax) = B((AB)x) = (BA)(Bz). Now Bx # 0 implies Bz is an eigenvector of 
BA corresponding to eigenvalue A. 


Now let 
0 
A=[p 7 9 2=|0 1. 
0 0 
Then, 
LQ 
t: 0 0 1 0 
obi dha 4 
segb dps 
And, 


1 0 100 
pa=|o i} [) ¢ g[=|0 1 9}. 
0 0 000 


Hence, 0 is not an eigenvalue for AB but for BA. 


Suppose, I, — AB is not invertible => det(I,, - AB) = 0 == 1isan eigenvalue of AB. Now by result in 
previous section 1 is also an eigenvalue for BA. Therefore, det(I, — BA) = Oi.e. I, — BA is not invertible. 
Cotrapositively, I, — BA is invertible implies I,,, — AB is invertible. 


Now suppose, J, — BA is not invertible. Then det(I;, — BA) = Oi. 1 is an eigenvalue of BA. That's there is 
y € R" — {0} with (BA)y = lyie. B(Ay) = y. Now y $ Oimplies Ay 4 0.So Ay = A((BA)y) = 
(AB)(Ay). Since Ay + 0, we can say 1 is an eigenvalue of AB with eigenvector Ay. Therefore, det(I, — 
AB) = 0ie. I, — AB is not invertible. Contrapositively, I, — AB is invertible implies I, — BA is invertible. 


Result Sof 


Note that, 0 is not an eigenvalue of 


pr ae yea 


. But 0 is an eigenvalue of 


10 100 
Te ee oe 
0 0 000 
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Chapter 5 


Section 1 


lia 


We have to determine the matrices that represent the following rotations of R?: 
(a) angle 8, the axis eo, 
(b) angle 27/3, axis contains the vector (1, 1,1), 


(© angle 7/2 ,axis contains the vector (1, 1,0)* 


Step 2 20f8 


—-+ As any linear operator is determined by its action on basis and rotations are linear operators hence we have 
to check what it will do on basis. 


Solution : 


We will take counterclockwise as positive direction. 
(a) angle @, the axis eo, 


Let €1, €, €3 be the standard basis of IR3 then we have to check what this rotation does to these basis. 


Then the required rotation fixes e2 and rotates everything around e by angle @. That is, rotation of e; and e3 takes 
place in X — Z plane. 


The required rotation is 
€; ++ (cos 6,0, — sin @)' 
€9 +> eo = (0,1,0)! 
€3 +> (sin 0, 0, cos 4)! 


Hence the required rotation matrix is 


cos@ 0 siné 
0 1 0 
—sin@ 0 cos@ 


(b) angle 27/3, axis contains the vector (1,1, 1)', 


(1,1; 1) is at equal angle from all three standard basis €1, €2, €3 and if we join these standard basis along the 
path of points of equal distance (distance V2) from (1,1, 1)¢. Then they form a circle passing through e €2, €3 and 
angle between e; and ey along this circle(ie. taking (1, 1, 1)' as center) is 27/3 (as any two of them same angle 
between them and total angle swapped by circle is 277. So 


eyr eg = (0,1, 0)° 
€2 +> e3 = (0,0, 1) 
€3 ++ e€; = (1,0,0)* 


Hence the required rotation matrix is 


oro 
a) 
oo = 


(©) angle 7/2 ,axis contains the vector (1, 1, 0)* 
Let this rotation sends 


e1 +> x = (2, 22, 23)! 


€2+—> y = (yi, Yas ys)" 
esr 2 = (z1, 22, 23)! 


Then 


le| = at +2} +0} =1=|y\= Vx ++ =le|= 243+ 


and angle between e; and (1, 1, 0)! is equal to angle between x and (1, 1,0). 
Similarly angle between e9 and (1, 1, 0)* is equal to angle between y and (1, 1, 0)’ and angle between e3 and 
(1, 1, 0)! is equal to angle between z and (1, 1,0)*. 


As (1, 1,0)! is in X — Y plane, it makes an angle of 7/2 with e3 hence after it's rotation by 77/2, it will land in 
X —Y plane, ie. z3; = 0. Then 


e§ - (1, 1,0)’ = (z1, z2, 0) - (1, 1,0)! 
(0,0, 1) - (1,1,0)' = 21 + 2% 
0= 2 + 29 


z= —-2 


1 
As |z| = oz} + 23 + 23 = 1, hence z1 = — = —z and z; = 0. 
v2 


Now as angle between e, and (1, 1, 0)* is equal to angle between x and (1, 1,0)' hence 
ej - (, 1,0)* = (x1, 22, £3) f (1, 1, 0)! 
(1,0, 0) - (1,1,0) = 21 + 22 
1=2,+ 22 
21 +2o7=1 (*) 


Also as €; and e€3 are orthonormal hence so is z and z so 


z-z'=0 
i 1 
: : . —;,-—,0)'=0 
(x1 2 z3) (HB V2 ) 
z,—22=0 
t= (**) 
Sis 1 
(*) and (**) implies that 2) = zo = 5 


dS le 
As |a| = at + 23 + 23 = 1,23 =1-aj-23=1-4-F=5 


1 1 
Hence 23 = Va or23 = — Va As we rotated e; counterclockwise about (1, 1, 0) by 77/2 so it is not hard to 
1 
imagine geometrically that it's Z — coordinate should be negative hence 73 = — Va 


Now as angle between eg and (1, 1, 0)* is equal to angle between y and (1, 1,0)' hence 


e} ‘(1, 1,0) = (yi, ye, ys) - (1, 1,0)' 
(0, 1,0) - (1, 1,0) = y1 + yo 
l=y + 
y+y=l1 (+) 
Also as €9 and e3 are orthonormal hence so is y and z so 
y-z'=0 


(yi, Y2,Y3) (Fy - 50) =0 


uw —y=O0 
nN=wW (++) 
aN 1 
(+) and (++) implies that y) = yo = 3 
|e ae | 
A = Jy? tye tye =1y8 =1-y2-ye=1-—-= == 
s |y| Yi + Y2 + Y3 3 ise ia ee 
1 1 ; t Pe 
Hence y3 = 73 or y3 = — a As we rotated e2 counterclockwise about (1,1, 0)* by 7/2 so it is not hard to 
imagine geometrically that it's Z — coordinate should be positive hence y3 = = 
11 i WE 
Shatin 
el (5 9 7a) 
nee Da 
2 2° 2° v2 
1 1 
e€3 +> (—,-—,0 
CBB) 


Hence the required rotation matrix is 


= g|-sl> 


Sl do] epee 
_— 
iS) 

— — _ 
Sins! 


Result 
We determined the matrices that represent the following rotations of R3;: 
(a) angle @, the axis eo, 
(b) angle 27/3, axis contains the vector (1,1, 1)*, 
(© angle 7/2 ,axis contains the vector (1, 1,0)* 
2. o 


We have to find the complex eigenvalues of the matrix A that represents a rotation of R3 through the angle 0 
about a pole u 


Step 2 20f 4 


Euler’s Theorem : The 3 x 3 rotation matrices are the orthogonal 3 x 3 matrices with determinant 1, the elements 
of the special orthogonal group SO3. 


Theorem? : Let M be the matrix in SO3 that represents the rotation pj, 4) with spin(u, a). 
(a) The trace of M is 1+ 2cosa 


(b) Let B be another element of SO3, and let u’ = Bu. The conjugate M’ = BM Bt represents 
the rotation piy/,,) with spin (u’, a) 


Solution : 
Let M be the matrix of rotation by 6 around pole u. 


As such a rotation fixes pole u hence 1 is it's one of the eigenvalue. Let other two eigenvalues be 2, y. Then by 
Theorem2 above, 


Trace(M) = 1+ 2cos0 
also trace is the sum of all eigenvalues of the matrix. Hence 
z+y+1=1+2cos0 
xz+y=2cosé (1) 
Also by Euler’s Theorem, 
det(M) = 1 
but det(M) is the product of eigenvalues hence 
2g = 1 (2) 
From eq(1)and(2), we have 


1 
xr+—=2cosé 
x 


zr? +1=2zrcos8 
x? —2rcos8+1=0 


It'a two roota are the other two eigenvalues of M. Hence 


x =cos6+ Vcos?@—1 


And 


y =cos@ — cos? @—1 


Result Aof 4 


The complex eigenvalues of the matrix A that represents a rotation of R’ through the angle @ about a pole u are 


1, cos @ + »/cos? 6 — 1, and cos @ — cos? — 1 


3.a 


If nis odd, then the function f : O, + SO, x {I, —I}, given by the formula 


1 
f(A) = (Gear (sgn det A)I) 


is an isomorphism. Let us prove that. 


Since every orthogonal matrix is regular (because it's columns make a basis for (C", so the matrix is of maximal 
rank), it follows that det A + 0. 


Since n is odd, a is defined for every x € C \ Oand (xt )" = 0. Therefore, 


1 1 1 
det ah "det A= ——detA=13A€SO 
aA “aa Oo ata , 


This proves that f is (well) defined. 


Let us now prove that f is ahomomorphism. 


For A, B € On, using the Binet-Cauchy theorem, we have 


1 
1 


= (B-C) = 2 
= (B-C) (Get api det Bye 4? (sgn (det A det B))I~) 
1 


1 
= A- B, (sgn det A)I - (sgn det B)I 
(Gaat (at BE (sg )I- (sg I) 


1 1 
= (aaa (sgn det A)I) : (Gabe? (sgn det B)I) = f(A)f(B) 


Let us now prove that f is amonomorphism. 


Itis sufficient to prove that ker f = {I}. We have 


Aékerf => f(A)=(, I) = Satan (sgn det A)J = I 
(det A) i 


Ww Part = I = A= (det A)#I, which implies that the j-th column of A is of form (a, @2j,-.+5 nj), 
let Ajn 


where aj; = (det A)n and a;; = 0 fori 4 7. However, since A is an orthogonal matrix, it must be 
\|(41;,42;,--+4@n;)|] = 1 => (det A)? =1 > detA=+1 


Also, (sgn det A) = I implies that sgn det A = 1 > det A > 0,hencedet A=1> A=TI. 


Now we prove that f is an epimorphism. 


For B € SO,, we have that 


1 
f(B) = (GapF? (sgn det B)I) = (det B = 1 > 0) = (B, 1) 


Also, since n is odd and det(—_B) = — det B, we have 


1 
f(-B) = (Tape 2” —(sgn det B)I) = (B, —J) 


Therefore, f is surjective (= an epimorphism). 


The groups O, and SO, x {I, —I} are not isomorphic for (any) even n. 
If f : On - SOn x {I, —I} is an isomorphism, then 
F\z(On)  Z(On) + Z(SOn x {I, —T}) 
is also an isomorphism. However, 
Z(On) = Z(SOn) = Z({I, —I}) = {I, -I} 
which implies that Z2(SO, x {I, —I}) = {I, —I} x {I, —I}. 


However, the groups {I, —I} and {7, —I} x {I, —I} can't be isomorphic because they don't have the same 
cardinality (the first group has 2 elements and the second 4), hence there isn't even a bijection between these two 
groups. 


(If n is odd, then —I ¢ SO, because det(—I) = —1 # 1, hence Z(SO,) = {T}, but still Z(On) = {J, —J}. 
Now the group {I, —I} is isomorphic to {I} x {I, —I}) 


Result Goats 


For odd n, the groups On and SO, x {I, —I} are isomorphic (construct an isomorphism) and for even n they 
aren't (because their centers are not isomorphic) 


We have to find geometrically the action of an orthogonal 3 x 3 matrix with determinant —1 


Step 2 20f3 
Solution : 
—» Result of problem3: for n odd, 

On, = SO, x {I,-I} 


As 3 is odd, any orthogonal 3 x 3 matrix with determinent —1 is a product of an element of SO3 and —I hence it 
should geometrically look like a rotation(z goes to Z(6,p)« rotation by an angle @ about pole p) composed with a 
action of —I which is sending any element to it's symmetrically opposite point about origin(?.e. 2 goes to — 2). 


Result 30fS 


Geometrically an orthogonal 3 x 3 matrix with determinant —1 is rotation composed with taking a symmetrically 
opposite point about origin. 


We are given A, a3 x 3 orthogonal matrix with det(A) = 1, whose angle of rotation is different from 0 or 7. Let 
M = A-— At. We have to show the following 


(a)M has rank 2, and anonzero vector X in the nullspace of M is an eigenvector of A with eigenvalue 1. 


(b) An eigenvector explicitly in terms of the entries of the matrix A . 


Step 2 20f5 
Rank-nullity Theorem : For a given linear transformation ¢ : V —+ W, we have 


rank(@(V)) + dim(nullspace(é)) = dim(V) 


Solution : 
Let A be the rotation matrix (u, @) with @ + 0, 7. 
M=A-A* 
(a)M has rank 2, and anonzero vector X in the nullspace of M is an eigenvector of A with eigenvalue 1. 


It is enough to show that nullspace of M is one dimensional. 


Let X € R3x3, 
MX =0 
(A— A‘)X =0 
AX —-A'X =0 
AX = A'X 
AX =X As AAt = A‘A=I 


ie. X is an eigenvalue of A’. 


As eigenvalues of A? are square of eigenvalues of A and by Excercise? of this section, eigenvalues of A are 


{1,cos 6 + cos? @ — 1, cos @ — V/cos? — 1} 


As 6 + 0, 7, other two eigenvalues are not 1 hence their square is not 1. So dimension of eigenspace of A? with 
eigenvalue is one dimensional hence dimension of nullspace of M is one dimensional. 


Hence rank of M is 2. 


(b) An eigenvector explicitly in terms of the entries of the matrix A . 


Let 
ai; ayQ a3 
A=] an ar ay3 
431 432 433 
Then 


ai) @2) 431 
A‘=] ap ay age 
a13 G23 «33 


0 ay2—421 413 — a3) 
M=A-A= a2] — a2 0 a23 — 232 
a31 — 413 a32 — a23 0 


Let u = ayo — dg], U = a3 — 431, W = A23 — 239 then M looks like, 


0 uv 
M=j|-u 0 w 
—v -w 0 
Then 
0 u ov zr 
MX=;]-u 0 w Fy 
—v —w 0 x3 


As A is a rotation matrix with angle of rotation @ 4 0, 7 and in which case At is a rotation matrix with angle of 
rotation —@ hence A #4 A‘ hence one of the u, v, w must be non-zero. 


Casel:u +0 


Then 
0 uv zy 0 
MX — —uU 0 w tT — 0 
—v -—w 0 r3 0 
wou 
gives the solution $1 = (72, ge ale € R} 
: _,wv 
Hence one such eigenvector is (-, -, 1). 
uu 
Case Il:v = 0 
u w 
The solution S2 = {(—> 2,2, pve € R} 
u w 
Hence one such eigenvector is (——, 1, -—). 
v v 
Case Ill: w = 0 
z v wu 
The solution S3 = {(2, -—2, —x)|z € R} 
wow 
vu 
Hence one such eigenvector is (1, -—, —). 
ww 
Result Bt 


For A,a3 x 3 orthogonal matrix with det(A) = 1, whose angle of rotation is different from 0 or 7 
(a)A — At has rank 2, and a nonzero vector X in the nullspace of it is an eigenvector of A with eigenvalue 1. 


(b) We wrote down such an eigenvector explicitly in terms of the entries of the matrix A . 


Section 2 


lia 


Let A be an invertible matrix. Using the Cayley-Hamilton Theorem, we have to express A7! in terms of 
A, (det A)~!, and the coefficients of the characteristic polynomial. Also we have to verify the expression in the 
2 x 2 case. 


Step 2 2of 6 


Cayley-Hamilton Theorem : Let p(t) = ¢” + cn_;t”-! + --- + cyt + e9 be the characteristic polynomial of an 
n x n-complex matrix A. Then p(A) = A” + c,_;A"~! +--+ + 1A + col is the zero matrix. 


Solution : 
Let A be an invertible matrix. Let 
p(t) = t” + cp_yt? 1 +--+» + et +09 
be it's characteristic polynomial. Then by Cayley-Hamilton Theorem, we have, 
p(A) = A” + cp1A"* +---+e,A+ col =0 
where 0) is n x n zero matrix. 


0 = A" + cp_-1 A" 1 4+---+C3A + c0l 
—col = A® + cy-1A" 1 4+---+c,A 
—coA7! = ANA" +. c,-1A 1A"! +--+ +,A71A multi, both side by a7 
Am = ~—cg7}(A""! + cy_1 A"? +--+ +41) 


For 2 « 2 matrics case : 
Let 
a b 
obec 


with ad — bc $= 0 i.e. A is invertible. 


Then it's characteristic polynomial is given by det(A — rJ) = 0. 


det(A— aI) =0 
aet(| 57 ae ))=9 
(a—2x)(d— 2x) —be=0 


x —(a+d)r+ad—be=0 
So the chracteristic polynomial is 
x? —(a+d)x+ad—be=0 
Hence 
A? —(a+d)A+ (ad — be)I =0 


By the formula we obtained, 
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At =-——(A-(a+d)I) 
wia-aaai(t s]-er0[ 4 $p 


1 —-d b 
= eee 
ies anr| c Al 
“i=. A d —-b 
~ ad—be| -¢ a 
And elementary adjoint formula Aadj(A) = adj(A)A = det(A)I ie. inverse of A is way tila) 
d b 
aaj(A)=| *. "| 
So by this formula 
ee ; 
A = det(A) 7A) 
1 


Hence the formula we derived using Cayley-Hamllton Theorem varifies for 2 x 2 invertible matrices. 


Result 6of6 


Given A be an invertible matrix with characteristic polynomial p(t) = t” + c,_yt"-! +--+ + cyt + eo, the 
formula for A-! is 


AW = -—cg 7} (A"! 4 cg_1 A"? + +++ +1) 


We are given an m x m complex matrics A and ann x n complex matrix B and let linear operator T' on the 
space (C™*" of all complex matrices defined by T(M) = AMB. 


(a) We have to construct an eigenvector for T’ out of a pair of column vectors X , Y , where X is an eigenvector 
for A and Y isan eigenvector for Bt . 


(b) We have to determine the eigenvalues of T in terms of those of A and B. 


(c) We have to determine the trace of this operator. 
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Solution : 


ai a2 *** im 


A= | O GR Cte 
Ami m2 Onm 
ism * m complex matrics and 
bi by + Bin 
pa| ba bes ban 
bai bn2 ban 


ism nm complex matrix. 


(a) We have to construct an eigenvector for T out of a pair of column vectors X,Y, where X is an eigenvector 
for A and Y isan eigenvector for B’ . 


Let X = (x1, 22,-+- , 2m)! be an eigenvector of A with eigenvalue \.4 and ¥Y = (yi, y2,--+ , yn)’ bean 
eigenvector of B' with eigenvalue Apt. 


Consider the m x n matrix 


T1Y1 TyY2 *** LYn 
ire T2y1 aye T2Yn 
TmY1 TmY2 *** LmYn 


Claim is that M is the eigenvector of T with eigenvalue A4Ap. 


TM = AMB 

@1 a2 *** Aim Ty Ty ++ TYn bu by +++ bin 
a2, 422 +++ 2m T2y1 -T2YQ +++ Yn bo, ban +++ don 
Gm1 GQm2 *** Gmm TmYi TmY2 *** LmYn bai bng +++ Onn 
4) Gy *** Gim zy bi bya +++ Din 
a, 29 ay Z2 bo bye by 

mais” os ™ 1 ( [nm moc ])] 7% ; 
Qmi Gm2 ‘** Gmm Im bra bre a Sd Dan 

t 
Qj, ay +++ Aim zy bu bya ++ Din yi 


( = a2 ee 2m Zo )( ise sa: a ben ye )’ 


Gm Gm2 *** Gram 2m bri bng +++ Onn Un 
= (AX)(BYY) 
= (A4X)(AgtY) 
ca 
= AaAzt( ie [yi yo -*+¥m |) 
Im 
Ty T1y2 ++ LYn 


= Ais T2y1 + 2y2 + T2Yn 


TmY1 LmY2 *** LmYn 


Hence the claim. 


(b) Determine the eigenvalues of T in terms of those of A and B. 


T can have atmost mn eigenvalues. Let 41, A2,--- , Am be thae eigenvalues of A and a), Q2,--- ,@, be 
eigenvalues of B. Then as eigenvalues of any matrix and it's traspose are same, Q1, Q2,--* ,@, is the eigenvalues 
of Bt. 


So by part(a) we have Ay a1, AoQy, +++ , AmQ1, Apa, AgQ2, +++ , AmQ2,°+* ApQn, AgQe, +++ ,AmQn as mn 
eigenvalues of T. 


(c) Determine the trace of this operator. 
As trace of a linear operator(equivalent to a matrix) is the sum of all eigenvalues hence 


tr(T) = sum of all eigenvalues of T 


Hence 


Result Cott 


Given complex matrices A,m x mand B, n x nand linear operator T on the space C’"*” of all complex 
matrices defined by T'(M) = AMB. Then 


(a) If X is an eigenvector of A and Y of B' then XY‘ is the eigenvector of T. 
(b) If .4 is an eigenvalue of A and Ag of Bt then \.4z8 is the eigenvalue of T. 


(©) tr(T) = tr(A)tr(B) 


3.a 
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Let A be an n x n complex matrix. Consider the operator T' defined on n x n complex matrices by 
T(M)=AM-—MA 
We will use a continuity argument to determine its rank. 


First, assume that A = D, a diagonal matrix with diagonal entries A1,..., An. Let Ej; be the matrix with 1 as the 
(i, j)-th entry and 0 for the rest. It is immediate that 


T(Eji) = DE; — EixD 
= AEG — AE 
=0 


Note that Ej; are linearly independent. Thus the kernel contains at least n linearly independent matrices (the Eiji). 
This shows that the rank of T is at most n? — n. 


We see that Fj; are the eigenvectors for 0. For the other eigenvectors, we find: 
T(Ei;) = DE;; — EijD 
= Ni Ei; = Aj Ei; 
= (Ai — Aj) Ei 


Thus all other matrices Ej; are also eigenmatrices for T (and since there are n? of them in total, these must be all 
the eigenmatrices). The eigenvalues are Aj — Aj. 


Now, assume that A is diagonalizable. Then there is a matrix P such that 
PAP =D 


for a diagonal matrix D. Equivalently, this can be written as AP = PD and P-1A = DP=!. Plugin PE;;P=! 
into T, to find 


T(P'E;;P) = APE;;P™ _ PE,;P"'A 
= PDE,;P - PE,;,DP™ 
= P(DE;; — E,jD)P™* 
= P(A Bij — A; Eij)P™ 
= (A; — Aj)PEyP™ 


This shows that the matrix D has eigenvalues A; — A; for the eigenmatrices PE; yP* Taking i = 7, we again find 
that there are at least n linearly independent matrices in the kernel and so again the rank of T’ is at most n* —n. 


Finally, let A be an arbitrary complex matrix. Then choose a sequence of matrices A; with distinct eigenvalues 
which converge to A. If the eigenvalues of A; are A; 4, then the eigenvalues of 


T,.(M) = A,M — MA, 


are A;,- — Aj; just as above. Now, we simply take the limit k —> oo. Note that the eigenvalues 4; , converge to A; 
. Since all the matrices A; have rank less that n? —n, they have at least n eigenvalues 0. Thus, at least n of the 
Aik are always zero for a given k. Reordering the eigenvalues of Aj, if necessary, we find that A;,, — 0 for at least 
n eigenvalues. Thus A will have again n times the eigenvalue 0. We conclude that the rank of A is at most n? — n. 
Note that the same logic applies to the rest of the eigenvalues. We have 

ko 


Nik — Ajk — Ai — Aj 


Thus the eigenvalues of T are given by A; — A; (the differences of the eigenvalues of A). 
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Result 4ol 


The exercise is solved by a continuity argument. 
The statement is first checked for diagonalizable matrices. 


There is always a sequence of diagonalizable matrices that converges to an arbitrary matrix. Taking such a 
sequence, the result follows. 


Given A and B, diagonalizable complex matrices, we have to prove that there is an invertible matrix P such that 
P-! AP and P~' BP are both diagonal if and only if AB = BA. 


Jordan Decomposition Theorem(Matrix form) : Let A be ann * mn complex matrix. There is an invertible complex 
matrix P such that P~!AP has Jordan form. Where Jordan form is a block matrix where each block correspond to 
an eigenvalue and no two blocks correspond to same eigenvalue. 


—» Diagonal matrices of same order commute with each other Let 


diy 0 Ar |) 
ae Od “wa? 
0 0 dip 
a ae 
pu] 0 te 0 
0 0 re 


be two diagonal matrices. Then 


D Do 


S———————_ 
& ; 
‘ me — hr 
=} 
a 
Bio 
. pte. A 
8 
Oo 
o 


Oo 
. 2 
_ 
rm 
- © 
Oo 
[5 
1 
S 
o 


0 0 dind2n 
dod); 0 0 
= 0 = daodi2 0 
0 0 don n 
dx, 0 0 dy, 0 0 
2] 0 da = 0 0 dp 0 
0 0 doy, 0 0 din 
= DoD; 
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Proof: 
We will take all matrices to be n x n. 


(==) Let there is an invertible matrix P such that P-!AP and P-! BP are both diagonal. 
Then as P~!AP and P-' BP are diagonal, 


P"APP"BP = P"'BPP'!AP 
P“ ABP = P-"'BAP multi. both side 
AB=BA in right by P™ and left by P 


Hence A and B commute. 


(<=) Let A and B commute i.e. AB = BA. 


As A is diagonalizable, let Ay, Ao, --- , A, be distinct eigenvalues of A. Then by Jordan Decomposition Theorem, 
there exist an invertible matrix P’ such that P’-! AP’ is block matrix and each it looks like 


A, 0 -:::0 
peigpc |. Aa ry . 
0 0 west AS 


where A; is eigenspace corresponding to ;. But as A is diagonalizable, we can assume that P’"! AP’ is diagonal 
i.e. each A; are diagonal 7.e. 


A 0 0 
fe 0 Aj 0 
0 0 Ai 


Now given any eigenvector X of A with eigenvalue 4, 
A(BX) = B(AX) = ABX 


hence BX belong to the eigenspace of eigenvalue A. Hence P’-! BP’ looks like 


B +O + O 
Pate 
0 D0: ax Be 
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With B; being block matrix corresponding to ;. Now as B is diagonalizable, each B; is diagonalizable. Let Rj be 
the invertible matrices such that R; 1B; R; is diagonal for all 1 <i <r. 


Now consider 


R, 0 0 
R= 0 Rs 0 
0 O - R, 
Rr 0 0 B, 0 0 R, O 0 
-1 
RP BP'R = 0 R; 0 0 Bo it 0 0 Ro i 0 
0 OQ). oe RES 0. 1) ase. By QO. “0 we: Rp 
Ry'BiR 0 0 
“8 0 R3'BoRz 0 
0 0 R-'B,R, 
Which is diagonal. 
As each A; is A; hence commute. 
Re Dates: OD Ail O ::. O R, O 0 
fra Ee AE ke eeees Seen ed 
0 OQ, sem RS QO. 42° A; 0 O ss: A, 
Ry A IRi 0 Sale 0 
_ 0 Ry AoI Ro see 0 
0 0 +++ Rod, IR, 
ART R 0 tee 0 
_ 0 A, Ry Re eee 0 
0 0 A, R-1R, 
Al 0 0 
= DO.» Ark 0 
0 0 - Al 


Hence P = P’R is the required matrix which diagonalizes both A and B simultaneously. 


6of 


Result 


Let A and B, diagonalizable complex matrices. Then there is an invertible matrix P such that P~! AP and 
P-! BP are both diagonal if and only if AB = BA. 


Section 3 


lia 


17 


We have to prove the product rule for differentiation of matrix-valued functions i.e. given two n x n matrix- 


valued functions A(x), B(z), —— = aA) B(z) oe) 


Step 2 
—+ Product rule for scaler fuctions : Let f(z), g(a) be two scalar real-valued function. Then 


d(fg) _ df dg 
te et de 


Proof: 


We will write A(z) as A and B(z) as B. 


Let A = ((aij))1<ij<n i.e. A's (i, j)th entry is ajj. Similarly B = ((bi;))1<i,j<n. Then their product is 


Qj, 432 +++ Ain bi bg +++ bin 
AB= | % 92 e 2p bo, bag ~ bon 
Gni Gn2 *** Gnn bni bn2 -*+ Ban 

Det ay. Diet ainda ++ Diet Ain Dk 

= Di-1 andj Di-i andy +++ pat A2nDjen 


ay Ankbey Diet Gnkbkg + bey AnnDdkn 


Hence 


= (>> aixdpj) )i<ij<n 
k=l 


So 


d(AB) _ d((Sop_1 Gikbay) a<ij<n 


dz dz 
= (dp A) yy csen 
eo} 


d db 
= Sibi + Wik“Ge I fp) isin 


= Os ati Bu Y)acigen + ( 03 any ti mY acigen 


Hence the product rule. 


Result 


Given two n x n matrix-valued functions A(z), B(x), 


d( A(z) B(z)) Be 


= 
se = Be) + Ale) 


A(t) and B(t) are differentaible matrix-valued functions on t. We have to compute the derivatives of the 


following : 

@) A(t)? 

(b) A(t)? 

(© A(t)" B(t) 


Step 2 


20f 6 


—+ Product rule for differentiation of matrix-valued functions : Let A;,..., Aj, be differentiable matrix-valued 


functions of t, of suitable sizes so that their product is defined. Then the matrix product Aj --- 
and its derivative is 


Solution : 


We will denote any matrix-valued function M(t) over tas M. 


(a) A(t)? 
d(A*) _ d(AAA) 
dt se ei 
— —AA+ A— dt A+ AA by diff. prod. rule 
Hence 
d(A(t)*) sao) d(A(t)) dA(t)) 
= ——— A(t) A(t) + A(t) at A(t) + A(t)A(t)— 
(b) A(t)~? 
AA =] 
d(AA~!) dI 
dt dt 
Ca ae d(A~*) 
as 1LA ao 0 
d(A~') _dA,4 
dt ~ dt 
d(A~*) dA ,_ 
a ee 
Hence 
d(A(t)~) = dA(t) z: 
= A Ae 


A,, is differentiable, 
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(© A(t)“ B(t) 


=| = 
HA78) Ap, pid 


= A—A"B + A- bac by(b) 


Hence 


d(A(t)*B(t)) dA(t) 
dt & 


Result 


A(t) and B(t) are differentaible matrix-valued functions on t. Then 
3 
HA) _ AO) pay + QS ay + aay 
d(A(t)-) dA(t) 
ie eee 
MAO 79) = ay ae By +a 


Ah 


dB(t) 
dt 


_ dX ; P 
We have to solve the equation = = AX for the following matrices : 


(a) 
2 ft 
1. 2 

(b) 
1 # 
-—i 1 

(©) 
i Wye SS 
00 4 
00 -1 

(d) 
001 
100 
01 0 


Theorem: Let A be ann x n matrix, and let P be an invertible matrix such that A = P-"AP is diagonal, with 


diagonal entries A,,..., An. The general solution of the system 
a = AX is X = PX, where X = (cie™*, ead sene™*)' solves the equation = =AX. 
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Solution : 


We have to find eigenvectors and corresponding eigenvalues, then using above theorem, we can easily solve the 
equation. 


(a) 
y ae 
i, 2 


To find eigenvalues, we have to solve the characteristic equation : 


aet({? >? 2, |)=° 


(2—A)?-1=0 
(A—2-—1)(A-—24+1)=0 
(A—3)(A—1) =0 


So eigenvalues are 1, 3. And it is easy to check that (1, —1)' and (1, 1)! are the eigenvectors corresponding to | 
and 3 respectively. So if we take 


and 


, then we have, 


ale: 7 |222 


Hence the solution is X = P-X' where X' = (cet, coe**)' and cy, cp arbitrary. So the solution is 
1 ot cet 
Pez 1 
px'=| 3, 1} { a | 


_f— creé+ere* 
~ | —e,et + coe 


(b) 


Characteristic equation : 


1-A i 
aet(| -i 114 ])=0 
(1-—A)?-1=0 
(A—1-1)(A-1+1) =0 
(A — 2) = 0 


So eigenvalues are 0), 2. And it is easy to check that (1, 7)' and (1, —i)* are the eigenvectors corresponding to 0 
and 2 respectively. So if we take 


and 


, then we have, 


Hence the solution is X = PX’ where X' = (c1, cye**)! 


fe 1 1 Cc 
pre| i] fae | 


7 cy, + eye 
~ | —ei + cge*i 


and ¢), C2 arbitrary. So the solution is 


(©) 

DSR 

00 4 

00 -1 
Characteristic equation : 

1-rA 2 3 
det(} 0 -A 4 |)=0 
0 0 --1-A 


(1—A)(-a)(-1- A) =0 
(1—A)(A)(1+.A) =0 


So eigenvalues are 0, 1, —1. And it is easy to check that (—2, 1,0), (1, 0,0) and (5, —8, 2)* are the 
eigenvectors corresponding to 0,] and -] respectively. So if we take 


—2 1 5 
P=; 1 0 -8 
0 0 2 


and 


, then we have, 


Hence the solution is X = PX’ where X' = (ci, ce", cze~*)! and c1, c2, c3 arbitrary. So the solution is 


—2 1 5 cj 
PX'=| 1 0 -8 cet 
0 0 2 c3et 
—2c; + coe! + 5c3e"t 
= ci — 8c3e~* 
2cz3e—* 
(d) 
001 
10 0 
01 0 
Characteristic equation : 
-r 0 1 
det(} 1 -A 0 |)=0 
0 1 -<A 
-r7-1=0 
(A —1)(A27+A+1) =0 
So eigenvalues are 1, w, w* where w = — = And it is easy to check that (1, 1, 1)*, (1,w?,w)* and 
(1,w, w?)t are the eigenvectors corresponding to 1, w and w? respectively. So if we take 
Lt 
P=|1 ww w 
lw w 
and 
1 0° -0 
D= | 0. 0 
00 w 
, then we have, 
0.0 4 
P11 00/P=D 
010 


Hence the solution is X = PX' where X’ = (c,,c9e*, cze*) and c}, co, c3 arbitrary. So the solution is 


5 ie: ee | cet 
PX'=] 1 w w cet 
1 w w? cet 


i 2 
cyet + cet + cze""' 
: 2 
=] cyet + cow?e*t + cqwe*t 
t wt 2 wt 
cre’ + cqwe**t + czwe 


Result 7ot7 


dX 
Using our knowledge of basic linear algebra and matrix theory, we solved the equation a = AX for certain 


matrices A. 


Given A and B be constant matrices, with A invertible, we have to solve the inhomogeneous differential equation 


<. = AX + B interms of the solutions to the equation = = AX. 


Solution : 


dX 
Let Xo be the solution to the equation i AX and let 


“ff 


dX 
Then the solution to the inhomogeneous differential equation ra AX + Bis 


byt 
Xo+ | bot 
bgt 


i.e. Xo + Bt as 
byt byt 
d(Xo + | bet ) d( | bet ) 
b3t dXo b3t 
dt dt dt 
d(b,t) 
= AX, + ane 
abit) 
dt 
by 
= AXo+ bo 
bs 
=AXo+B 
Result Sots 


dX dX 
If Xo is the solution of the equation ao AX, then the solution of the equation es AX + Bis Xo + Bt. 


Section 4 


lia 
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© [a)]Let A be the matrix 


a b 
0 0 
. We will calculate the matrix exponential from the definition. It is not hard to see that 


a((a® bar? 
velo | 


Using this, we calculate the matrix exponential with the exponential series: 


An 
a= 
e =1+ > 
n=l 
1 0 “1 fa" ba" 
=i 1 +25 0 0 
" oo 


We calculate the exponential: 


0 on . 
et? (Qmi)e?™ 
0 em 


- (2ni) 3 oP] 


Now, simply recall that e?"" = 1, so 


25 


e [c)]We will use the definition again. The power of this matrix is not hard to calculate, but it will vary depending 
on parity: 


0 
A= Iq P| 
= -7] 
waft 1)26"T n even 
(-1)"2'b"14 nodd 


We calculate the exponential: 


n=0 
=) nl yy 
neven ni n odd 


Note that we only need to sum the coefficients of the matrices. Let n = 2k in the first sum and n = 2k + 1inthe 
second. Then 


t= 3 a are aad 
= (cosb)J + (sin »* 


_ |cosb —sinb 
~ |sinb cosb 


© [d)]We will use the definition again. The power of this matrix is similar to part b). One can also use here that the 
matrix is given in Jordan form. Write A = I + N, where N is nilpotent. Then J and N commute so 


© [e)]We will use the definition again. The matrix is nilpotent and in fact we have 


0 
A? =|0 0 
i 0 0 
Then 
A 
I+A+ >, 


Il 

a, 
_ 
Li 
“t. 

= © 
-_ © 
= 
fe 
ero 
- © 
(Ss 


1 
att iy 
1/211 
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Result 


In each of a),b),c),d),e) we compute the exponential by the exponential series. 


2.a 


Let A be a matrix over the complex numbers. Recall that Pe4P~! = ePAP’ Consider the determinant: 
det(e*) = det(P~') det(e*) det(P) 
= det(P~'e*P) 
1 

= det( e? st 

= det(e’) 
J here is the Jordan normal form. This can expressed as a sum of a diagonal and nilpotent matrix which commute. 
Suppose J = D + N is this decomposition. Then 


This is a lower triangular matrix. The nilpotent part doesn't play a role on the diagonal. Thus the determinant of e” is 
equal to the determinant of e? ©? is calculated by exponentiating all diagonal entries, thus we finally have that 


det(e*) = det(A’) = Ile 
i=1 


where the A; are all the eigenvalues of A (with multiplicity). Now, recall that the trace can be simply calculated as 
the sum of the eigenvalues. Thus 


n 
det(e*) = II evi 
i=1 


= eLi=i Aj 


= elfacea 


Result 20f2 


We have that det(e“) = det(e”) where J is the Jordan form of A. Only the diagonal of J contributes to the 
diagonal of e”, and so det(e“) = det(e”) = [] e* = e&? = eltaces, 


 [a)]Let X be an eigenvector of ann x n matrix A, with eigenvalue k. Assume that A is invertible, then 


AX =kX y Fee 
(A-!A)X = A“}(kX) / so 
A1X =k1X 


We see that k~! is an eigenvalue of A~!. 
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¢ [b)]Let X be an eigenvector of ann x n matrix A, with eigenvalue k. Note that AX = \*X. Then 
oo 
A” 
Ay — 
“-(Ea)s 
n= 


Now, matrix multiplication is a continuous operation, thus X can go under the limit to get: 


We see that X is an eigenvector for the eigenvalue e. 


Result 
a) Multiply AX = ka by (kA)~?. 


b) Note that A‘X = \*X. The statement follows from the definition of the matrix exponential. 


4.a 


Let A and B be commuting matrices. We will prove eAB = eteB by expanding the exponential series. One has 


Note that ee? is a product of series and so for the infinite product to be convergent, one of the series should be 
absolutely convergent. The exponential series certainly satisfies this. Thus we see that both expressions are equal 


and so e4*8 = ete. 


20f2 


Result 


This is an easy application of the binomial theorem and product of infinite series. Note that a product of two series 
converges if one of the series converges absolutely. 
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¢ [a)]We solve the differential equation ot = AX where A is the matrix given by 
2.0 
A= 
fr 
Note that the matrix is in Jordan normal form. The solution of the differential equation is given explicitly by e'4 so 


we compute it. Let D be the diagonal part and N the nilpotent part (note that N? = 0). Then 


et = e'(D+N) 


= et? eX 


= e'?(I+tN) 

6 fe) OTE 0 
~ 10 ee] lt 1 
et 0 

= te et 


Taking X, to be the first column of this matrix and X> to be the second, gives two possible linearly independent 
solutions (which span the solution space). 


© [b)]We solve the differential equation ea = AX where A is the matrix given by 
0 0 
af gl 


Note that the matrix is in Jordan normal form. The solution of the differential equation is given explicitly by et so 
we compute it. The matrix is already nilpotent One has 


e4=T+tA 
~ it 0 
=~ ht a 


The solution space is spanned by the columns of this matrix. 


© [c)]We solve the differential equation oS = AX where A is the matrix given by 


1 
A=|1 1 
E32 


Note that the matrix is in Jordan normal form. The solution of the differential equation is given explicitly by et so 
we compute it. Let D be the diagonal part and N the nilpotent part (note that N? = 0). Then 


e((D+N) 
— etDetN 


eA 


2 
&P(T+1N + 5) 


er 10 1 O00 
=!10 e 0 t Leg 

0 0 et} j#/2 1 1 

et 0 O 
=|té ee 0 

Cae te od 


Il 


The columns give the generators for space of solutions. 
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Result 


In all of the cases the matrix exponential isn't hard to calculate since the matrices are in Jordan normal form. 


e [a)]Let A be an n x n matrix. Define sin A and cos A be the Taylor series expansions: 


1k Ark 
ee xe (Qk+D! 


Atk 
cos A = 5s 1) opr 


One could prove directly that these series converge by considering the matrix norms. But one can also argue as 
follows: 


We know that the two series above converge. This means that the series for sin A. The same follows for cos A = 
a (ef + e-*4), 


© [b)]We use the above logic. Write 


sintA = tet = et(-id)) 


The right hand side is differentiable and therefore the left hand side as well. Differentiating and using the usual 
rules we find that 


dsintA 1 ; P 
= = yj tae) » (-iA)et-4)) 
Bs F(t) + et(-id)y 
= AcostA 
as was to be shown. 
Result SOS 


In both a), b), we can use the identities sintA = £ (et) — et(-*A)) and similarly for the cosine. 
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e [b)]We start with this one since we can use it all on the other cases. Write out the exponential series 


y oo (—1)* a" 


2 (2k)! 2+ (2k +1)! 


=cosA+isinA 
We see that this holds always. 


© [c)] By manipulating series, one sees, as in the previous exercise, that 


| ; 
sin A = —(e!4 — e~*4 
3; | ) 
Now, we have 


sin(A+ B) = a ete) — ei(4+B)) 


Suppose AB = BA. Then the exponential can be separated: 


sin(A + B) = wy(eiset — e-i4eiB) 


eit — eid GiB 4 9-iB F: eiB _ ¢-iB piA 4 --iA 
2i 2 


2i 2 
= sin AcosB +sinBcosA 


Now, if the matrices don't necessarily commute, we may find a counterexample. Take for A and B something easy 
to compute, e.g. 


_ [2x 0 = 10° 71 
a=[5 o-?-b ol 
It is easily checked that the matrices don't commute. Then we have that 
sin(A + B) = sin Acos B + cos Asin B 
_ {0 Oj j1 O e 1 0) /0 1 
= 100} 10 ot 0 0} |0 O 
_|0 1 
~ 10 0 
whereas if A and B were taken in reverse order: 
sin(A + B) = sin(B + A) = sin Bcos A + cos Bsin A 
e. [0.41 p19 4 1 0| /0 O 
~ 10 0} |0 0 0 1; 1/0 0 
_ |0 0 
= 40-70 
commute. 


Thus we finally see that sin(A + B) is well defined for commuting A, B, but not necessarily if they don't 
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* [a)}Just as in the previous case, one can show that for cos(A + B) = cos Acos B — sin Asin B if A and B 


commute. Take B = — A. Then 
I =cos0 = cos(B — B) = cos Bcos B — sin Bsin(—B) 
= (cos B)? + (sin B)? 
So this identity holds always. 


* [d)]Let J be the Jordan normal form of the matrix A. Write J = D + N where D is the diagonal part. Then 


erm = e27i(D+N) = e2MD p2miN 
= e?"D(T + QtiN + (2mi)?N?/2+...) 


Note that if NV is non-zero, then the matrix e7 will not be diagonal, and so cannot be equal to J. We conclude that 
N = 0.e? is easily calculated - every entry is equal to e2"i, where 2; is the i-th diagonal entry (the rest are 


zero). Thus we need to have 
eet =4 


for all the 7. We conclude that A; must be an integer. 
Now take a general matrix A and let P the similarity matrix such that P~!AP = I. Assume that 
e2miA =I 


Multiply from the left with P-! and from the right with P to find that 
Pole p aie e2tid ey i 


As already shown, this means that J must be a diagonal matrix with integer entries. We conclude that a necessary 


condition is that A be a diagonalizable matrix with integer eigenvalues. 


This is sufficient as well, since then 
etd _ 7 /P-*-PO 


emia = 


(we performed conjugation by P on the first equation.) 


© [e)]Assume first that A(t) commutes with its derivative aA Then 
dA"(t) _gnidA 
dt dt 


With that in mind, we calculate the derivative of the matrix exponential: 
de) =d SA" 
ict ah = 
dt dt <n! 


What if A(t) and its derivative don't commute? Take 


a=b 
Then 
“a =| d 
dt 0 0 
and 


eal asf a 


Note that this means that 


dA"(t)  dA(t) pra, FACE) gna 
ae "hex re dt a 
_, dA(t) 
Ls n-1 
=0+0+...+A at 
_ [0 1} _aa 
~ 10 O|” at 
Thus 
det) 1/0 1 0 e-1 
dt =Dalo a i el 
n=1 
On the other hand 
ay aA _ ( colts 
dt n! dt 
n=0 
yids 
<n! t 
~|0:'e 
~ 10 0 
Result 7 of; 


b), a) hold always. c) depends on the matrices satisfying special properties e.g. the matrices should commute. 
d) is true for diagonalizable matrices A with integer eigenvalues. 


e) Is true if the matric A(t) commutes with its own derivative. 


8.a 


Let B, = A (here k is an index, not an exponential) be a sequence of matrices converging to the matrix B = 
[bij]. This means that the entries of By, converge to the corresponding entries in B ie. 


ee. 
bk, —*s bij 
Let P = [a;;] and P=! = [c;;]. Then 


P“1B,P = (P7!B,)P 
= [D> cubfi|P 
I=1 
= > (3: at mj] 
m=1 \l=1 
Taking the limit as k tends to infinity, we find that 
n n 
fim PBA = [Bim > (3° haan) 
= [>> & a) 
=1 \l=1 


= P"'BP 


Result 


The exercise is easily solved by writing out the matrix product explicitly. 


Miscellaneous Problem 


lia 


We determine the group O,,(Z) of orthogonal matrices with integer entries. Let A = [a;;] be such a matrix. We 
require that 


AA =I 
(ai) [ai] = [5;5) 


which amounts to the requirement that 


Taking i = j, we find that 
Sah =1 
i=1 


meaning that the row vectors have norm 1. Since the aj, are integers, we conclude that one of them must be +1 
and all the other zeroes. 


Since the same holds for A'A = I, we conclude likewise that there is only one non-zero element equal to +1 in 
each column. Thus we see that A € O,,(Z) is necessarily a matrix with +1 exactly once in each row and each 
column. 


Now we show that each such matrix indeed satisfies A‘A = J. 


Let A be a matrix with +1 exactly once in each row and column. Then if i = j 
n 
>> aj, = 07 +... 4+ (41)? +...07 
i=1 
= 
and if i # j, then 


YS ana, =0-0+...+0- (41) +...+(41)-0+...0-0 
t= 
=0 


Thus we have that 
n 
ee ayaj, = 6; ij 
i=1 


ie. AAt = I. This shows that O,,(Z) is made up of "signed" permutation matrices. 


Result SofS 


From AA‘ = I we see that 5>""_, a% = 1 and so there can be only one non-zero entry (namely +1) per row. 
Since AA‘ = J, the same holds for columns. 


It is easy to see that the necessary condition is also sufficient. Thus O,(Z) is made up of "signed" permutation 
matrices. 


Let J be a matrix in Jordan form and suppose it has Jordan blocks: 
Ji 
roy 


J 
Suppose that the characteristic polynomial of J is 
p(t) = (t—A1)*"...(t— Am)*™ 
Then plugging in J, we get 
(J — AT)" «..(F— Ant) 


Now, J — A;J will have a zero diagonal block since the corresponding Jordan block in J — A;J will be nilpotent 
with exponent < kj. 


Thus, the upper left corner of J — A;J will be zero. Then a successive block will be zero in J — Aol and so on. 
Thus we have a product of block-diagonal matrices where there is always a zero block in the product. Thus 


p(J) =0 
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Now, let A be an arbitrary complex matrix and J be its Jordan normal form. A and J have the same characteristic 
polynomial. Then 


p(A) = p(PJP) 


= 5 a,(PIP-) 
i=0 


=P (=: at) po 


= Pp(J)P™* 
= POP"! 
=0 


Result Sofs 


The theorem is first proven for matrices in Jordan normal form for which it is easy to verify. Then it follows for 
arbitrary matrices by noting that p(A) = Pp(J)P7}. 


3.a 


Let A be ann x n complex matrix. Let J be its Jordan normal form. Suppose J = P~!AP.Then 
J* = (P-!AP)* = P“A‘P 


showing that J* is the Jordan normal form of A*. Considering that J is a triangular matrix, J* has on the diagonal 
the k-th powers of the diagonal entries of J. 


We conclude 4 is an eigenvalue of A (and J) if and only if A* is an eigenvalue of A* (and J*) 


Assume there are m non-zero eigenvalues. Now, consider the traces of A®* Since all these are zero, we arrive at 
the (infinite) sequence of equalities: 
Ai tAot...tAm =0 
AMPH ARH... +22, =0 
3 3 a 
AT +AQ+...+A;, =0 


(with A; + 0). The powers appearing above may remind us of the Vandermonde determinant. The determinant 


Ay Ag «... A 1 1 ae 1 


m 
? 3 nee rx, v1 2 ene 
: ce a = A1A2---Am ‘ : 
AP OAR asces AN aS 5 ee sists Nae 
= Ado. Am [Ai — As) 
iFj 
will be the determinant of the matrix of the system 
Ai 2 ase Am Ty} 0 
ME RE cng RE es 0 


wom... AM) Lam} — LO 


We have chosen the A; to be non-zero. We see from the above that the determinant is non-zero, thus AX = 0 
should have the unique solution X = (0,0,...,0), the zero vector. 


But notice that X = (1,1,..., 1) also solves the above equation. We have arrived at a contradiction. It must be 
that there are no non-zero eigenvalues. 


Putting A in Jordan form, it is immediate that A = PJ P7! is nilpotent. 


Result 305 
Note that A* has as eigenvalues exactly A* where 2 is an eigenvalue of A. 


The sequence of equalities naturally gives rise to a Vandermonde determinant. Assuming there are non-zero 
eigenvalues, we construct a system of equations which has two solutions where it should in fact be unique. This is a 
contradiction, and proves that all eigenvalues are zero. Hence A is nilpotent. 


Let A be acomplex n x n matrix all of whose eigenvalues have absolute value less than 1. Consider the powers 
of A. We can use the Jordan normal form, to find that 


A‘ = (PJ P=!) 
=prr 
= P(D+N)*P 


where D is the diagonal and N the nilpotent part of the matrix J. Now, N is nilpotent of order at most n (since it 
is ann x n matrix). D and N commute, so upon expanding by the binomial formula, we get the sum: 


A‘ = P (3: [) pun’) po 
ke 


n 


=P (Di+KDEIW +...+ ( )pron" +...) | ae 


Note that for large enough k, the sum ends as soon as we arrive at N” = 0, thus the number of summands doesn't 
depend on k. Finally, take the limit as & tends to infinity. 


n-1 
lim A‘ = P (= lim Gi px’) r> 
k-00 rar k-oo \t 


The binomial coefficient is a polynomial in k whereas the entries of Dé are exponentials with base < 1. Thus the 
limit results in the zero matrix and we conclude that 


lim A‘ =0 


k-00 
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Now, consider the partial sums 1 + A+... + A*. Multiplying this with J — A we find that 
(T-A)(1+A+...44°9)=1-A™ 
Taking the limit as k —+ 00, we find that 


(I—A)(1+A+...+A* +...) =I 


Since the inverse of a matrix is unique, we conclude that (I — A)}=1+A+...+A*+.... 


Result 3 Of S 


Since the eigenvalues are less than 1, one can prove that Ak must converge to the zero matrix. Then just note that 
(I-— A)(1+A+...+ A*) =I — A** and take the limit 


5. a 


Write the Fibonacci recursion as 
0 1 f n—2 = f: n-1 
: a f n-1 fi n 
* [a)] Denote the matrix on the left with A. It is easily seen (and proven by induction) that 
A” f ql = f n 
fi Srv 


Now fo = 0, f; = 1 and so if we can calculate A” explicitly we will have derived an explicit formula for f;, as 
well. This is done by diagonalizing the matrix. The eigenvalues are: 


?-—t-1=0 


_1tv5 
“oe 


t 


leading to the eigenvectors 
PP) TF 
We could now calculate A”, but we can also just express (0, 1) in terms of the eigenvectors. We find that 
0 =v »|- > 5 
=a ~ 
=F ee | 
: — _14+v5 — v¥5-1 ¢ : ie. 
with a = —14¥8 and b = Se Finally, with this: 


Leal “Ul 


nae (108 pe], 2 tA) 


(the second row of the matrix is the same with n + 1 instead). This proves the desired formula (which is incorrectly 
stated in the textbook). 
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© [b)]Note that the relation a, = 5 (@n—1 + Gn—2) can be written as 


Ree-e 


Call the matrix on the left B. Then we have that 


The eigenvalues of B are A = 1, 4 with respective eigenvectors 
(1, 1), (—2,1) 


Then writing (a9, a1) in the eigenvector basis, we find that 


2a; +49 ,n [1] , 41-40 ,n [—-2 
=e it pia ae 1 


lim | & _ 2a; +49 [1 
n> |Qn+1 — 3 1 


Result Sof 3 


In both a) and b), we find the eigenvalues and eigenvectors of corresponding matrices. Then write (@;, a) in the 
eigenvector basis. 


Image of A 


: Let A(u, v) = u — v. Considering this as a "matrix", one defines the special multiplication of A and a one- 
dimensional function f (uw) with 


1 
Af= A(u,v)f(v)du 


In this way A maps from the set of continuous functions (on (0, 1)) again to the set of continuous functions. For the 
above A, we get that 


1 
(u—v)-F(0) = [ (wv) f(o)ae 
- uf seoae ms [ aefuide 
=au+b 


a linear function (note that the integrals evaluate simply to some constants). Thus we see that the image of A is 
contained in the set of all linear functions. In fact it is equal to the whole set, for let f(u) = Au + B.Then 


(u~1)-(4u+B) =u($+B) -~(F+) 


Equate this with an arbitrary au + b. It is sufficient (and necessary) that the coefficients be the same, that is 


Note that the determinant of the system is + 0, thus there is a unique solution for any a, b. This shows that one can 
always choose A, B such that (u — v)- f(u) = au+b. 


We conclude that the image of A(u, v) = u — vis the set of linear functions au + b (defined on {0, 1]) where 
a, b are arbitrary. 


Eigenvalues: We have seen that A(u, v) maps into linear functions. Thus if there is a function f(v) such that 
A(u,v) - f(u) = Af(u) 
it must certainly be a linear function. Let f(u) = au + b and suppose it was an eigenvector. Then it must hold that 
A(u,v)- flu) =u($ +0) - (S42 
u,v u)=u 5} 3°79 
= Af(u) = A(au + b) 


Equating coefficients, we arrive at the system of equations 


5 tb=r 
a b 
=+==-Ab 
379 


It is seen that if a = 0, then necessarily b = 0 and vice-versa giving the zero function (but this is not a true 
eigenvector). 


Now, assume that a, b are not equal to zero. Then we may divide out a, b to get 
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Adding the two together, we arrive at the necessary condition: 


boa 
1+-+—=0 
a 3b 
which is in fact a quadratic. Solving this, we find that 
—-3+/-3 
a= ee 


Plugging this into the second equation of the above system of equations, we find that 


Thus the possible eigenvalues are the two values above, and they are indeed achieved (e.g. by taking b = 1 and 
a= =iay-3 as indicated above). 


Kernel: Finally, consider the kernel for A(u, v) = u — v. These are those functions f(u) such that 
1 1 
A(u,v)- f(u) = uf f(v)dv — | uf(v)dv =0 
0 0 


Again, equating coefficients, we find that the kernel of A is made up of functions satisfying the two conditions: 


Image of A 


: Let A(u, v) = u® + v?. For this A, we get that 
1 
(u? + v2) - f(v) = i (u? + 0°) f(v)dv 
0 
1 1 
a | Hodek J vf (v)do 
0 0 
=au?> +b 


a quadratic function (note that the integrals evaluate simply to some constants). Thus we see that the image of A is 


contained in the set of quadratic functions without linear term. In fact it is equal to the whole set, for let f(u) = 
Au? + B.Then 


wreriaremae(oa)-(Be4) 


Equate this with an arbitrary au” + b. Itis sufficient (and necessary) that the coefficients be the same, that is 


gtB=a 
AB 


Note that the determinant of the system is + 0, thus there is a unique solution for any a, b. This shows that one can 
always choose A, B such that (u? + v)- f(u) = Au+ B. 


We conclude that the image of A(u,v) = u? + v? is the set of linear functions au” + b (defined on (0, 1) where 


a, b are arbitrary. 


A 


Eigenvalues: We have seen that A(u,v) maps into quadratic functions without a linear term. Thus if there is a 


function f(v) such that 
A(u,v) + f(u) = Af(u) 
it must certainly be such a function. Let f(u) = au + b and suppose it was an eigenvector. Then it must hold that 


aoe soomu(s+8)+(5+5) 
= Af(u) = A(au + b) 


Equating coefficients, we arrive at the system of equations 


gtb=a 
a b 
g tga 


It is seen that if a = 0, then necessarily b = 0 and vice-versa giving the zero function (but this is not a true 


eigenvector). 
Now, assume that a, b are not equal to zero. Then we may divide out a, b to get 


1 a 
aoe Bsr 
Sa 
a 1 


b oa 0 


Subtracting the two together, we arrive at the necessary condition: 
a 5b 


which is in fact an easy quadratic. Solving this, we find that 
a=+vV5b 


Plugging this into the second equation of the above system of equations, we find that 
+V5b b 
zV5b cate 1 
5 3 
1 1 
A=+>++— 
37 V5 


Thus the possible eigenvalues are the two values above, and they are indeed achieved (e.g. by taking b = 1 and 


a = +y/5 as indicated above). 
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Kernel: Finally, consider the kernel for A(u, v) = u” + v*. These are those functions f(u) such that 
1 1 
Ata) Sidhat | f(v)dv + | otf(vlde = 0 
0 0 


Again, equating coefficients, we find that the kernel of A is made up of functions satisfying the two conditions: 


3 f(v)dv =0 
ta 
[ v* f(v)dv = 0 
0 


Result 7Ot7 


For A(u,v) = u — vitis seen that A - f results in a linear function. Thus the image is the set linear functions. The 
eigenvalues are then some specific linear functions. The kernel is found by equating coefficients to zero. 


For A(u,v) = u? + v? similar applies, with the image of A now being quadratic without a linear term. 


Let A be a2 x 2 complex matrix with distinct eigenvalues, and let XY be an indeterminate 
2 x 2 matrix. Let J be the Jordan normal form. Then there is a P such that A = P.JP™!. Plug that into the 


equation: 


X?=A=PJP> fr Rs 


P?X?Pp=J 
P“"XPP1XP=J 
(P7XP/) = J 


Denote P~! XP = Y. We have reduced the problem to the same problem for a matrix in Jordan normal form. 
Since X = PY P=}, the number of solutions Y will be the same as that of X. Let 


res 


. There are two possibilities. 
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First, suppose that A has two distinet eigenvalues A; # Ap. Then we arrive at the matrix equation 
a? + be b(a + d) 
c(a+d) d?+ ne S 


Equating the corresponding matrix elements, we arrive at the system: 


a? +be= Ai 
b(a+d)=0 
c(a+d)=0 
d+ bc= 2 
Distinguish two cases: 
¢ Ifa+d=0, this means that a = —d and so a* = d?. But then we would have 


Mi = a? + be = d*? + be = Ao 
contrary to the assumption that the eigenvalues are distinct. We conclude that this case is impossible. 
© Thus it must be that a + d + 0. This immediately implies b = c = 0 and leaves the two equations 
a=, 


d=» 


which if solvable have two solutions each. (Note that in no case a + d = 0.) We conclude that if J, ie. A, has 
distinct positive eigenvalues, then there are 4 solutions to the equation X 2=A 


If one of the eigenvalues was 0 and the other positive, then there would be only 2 solutions. 


Now, suppose that A has only one eigenvalue X. There are two possible Jordan forms. First, consider the matrix 
equation 


ae 


Equating the corresponding matrix elements, we arrive at the system: 


a*>+be=X 
b(a+d)=0 
c(a+d)=0 
d’ +be =X 


Take a + d = 0). Then the second and third equations are satisfied and the fourth becomes equivalent to the first. 


Thus we are left with 


a’ +be=X 


Choosing a and c + 0 arbitrarily, we take b = i= 
solutions. 
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Lastly, suppose that A has only one eigenvalue 4 and J is of the other possible form. Consider the matrix 
equation 


fora @rve|~l0 


Equating the corresponding matrix elements, we arrive at the system: 


a?+be=X 
b(a+d)=1 
c(a+d)=0 
@+be=2X 


Now a + d $ 0 because of the second equation and so the third equation can hold if and only if ce = 0. One 
immediately gets 


a> =X 
f= 
Since a + d $ 0, we conclude that a, d must have the same sign, and so there are the two possibilities: 


a=d=4v\ 


(note that it must be that A > 0 since a + d $ 0). bis explicitly calculated now as b = oy and so we conclude 
that there are two possibilities. 


Result sats 


Is easy to reduce the equation X? = A to an equation Y* = J with the same number of solutions, where J is the 
Jordan normal form. 


If A has distinct eigenvalues, they must be non-negative and there are 4 solutions if they are both positive, and 2 if 
one is zero. 


If A has one eigenvalue and is diagonalizable, then are an infinity of solutions in any case. 


\f A has one eigenvalue but is not diagonalizable, then the eigenvalue must be positive and there are two 
solutions to the equation. 
8.a 


To determine the axis of rotation for the composition of two three dimensional rotations by 
geometrically; 


Comment 


Step 20f3 “ 


Draw the following diagram as shown below: 


45 


a OQ 


. a 
\/ 
O 


1: Draw circles of arbitrary size around the axes of rotation. 


2: Take the point P on the first circle that, when rotated by the red angle @,. Clockwise about I’; 
, is mapped onto the closer of the two points of intersection of the two circles. This point of 
intersection is now rotated by the green arc @, about I, to get the final image point Q. 


3: Construct a circle ¢ tangent to the first circle at P and the second circle at Q. 


4: The line joining the center of ¢ to the origin is the axis of rotation, and the angle of the 
composed rotation is the one subtended by the blue arc. 


46 


6 


Chapter 6 


Section 1 


lia 


Besides the glide symmetry noted in the textbook (red line and vector), there is also a translational symmetry 
(green vector). No matter what axis is chosen, there is no rotational or bilateral symmetry. 


one 


There is a translational symmetry by translating one h to the next h. Similarly, first reflecting around the red axis 
and translating, one finds a glide symmetry. Finally, there is also a purple rotational symmetry which can be 
achieved by rotating around the center of the letter n by 180°. There is no bilateral symmetry. 


There is a translational symmetry by translating one man to the next. Also, one can reflect them by the red line and 
translate by the red vector for a glide symmetry. Rotating around the purple point for a 180° will yield a rotational 
symmetry. Finally, there is a bilateral symmetry given by reflecting the image by the yellow axis in the middle of a 
man. 


Result 
For the first picture, we find a glide and translational symmetry. 
For the second there is a translational, glide and rotational symmetry. 


For the last picture, all symmetries are present. 


Section 3 


tia 


We verify the rules for composition of plane isometries given in the textbook. Recall that for orthogonal operators, 
it was shown that yt, = t (a) ?- Since rotation by an angle 6 around the origin is an orthogonal (linear) operator, 
we have that 


Paty = tog(v) Pe 


Note that the reflection r around the e-axis is also an orthogonal matrix (e.g. look at its matrix). Therefore the 
same logic as above shows that 


rt, = ty(y)T 


Finally, for rotations and the reflection r, we can use their matrices to find that 
1 cos# —sin@ 
0 sinO cos 


a ee 
st, a 
vl 

“E 


cos@ sin@| |1 0 
sin@ cos@| |0 -1 
cos? —sin6é 
sin? —cos@ 


showing that indeed rpg = p_gr. 


That t,t = ty» was shown before. That the composition of two rotations behave as given is obvious, but it is 
also not hard to prove by matrix multiplication: 


_ |cos@ —sin@] |cosy —sinn 
PoPn = |sin@ cos sinn cos 
_ |cos@cosn —sin@sinn —(sin@cos7 + sin7 cos 6) 
~ |sin@cosy+sinycos@  cos#cos7n — sin@sinn 
_ jeos(@+) —sin(# +n) 
~ |sin(@+7) cos(@+7) 


= Pb+n 


and it is completely obvious that re=1 (r is a diagonal matrix with entries +1). Thus we have proven all the rules 
given in the textbook. 


Result 


20f2 


Recall that for an orthogonal operator éta = tia). Now, note that rotation and reflection are orthogonal 
operators. That rpg = p_er and pepy = Pp+n is shown by matrix multiplication. Also, it had already been shown 


that tpt, = tv + w anditis obvious that r? = 1. 


Suppose m is an orientation-reversing isometry. Then it is either a reflection or a glide reflection (reflection + 


translation by a vector v parallel to the line of reflection). This means that 


m = tyr 


where v may possibly be the zero vector (then it is just a reflection). Now follows a simple calculation: 


m? = tyrtyr 
= tytp(y)r? 
=t5 1 
= toy 


Thus we see that m? is a translation. 


From the rule that rt, = t,(,)7, it follows quickly that m2? must be a translation. 


3.a 


Let A be a linear operator on R? that is a reflection about the line 


ax +by+c=0 


The normal vector for this line is given by (a, b). Perpendicular to this vector is e.g. the vector (—b, a). 
Geometrically, (a, b) is reversed by A and (—b, a) is preserved, so that 


b= 


Thus we see that A has the eigenvalues 1, —1, with eigenvectors which are orthogonal. 


2 of 2 


Now, suppose that A was a linear operator on RR? and that its eigenvalues were 1 and —1. Eigenvectors 
corresponding to different eigenvalues must be orthogonal. Suppose (a, b) was an eigenvector for —1. Then 
(b, —a) must be an eigenvector for 1. We may as well take a? + b? = 1. Consider now the change of basis matrix 


a b 
Pala 
This is a matrix for a reflection. Since reflection is self-inverse, we have P~! = P. Thus 
A=P "DP 


_fja bf ]-1 O| la 6b 
~ 1b -a}}O 1) ]b — 
_[-a?+ -2ab ]_ [ce 5 
~ | —2ab —-W+a?}” |s —- 


which has the form of a reflection. Finally, indeed it is a reflection since the determinant is 


—(—a? + 67)? — 4a7b? = —a‘ — 2a7b? — bt = —(a? + b*)? = -1 


Result Sof 3 


If A reflects about the line az + by + c = 0, then itis easily seen that (a, b) is eigenvector —1 and (—b, a) an 
eigenvector for 1. 


\f A is a linear operator with eigenvalues 1, —1, we can take (a, b) and (b, —a) to be the orthogonal eigenvectors 
(also take a? + b? = 1). It is not hard to write down the change of base matrix and find the general form of A. We 
see that it is a reflection matrix. 


Recall that the group of isometries is generated by the translation t,, rotations pg and the reflection r. Any glide 
reflection can thus be written as t,pgr. We check that the conjugates with the generators satisfy the requirements. 


¢ Lett, be an arbitrary translation. Suppose Zis a vector in the gliding direction and j is a vector in the 
perpendicular direction. This is a basis and we can write v = (v1, v2) and a = (a, ag) in this basis. Note that 
only the first component corresponds to the gliding vector, which is (a;, 0). Then 


ty taperts = tetatrerie)? 


= t_ysatper(v)? 
Now, per(v) = (v1, —v2) since per is a reflection around the axis of the i vector. Thus 
ty taperty = t(a,0)t(0,a2-202)P0T 
Note that the gliding vector still has the same length a; along the 7 direction. 
¢ Now, take a rotation p,. Then 


Pj, taper Pn = trho_o(a)P—n+0P—n? 
= trho_9(a)P—2n+0T 


Geometrically, one can see that the composition p_2,+97 will be the reflection around the axis of the reflection r 
rotated by 


a(-2n+8) =—n+6/2 


or equivalently, this axis is rotated —7 degrees from the axis of per. 


It follows that a gliding vector for p_2y+97 must be rotated by —7 from a gliding vector for pgr. This is exactly the 
case for p_,(a). 


Thus the gliding vector p-»(a) is the same vector just rotated by —7, and therefore of the same length. 
© Finally, taking 7, it is easy to find that 


7 taperr = rtapo 
= tr(a)p-0r 
Note that the axis of the glide reflection p_gr is on the opposite side of the axis for p_gr. Therefore, the vector a 


must be reflected over that axis to become a gliding vector for a. This is exactly the case for r(a). We conclude 
that r(a) has the same length as a. 


Now, taking a general element of the group of isometries M, one can write it out as product of translations, 
rotations and r. We prove the general statement by mathematical induction. The base case is the one above where 
m is one of the generating elements. 


Suppose we have proven the statement when m is a product of at most n — 1 generating elements. Now, 
consider a product pi po ... Pn, where the pj; are translations, rotations or r. Then 


(pip2-.-Pn) ‘taper (pip2--- Pn) = Pa (Pi ---Pn—1) ‘tapor(pr ---Pn-1)Pn 
—$_—$ 
is a glide reflection by induction 


Denoting this glide reflection with g, we also have that p;! gpn is a glide reflection. 


By the principle of mathematical induction, we have proven the statement for a product of arbitrary length. Thus 
we have proven the statement for all elements of M. 


Result 30f3 


One can write glide reflections as tap. Note that the vector a need not be the glide vector - in fact it can be 
written as @ = (a1, a2) where the first component is in the direction of the axis of per. 


With this in mind, one checks that m-!ta perm is a glide reflection for any generator of the group of isometries M 


Let 2 = 2; + ixg anda = ay + ia. The complex number z will correspond to the vector/point (21, v2). The 
elementary symmetries from the textbook now become: 


¢ translationt, by a vector a 
ta(w@) =x +a = (x; + ig) + (a1 + ia2) 


= 2, +a, +i(xq + a2) 


¢ rotation pg by an angle @ around the origin. Recall that multiplication of complex numbers multiplies their 
absolute values and adds arguments. Thus multiplying with e"? = cos 6 + isin @ simply rotates the number by 
6. We find that 


po(x) = (cos 6 + isin @)(x, + ize) 
= x) cos@ — zo sin 8 + i(cos Oxo + x; sin) 
e reflection around e; 


r(z) = 2, —izg =F 


where the overline denotes complex conjugation. 


Result 20f2 


In terms of complex numbers, translation becomes addition, rotation multiplication by a complex number of 
absolute value 1, and reflection is just complex conjugation. 


6. a 


¢ [a)]Let s be the rotation of the plane with angle 7/2 about the point (1, 1). This transformation can be 
realized by first shifting the center of rotation into the origin. After that one rotates and just translates back by 
(1, 1). Thus the transformation in question is equal to 


8 = t(1,1)Px/2t(-1,-1) 
= t(1,1)tp,/9(-1,-1)Px/2 
= ta ryti,-1)Px/2 
= t(2.0)Px/2 


¢ [b)] Let s denote reflection of the plane about the vertical axis 2 = 1. By inspection, we find that 
s(x, y) = (2 ~ a, y) 
This can be written as 


s(z,y) = t(2,0)(—2, y) 


= tio0)Px(2, —y) 
= ti2o)prr(z,y) 
8 = t(2.0)PzT 


and so we have found an expression for s. To find the conjugating element g, we recall that t7 1—t¢_, and Pe — 
p_g. Thus g and g~! shouldn't look too different. We try the following trick: 


8 = t(1 9)t(1,0)Px/2Px/2° 
Now, we switch over one of the translations and one of the rotations to the other side. We have 


8 = t(1,0)t(1,0) Px? 
= t(1,0)Pxt(-1,0)7 
= t(1,0)Px/2Px/2Tt(-19) 
= t(1,0)Px/27 P—x/2t(-10) 


We see that by taking g = t(1 9)04/2, we arrive at an element such that s = grg7l. 


Result S ofS 


a) It is easy to see that the same transformation is realized by first translating everything to the origin, rotating and 
translating back. The rest is calculation. 


b) Note that s(z, y) = (2 — 2, y) = ti2.0)pxr(a, y). This can be rewritten to find the required conjugating 
element g to be t(1.0)Px/2- 


Section 4 


lia 


Recall the defining relations for the dihedral group D,,: 


Fae — te | 
y=1 
zy = yar! 


Using these repeatedly we bring the given expression into the form ziy), This goes like 


a*(ya')y ay? = 2?(zy)y ta y?y 
=23.1-g23.1-y 
= r®y 


Result 20f2 


Use the definition of the abstract dihedral group D,,. The important rule is that zy = yao}. 


© [a)]We list all the subgroups of Dy = {, Ce 2, x, y, ry, ry, zy}. We do this by sorting them by size. 

* The subgroup of size 1 is of course {1}. It is normal. 

© The subgroups of size 2 must be cyclic ie. generated by elements of order 2. These are the reflections of which 
there are 4 and rotation by 180°: 


{3,27}; 
{1, y}, {1, zy}, {1, zy}, {1,2*y} 


Let z is the non-trivial element in the above subgroups. The subgroups will be normal if gzg~! is again in the 
subgroup. But reflections don't commute with rotations. 


Thus the only possible normal subgroup H = {1, zr}. It is easily checked that this is so. (It is enough to check that 
az! Ha = H andy Hy = H since x, y are the generators.) 


© Groups of order 4 are abelian, either cyclic or generated by two elements of order 2. Suppose 2 or zx’ is in the 


group. Then all its powers are also in it, and so we get the subgroup 


{1, 2, 2°, 23} 


Suppose y is in the subgroup. ry, zy together with y generate the whole group, thus a subgroup of order 4 with 
8 must be 


{1,s,r?, sr?} 


Finally, if r, r3 ; 8 are not in the subgroup, we are left with 


{1,r?, sr, sr*} 


which is indeed a subgroup. 
Subgroups of index 2 are always normal subgroups, and so the same applies to the above. 


Finally, the whole group Dy, is normal in itself. 


¢ [b)]Consider the dihedral group D5. Suppose N was a normal subgroup. Recall that every reflection is of the 
form z”y for some n = 0,1..., 14. Suppose a reflection was in NV. Then for N to be normal, we would need 


(a*)2"ya* at gn tky 
for every k. Since ged(2, 15) = 1, the expression gry can be any reflection y, rTy,... salty, Thus a normal 


subgroup with reflections would contain all the reflections. Since it must contain additionally the identity, we 
would have a subgroup with > 16 elements - showing that N = G. 


Thus a proper normal subgroup N must not contain reflections. We conclude that this must be the group of 
rotations N = {1,z,..., 24}. 


© [c)]We list the subgroups of Dg not containing x’, 
Obviously, such a subgroup cannot contain x, x, z°. Also note that 


v"yry — am 


and therefore such a subgroup must not contain two reflections 2"y, 2” y with n, m of different parity (since then 
the result will be one of x, x3, 2°). 


We see that the subgroups may contain x, x4 and reflections z"y, zy with the same parity. This gives the 
subgroups: 


{1,y}, {1, cy}, {1, 27y}, {1, a8 y}, {1, ety}, (1, 2°y} 
{1, 2”, 24}, 
{1,2",2',y, ye", yr*}, {1,27, 24, yo, yr®, yr”} 


Result Aof4 


a) Subgroups of order 4 (i.e. of index 2) are always normal. There is only one normal subgroup of order 2, that is 


{1,27}. 


b) We show that a normal subgroup of N containing reflections must be the whole group. There a proper normal 
subgroup must the group of rotations. 


c) Note that such a subgroup cannot have z, x, x” or xz", zy with n,m of the same parity. With this in mind, its 
not hard to write out all the groups. 


3.a 


Step 1 lof 4 


° [aJLet H = {1, 2°}. This is a subgroup of Dj. We write down the left cosets. This is done by simply 
calculating 2H, for z € Dy until we exhaust all possibilities. The cosets are: 


H = {1,2} 
rH = {z,2°} 
2° = {2,2"} 
2°H = {2°, 2°} 
2H = {z‘,2°} 
yH = {y,yz"} 
yxH = {yx,yx*} 
yx” H = {yz”,ye"} 
yo? H = {yz*, ye*} 
yo'H = {yx*,ye*} 


Every element of Djg is listed in one of the above cosets, therefore this is all of them. 


* [b)]We prove that H is normal. We must show that g~! Hg = H for arbitrary g. If g = x”, then 
g Hg =2-"Hz" = {1,2°} =H 
for any n. If g = yx", then 
g Hg = (ye")H(ya") = 2 "yf{1,2°}ye" = {1,2-°} = {12°} =H 
since z!9 = 1. This shows that g-! Hg = H for all g € Dy and so H isnormal in Dyo. 


(Note: it was also sufficient to just check g = @, y since they generate D9. The process is the same.) 


Step 3 Sof 4 


© [c)]We compare the elements of order 2. In any dihedral group, reflections are always of order 2. The only 
rotation 2” of order 2 is x° in Dyo. Thus there are 11 elements of order 2 in Dyo. 


Similarly, in Ds there are 5 reflections. There is no rotation by 180°, and so there are in total 5 elements of order 2. 
For each of these reflections, we have two elements in Ds x H (since H has two elements). This gives a total of at 
most 10 elements of order 2. 


We conclude that the two groups are not isomorphic. 


Result oUt 
a) Calculate 2H for z € Dp until exhausting all elements. 
b) It is checked directly that gH g = H.One can also consider only g = 2, y. 


c) Compare the number of elements of order 2. There are 10 reflections plus 1 rotation by 180° in Djpo. But in 
Ds x H there are at most 10 such elements. 


Section 5 


lia 
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Let £; and £9 be lines through the origin in R? that intersect in an angle 7/n, and let r; be the reflection about £;. 


Recall that D,, is generated by a reflection and rotation. Since we already have two reflections, we need only show 
that we can generate a rotation po, /n. 


Consider the effect of reflecting a point over £9. The same effect can be achieved by rotating the point by —7/n, 
reflecting it over £; and then rotating it back by 7/n. Thus 


T2 = P-x/nT1Px/n 
Using the rules for manipulating such expressions, we find that 


T2 =T1Px/nPx/n 


—1 
T) T2 = Pox/n 


Thus ri, 72 generate a rotation by 27/n. 


T1 and poz /n generate a dihedral group, D,, as required. 


Result 2 of 2 


Notice that the other reflection can be written as r2 = P_x/nT1Px/n- From this we can express fox /,. This rotation 
and either of the reflections 7, rz generate D,,. 


Consider a discrete group of isometries whose translation group L has the 
form Za with a 4 0. Let H be the crystallographic restriction. Recall that 
the crystallographic restriction contains rotations of order 1,2, 3, 4,6. 

Since H operates on the lattice L as well, which is one-dimensional, it 
must be that H contains at most rotations of order 1 or 2. This gives 
the possibilities C}, C2 = D, and D2. All happen as can be demonstrated: 


ODACDAGHA 
OAOADA 
OXxXOXOX 


Note that all of the above patterns have one-dimensional discrete translational 
symmetry. 

The first one has a trivial crystallographic restriction H = C), since no 
(vertical) axis can be chosen for reflection to be a symmetry and it is evident 
that rotation by 180° will rotate the triangle. 

The second one can be reflected around a vertical axis, but cannot be rotated 
- thus it has H = Co. 

The third one can be reflected around a vertical and horizontal axis. Note 
that a composition of such reflections is exactly a rotation by 180°. Thus 
here H = Dp. 


Result 20f2 


Since Za is one-dimensional, the crystallographic restriction H can contain at most the rotation by 180° and no 
other ones. We show that H can be the either C1, C2 or Do. 


Let L = Za + Zh be a lattice in R? generated by the vectors a, b. A sublattice L’ is a lattice generated by some 
vectors in L. 
By writing ra + yb = (a, y), we may without loss of generality assume that the lattice is L = Zz’. 


Step 2 20f 4 


Suppose L’ contains the vector (x, 0) and let z be the minimal positive integer with this property. Consider the 
quotient 


L/i 
For any element v + L’ of the quotient group, we can consider 


(a,0)+v+LD'eL/l’, 0<a<a 


For 0 < a < z, we will get different cosets (else we would have (a, 0) € L’ contradicting the fact that z is the 
smallest such number). 


We conclude that L/L’ can be divided into x equal partitions. This shows that x divides the index |L/L’| of L’ in 
L. 


Letn = |L/L'|. We conclude that it suffices to check all sublattice L’ with vectors of the form (d, 0), where dis a 
divisor of n. We find that * if (1,0) € L’ then any vector (a, b) € L’ can be transformed to (0, b) and vice-versa. 
It is easy to see that L’ will have index in L equal to b. Thus L’ can be expressed as 


L' = Z(1,0) + Z(0,3) 


¢ if (3,0) € L’, then consider a vector (a,b) € L’. By adding (3,0), we can reduce that vector to either (0, 6), 
(1, b) and (2, b). Consider the lattices 


L' = Z(3,0) + Z(0, 1) 
L' = Z(3,0) + Z(1,1) 
L' = Z(3,0) + Z(2, 1) 


All of these have index 3. If b > 1, then it will be immediately seen that the lattice would have greater index. 


We see that these are all the lattices, giving 4 in total. 


Result aa 
Introducing coordinates, we may assume that the lattice is Z?. 


First we show that if (7,0) € L' with x being the minimal positive integer with this property, then z divides the 
index of L’ in L. 


This shows that it suffices to choose (d,0) € L’ with da divisor of n. Then it's not hard to choose another vector 
so we have a basis for L’. 


4.a 
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Let (a, b) be a lattice basis of a lattice L in R? Let (a’, b’) be some other basis. Since they are bases, we must 
have that there are integers such that 


a’ =aa+ fb 
b' = ya + 6b 


which can also be written in the matrix form 
a 
(a’,b’)=(a,b)P, P= ( 3 4) 


Note that these a’, b’, a, b are vectors, and so in fact (a’, b’) and (a, b) are matrices. 


Similarly, there is a matrix Q with integers entries such that (a,b) = (a’, b’)Q. This gives 
(a’,b') = (a,b) P = (a’,b')QP 
(QP —I)(a’,b') =0 
Now, the matrix (a’, b’) is composed of two linearly independent columns, and so has determinant + 0. 
Multiplying by its inverse, we find that 


QP-I=0 
QP =1 
det(Q) det(P) = 1 


Since P, Q were matrices with integers entries, det(P) must be an integer and since it divides 1, we conclude 
that det(P) = +1. 


Result 20f2 


There are integer matrices P, Q such that (a’, b’) = (a,b) P and (a,b) = (a’,b')Q. Then (QP — I)(a’,b’) =0 
and so QP = I. Taking determinants, it follows that det(P) = +1. 


Consider the frieze pattern 


44dd<dd4d4 


Consider first the translational symmetry group L of this pattern. Obviously, we can translate it left and right. But 
there cannot be two linearly independent vectors in L since the pattern is one-dimensional. 


We conclude that the translation group L = Za for some vector a (equal to the difference between two 
consecutive triangles). 


Now, consider the crystallographic restriction. Since the pattern is one dimensional, we know that the only 
possibilities are rotation by 180° and reflection. While it is possible to reflect the pattern horizontally, it is 
impossible to rotate it by 180°. We conclude that the crystallographic restriction is C». 


This shows that the whole group of symmetries is made of elements of the form tar, where tf, are translation by 
multiples of a and r is horizontal reflection. Thus 


G=C,x Co 


Result 20f2 


There is obviously one-dimensional translational symmetry. It is easily that the pattern only has horizontal reflection 
symmetry. Thus every symmetry is of the form t,7, and so the group is Cp x Cy. 
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6.a 


Let G be the group of symmetries of the frieze pattern in the textbook. Recall that the point group records the 
angles of rotations (and slopes of glide lines of reflection). There is an obvious vertical reflection. 


Now, put a point in the middle of one of the signs in the pattern. One can do a 180° degree rotation around that to 
get the same shape again. Since the translational group is one-dimensional, there can be no other rotations. This 
implies that the point group is 


G=Dp, 
Note that the horizontal reflection is not evident since this is the point group - in fact there is a glide symmetry 


made of horizontal reflection and translation. Since the point group G is made by quotienting out translations, this 
is no surprise. 


Step 2 20f 3 


Recall that the point group is derived as the image of the homomorphism 


£3G+G 


with translations as kernel. By the first homomorphism theorem, we have that 


G/kerm = G/T =G=D, 


showing that the index of the translation group T in G is equal to |Do| = 4. 


Result 30f5 


Note that there is a vertical reflection, rotation by 180° degrees and a glide reflection. There can be more 
symmetries in the point group and so G= Dao. 


The index of the translation group is equal to the size of G. 


7.a 


Groups of isometrics of a line; 
The group /(R)of isometrics of the line R is an interesting and (for such an apparently easy 
case) complicated group. 


Comment 


Step 20f3 ~ 


Let jv denote the group of isometries of a line @ 


To classify: the discrete subgroups of NV , identifying those that differ in the choice of origin and 
unit length on the line 


Since the group; 

O(1)={+I} 

Then divide the elements of the group into two subsets: those with orthogonal part +.) and those 
with the orthogonal part —1. 

The former are just translations of the form x ++ a+ x while the latter are maps of the form 
xra-x. 
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There is always a bijections from the additive group that will lead to the transactions. 
These later maps have the effect of "reversing the direction" on the line. 
Then; 
x=Ta 
If there is a reflection on another point; 
R(x) Ry(a) = Rx(Ry(a)) 
= Rx(2y-x) 
And; 
Tx Rx(a) =Tx(Rx(a)) 
=Tx(2y-a) 


=2x+y-a 


a= al» +(3)\@) 
Further; 


R(x)eT(y(a)) = Ra(x+d) 
=2y+x 

Reflection in the point b is the map x} 2b—x 

Therefore, the required discrete subgroup is x =T7a 


lsometry is defined as the transformation that is invariant with respect to distance. The distance 
between any two points in the pre-image should be the same like it is between the images two 


products. 


Consider the isometric 
geFkgeE 
Mapped as; 
[x,y,z] [y-x,y,-2+12][x,y,2] 
[yx y,-2 +12] 
Order gag is 2 
If{l, g}{1, g} = finite subgroup 


Let K have finite order n. Consider an orbit x 
FDS AF OM 5 {a= DCO S (2), F(F (4) ef (n= 1)(2) 
Average is fixed 
vaxt f(x) t+ ff (x) +...+ fn DOdny 
=x+f(x)+S(S(x))+...4f(n-1)(x)n 


b. 
To make: A careful case analysis for the proof 


A frieze group is one of the mathematical concepts which is used in the classification of the 
design in a two-dimensional space in a space of one direction, 


This situation is very common in architecture and decorative art. 
Symmetry can occur. 


Frieze groups for a two-dimensional line groups, on a one direction, these are related with 
complex wallpaper groups, repetitive of two directions, and crystallographic groups, repetitive of 
three directions. 


The G is the subgroup of the Euclidean group with a linear transformation T 
Translational subgroup is 


T>2GTDG 
These are the isometrics of pure translations 


Let G be a discrete subgroup of M whose translation group is not trivial. Consider the possible isometries. 


Translations and glide reflections don't have fixed points. Rotations have one. Reflections have a line as the set of 
fixed points. 


Since the group is discrete, there are countably many translation vectors t, and the point group if finite. This means 
that there are countably many different elements t, pgr. Since each of them has at most a line as a fixed point, we 
conclude that the set of fixed points F’ is a countable union of lines and points. 


Step 2 2o0f3 


Now, let S be the set of all slopes of the lines in F’. There are countably many such slopes. But there are 
uncountably many possible slopes in [0, 27). Thus taking a € [0, 277) \ S, we show that the line y = az cannot 
be in F. 


Suppose it was. Since its slope is different from all lines in F’,, it intersects every line once. Since there are 
countably many lines and points in F’, this shows that there are only countably many points on y = az in F. Since 
a line has uncountably many points, we conclude that there is a point on the line y = az, which is not the set of 
fixed points for G. 


Thus there is a point in R? which is not fixed by any element of G. 


Result Sofs 


Since G is discrete, its cardinality is at most countable. It is seen that individual isometries have at most a line as a 
fixed point set (reflections do). Thus the fixed point set is a union of countably many lines (and points). But this 
cannot be the whole plane. 


10.a 
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Let f and g be rotations about distinct points, f by 6 and g by an angle of . Consider the point group G which is 
arrived at by mapping the translations to the identity: 


n:G3G 


In the point group G, x(f) = f and x(g) = gare simply rotations (and the point of reference is irrelevant). Thus 
imagining they are in the same point, we find that 


f9f-97 = popep—op—s = 1 
This means that fgf—!g~! © ker 7. Thus it is either a translation or the identity. 


If it were the identity, then we would have 


fof *g*=1 
fg=of 


Let F be the point about which f rotates. Then 


9f(F) = 9(f(F)) = oF) 
fo(F) = f(9(F)) 


This shows that f(g(F’)) = g(F) and since the only fixed point of a rotation is the point around which we rotate, 
we would have g(F') = F. But then g would rotate around the same point as f, contrary to assumption that the 
points are distinct. 


We conclude that fg # gf andso fgf—'g~ isa translation. 


Result ar2 


Note that in the point group fgf-1g-1 = I. Thus fgf—1g7! is either the identity or a proper translation. Let F' be 
the point around which f rotates. Then it's seen that fg and gf act differently on F. Thus fgf—1g-! 4 1, and so 
it must be a translation. 


1i.a 


¢ [a)]Let [ be a subgroup of R™. Suppose that G is not discrete. Then there is a translation t, for which 


lal <e 


for any choice of €. Thus I contains elements with arbitrarily small translations. Iterating this translation tg on 0 € T 
, We find that 
t?(0) =naeT 


where n € Z. Let b € R be arbitrary and choose a positive small a. Then taking n = \2 


Efest<(t))- 


0<b-—na<a 


|, we have that 


Taking a to be smaller than €, we have that 


|b —na| <€ 


where epsilon is arbitrary. 


Thus if the group L is not discrete, it must be dense in R. 


17 


¢ [b)]Suppose a subgroup [ of R contains 1 and 4/2. We show that we can get arbitrarily small numbers in T' and 
T will not be discrete. By part a), it will follow that I’ is dense. 


Note that we can get 


a, = V2-1=0.414...EP 


Similarly, 
a = (V2 —- 1)? =3- 2V2=0.172...ET 


In general, notice that the n-th power of (/2 — 1)" €T since we can always write out the expression by the 
binomial theorem: 


anit So (vata eater 
k=0 


Obviously, a, is a positive sequence converging to 0. Therefore, it gets arbitrarily close to 0, that is, for every € > 
0 there is an n such that 


lan| <€ 


This shows that I is not discrete, and therefore is dense in R. 


¢ [c)]Let H be a subgroup of the group G of angles. This means the group 
G=R/2nZ 


ie. the reals modulo 277. We have the following cases: 
¢ Suppose H has finitely many angles of the form 


an 5, abeZ 


Then this is contained in the cyclic group C,,, generated by ~ for some integer n (take n to be the least common 
multiple of all the denominators). 


¢ Suppose H has infinitely many angles of the above form. If there was a largest possible denominator, then this 
would not be possible (since there are finitely many fraction with a given denominator). We conclude that the 
denominators must become arbitrarily large. If 27 - # € H with gcd(a, b) = 1, then we can also get =. With 
a large enough denominator, any real number can be approximated by rationals. We conclude that H is dense 
in G. 

¢ Suppose H contains a number of the form 


2ur 


where 7 is irrational. Consider the multiples of this: 


T, OP SP 656 
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and their fractional parts. Divide the interval [0, 1) into 
ee Ne a aed 
M M’M M 


Consider nr forn € {1,2,..., M, M + 1}. Since there are M intervals, it must be for at least two m1, n2 


nya, nga 
must be in the same interval. But then 


lim ~ ma)al < 5 


Since the choice of M was arbitrary, we see that we can arbitrarily approximate zero. This shows that H is not 
discrete, and therefore H is dense in R. 


Result “of 


a) If [is not discrete, then there is an arbitrarily small a which translates [’. Since 0 € I’, we can get any number as 
t"(0) = na. 


b)Note that (V2 _ 1)? € T. This converges to zero, and so the group is not discrete. 


c) If the group of angles contains finitely many angles, then it is cyclic. If there are infinitely many rational angles, or 
an irrational angle, then the group is dense in R. 


12. a 


This theorem is proven by imitating the analogous textbook result for the plane. Let L be a discrete subgroup of 
Rt. 


We show that bounded region of space contains only finitely many points of L. 


Indeed, with L being discrete, the elements of L are separated by a distance at least €. Take a cube with diagonal 
€. Then there cannot be two elements in that cube. But a bounded region of space can be covered by finitely many 
cubes, thus there are finitely many points in the bounded region. 


if L is not trivial, then there is some vector a in it. Consider the circle around the origin of radius |a|. Since this is a 
bounded space, there are finitely many points in it. Taking the point closest to the origin yields the vector of 
minimal length in L. 


if B = (u,v, w) is a basis for R3, then we can write all vectors v € R¥ as 


v=2+%0 


where Uo is a vector in the fundamental parallelepiped (B ) generated by the basis B anda € L. 
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The rest proceeds similar to the textbook. 


Suppose all the vectors of L lie ona line. A line is isomorphic to R and so a discrete subgroup must be of the form 
L = Za, for some vector a. 


© Suppose the vectors line in a plane but not on a line. Since a plane is isomorphic to R?, the textbook resolves 
this, since we know that such a discrete subgroup must be aZ + DZ. 
e Finally, suppose the vectors don't lie in a plane. Then there are three linearly independent vectors a’, b’, c’. 


Take two linearly independent vectors a’, b’ in L. They lie in a plane P. By the second case above, PM Lisa 
lattice of the form aZ + bZ. By changing coordinates, we may assume that a, b are in fact (1,0,0),(0,1,0) € L. 


Next, we replace c’ = (c}, ch, c3)* by —c’ if necessary, so that c becomes positive. We 

look for a vector c = (c1, C9, c3)¢ in L with cz positive, and otherwise as small as possible. A 
priori, we have infinitely many elements to inspect. However, since c’ is in L, we only need 

to inspect the elements c such that 0 < b3 < bs. Moreover, we may add multiples of a,b to 

c, SO we may also assume that 0 < c,, co < 1. When this is done, c will be in a bounded region 
that contains finitely many elements of L. We look through this finite set to find the required 
element c, and we show that B = (a, b,c) is a lattice basis for L. 


Let L = Za + Zb + Zc. Then L © L. We must show that every element of L is in L. It is enough to show that the 
only element 

of L in the region II'(B) is the zero vector. Let d = (d), do, d3) be a point of L in that region, 

so that 0 < dj, dy < land0 < d3 < c3. Since c3 was chosen minimal, it must that d3 = 0 and the vector d is in 
the plane generated by a, b. But since 0 < d), dy < 1, the only option is that d is the zero vector. 


We conclude that the lattice is of the form Za + Zb + Ze. 


Result Sofs 


The proof is analogous to the textbook proof for R?. Calling on that and finishing the proof analogously, we have 
that the possible lattices are Za + Zb + Zc (with eventually some of a, b, c being zero). 


Section 6 


lia 
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(a) 

The point group of each and every pattern is considered to be the mirror image of each pattern 
Pattern disclosure or the explanation of the image is as follows 

Group 1 


The first group is transactions only group. Structure or lattice is similar to a parallogram with 
translational axis inclined at a specific angle. This will be the exact mirror image no matter how 
long the pattern goes. 


Group 2 


This is both transactional and rotational they revolve or rotate at a half turn that is 180degree. 
The lattice is an transaction of an angle at an parallelogram. They generally have dot in the figure 


Group 3 


This includes the reflection and translation. They are of two type’s reflection which is parallel also 
known as bilateral symmetry. The other type is in which the lattice is square in shape. 


Group 4: This is combination of the reflex and transaction this is parallel to one axis and 
perpendicular to another. 


Group 5: Reflection and glide reflection have parallel axis and translation. 


Group 6: Reflection whose axis are perpendicular and rotates into a half turn 


Group7: Has reflection and glide reflection along with transaction 

Group 8: Contain glide reflection half turn rotation and transaction. 

Group 9 is reflection and 180degree rotation rhombus lattice 

Group10: This includes rotation and translation but the rotation is 90 degree. 
Group 11: Rotation translation and reflection and the rotation century lies reflex axis 
Group12: contain reflection glide rotation and rotation 

Group 13: Rotation and translation 

Group14: similar to 13 but hexagon lattice 

Group 15: difference from 14 is rotation lies on the axis. 


Group 16 rotation and transactions 60 degree 180degree and half turn Lattice hexagon. 


(b) 
The patterns that can co-ordinates be chosen so that the group G operates on the lattice L. 
Group: Structure or lattice is similar to a parallelogram with translational axis inclined at a 


specific angle. Group 2: The lattice is a transaction of an angle at a parallelogram. They 
generally have dot in the figure. 


Group 4 This is combination of the reflex and transaction this is parallel to one axis and 
perpendicular to another. Group 5: Reflection and glide reflection have parallel axis and 
translation with a rhombus lattice. 


Group 6, 7, 8 has rectangular lattice. Group 9 is reflection and 180degree rotation rhombus 
lattice. Group 11: Rotation translation and reflection and the rotation century lies reflex axis 
Group14: similar to 13 but hexagon lattice. Group 16: rotation and transactions 60° ,80° and half 
turn Lattice hexagon. 
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Let G be the group of symmetries of an equilateral triangular lattice L. Such a lattice will have rotations by 60°. It 
also has a vertical reflection. Obviously, no other rotations are possible. This means that with rotations and 
reflections, the point group must be Dg. 


WANVAN 


Recall the homomorphism 


«:G3G 


which has as kernel the subgroup of translations. By the first isomorphism theorem, the index of this subgroup in G 
is 


|G/ ker x| = |Dg| = 12 


Result 30f3 


The symmetries of the triangle lattice are rotations by 60° and reflections. Thus the point is Dg and the index of the 
translation group is |Dg¢| = 12. 


3.a 
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The top left pattern has rotational symmetry as a square (i.e. rotations by 90°). No reflections give the same 
pattern. We conclude that the point group is G = C4. 


This corresponds to the second pattern in the second row (on the list of 17 patterns). 


Step 2 2of 5 


The top right pattern has rotational symmetry as a square and also has bilateral symmetry (i.e. reflections). This 
gives the point group G = D4. 


This corresponds to the fourth pattern in the fourth row (on the list of 17 patterns). 


Step 3 Sof 5 


The lower left pattern has hexagons as well as squares. It can either have rotations by 60° or 90°, but not both 
(else one could also rotate it by 30°, but that is a rotation of order 12.) 

It is not possible to find a rotation by 60°. On the other hand, put a point in the center of the square an rotate by 
90°. One finds that this preserves symmetry. 


This corresponds to the fourth pattern in the fourth row (on the list of 17 patterns). 


Horizontal and vertical reflections also preserve the pattern. Thus the point group G is D4. 


The lower right pattern has fish with faces. Notice e.g. the eyes. Since they are black down, and white up, there can 
be no horizontal reflection symmetry and no rotational symmetry. The only symmetry is a vertical glide reflection. 
Thus the point group consists of one reflection and so G = Dao. 


This corresponds to the second pattern in the first row (on the list of 17 patterns). 


Result SOf5 


We analyze the patterns by looking for the possible rotational symmetries (rotations by 180, 120, 90, 60 degrees) 
and reflections. Top left has G = C4, top right and lower left has G = D4 and lower right G = Co. 


4.a 


Consider the provided statement to classify plane crystallographic groups with point D, . 


It is noticed that the discrete subgroups k in an isometrics of the plane k with translation lattice | 
and it has 2 independent vectors, this too with the point group G and the dihedral group D, . This 
also contains identity along with reflection along the origin. 


Comment 


Step 20f3 “ 


From the ten possible groups of point groups Cy Or Dn where n=1,2,3,4,6 out of which D, 
-analytics is most complicated. There are 3 different types of group along this point group. 


It is assume that, G -Group of the type that choosing coordinates for the reflection in G which is 
alongside to horizontal axis. 


A bar over symbols represents elements of the point group G, the reflection in G by r. The lattice 
L consists of the vectors v such that TVis in G and Elements of G map L to L. If vis in L, then 
RV will be also there L and the shape of the lattice. 
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Proposition 

Horizontal and vertical vectors a = (a, #,10)¢ and b=(0, b2),c=12(a + b). One out of 
two lattices Lor L,, 

Then L, =Za+Zb are rectangular lattice and 12 = Za+ Ze is a ‘triangular’ lattice. 


Since }=2c-a then L, impliesto L,. L, is rectangular because the horizontal and vertical 
lines along the point divide the pane into a rectangular shape. L, is addition of L, at the 
midpoints of rectangles. 


Alattice defined as the algebraic structure whose two elements have a unique supremum or a 
unique infimum. 


Comment 


Step2o0f4 “ 


a. 
Consider G to be a group of isometries of equilateral triangles 7 . 
Suppose, 7 be the group of translations 
To prove, that G/T = D, 
If the proof is obtained then the result is done 
Let if possible suppose; 

G/T =D, 


It is clear that for an equilateral triangle lattice to be formed there should be at least 6 lines that 
reflect about the horizontal line 


But the group D, does not contain any reflection about any horizontal line. 


Now, consider the below given lattice; 
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If the lattice is rotated around any single vertex by 6Q°in such a way that one lattice maps to 
another lattice point, the composition of 6 such rotation makes the equilateral triangle lattice 


Thus, this makes a contradiction for the assumption that; 
G/T =D, 


Therefore, the translation group /, is an equilateral triangular lattice if the group of a two- 
dimensional crystallographic group is C, or D, 


b. 
Since, there is a small rotation in G which have finite order say, 
Also, the subgroup of that rotation is isomorphic to C, or D, 
This implies that; 
n=2 
So, further by using the theorem of classification of Rosette groups which states that; 
Arosette group Gis either a cyclic group C, generated by a rotation or is one of the dihedral 
groups D, 


Rosette groups are mainly composed of the rosette patterns; here the rosette pattern is 
described as the equilateral triangular lattice 


Thus, by using the result of above stated theorem the required group is Rosette group. 


Alattice defined as the algebraic structure whose two elements have a unique supremum or a 
unique infimum. 


Comment 


Step 20f9 ~ 


Groups are always defined in a two dimensional plane. 


The two features introduced here is the existence of two independent translations corresponding 
to the two dimensional plane. 


The entire pattern is formed by translating the figure into two different directions. 
The basic positions obtained by the given figure form the vertices of the infinite lattice. 


The lattice of the infinitely many congruent parallelograms as reflected is defined as the ‘unit cell’ 


Now, consider any one figure from the given figures; 
First separate the figure into two translations. 


For this, first consider the figure; 
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Now, divide this into two translations as done below; 


[| | [| 


Here, just two colors create entirely new pattem from the basic square lattice. The main lattice of 
the above is considered as the given diagram of the check board; 


O O O 


O O O 


For translations, observe the arrows marked on the figure; 


O O O 
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Clearly two independent translations can be seen in the plane. 

That is the choice of the unit cell is not unique. 

This implies that different parallelogram may be taken or even non-parallelograms can be taken. 
This contradicts the conditions for a group of symmetry 


Similarly, by using the same process for the other given figures it can be obtained that the 
conditions for a symmetry of group is not satisfied 


Therefore, the given figures exhaust the possibilities. 


Section 7 


lia 


Let G = Dy, be the dihedral group of symmetries of the square. 


¢ [a)]We calculate the stabilizer of the vertices. This is the subgroup of G, of G such that g(v) = g. No rotation 
stabilizes a vertex. But a reflection through that point does. Therefore 


Gy = {1, rv} 


This means that the stabilizer group for a vertex is C2, where the non-trivial element represents the reflection ry 
about the diagonal through the vertex v. 


Consider now an edge e. Rotations obviously don't stabilize it. Neither do diagonal reflections. But a reflection 
through the midpoint of an edge does stabilize it. Call this reflection r-. The stabilizer is thus 


G.= {1, re} 


* [b)] Consider G acting on the set {d), do} of diagonals. A rotation by 90° degrees obviously changes the 
diagonals, but a rotation by 180° doesn't. Also reflections around the diagonal itself, or the perpendicular 
diagonal, leave the diagonal unchanged. Calling the diagonal reflections ry, , Pay, SO 


Gay = Gay = {1, Px, Pa1,Ta2} = Deo 


Result SOS 


The stabilizers of vertices and of edges are isomorphic to C», whereas the diagonals have stabilizer groups 
isomorphic to Do. 
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The group M of isometries of the plane operates on the set of lines in the plane. We consider the possible 
stabilizing elements of lines: 


© Any vector on the line (i.e. parallel to the line) translates the line in the same line. Any other vector will translate 
the line somewhere else. 

¢ Any rotation around a point not on the line moves the line. The only rotation is a rotation around a point on the 
line by 180°. 

© The only reflections are around the line itself and reflections around perpendicular lines. 

e There are no non-trivial glide reflections. 


Fix a point P on the line. The translations are t,, for v parallel to the line. The rotations are t,pg where pg is a 
rotation around P. Call r the reflection around the perpendicular line through P Then tyr is a reflection around 
another perpendicular line. Thus we have that G is made of the different elements 


ty, typz, tor, typar 
for all possible vectors v parallel to the line. Therefore the stabilizer is 


G = {t,pir | v parallel to the line, i = 0,1, 7 = 0, 1} 
~RxD 


Result 2 of 2 


Notice that translations with vectors on the line keeps the line fixed. The only other isometries are rotations p, on 
the line itself and reflections around the line itself and perpendicular lines. One sees that G ~ Dp. 


3.a 


Let U, V be two sets of order 3. Suppose the symmetric group $3 operates on U, V. Then S3 naturally acts on 
U x V with the diagonal action 


g(u,v) = (gu, gv) 
© [a)] Since the elements of U, V are irrelevant, we may as well write 


U =V ={1,2,3} 


Ss acts transitively on U. If all 2-cycles were to act trivially on U, then S3 itself would act trivially since it is 
generated by 2-cycles. 


Similarly, if only one 2-cycle, call it y, was to act non-trivially, then we would have (renaming the elements if 
necessary) 


-(y-1)=y?-1=1-1=1 


Qe) Se SS 
won = 
i 
we wo 


So, here y would act as the permutation (1 2). If the other 2-cycles acted trivially, then this would be the only non- 
trivial permutation contradicting transitiveness. 


We conclude that at least two 2-cycles act non-trivially by permuting two elements. Since the 2-cycles generate 
S3, we see that S3 must act by permutating U. Again, renaming elements if necessary, we may assume that the 
action of an element p € 53 is 


pr = p(x) 
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Note: This discussion was necessary since we might as well have said that (1 2) maps 1 ++ 3 and fixes 2, which 
would be very confusing, but logically possible. 


Finally, consider the orbits. Orbits are calculated by taking an element and acting with all the elements of the 
group. We have 


Oa) = {9(1, 1) | g € S3} 
= {(1,1), (2, 2), (3, 3)} 
Oa.) _ {(1, 2), (2, 1), (1, 3), (3, 1), (2, 3), (3, 2)} 


Thus we have a "diagonal" orbit and one other for the elements of the diagonal. 


* [b)]Suppose that S3 acts transitively on U but on V there are two orbits {1} and {2, 3}. As seen above, this 
means that $3 acts by permuting the elements of U, but in the case of V only one 2-cycle acts non-trivially 
eg. (2 3). Renaming elements if necessary, we have the orbits: 


Oa) = {(1, 1), (2, 1), (3, 1)} 
O21) = {(2, 3), (3, 2), (1, 2), (1, 3), (2, 2), (3, 3)} 


Result acta 
a) Since the actions are transitive on U, V, we arrive at two orbits. 


b) Similar to a). 


4.a 


The stabilizer of a point p is the set of all symmetries s such that s(p) = p. In the top left image, we had 
translations and rotations by 90°. Obviously, translations don't fix any point. Rotations fix only the point about 
which they rotate. The rotations that preserve symmetry are those in the centers of the squares. 


Put the origin in the center of one of the squares. Call the rotation by 90° around it Ppt. The stabilizer of the origin 
isGo = { 1, Ppi/2s Ppis P3pi/25 } and of some other point in the center of a square, it is 


G, =t,Got,' = Cy 


(tppt, lis just a way to write a rotation around a point p). Thus the points with non-trivial stabilizers are the centers 
of the squares which are fixed by 4 rotations. 


In the top right image we had rotational and bilateral symmetry. Rotations were again made around a point in the 
center of the squares in the pattern. If p is such a point, it will be preserved by rotations about it. Note that the 
reflections of the symmetry group don't pass through such points. Obviously, translations and glide symmetries 
don't preserve p. Therefore, as above 


Gp = C4 


Consider the points which get preserved by horizontal reflection. These will be the midpoints m of the vertical 
edges of "vertical" rectangles. No other symmetry preserves this, so calling this reflection r, we have that 
C= {1, r} ~CQ 


Similarly, the midpoints of horizontal edges of "horizontal" rectangles get preserved by reflection around a vertical 
axis through it. 
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In the lower left image, we also has rotational and bilateral symmetry. Similarly to the preceding, the points p in the 
centers of the squares, have stabilizer 


Ga 


since they are fixed only by the 4 possible rotations around the point (including the identity). 


Lines of bilateral symmetry are given by horizontal and vertical lines through the center of the hexagrams. For the 
points p of the pattern, lying on these lines, we have that Gy > Cy. 


The rest of the symmetries are translations or glide symmetries and thus don't have fixed points. Therefore, this 
checks all points. 


Step 4 4of5 


In the lower right image, we had only translation and glide symmetry (by reflecting around a vertical line and then 
translating). None of these have any fixed points, and we conclude that all points have trivial stabilizers. 


Result es 
Top left - the centers of the squares have rotations as stabilizers, soG, = C4. 


Top right - centers of squares have G» > Cy, while midpoints of edges of rectangles are preserved by 
reflections, soG,, = Co. 


Lower left - the points in the centers of the squares have stabilizer G, = (C4. For the points lying on the lines of 
horizontal/vertical reflection, only that reflection fixes them. Therefore Gp = C4 in that case. 


Lower right - all symmetries are reflections and glide reflections. Therefore, no point is stabilized by a non-trivial 
element. 


Let G be the group of symmetries of a cube, including the orientation-reversing symmetries. We can classify them 
as the orientation preserving: 


e The identity, 1. 

* Rotation by 90° about an axis going through the centers of opposing faces. Since we can rotate by +90° and 
there are three such axes, there are 6 such rotations. 

* Rotation by 180° about by the above three axes - there are 3 such rotations. 

Rotation by 180° about an axis connecting the midpoints of two opposing edges. There are 6 such rotations. 

Rotation by an angle of 120° around a space diagonal. We can rotate by +120° around 4 such axes, for a total 

of 8 such rotations. 


This gives all the 24 orientation-preserving symmetries. Consider a plane cutting the cube in half (any one will do). 
Reflecting the cube about that plane will also preserve the cube. Call that reflection r and let f be any other 
orientation-reversing symmetry. Then rf preserves orientation. Thus an arbitrary orientation-reversing symmetry f, 
can be written as 


f =(fr)r 


where fr preserves orientation. Thus, there are 24 more orientation-reversing symmetries, which are the results of 
composing the above symmetries by some reflection r. 


Result 20f2 


We count the 24 orientation-preserving symmetries first. Composing any of these with a reflection will give.24 
more orientation-reserving symmetries. 
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6.a 


Let G be the group of symmetries of an equilateral triangular prism P, including the 
orientation-reversing symmetries. We count the possible elements of the group. We have 


¢ the identity 

* rotating by +22 

e reflection about the plane intersecting the prism at middle height 

© draw a vertical plane dividing a the prism in half. There are three possible ways to do this, and so 3 more 
reflections. 

e inthe plane in the middle of the prism, draw a line connecting opposing edges and midpoints of faces. 
Rotating by 7 around that axis is also a symmetry. 

¢ the composition of reflection around the middle plane and rotation by + as 


Consider now the symmetries fixing a given face of the prism P. Going by the list above 


the identity of course fixes the face 

* rotating the prism doesn't fix any face 

e reflection around the middle plane fixes any face 

© reflection around the plane perpendicular to the face leaves the face unchanged 

* rotation around lines in the middle fixes the plane if and only if the line is perpendicular to the face 
© reflection composed with rotation doesn't preserve any face 


Denoting the reflection around the middle plan by h, reflection around the vertical plane by v and rotation by 7 
about the line in the center perpendicular to the face with p, we have the stabilizer group 


Gr = {1,h, v, p} 


Obviously, this group is not cyclic, and so is isomorphic to Do. 


Result 30f5 


There are 12 symmetries for a triangular prism. Only 4 of them fix a given face. 


* [a)]Let G = GL,,(V) operate on the set V = R” by left multiplication. The zero vector is obviously in its own 
orbit 


Go = {0} 
Now we consider some other orbit. Let x be a non-zero vector. Considering Ax for some matrices, it seems that 


we can get an arbitrary vector. Let y be another arbitrary non-zero vector. The question is can we always choose a 
matrix A, such that 


Ar=y 
for arbitrary non-zero z, y. 


Since «, y are non-zero, they can be part of some basis. Let B, = {z,...} and By = {y,...} two bases. Then 
the change of basis matrix P from B, to Bo will be exactly such that Pr = y. Change of basis matrices are 
always invertible, and therefore by choosing A = P, we have shown that Az can be any vector. We conclude that 
all the non-zero vectors create the second orbit 


G, = R" \ {0} 
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© [b)]Let A = {a;;| be an arbitrary invertible matrix. Then the condition 
Ae; =€) 


written out leads to 


Ae; = (411, 491,--+,@n1) = (1,0, ...50) =e} 


and so it must be that ay; = 1 and ay; = 0 for k > 1. This is also sufficient. Thus the stabilizer of e} is the set of 
invertible matrices such that their first column contains a1 as the first element, and the rest must be 0. 


Result 3of3 


a) 0 is in its own orbit. Any non-zero vectors 2, y are part of some basis. Choosing the appropriate change of basis 
matrix P, we have Pa = y. P is always invertible, so the other orbit is R” \ {O}. 


b) The first column of A € G_, must be ej. 


8.a 


Consider the set C2*? of 2 x 2 complex matrices. Let GL»(C) act on it 


© [a)] Suppose the group acts by multiplication. It is easily seen that invertible matrices are in their own orbit, but 
it is not so clear about the non-invertible ones. Suppose X is a matrix and suppose A is an invertible matrix. 
Then if 


AX =Y 
the question is what we can say about Y? 


Notice that Yu = AXv = 0 if and only if Xv = 0. Thus if two matrices X,Y are in the same orbit, we conclude 
that they must have the same kernels. 


We want to prove the converse. Suppose that Y, Y have the same kernels 


ker X = ker Y 


Let b be a basis for the kernel and let B > b be a basis for the whole space. Choosing the vectors in the 
appropriate order, we get a block matrix for X (or Y) in the form 


We 
x=[F 


(the right part of the matrix corresponding to the kernel). The non-zero columns must be linearly independent 
(else there would be another vector in the kernel of X). We conclude that C’y is an invertible matrix. Similarly for 
Y, there is such a Cy. If we let P be the change of basis matrix, then we have that 


COs? Big 
P| eonPeer 


and so X,Y are in the same orbit. 


We conclude that the orbits are the sets of matrices with the same kernel. 
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¢ [b)]Suppose now that GLo((C) acts with conjugation. By definition, this means that matrices are in the same 
orbit if and only if they are similar. 


Over the complex numbers, every matrix is similar to some unique Jordan form matrix (up to order of Jordan 
blocks). These are 2 x 2 matrices and we can just list their Jordan forms: 


[o adte A}-Lo a] 


Any matrix is similar to one of these three types of matrices (of course, similar matrices must have the same 
eigenvalues). Thus there are infinitely many orbits of these types. 


Result 3of3 


a) We show that by choosing some good basis, there is an invertible matrix such that for X , Y with the same 


kernel, there is an invertible matrix such that AX = Y. On the other if AX = Y, then X,Y have same kernel. 


Thus the orbits are sets of matrices with the same kernel. 


b)The orbits are just similar matrices. We can compare to their Jordan normal forms. Thus matrices will be in the 
same orbit if and only if they have the same Jordan form. 


9a 


* [a)] Let S be the set R"*™ of realm x n matrices, and let G = GL,,(R) x GL,(R). The rule (P,Q) * 
A= PAQ™' satisfies: 


(I,1)*A=A 


showing that the identity element of the group sends each element to itself. Next the associative law: 
(P,Q) * ((R, S) * A) = (P,Q) * (RAS) 
= PRAS“'Q" 
= (PR)A(QS)" 
= (PR,QS)*A 
= ((P,Q) -(R, S)) « 


We conclude that G operates on S. 


33 


b) Let A be some matrix in S and consider its orbit by G. Recall the 
elementary row and column operations. These are invertible matrices. 
Recall that with the elementary operations, there was some composition 
of row operations P and column operations Q such that a matrix would 
reach the form 


PAQ=I,=| 1 


where the matrix has r consecutive ones on the diagonal, r being equal 
to the rank of A. The rest of the elements are zeroes. 
Thus all the elements of the same rank are contained in the same orbit. 


Conversely, suppose two matrices A, B had the same rank. Then there 
are compositions of elementary matrices such that 


PAQ = I, = RBS 


From which it follows that A= P-'RBSQ-! = (P-!R,QS"') « B. 
We conclude that the orbits are the sets of matrices with the same 
rank: 


O4 ={X €S | rank(A) = rank(X)} 


The rank can have values 0,1,...,min{n,m}. Thus there are min{n, m}+ 
1 orbits. 


* [c)]Assume that m < n. Consider the stabilizer of (the block matrix) [J | 0]. Notice that then 


P{I|0]Q~ = [P|0]Q~* 
Write Q~! as a block matrix, 
=-1 _ Qm Qn 
les x Y 
where Q,,, is of size m x m and the other matrices are of size appropriate to that. Now multiply the blocks: 
U 
Pia [9 Se] = Pn! Pn 


So if (P, Q) is in the stabilizer, this must be [I | 0]. So we must have that Q,;, = P~! and PQ/, = 0. Since P is 
invertible this means that Q},, = 0. 


We conclude that the stabilizer of [I | 0] is made of (P,Q) where P is an arbitrary invertible matrix and Q~? is of 


the form 
Pg 
(a 3 


where X, Y are some matrices (Y must be invertible). 


Result aA 
a) Check the that the identity element preserves elements and the associative law. 


b) Elementary operations can transform any matrix of the same rank one into another. Thus the orbits are given by 
matrices of the same rank. 


c) Note that P[I | 0] = [P | 0]. Then multiplying by Q-!, we see that Q~! must have in the top left corner P~! 
and 0 in the top right corner. 


10.a 
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© [a)]Consider the matrix 


x=[ oy 


and suppose that GL2(R) acts on 2 x 2 matrices. We find the orbit and stabilizer of this matrix. 


Consider first its orbit. This is a diagonal matrix. Let A be any matrix with eigenvalues 1, 2. Since these are real 
eigenvalues, we know that there is a real matrix P such that 


Also, we can reverse the conjugation to recover A. We conclude that the orbit of the matrix are the real matrices 
with eigenvalues 1, 2. 


Now, suppose P is in the stabilizer of the matrix above. Then we want to have P~!X P = X or equivalently 


XP = PX, so P must commute. 
a bj {1 0] _ [1 O] fa b 
c dj j0O 2} |0 2lle d 
a 2b] |a 6 
c 2d} |2c 2d 


We see that we must have b = c = 0, but a, d can be arbitrary. We conclude that the stabilizer subgroup is the 
group of diagonal matrices. 


* [b)] The orbit of the matrix is equal to all the possible values of AX where A is a matrix in G = GLo(Fs). 
There is a bijection between the orbit O_4 and the quotient G/G_,. Just as above, the stabilizer is given by 
diagonal matrices (invertible) matrices. There 4 x 4 = 16 of those. 


The order of the group is given by |G| = (5° — 1)(5? — 5) = 480 (this can be counted by considering the fact 
the columns must be linearly independent). Thus 


|Oa| = |G/Ga| = |G|/|Ga| = 480/16 = 30 


Result Sof 


a) The orbit is given by matrices with eigenvalues 1, 2. The stabilizer is given by diagonal matrices. 


b) Use the orbit stabilizer theorem. Just as in a), the stabilizer is the diagonal matrices - there are 4 x 4 = 16 of 
those. Thus the orbit has order 480/16 = 30. 


1l.a 
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We first discuss some basics about permutations. 


If g is a permutation, then conjugation acts upon a cycle as 
g(a, a ...ax)g~* = (g(a) g(a2) .-.g(ax)) 


Proof: We apply both sides to some element of S,,. If a is not among g(a;),..., g(a%) both the left and right side 
simply fix it. And if a is among them, it is to check that both sides permute it by one index up to g(aj+1). 


The conclusion is that 
conjugates of i-cycles are again /:-cycles 


. Writing a permutation as a product of distinct permutations, we find that 
conjugate permutations have the same cycle structure. 


Conversely, if two permutations have the same cycle structure, it is not hard to choose a g as above such that they 
are conjugate. 


Consider the orbits under conjugation. These are 


e the identity 

* six 2-cycles (a b) 

* eight 3-cycles (a bc) 

* six 4-cyclec (a bcd) 

* three 2 x 2-cyclec (a b)(c d) 


Now, if a H is anormal subgroup and h € H, then also ghg~! for any other elements of h. Thus if A is in H, so is 
also the orbit O;, (of conjugates of h). We see that the orbits (also called conjugacy classes have orders 


1,6,8,6,3 


Since H must contain the identity and be of order 12, the only possibility is that it contains the orbit of 3-cycles 
and 2 x 2 cycles. But then H is the subgroup of even permutations, that is, Aq. 


Result Sof 


Note that conjugate permutations have the same cycle structure. Then acting with conjugation on S4, we have 5 
orbits (i.e. conjugacy classes) of sizes 1, 6, 8, 6, 3. 


\f H is anormal subgroup, then if h € H so also ghg~! € H. Thus a normal subgroup cannot contain just parts 
of an orbit. H must contain the identity and this leaves us with 11 more elements. The only possibility is that H = 
Ay. 


Section 8 


lia 
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Consider the rule 


P+ A= PAP 


where P € GL,, and Ais ann x n matrix. We prove that this is an operation on the set of all matrices. First, for 
P =I, we have 


Ie A=IAI =A 


and for the associative law: 


(PQ) «A= POA(PO)' 
= POAQ'P' 
= P(Q * A)P' 
= Px(Q*A) 


We conclude that the rule indeed defines an operation of GL, on the set of all matrices. 


Result 20f2 


Check the two basic requirements for a group operation. 


Let G operate on G'/ H. We find the stabilizer of the coset [aH]. These are the elements of G such that 
g\aH) = \gaH) = (aH] 
Thus aH and gaH must be the same cosets. So 
gaH =aH / al. 
a ‘gaH =H 


This is possible if and only if a~! ga © H or equivalently g € aH a~!. Thus the stabilizer subgroup of [aH ] is 


Gian] = aHa" 


Result 20f 2 


Note that the stabilizer is the set of g € G such that gaH = aH. This is equivalent to a~!gaH = H showing that 
aHa_ isthe stabilizer. 


3.a 
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Consider the set of left cosets of the stabilizer subgroup of a vertex. A vertex v is stabilized only by the reflection 
y through that vertex. So the stabilizer subgroup of a vertex v is 


H = {1,y} 
Let x be rotation by 90°. The cosets are 


{1,y}, {2,y}, {2", 2°y}, {2°, 2°y} 


Obviously, Dy acts transitively on the set of vertices S (ie. any vertex can be derived from another by some 
operation of D4). Therefore the orbit of any vertex is the whole set S = {v, V1, V2, vs}, where the vertices are in 
counter-clockwise order v, v1, V2, v3. The bijection between G/ H and Oy is explicitly given by 


{l,z}ou 
{z, ry} 6 av=Yy 
{a?,2*y} 9 2? = w 


{a*, 2*y}  2*v = 03 


Result 20f2 


A vertex v is stabilized by a reflection about a line through it. Thus there are 4 cosets of the stabilizer group and 
the orbit is of size 4. The bijection is found by inspection. 


Let H be the stabilizer of the index 1 for the operation of the symmetric group G = S,, on the set of indices 
41,235.55}: 


H is the set of all permutations fixing 1 - since the rest of the n — 1 indices can be permuted arbitrarily, we 
conclude that H is isomorphic to S,_; and is of size (n — 1)!. The left cosets of H are 


H ={6€ S,| 6(1) =1} 
(12) = {4 € S,| (1) =2} 
(13) ={¢€ S,| (1) =3} 


(In)H = {¢€ S, | o(1) =n} 


This corresponds to the the elements of the orbit of 1 - which is simply the whole set {1, Ba gees n}. Thus we have 
the bijection 


Hel 
(12)H + (12)1=2 
(13)H + (13)1=3 


(ln)H (lIn)l=n 


Result 2 0f2 


Note that the stabilizer is equal to all the permutations fixing 1. There is only one orbit of 1 (the whole set of 
indices). There is a bijection between the n cosets and n indices, in the form of (1 a)H + a. 
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Section 9 


lia 


We use the counting formula to determine the orders of the groups of rotational symmetries of a cube and of a 
tetrahedron. 


Take the cube first. Every face is symmetrical being rotated by 90° and multiples of that. This means that there are 4 
rotations in the stabilizer of a face. A cube has 6 faces, and so the rotational symmetry of a cube has 


4-6=24 
elements. 

Step 2 20f3 
Take the tetrahedron now. It has 4 triangles as faces. There are 3 rotations fixing each face. We conclude that there 
3-4 

rotational symmetries of the tetrahedron. 
Result Sofs 


Multiply the number of faces and the number of rotational symmetries. A cube has squares as faces, and so has 4 
rotations fixing it, while a tetrahedron's face has 3. 


This gives 4 - 6 = 24 rotations for the square and 3 - 4 for the tetrahedron. 


Let G be the group of rotational symmetries of a cube, let G,, Ge, Gz be the stabilizers of a vertex uv, an edge e, 
and a face f of the cube, and let V, FE, F be the sets of vertices, edges, and faces, respectively. 


We first describe the subgroups mentioned above. 


© The stabilizer of v must contain only rotations which fix a vertex. The only lines of rotation through vertices are 
the space diagonals. There is only one diagonal passing through a vertex, thus |G,| = 3 and contains the 
identity and two possible rotations by a around a space diagonal. 

e The stabilizer of e must contain only rotations which fix an edge. This can only happen for the rotation about 
the line connecting opposite edges at their midpoints. Thus |G.| = 2 and contains the identity and rotation 
around the line connecting opposite midpoints of edges. 

* The stabilizer of f must contain only rotations which fix a face. This happens for a rotation about an axis that 
passes through the center of that face. These are rotations by 2k and so |G¢| = 4. 
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Consider now the subgroup G,, of rotations around a space diagonal. This fixes the vertex on end of the diagonal, 
and vertex on the other. The vertices adjacent to one of these get rotated one into another. Thus the 
decomposition of the sets of vertices by Gy is 


|V| =1+34+3+41 


Consider now the edges. The orbits must be of size dividing |G,,| = 3. Since all of the edges move when rotated 
around space diagonal, we conclude that they are all in orbits of size 3. Thus 


|JE| =3+3+3+3 


Faces adjacent to the vertices are rotated around the space diagonal one into another. Thus 


|F| =3+3 


Consider the subgroup G_ which has the rotation by 180° about the axis connecting opposite midpoints. The 
rotation is of order 2, so if it doesn't fix an element, the element has an orbit of size 2. Obviously, this rotation 
doesn't fix any vertex, thus 


|Vj =2+2+2+2 


Consider now the edges. The only edges fixed are the ones which the axes intersect. All the others are moved, so 


\JE| =1+1+2+2+2+2 


No face is fixed, thus they are all in orbits of size 2, so 


|F] =24+2+2 


Consider the subgroup G 7 which has the rotations by 90° about the axis connecting opposite faces. The group is 


of order 4, so if it doesn't fix an element, the element has an orbit of size 2 or 4. Vertices of the opposing faces are 
rotated one into another so 


\V|=4+4 


Consider now the edges. The edges also rotate cyclically by 90° one into another. Thus they have orbits of size 4 
and we get the decomposition: 

|E|=4+4+4 
The faces through which the axis passes stay fixed, whereas the other faces rotate cyclically one into another, thus 


they are in an orbit of size 4. The decomposition is: 


|F|=1+1+4 


Result Sofs 


Gy is the group of rotations by 27/3 about the space diagonal. G‘, is the group of rotating by 7 around the axis 
connecting opposing midpoint. G ¢ rotates the cube by 90°. Since the order of an orbit must divide the order of 
the group, it is not hard to establish the orbits. 
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Let G be the group of symmetries of the dodecahedron. Suppose it operates on the faces. Let f be some face. If 
Or is the orbit of f and G; its stabilizer, we have 


IG| = |Os||G;| 


There is only one orbit of the faces (since each one can be rotated in another), thus |O;| = 12 since there are 12 
faces. We only need calculate the stabilizer. The dodecahedron has pentagonal faces, so they have rotational 
symmetry, rotating by =k, 

One can also connect a line between vertices and opposing lines in the midpoint. Reflecting the pentagon about 
that line is a symmetry of the pentagon. Similarly, drawing a plane through that line which halves the pentagon is a 
symmetry of the pentagon. 


There can be no translational symmetries. Thus, there are 10 symmetries which fix the pentagonal faces. By the 
above formula, we have 


|G] = 12-10 = 120 


Result 20f2 


Every face is preserved by 10 symmetries - 5 rotations (including the identity) and 5 reflections. Since there are 12 
faces, we have that the group of symmetries is 12 - 10 = 120. 


Let T’ be the group of all symmetries of a regular tetrahedron, including orientation-reversing symmetries. 


The tetrahedron has 4 vertices. T’ operates on them by permuting them. Therefore, there must be a 
homomorphism 


TT ~y Ge 


mapping the elements of T' to corresponding permutations. Let us calculate first the order of T’ which should tell 
us something. 

Every face has triangular symmetries, the identity, two rotations by 7/3 and three reflections. Thus the stabilizer of 
any face has order 6. Since there are 4 faces, we have that the group of symmetries is of size 


6-4=24 
Now, note that every symmetry of the tetrahedron permutes the vertices differently (e.g. the eight rotation by 120° 
around the vertices do so and the three rotations by 180° around opposing edges do so - since these do, so do 


reflections). We conclude that the homomorphism between 7” and Sy is injective and since both groups have 24 
elements, we conclude that T” > Sy. 


Result 20f2 


By the counting formula, we find that |T’| = 4 - 6 = 24. Considering the symmetries, we see that all permute the 
vertices differently. Therefore, T” corresponds to the symmetric group on 4 elements. 


A 


Symmetry is defined as the mode by which the shape becomes exactly like the one when it is 
moved in some way. 


Comment 


Step 20f4 ~ 


Let F be a section of an 7 -beam, which one can think of as the product set of 7 and the unit 
interval. 


To identify: Its group of symmetries, orientation-reversing symmetries induced 
The identity operation is denoted as the letter 7 


Since, the letter 7 looks like the number 1 and if the number 1 is multiplied by any number then 
the solution remains unchanged. 


Sometimes, the symmetry as a combination of translational and mirror symmetry as is of the 
form of a brick as shown below; 


Corres 


Now, if the letter 7 is multiplied with the unit interval then the product will be the letter 7 itself. 


Thus, the group of symmetries will be; 


0° 90° 180° 270° 


Further the orientation-reversing symmetry is defined as the reflectional symmetry and the 
rotational symmetry that shares the same point of symmetry. 


Now, the orientation reversing symmetry of the letter 7 means that changing the face of the letter 
that is shown below; 


Orientation 
_Teversing 


Symmetry defines that one shape becomes exactly like another when it is cut or moved along 
any line 
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First note that the baseball is the same as a cube with an edge path representing the seam as 
given below; 


Consider the baseball as given below: 


And, its corresponding cube with an side path representing the given seam is given below: 


Now, consider the square Tin the middle of the cube considering with each of its vertices on the 
path representing the given seam. 


The vertices represent the four non-changing points of the seam of the given round shaped or 
the spherical shaped baseball. 


Let the symmetry be denoted by 7 
So, all the symmetries should be preserved by T 


Any one side of the cube with having two edges of the seam should be sent to a seam of side 
which is only having two edges. 


That is all the symmetry should maintain the required vertical fibers of the cube this means that 
the top of the cube can only be sent to the top or bottom, so that the middle part will be fixed. 


This tells about the homomorphism of the symmetry group of the baseball with the symmetry 
group of square, which is the Dihedral group D, 


And, since the above proved homomorphism is one to one all the symmetries of the baseball will 
be obtained by the action on the symmetries, thatis §. 


Hence, the required result is 
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Section 10 


lia 


Consider the set S of subsets of order of D3. Let x, y be the generators of D3. The set S has order 


D 6 
IDs! — (8) 29 
3 3 
To calculate the orbits, choose any set and multiply with all possible elements of D3. Let O be an orbit and H be 
the stabilizer of a subset S. Recall that 


|De| = 6 = |O||A| 


Thus to find the size of the orbits, it suffices to find the orders of their stabilizers. Consider the subset 
{1, 2,27} 


It is immediately seen that it is fixed by 1, x, x” and not fixed by multiplication with the other elements. Thus the 
stabilizer is of order 3, and so 


|On,2,22}| = 6/3=2 


Consider now some other subset of the form 
{1, 2, a} 
where a = y, yx, yz”. We find the stabilizer. Suppose that b stabilizes this set ie. 


b- {1,2,a} = {b, bx, ba} 


These two sets should be equal. The right hand side set must have equal members to the left. If b = 1, that is fine. 
Now, if b = z, then the right side contains x? and the left doesn't. Finally, if b = a, then the right side contains az 
and the left doesn't. 


We conclude that the only element stabilizing such a subset is 1. Therefore the orbit has size 


|On.z,a}! = 6/1=6 


Finally, note that the orbits of {15 z, a} for distinct a are disjoint. Indeed, if one was to have 
b- {1,2,a} = {1,2,a’} 


Then b would have to be either 1, x, a’ but none of that works. We conclude that the orbits of {1, 2, a} where 
a=y, yr, ya? are disjoint. 


This gives us one orbit of size 2 and three of size 6. Since the set in total has 20 = 2 + 6 + 6 + 6 elements, there 
are no other orbits. 


Result 4of4 


There are (8) = 20 subsets of order 3 of D3. Letting 2, y be the generators of D3, we consider the orbits of 
{1, 2, a} where a = z’, y, yz, yr. For a” the orbit has orded 2, whereas for the rest it has order 6. The orbits of 
these elements are distinct, so this makes all of them. 
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Let S be a finite set on which a group G operates transitively, and let U be a subset of S. Let g € G be arbitrary 
and let A, be all the subsets gU which contain the element z, so 


A, = {gU |g © G, x € gU} 
Now, since G acts transitively, for any other element y, there exists an element z such that 
2-2=y 


We define f : A, + A, by f(gU) = zgU. Since z € gU, then y = za € zgU. That this is a bijection is obvious 
since it is an invertible function: 


f-'(gU) =z "QU 


Therefore there is a bijection between the sets containing any two elements. We conclude that all elements appear 
in evenly many sets. 


Result 20f2 


Since G operates transitively, there is a z such that z - z = y for any a, y. Then if gU is some subset of S 
containing z, then zgU is a set containing y. Since multiplication by z is a bijection, the number of such sets is the 
same. 


Consider the operation of left multiplication by G on the set of its subsets. Let U be a subset such that the sets gU 
partition G. Let H be the unique subset in this orbit that contains 1. We show that H is equal to its stabilizer 
subgroup Gy. 


Suppose g © G'y. This means that 

gH=H 
since H contains 1, the left hand side contains g, showing that g € H. 
Now, assume g € H. Then 


gH 


contains g again since 1 € H. But the sets gU partition G, meaning they are either equal or disjoint. Thus, if gH 
has an element in common with H, it must be H. We conclude that 


gH=H 
and so g € Gy. 


We see that H is equal to its stabilizer subgroup Gy and so is a subgroup. 


Result 2of2 


Show that H = Gy, where Gy is the stabilizer subgroup of H under left multiplication. The equality of sets is 
checked by proving two inclusions. 
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Section 11 


lia 


Let G be a group operating ona set S = {a, b, c, d}. There is a bijection between operations of G on S and 
homomorphisms G — Perm(S). Let G = S3, and suppose S is a four element set. Then the possible ways in 
which $3 operates correspond to homomorphisms 


y: S3 + S4 


The image of S3 must be isomorphic to some subgroup of S3. We have the possibilities 


* ($3) = Ss - this means that y(.S3) must be a subgroup of order 6 in S4. Being of order 6, it must contain an 
element of order 2 and 3. There are two possibilities: 
¢ ($3) contains a 2-cycle and a 3-cycle 


(ab), (acd) € (Ss) 


(note that since there are 4 elements, they must have one element in common). Now, suppose b ¥ c, d. But then 


(a b)(acd) = (acdb) 


would be of order 4 in a group of 6 elements. We conclude that b must be one of c, d i.e. (S3) permutes three 
elements. 


* (53) contains a2 x 2-cycle and a 3-cycle 


(a b)(cd), (abe) 


Then 
(abc)(ab)(cd) = (acd) 


which is impossible since then ($3) would contain two distinct 3-cycles which generate a group larger than size 
6. 


We see that the only possibility is that S3 permutes three elements. 


¢ v(S3) = C3 - but since G/ ker yy = ¢y(G) by the first isomorphism theorem, this would mean that y has 
kernel of size 2. The kernel is always a normal subgroup, but $3 does not have normal subgroups of order 2. 
We conclude that this case is impossible. 

* ($3) = Cz - this is possible since ker y of order 3 is a normal subgroup. All subgroups of order 2 are 
isomorphic, so ($3) contains the identity and an arbitrary element of order 2. There are two possibilities: 


(ab) or (a b)(cd) 
Thus either 53 permutes two elements, or permutes two pairs of elements. 


© Finally, ¢(S3) = {1} and then 53 acts trivially on S. 


Result Sore 


Recall that the possible group operations of G = S3 on S correspond to the possible homomorphisms y of G 
into Perm(S). y(G) can be of size 1, 2, 6 and one analyzes each case separately. 
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Let G = T be the tetrahedral group. T consists of 12 rotations, eight which rotate the tetrahedron by 120° 
around the vertices, and three which rotate the tetrahedron by 180° around the axis connecting midpoints of 
opposing edges. 


Let S be a set with two elements and suppose T operates on S. The possible operations correspond to 
homomorphisms 


g:T+ S2 
There are two possibilities 


© Suppose that ¢(T) = Sy». This would mean that | ker y| = 12/2 = 6 (by the first isomorphism theorem). This 
would mean that T has H = ker y as a subgroup of size 6. We show that this is impossible. 


Suppose to the contrary that there exists an H such that |H| = 6. Note that H cannot contain only rotations by 
180° since there are only 3 of those. Also it cannot contain only rotations by 120°, since those can be composed 
with one another to get the rest. We conclude that H must contain a 180° and a 120° rotation. But the 
composition of such two will be a 180° around another vertex. Thus the two elements generate all of T’. Thus 
necessarily |H| = 12, a contradiction. 


* Suppose y(T) = {1}. This means that the action corresponds to the trivial action. 


We see that T can only act in a trivial way on a set of two elements. 


Result 2082 


The possible operations of T on a set of two elements correspond to the possible homomorphisms of T into Sp. 
We show that only the trivial homomorphism is possible. Thus T operates trivially. 


Let S be a set on which a group G operates, and let H be the subset of elements h such that hs = s forall sin S 
. Thus H = Gs, the stabilizer of the whole set. 


Letg € Gandh € H be arbitrary. This means that hs = s and 
(g *hg)s = g *(h(gs)) 


Now, gs is an arbitrary element of S, and so h(gs) = gs. Thus 


This shows that g-!hg € H.We conclude that H is anormal subgroup of G. 


Result 20f2 


If hs = s forall s, then (g-!hg)s = g—!(h(gs)) = (g~1g)s = 8. This shows that H is normal. 
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Let G be the dihedral group of D4 of symmetries of a square. Consider the action of G on the vertices. The action 
is faithful if there is no element which acts as the identity (besides the identity itself). 


Certainly, (non-trivial) rotations fix no vertex. Also no reflection fixes all vertices. Therefore the action is faithful. 


Consider now the action on the two diagonals. They are not fixed by rotations by 90° but are fixed by rotations by 
180°. (Also reflections around the diagonals themselves fix them.) We conclude that the group doesn't act 
faithfully. 


Result 22 


It is easy to see that rotations permute some vertices, and reflections do just as well. Therefore, no element of Dy 
acts as the identity on the vertices, and so this action is faithful. 


On the other hand, diagonals are fixed by rotation by 180°, and therefore D4 doesn't act faithfully. 


5. a 


Suppose a group G operates faithfully on a set S of five elements, and there are two orbits, one of order 3 and 
one of order 2. Recall that every group operation corresponds to a homomorphism y(g) = Mg, where Mz, is left 
multiplication: 


y:G — Perm(S) 


Now, since there are 2 orbits, the elements in the orbits can permute only one into another. Thus the even stronger 
statement holds that 


g:G— S3 x So 


Since G operates faithfully, we must have ker y = {1}. Thus 
G = G/ker y = 9(G) 


and so G must be isomorphic to a subgroup of 53 x So. 
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Recall the fact that the size of an orbit must divide the order of the group. Since we have orbits of size 2 and 3, we 
conclude that 


6 | |G 
Since G is a subgroup of S3 x Sy» of order 12, we conclude that G could either be of size 6 and then it has to be 


isomorphic to C’¢ or S3, or if G is of order 12, then G = S3 x S». We show that all cases are possible: 


* It is possible that G = S3. Let G naturally permute the 3 elements in the orbit of size 3. For the other two 
elements, we can have all elements act trivially except some 2-cycle. 


By its very construction, this group operation satisfies the requirements. 


* It is possible that G = Cg. Suppose z is its generator. Let G act on the orbit of size 3 by permuting the 
elements cyclically. Let G act non-trivially on the orbit of size 2. (This is possible since Cg is abelian, so there is 
always a homomorphism to subgroups of any size dividing |G). Explicitly, this can be stated by 


Finally, if G = S3 x So, then let this group act on S by 


ea ee or 2E Oz 
; Tt LEO» 


where O3, O2 are the orbits of size 3, 2. 


Result Sofs 


There is always a homomorphism from G to Perm(S), the group of permutations of the set S. Here we can say 
even more that it must map to S3 x S9. Having orbits 2, 3, it must be that 6 | |G|. There are three possible 
subgroups of S3 x So satisfying this. Are all possible. 


6. a 


Let F = F3. Consider the vector space F 2 The one-dimensional subspaces are 


Y= {(0, 0), (1, 2), (2, 2)} 
V2 = {(0, 0),(2, 2), (2, 1)} 
V3 = {(0, 0), (0, 1), (0, 2)} 
Vy = {(0,0), (1,0), (2,0)} 


The group GLo(F) acts on the set of these four vector spaces by left multiplication. Therefore, there is a 
corresponding homomorphism (A) = m4, since m4 can be considered a permutation of the four vector 
spaces. 


g: GLo(F) > S; 
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Consider the kernel of this map. These are the invertible matrices A, such that 
(A) =m, =1 
This happens if and only if A doesn't permute any of the spaces above. This would mean that 


A(1,0)* = (+1, 0)! 
A(0, 1)* = (0, +1)' 


(with —1 = 2 in F3). Writing out A with some elements, we have that A is in the kernel if 
a 6b] /1i]_ [+1 
ec dj |0O|' | 0 
a bj }0} _ | 0 
e dj {ij {+1 
This leads to b = c = O and a, d being +1. Now, if a # d, then one checks that A(1,1)' 4 (£1, +1) asit 


should if A was in the kernel. 


We conclude that a = d = +1, and so the kernel consists of the matrices +J. 


Since the kernel has order 2, we have that 


\p(GLo(F))| = |GL2(F)/ ker p| = 48/2 = 24 


(The order of GLo(F) is calculated by counting how many linearly independent columns there can be - choose 


the first column in 8 ways - for each of those there are six columns independent from it. Thus there are 8 x 6 = 48 
possible choices.) 


We see that the image has the same size as Sy and so 


P(GL2(F)) = S4 


Result 4of4 


The kernel of ¢y are those matrices that fix all the spaces. For A to be in the kernel, we find that A must be +J. The 
group GL»(F) has size 8 - 6 = 48. Therefore the image of ¢(GLo(F)) has size 48/2 = 24 and so must be 
isomorphic to S4. 


7.a 
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* [a)]Assume that D4 acts faithfully on a set of n elements. As noted above, |D4| = 8 must divide the order of 
S;,. This can happen first for n = 4. And indeed, taking e.g. the vertices of a square, | D,| acts faithfully on 
them. 


Thus D4 can act faithfully on a set of order minimally 4. 


Step 2 20f4 


* [b)]Assume that Dg acts faithfully on a set of n elements. As noted above, |Dg| = 12 must divide the order of 
S,.This can happen first for n = 4. But Dg has an element of order 6 which is certainly impossible for S4. This 
is also impossible for Ss. 


For Sg it is possible and in fact occurs. One simply considers the action of Dg on a hexagon. It permutes the 
vertices and does so faithfully. 


Thus Dg can act faithfully on a set of order minimally 6. 


* [c)]Let H be the quaternion subgroup and let it act faithfully on a set of n elements. This means that |H| must 
divide |S,,|. This can happen first for 2 = 4. We will show that it happens first for n = 8. Recall that the 


quaternion group has distinct elements 7, 7, k such that 
?=j=-1 
j=-f=j i 


and so iji~! = 71. Since the elements of order 4 would have to be mapped to elements of order 4 (since the 
map is injective), forn < 8, they would have to be mapped to cycles of length 4. Suppose 


oi) =f 
9(j)=9 


where f, g are 4-cycles. We would have that 


p(iji-') = p77") 
fof ag 


Let g = (a bcd) be the cycle explicitly. Recall that the conjugation fgf —! turns the left hand side into 
(F(a) f(b) F(c) f(d)) = (deba) 


For these two cycles to be equal, f must map a, b,c, d again to a, b, c, d in some way. Since k = ij, so too would 
k. Then H would be acting only on 4 elements in total, and we would have a faithful map 


y:H-> Ss, 
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This is impossible, since the quaternion subgroup is not a subgroup of Sy. (Suppose it was - it has 6 elements of 
order 4. These are all the 4-cycles in S4. If a subgroup contained them, it would contain their squares as well, and 
this shows that there would be more than 8 elements in the subgroup.) 


Finally, we conclude that 7, 7 cannot be mapped to 4-cycles. Since (7) must have order 4, we conclude that H 
cannot faithfully operate on sets of size 4, 5, 6, 7. 


Taking n = 8, we can of course let the group act on itself by left multiplication my. Multiplying by any non-identity 
element changes at least the identity (m,(1) # 1 if g # 1). We conclude that H can faithfully on a set of order 
minimally 8. 


Result nots 
Note that |G| must divide |S,,|. 
a) For |D4| = 8, one can take n = 4. Let it act on the vertices of a square. 


b) For |Dg| = 12, we see that n > 4. Dg has an element of order 6, so it can't be n = 4, 5. Letting it act ona 
hexagon, shows that we can take n = 6. 


c) Since the map is faithful, we would need to map i, 7, k to elements of order 4. Up to n < 8 these are the 4- 
cycles. We show that this is impossible. Letting the group act on itself shows that n = 8 works. 


Consider the multiplicative group EF, and consider the automorphisms of a cyclic group Cy. If 
6 : Cp —_> Cp 


is an automorphism, then it preserves orders, so in particular it must map generators to generators. A cyclic group 
has $(p) = p — 1 = |F> | generators (ie. all non-trivial elements of Cp). Let g be a generator. The automorphisms 


go like 


greg 
gt 2g 


Thus the automorphisms correspond naturally to left multiplication m,(x) = az. Indeed, define 
p:F> — Aut(C,) 
y(a) =m, 
This is a homomorphism: 
y(ab) = mas = mam = 9(a)¢(b) 


It is obviously a bijection between the two sets. We conclude that this a bijective correspondence between the two 
groups. 


20f 2 


Result 


Note that the automorphisms are just left multiplication by a non trivial element, mq(x) = ax. Mapping a € FD 
to Mq gives the desired correspondence. 
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Agroup is defined as an algebraic structure that consists of a set of elements equipped with an 
operation that combines any two elements to form a third element. 


Comment 


Step 20f3 ~ 


Three sheets of rectangular paper S,,S,,S, are made into stack. 


Let ‘G’ be a group of all symmetries of this configuration, including symmetries of the individual 
sheets as well as the permutation of the set of sheets 


To determine: the order of ‘G’: 
Let, S, be the group of symmetry for the rectangular paper 
Now the order for this symmetric group for which it attains its identity element is given at; 


n=l 


Therefore, 


To find; the kernel of the map, 
GS, 
Consider the permutation of the set {S,,S,,5,} 
Now the kernel for the group is same as that of the order of the group 
Hence, the kernel for this set is given as 


Section 12 


lia 


The groups of symmetries of the dodecahedron and the icosahedron are isomorphic because its 
two solids are dual to each other they have the same symmetry group.The order of the group of 
direct symmetries of all rotations is, 


|S, (D)| = 20-3 
= 60 


The elements are 4 rotations by multiples of 2 about centres of 6 pairs of opposite faces, it 


has 24 elements. 

1 rotation by a about centres of 15 pairs of opposite edges, it has 15 elements. 

2 rotations about 10 pairs of opposite vertices, it has 20 elements. 

And 

There is one identity element. 

So, number of element in dodecahedron and the icosahedron Is, 
1+24+15+20=60 

Together with the identity this accounts for all 60 elements. 

So, 


S,(D)= A, 
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In fact one can embed five cubes In the dodecahedron which are permuted by each rotation. 
One may embed five tetrahedral partitioning the 20 vertices and these are permuted also. 
Thus, $,(D)* A,and $(D)= A.x<J> 


To describe the orbits of poles for the group of rotations of an octahedron; 


Comment 


Step20f4 «~ 


Octahedron group Q: the group of 24 rotational symmetries of a cube 0 an octahedron. 
There are |G| = 24 rotational symmetries for an octahedron. 
That is, 
|G| =|stablizer||orbit| 
=24 
This can be splits into three orbits for edges, vertices and faces. 


Note that 7; for the size of the stabilization group and n, for the size of the orbit. 
In particular, 

Orbit for edges as shown below; 

n=2 

And, 

n,=12 


Orbit for Vertices as shown below; 


n=3 


Step4of4 « 


Orbit for faces as shown below; 
n=4 

And, 

n,=6 


Therefore, edge pole orbit order [3], vertex pole orbit order [3], and face pole orbit order [4]. 


Given: O be the group of rotations of a cube, and let S be the set of four diagonal lines connecting opposite 
vertices. 


Solution: Now by the given condition O acts on S. 

Note the if G is a group then there is a bijective correspondence between operations of G on the set S = 
pL aoe 

Therefore there is ahomomorphism from O to 54. 

Let us consider the homomorphism be 


f[:058. 


First we show that f is an injective homomorphism. 
Let us assume x € O such that @ fixes all four diagonals. Now let us consider two cases below. 


Case-1: If z acts trivially on the vertexes. Then z fixes two endpoints of each diagonal or interchanges the two 
endpoints of each diagonal. 


Case-2: Now if x acts non-trivially on the vertexes, then we can pick three pairs of opposite vertexes such that x 
interchanges one of the pairs of vertexes, or such that z interchanges all three pairs of vertexes. 


In each of the two above cases give RB? a basis that points along the three diagonals connecting these pairs of 
vertexes, then note that the matrix for a in this basis has an 2n — 1, where n € N, number of —1 on the diagonal, 
and so has determinant —1. 

So this is an impossibility, since O is a subgroup of SO3(R). 

This proves that f is injective. 


Now we show that f is surjective. 
For prove that f is surjective, look at the faces of the cube. Now notice that O acts transitively on the set of faces, 
and each face has stabilizer Cy. 
Hence we have 
|O| = |0;|.|0.f| 
=4x6 
= 24, by counting formula. 


Now we know that O acts like Sy on the set of diagonals, hence the stabilizer of one of the diagonals is the same 
as fixing one index in the set of indexes {1, 2,3, 4} and equal to S3. 
This proves that f is surjective. This completes the solution. 


Result 


Considering a homomorphism f : O — S4 we show that f is both injective and surjective. 


4.a 
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To prove that: 47 =T 
Let the group of rotations of the cubes be defined as, 
G=0O 


T Is the tetrahedral group of 12 rotational symmetries of a tetrahedron and G = ¢Q is the 
octahedral group of 24 rotational symmetries of a cube or an octahedron. 


While on the rotation of the two cubes one can form two tetrahedral and one of the tetrahedral is 
denoted as the subgroup #7. 


Comment 


Step 20f2 “ 


Order of group G=Q is 24. 
Subgroup of G=Qwhichis, 7 also equals the order of the group. 
Order of tetrahedral group is 12. 


Since, the tetrahedral is formed from the cube which refers the group G it must also be a 
subgroup. 


So one can conclude that both the tetrahedral and jy are the subgroup of the group G =O 
having the same order which Is 12. 


Thus, 
H=T 
Hence proved 


5. a 


To Prove: The icosahedral group has a subgroup of order 10. 


Proof: Let us assume that H be the icosahedral group. 

Let us now consider a be the rotation about a line through the centers of two faces by an angle of =. Let b be the 
rotation about a line joining two opposite edges and perpendicular to the above considered line by an angle 7. 
So we have 


a’ =1 and ? =1. 
Now geometrically notice that 
ba = a~'b. 


Therefore note that 


H = (a,b|a° = & = 1, ba =a™"b). 


This follows that H is isomorphic to the Dehidral group of order 10. 
Hence H has order 10. 
This completes the proof. 


Result 20f2 


Basically we have shown that Icosahedral Group is isomorphic to the Dehidral group of order 10. 


6.a 
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Asubset #7 of a group G is a subgroup if, 
ecH 

And, if x,yeH, then xxyeH 

Finally, if xe H, then x' eH 


a. 
Now, use the Lagrange’s theorem which states that; 

For any finite group G the order of every subgroup #7 of G divides the order of G 
Here the regular tetrahedron has order 24 


Now, further the orders of 7, D,,C,,C,,C, has an order of 12,4,3,2,1 respectively. Thus from the 
above stated Lagrange's theorem it is clear that the order of T, D,,C,,C,,C, divides the order of 
the regular tetrahedron 


Therefore, the subgroups are T, D, ,C,,C,,C, as stated below; 


Again, use the Lagrange’s theorem which states that; 
For any finite group G the order of every subgroup sy of G divides the order of G 
Here the regular icosahedron has order 120 
Now, further the orders of C,,C,,C,,C,,D,,D,,D,,1,S\9,5,,5,,T has an order of 

1,2,3,5,4, 6,10, 60,10, 2,6,12 respectively. Thus from the above stated Lagrange's theorem it is 
clear that the order of C,,C,,C,,C,,D,,D,,D,,1,5S,,,5,,5,,T divides the order of the regular 
icosahedron 


Therefore, the subgroups are C,,C,,C,,C,,D,,D,,D.,1,5\o,5,,5,,7 as stated below; 
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Icosahedron is defined as those solid figures consisting of twenty plane faces with sides as 
equilateral triangle. 


Comment 


Step 20f6 ~ 


The 12 points (+1,+a,0)' ,(0,+1,ta)' ,(0,ta,+1)' form the vertices of a rectangular 
icosahedron if @ > | is chosen suitably. 

To verify: the above statement and to determine @ 

Consider the 12 points from the three categories given above. 


Now, using the distance formula, if they are in the same category, then there will be three 
possibilities for square distances as given below: 


Change sign of 1| Change sign of @ | Change sign of both 


Semone ae feat) 
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If all these are in different categories, then there will be two possibilities for square distances. If 
the coordinates are (1x, ,.x,,x,)and (y,, ’55),), then there is only one isuch that x,y, #Qand 
x,,.y, must have different absolute values for each j, this gives the below table; 


el ss ‘3 sisi 


Here for a given vertexes, there are four vertexes each with square distance of each from above. 


Now, find @ . 
For this there must be five vertexes of shortest distance from v,; by comparing the possible 
distances above, this shortest square distance must be equal to both 4 and 2(a? -a +1) 


This forms the equation; 
2(a*-a+l)=4 
a-a-1=0 
_l+v5 
2 
Now, by choosing the root greater than 1, this shows each vertex has exactly five neighbors of 
distance 2 away from it. 


Claim that the polyhedron formed by connecting vertexes of distance 2 away from each other 
forms an icosahedron. 


Now, show that each face formed by the edges is a congruent equilateral triangle. This is true 
since any face formed by neighboring vertexes, which are distance 2 away from each other by 
the above. 


Each vertex moreover has the same number of faces meeting there since every vertex v,v’ 
forming an edge and claim that there are only two faces intersecting at that edge. 
Now, it remains to show that there are only two vertexes wthat are of distance 2 from both. 
Now, suppose; 

=0 
And, further consider subscript mod 3. Then v,,, = —v/, 


wt 


with absolute value 1, so; 
w,, =0 

|w,.2] =1 
|w|=3 

Next; 


i 


0M 
Hence, w,,,must have the same sign as v,,,,v',, 
Finally, w, can have either sign since; 
y =v, 
=0 
Therefore, there are only two vertexes that are of distance 2 from v,v" 
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The crystallographic restriction theorem is the basic form which was based on the observation 
that the rotational symmetries of a crystal are usually limited to 2-fold, 3-fold, 4-fold, and 6-fold. 


Comment 


Step 20f2 ~ 


Consider that the group of displacement in the given plane has more than one centre of rotation, 
and that the only number of rotations that can occur is 2, 3, 4 and 6. 


It can be seen that, the sum of all the interior angles always divided by its number of sides will be 
divisor of 360°, that is; 

180°(x-—2) _ 360° 

x 7 y 
Here, yis an integer 
Thus, symmetry will be possible only if; 
2x 

x-2 
Now, this will hold true for 1-fold, 2-fold, 3-fold, 4-fold, and 6-fold symmetry. This means that the 
restriction does not occur for » >6 


=y 


Therefore, the crystallographic restriction for three-dimensional crystallographic groups 
that is, a rotational symmetry of a crystal has order 2, 3, 4, or 6 


Miscellaneous Problem 


lia 


Let the lattice be denoted by 1, 
Consider G to be a group of symmetries. 

The translation subgroup of Gis the lattice on the basis vectors (1,0) and (0,1). 
Then there are three possibilities; 

First is that either 7 is trivial, thatis, Gis rigid motion 

Second is that 7 is generated by just one translation and the other one can be a glide 
And, the third one is that 7 is generated by two linearly independent translations. 


Comment 


Step 20f2 A 


Further let G be a discrete group of rigid motions of the group of rigid motions of the plane. 
Then the point G of G will be fixed 

Consider G be a two-dimensional crystallographic group. 

So, clearly the point group G is a subgroup of symmetries of a two dimensional lattice. 
Since, Gis a two-dimensional 

So, the translations will be of the form of Cor D, 

Thus, there will be two translations. 


 [a)]Let AutG be the set of automorphisms of a group G. We prove that it is a group. 


Let 9, & be two automorphisms. Then 


(~ 0 p)(ab) = y(p(ab)) 
= 9(¥(a)¥(6)) 
= 9(¥(a))(¥(b)) 
= (po ¥)(a)(p 0 H)(b) 


Thus the composition of homomorphisms is a homomorphism. y, w are bijections from G onto G. Since bijections 
compose into bijections, we conclude that we have a bijective homomorphism between G and G. Thus the set 
AutG is closed on composition. 


The associative law follows from the associativity of composition. The identity element is the identity function. 
Finally, note that every element has an inverse. Indeed, since automorphisms are bijections, each one has an 
inverse. This proves all the group axioms, and so the set is a group. 


* [b)]Consider the map y : G — Aut G defined by 


g ++ {conjugation by g} 


We show that this is a homomorphism. Denote by a(x) = grg"t, the map which conjugates by g. Let g,h € G. 
Then 


9(gh)(x) = cgn(x) 
= (gh)a(gh)* 
= ger(x)g™ 
= Cg(ca(z)) 
= (~(g) 0 o(h))(x) 


This shows that the map is a homomorphism. 
Its kernelis the set of g, such that 
9(9)(x) = ¢o(x) = x 
So, conjugation by g should leave every element x € G fixed. This means that 


grg =x 
gt=2g, foralreG 


We conclude that g € Z(g) and that ker y = Z(G), the center of the group. 


© [c)]We prove that the group of inner automorphisms of the type in part b) is anormal subgroup of Aut G. Let Cg 


be an inner automorphism and let y be an arbitrary automorphism. We want to show that 
pocgo yt 
is again an inner automorphism (i.e. conjugation by some element). Let's check how it maps. We find that 


(vocgoy")(x) = (poe,)(p*(z)) 
= 9(g¢"'(z)g™*) 
= 9(g)xp(g)* 
= Cy(g)(2) 


We find that indeed, for arbitrary yp, pegp! is again an inner automorphism. We conclude that the subgroup of 
inner automorphisms is normal. 


61 


Result 
a) One checks the groups laws. 
b) Denote by c,(x) = gag™!. One proves that y(gh)(x) = (y(g) o y(h))(z). 
Its kernel is the set of g such that c,(2) = grg™! = z and this means that g € Z(G). 


c) Note that yp oc, o gt= Cy(q)- This shows that the subgroup is normal. 


3.a 


¢ [a)]Consider the cyclic group Cy. Any automorphism preserves the orders of elements, and so must map a 
generator into a generator. The value of the automorphism on the generator also completely determines it. We 
have two generators, and so two possible automorphisms. Therefore 


AuttG = C2 


Since the group is abelian, any inner automorphism is trivial (gxg = 2 always). Thus 


InnG = {1} 


Step 2 20f6 


© [b)]Consider the cyclic group Cg. Automorphisms map generators into generators. We have (6) = 2 
generators, and so two possible automorphisms. Therefore 


AutG > Cy 


Since the group is abelian, any inner automorphism is trivial. Thus 


InnG = {1} 


* [c)]Consider the group C2 x C2 = {1, a,b,c}. 
This group has 2 generators (any two of the three non-trivial elements). There are 3 x 2 = 6 ways to choose 
how to map the generators, and are all valid: 


gi(a)=a, yi(b)=b 
y2(a)=b, Yo(b) =a 
ys(a)=c, 93(b) = 

ya(a)=6, ya(b)=c 
gs(a)=a, 5(b) =e 
ge(a)=c, 6(b)=a 


Note that the y; just permute the elements a, b,c. We conclude that AutG = S3. 
Since the group is abelian, any inner automorphism is trivial. Thus 


InnG = {1} 
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* [d)]Consider the group D4 generated by rotation x and reflection y. 
We know that it is generated by any of the two rotations «, x and any of the four reflections y, yx, yx”, yx”. 


An automorphism will necessarily map z to either x, zx and a reflection will be mapped to a reflection as well. 


This means that there are 2 choices where to map z and 4 choices where to map y for atotalof2 x 4=8 
choices. 


Let us find which group this is. Choose the two automorphisms: 


y(z)=2*, oly)=y 


O(z)=2, Oy) =yr 


Then it is easily seen that Y = 64 = id, the identity. Also, we find that 


(p 06)(z) = 2° = (6-*y)(z) 
3 1 

(9° 8)(y) = yx" = (0 ¢)(z) 
Since this holds for the generators, it holds for all other elements as well. We see that the automorphism group is 
of order 8 and generated in the same way as the dihedral group. We conclude that 

Aut Dy = Dy, 

Now consider the inner automorphisms. We have seen in the previous exercise that they make a normal subgroup 
of Aut G, and in fact 


G 


InnG = Z@ 


for any group G. Taking G = D4, we know its center is Z(D4) = {1, 2?}, and so the quotient group is 
isomorphic to 


InnG = {1,z,y, zy} 


where the bars denote that these are cosets. We see that this is not a cyclic group, and so must be Cy x Co. 
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¢ [e)]Consider the quaternion group H. It has six elements of order 4, and any pair of them will serve as 
generators. Thus it is enough to define an automorphism on them. The first generator g; can be mapped to any 
of the 6 elements, whereas the second one cannot be mapped into +g}. This gives 


6x4=24 


possibilities. As we have seen before, 24 is the order of the symmetric group. We also know that this appears e.g. in 
tetrahedral symmetry. Imagine that the elements of Q4 of order 4, namely 


4,-43; —j,k,—k 


represent opposing faces of the cube. It can be checked that a symmetry of the cube is uniquely defined by 
defining which two faces it switches. Therefore, every automorphism of Q4 induces a unique symmetry of the cube. 


Since the symmetry group of a cube is S4 of order 24, we conclude that the automorphism group must be 


Aut H = S4 
The inner automorphism group is derived as in the previous example. The center of the group H is 
Z(H) = {+1} 
Then 


Inn H = 


Ue 
ro 

al 
ay 

=| 
eyed 


which is not cyclic, and therefore isomorphic to Cy x Co. 


Result Hold 
a), b) both have automorphism group C> and trivial inner automorphisms. 
c) has automorphism group $3 and trivial inner automorphisms since it is abelian. 


d) D4 has as automorphism group a group isomorphic to D4. This is shown by proving the same relations in 
Aut D4 as in D4. The inner automorphism is G/Z(G) = C2 x Co. 


e) One can assign the elements of order 4, i, —i, 7, —j, k, —k to faces of the cube. Each automorphism 


corresponds to an unique symmetry. Therefore, AutH = S4, the symmetry of a cube. Inner automorphisms are 
Co x Co. 


4.a 
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(a) 
To determine the order of the subgroup G,, 


Suppose G, be the subgroup of the orthogonal group O, of elements that sends the hypercube 
to itself, 


Now, file a claim that, order of the group G, is 2" »!. 
That is, 

|G|=2"n! 

Use the induction to show that |G| =2°n!. 

Step-1, the base case, put » =1 

Then, xe R and 

-Isxs+l 

Then, }-dimensional hypercube C, is the line segment. 


Then, the subgroup G, of the orthogonal group O, contains symmetries of a line segment that are 
reflection and identity. 


Then, 
|G|=2'-1! 
=2 
Step-2, the inductive case 


Suppose % be some unspecified number such that x >1 the order 2* 1 of the subgroup G, be 
true. 


Then, 
|G,|=2"k! 


Then, the #- dimensional hypercube C,has 2, faces and order of O, is 2n. 

Now, show that the final step & +] is true. 

Then, 

|G,.,|=2°" (k+1)! 
=2-2'(k+1)-k! 
=(2*k!)[2(k+1)] 
=|G,\[2(k+1)] 

=|G|IG|(«+1) 

Since, |G,| and |G,|are true. 

Then, 

|G,,,|=2°"(k+1)! 
=2-2'(k+1)-k! 
=(2°k!)[2(k+1)] 
=|6,\[2(k+1)) 

=|G.||G,|(« +1) 


Hence, it concludes that ; 


65 


(b) 
To describe the group G, explicitly and identify the stabilizer of the vertex (1,...,1), 


Suppose G, be the subgroup of the orthogonal group O, of elements that sends the hypercube 
to itself and wv be the stabilizer of the vertex. 


Then, the n neighboring vertices carried by symmetries fixing vw into each other. 


That is, neighboring vertices are must permuted by symmetry. 
Then, to determine the symmetry completely will be sufficient. 


Therefore, the stabilizer of the vertex v will be isomorphic to a subgroup of the group of 
permutation S,. 


Since, the n-dimensional hypercube Chas "vertices. 
Then, there will be symmetry can take v to any one from >*vertices of n-dimensional 
hypercube C,. 
Since, O, is the orthogonal group elements that sends the hypercube to itself. 
Then, 
jo,|=2" 
And the order of the group G, is, 
|G,|=2"n! 


Now, by counting formula 


Since, the group of stabilizer of the vertex v is |G,|=mn!and it is isomorphic to a subgroup of the 
group of permutation S$, . 
This implies that, 

G,=S, 


Since, 
|G,|=2"n! 
Then, 
|G,|=2? -2! 
=4-2 
=8 
And 
|D,|=2-4 
=8 
Then, 
G, = D, 
Hence, it concludes that the group of stabilizer G, of the vertex wv and the group of 
permutation § are isomorphic. 


5.a 
WI 


6. a 
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7.a 


a) Let G = Ds be the dihedral group of order 6 and consider its action on 


the vertices of a triangle. We make a “truth” table whenever gs = s 
for g € G and s € S, the set of vertices of the triangle: 


¢ [b)]The idea of the above exercise is that we can count the elements by rows, but we may also count them by 
columns. Let G; be the stabilizer of s and let S? = {s € S| gs = s}. Thus G, corresponds to the rows 
above, whereas S% corresponds to the columns. Thus by a change of summation, we get the desired formula as 


Tiel=o Yd 


ses §&& 


=>) 1 


865.956 


22) 


956 G58, 


=yis" 


g6G 


follows: 


© [c)] From the previous, we know that 


scS 


Disi= Tie 
gcG 


Now, recall the counting formula that states |G| = |O;||Gs| where Os is the orbit of an elements s. Plug this in to 


get 


_y iG 
Liel=> oy 


ses 
1 


ses s| 


Every orbit has exactly |Os| elements in it. Since the orbits are disjoint, every fraction ol in the above sum 
appears exactly |O,| times. We conclude that every orbit contributes to the sum with exactly 1 and so the sum on 
the right counts the number of orbits. We have proven that 


>. || = |G|(number of orbits) 


gcG 


Result 
a) The truth table is straightforwardly checked. 


b) The point which part a) illustrates is that we can change the order of summation. Doing this, we get the 
statement. 


c) Recall that |G| = |G's||Os| and use part b). 
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8.a 


There are 70 = (3) ways to color the edges of an octagon, with four black and four white. Suppose the group Dg 
operates on this set of 70 colorings, and the orbits represent equivalent colorings. Burnside's formula from the 
previous exercise states that 


1 
number of orbits = — S! 
al 


where SY is the set of elements s fixed by g. 


We count the sets by possible actions of the group. Dg consists of: 


* the identity map. Here |S| = 70 since every element is fixed by it. 
¢ rotation by 180°. Assign letters B,W to the octagon to signify if it's black or white. This will give a cyclical pattern 
of letters ABC DEFGH. After rotating by 180°, it will read 


EFGH ABCD 


Thus rotation 180° fixes those colorings of the form ABC DABCD, i.e. when the coloring is repeated twice. We 
can choose A, B,C, D in any way, so since there are two colors, there are (3) = 6 elements that rotation by 
180° fixes. 


¢ rotation by +90° fixes colorings ABC DEFGH if after rotating by 90° we have 
ABCDEFGH = CDEFGHAB 


(or vice-versa for 270°). 
We see that only two letters can be chosen arbitrarily. Thus for rotations by +90°, we have only two choices. 


¢ rotations by 45° which fix no coloring. 
© Suppose we have the coloring ABC DEFGH and consider a reflection through opposing sides. Say the axis 


of reflection goes through A and E. This reflects the coloring into: 
AHGFEDCB 
We see that it is necessary and sufficient to have B = H,C = G, D = F so the coloring becomes of the form 


ABCDEDCB 


Since B,C, D come in pairs, we must have A = E. Finally, these A, B, C, D can be chosen to arbitrarily, so we 
have (3) = 6. 


© Finally, consider reflections around vertices. Like above, we find that ABC DEFGH, gets mapped to 


HGFEDCBA 


Thus it is necessary and sufficient that the coloring has the form ABCDDCBA. There are (3) = 6 such colorings. 


Recall there is only one identity, one rotation by 180°, two rotations by 90°, four reflections around axes 
connecting vertices, four reflections around axes connecting opposing edges. Utilizing Burnside's formula, we get: 


number of orbits = ae e |S9| 
IG| 2 

= “qi +6+2-2+4-6+4-6) 

_ 128 

= 76 

=8 


Result 4of4 


We use Burnside's formula. To do so, we must count for each element of G = Dag, the fixed points (here, the 
colorings which stay fixed). This is made easier by fixing a certain edge, and then coloring the sides 
ABC DEFGH.There are always two colors to choose from. Using combinatorics, we arrive at all the |S9| and 
compute the number of orbits. 
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Chapter 7 


Section 1 


lia 


The given rule g * x = zg~! defines operation of G on G. The operation 
satisfies two properties. 


1. For 1.z eG, 
ler=2l=rl=2 


2. Associative law: For gi.g2 € G 
gn * (g2 * x) = 1 * (xg!) = xgy ‘gy! = 2(gg2)' = (noe) * 9 


By 6.7, it defines operation of G on G. 


Result 


Show that 1 * x = z and associative law holds under given operation. 


Given H is subgroup of G and H operate on G by left multiplication ie. forh € H,s € G, 
h*s=hs 
The orbit of s consists of 
O, = {hs:h © H} = Hs 


which is a right coset of H in G. Thus the orbits for the operation of H on G by left multiplication consists of right 
cosets of H in G. 


Result 


The orbits consists of right cosets of H in G. 


Section 2 


lia 


(a) Let a,b, c,d © Fs, such that 
GG) TL Dh Alla & 
e d||0 1] |0 1jle d 


aa+b|_|ja+ec b+d 
c c+d} | ec d 


Simplifying gives 


This givesa =~a+c,a+b=b+d,c+d=die.c=0,a=d Since 


: ‘ € GL, (Fs) 


, the elements which commute with given matrix are 


z([o =([0 a] sa€ (1.2}.b {0.1.29} 


The centralizer has 6 elements. There are it (3? = 3') = 48 elements in general linear group GL, (F3) over 


finite field F3. By counting formula the order of conjugacy class is 


48 
rho 


(b) Let a, b,c, d € Fs, such that 
a bj {1 O] _]1 O} Ja 6b 
c d||0 2] |0 2ice d 
a 2b|_ |/a 6 
c 2d} |2c 2d 
This gives 2c = c, 2b = b. However for F3, this means b = c = 0. Thus, the elements that commute with given 


element is 
a(b B)={h Soescoann] 


ie. there are 42 = 16 elements in centralizer. Now there are 


2-1 
[] (& — 5*) = 480 
k=0 


Simplifying gives 


in GL,,(F5). The order of conjugacy class of given element must be 


Result 


(a) The order of conjugacy class is 8 (b) The order of conjugacy class is 30. 


Given G has order of 21 = 3 - 7. The order of element 1 + x € G canbe 3 or 7. Now, it is given that it's 
conjugacy class C'(a) is of order 3. Since 


|Z(z)| - |C(x)| = |G] => |Z(x)|=7 


Now it can be shown that Z(z) is subgroup of G. Also z € Z(a) and the order of z is the order of cyclic 
subgroup (a) generated by x. Order of (x) divides the order of Z(z). Since 7 is prime, (a) must be of same 
order i.e. x is order 7. 


Result 208: 


|(x)| | |Z(a)| so show that Z(z) is of order 7. This gives x of order 7. 


Given that group G of order 12 contains a conjugacy class of order 4. Let z be an element such that |C(z)| = 4 
then 


|Z(x)| = |G|/|C(x)| =3 
This obviously contains 1 and x. Suppose if g € G such that grg~! = z then 
g'gxg'g=g'ag=2 
which shows that g~! € G. Therefore the elements of 
Z(x) = {1,2,271} 


Now the center Z(G) must commute with every element of G so 


Z(G) = () (2) 


reG 


It is known that there are elements in G which does not commute with x (which implies it does not commute with 
z~! either). Therefore center must be trivial. 


Result 2n2 


Show that Z(x) = {1,2,27-'} and ¢ Z(G). 


Let Ca = {g-!ag : g © G} be the conjugacy class of a in G. Then 
for given map p(x) = x”, 


9(g~'ag) = (g~‘ag)” = (g~'ag)(g~'ag)...(g-'ag) = g"'a"g 


This shows ¢ : Cy — Can. 


Result 


y : Cy —> Cqn where ¢ is surjective. 


Method 2. 


Consider G be a group and ¢be the nth power map: (x) =x". 


Comment 


Step 20f2 ~ 


Assume x, y ¢ Gsuch that xand y are conjugate, 
Then for some g € Gsuch that, 


x=gyg", 
And, let ebe the identity element. 
Then, 
x" =(gg")(g")(@2").-(gve"')(as"') 
= gy(g"'g)»(g"g)9g".-29(¢"'g) 8" 
= gv(e)y(e)yg"...gy(e) yg" 
= gy"g" 
Therefore, If xand y are conjugate, their powers "and "are also conjugate. 


Hence, nth power map ¢(x) = x" gives a map on conjugacy classes. 


5. a 


Given G is a group of matrices of form 
where z > 0. Let 


where a > 0. Then 


ctf] fll 6 the} 
aly ees 


Now, let c € R, for fixed x, choose y as 


cx —b 


b —-l)= = 
+y(a-l)=cxr => y a 


\f a # 1 then there exists y for any value of c. Now if a = 1 then c attains any value in (0, 00) or (—oo, 0) 
depending on the sign of b. 


Result 


The conjugacy class can be visualized as straight vertical line on positive x axis. At 2 = 1, the conjugacy class is 
half vertical line without out touching (1, 0). 


Consider the conjugacy classes in the group jy of isometries of the plane. 


Comment 


Step 20f2 ~ 


Let 1, be the reflection across the line passing through origin and making an angle @with the 
positive x — axis. 
And, 
The reflection u, consists of rotation of the plane to shift the line of reflection onto the x — axis, 
reflection across the x — axis and reverse rotation of the plane to its previous position. 
Thus, 

Uy = Mott! 

a ee 


Therefore, the conjugacy classes are the reflections across any line in the group jy of 
isometries of the plane. 


N 


Given, a group of order 10. The conjugacy class of a € G is given by 
C, = {b€ G: g-‘ag = b for some g € G} 


14+14+14+2+5: 


Now there are three elements for which order of conjugacy class is 1. Since a € C, so g-!ag = a forallg € G. 
This shows there three elements which commute with every element so |Z| = 3. Now since Z is normal subgroup 
of G, by Cayley theorem |Z] | |G| however 3 { 10 hence this cannot be the class equation 


20f4 


Step 2 
1+2+3+4: 


Here, for some a € G, |C,| = 3 but since |C,||Z(a)| = |G| however 3 + 10. Thus this cannot be class equation. 


1+1+2+24+242: 


Here again, we note that |Z| = 2 and since Z is normal subgroup, the quotient group G/Z has order |G/Z| = 
|G|/|Z| = 5 which is cyclic group (being of order prime). It can be shown that if G/N is cyclic then G must be 
Abelian. Abelian group has only class equation 1 + 1+ ---+ 1 since every element commutes with each other. 
Therefore this cannot be the class equation. 


Result 4of4 


1+2+2 + 5is the required class equation of group 10. Dihedral group Ds of order 10 has this class equation 
precisely. 


8 : Now, for group G of order 8, the center Z cannot be of order 4 since G/Z would be of order 8/4 = 2 which 
would imply G'/Z cyclic which in turn implies G is abelian. 


Now, suppose if Z were of order 1. Since |C,| must divide |G| for alla € G, C, must be of even order. So 1+ 
even +--+++ even + 10. So Z cannot be of order 1. 


Another number dividing 8 is 2 so Z must be of order 2. Now if z ¢ Z, then Z(x) contains Z as well as x so 
Z(zx) must be of order 4 since |Z(a)| divides 8 the order of group. Thus C’, must be of order 2. So the class 
equation is of 


2+24+2+2 


21 : For group G of order 21 = 3 x 7, the center Z cannot be of order 3 or 7 since |G/ Z| would be prime 
which would mean that it is cyclic hence G abelian. Therefore, the center of the group must be trivial. 


Since 1 + 3n # 21 and 1 + 7n $ 21 for any positive integer n, the conjugacy classes must be of both order 7 
and 3. Now, 


14+ 3n+7m= 21 
has only one solution m = n = 2 i.e. class equation is 


14+3+3+7+7 


Result Sof 


Class equation for group of order 8 is 2+ 2 + 2 + 2 = 8. The class equation for group of order 21 is 21 = 1+ 
3+34+74+7 


(a) The quaternion group H and (b) dihedral group Dy are non abelian groups of order 8. The quaternion group 
has center 


Z(H) = {1, —1,+1, +j, +k} 
and the dihedral group D4 has center 
Z(D4) = {(1), (1 3)(2 4)} 


Each centralizer of element contains center along with element so order of centralizer must be 2. The class 
equation must be 


24+24+2+2=|G|=8 


(Also see problem 2.9) 


(c) Ds is dihedral group of order 10. The order of center can be 2 or 5. This implies Ds /Z(Ds5) is of order 
10/5 = 2 or 10/2 = 5 which must be cyclic which implies D5 is abelian (contradiction). So the order of Z(D5) 
cannot be 3 or 5 so it must be 1. Now, 


1+2n+5m = 10 
has only one solution i.e. n = 2,m = 1 so the class equation is 
1+2+2+5=10 


(Also see problem 2.6) 


(d) Now subgroup of GL2(F3) which consists of upper triangular matrices consists of 12 elements. Since divisors 
of 12 are 1, 2,3, 4 and 6. Since 12/6 = 2 and 12/4 = 3 which are prime, the order of center cannot be 6 and 4. 


The only matrices that commute with every other matrix is 


obo 2 


therefore the size center is 2. The conjugacy classes are listed as below. 


2 2 
o([o 3 
21 
e([o 1 
(fi 2 
a : 


Therefore the class equation is 


o|-[o 
i} [o 
oo 


1+1+24+24+3+3=12 


Result 


(a) and (6) 2+2+24+2(014+24+24+5@14+14+24+24+3+4+3=12 


10.a 


(a) 


Let 4 be anelement of SO, that represents a rotation with angle z. 


To describe the centralizer of 4 geometrically; 


Suppose that 4 centralizes $O,and it is known that element of this group belongs to M,(C). 


Then, 4 must be commutes every R, where R is a rotation matrix. 


AR=RA 
Rotation pcan be defined as, 


reall cles) 


Where, Pp is permutation matrix. 


Now substitute 4 and R in 4R = RA, to get 
(? ls (6 4 1 

e d)\0 1 0 Ile d 

This implies that, 

Ch=b and Cc=c 

This implies that, 

b=0,c=0 


a 0 
Thus, A= 
ws 4-(5 4) 


Therefore, centralize 4 must be diagonal matrix and 4 is a scalar multiple of /,. 


(b) 

To determine the centralizer of the reflection + about the ¢,-axis in the group \4 of isometrics 
of the plane; 

Reflection r about the e,-axisin the group yg of isometrics of the plane can be determine by, 


1 OY\fx, 
red-{ We) 
ust 4=(4 ) a x-(° 4 belongs to the centralizer of 4 in group 44. 

c 


Then, 
AX = XA 


Substitute matrix 4 and y inthe above, 

1 O\fa b _(a byl 0 

0 -I)\c d) le dj\o -1 

a b) {a -) 

-c -d) le -d 
Now equating corresponding entries shows that a = a,b = —b,-c =c,-d =-d. 


This implies that b=0,c=0, a and qd can be any number. 
Hence, the centralizer of the reflection , about the e¢,-axis inthe group 4g of isometrics of the 


plane is {(¢ j}adeR|| 


1i.a 


Given the elements of GZ3(R), the centralizer are those elements which commute with the given element. 


(a) Let 
abe 
de fj} €GL3(R) 
Gh @ 
such that 
a b ec} }]1 0 0 LOT) faces 8' 
dé Ff} (0-2; 0) =10 2-0) jd. e€ fF 
gh. 3) 10°03 00 3i lg h 
This gives us 


a 2b 3c a” «by ne 
d Qe" -3F | = p2d> 2e* QF 
g 2h 3 3g 3h 3 


Comparing each element, we get b = c = d = f = g = h = 0. Therefore the centralizer is 


a 0 0 
0 e O] :a40,e 40,140 
0. 0 4 


(b) Let 
abe 
d e f| €GL3(R) 
ee ame, | 
such that 
ab cl f1 0 0 1 0 0] fa b ¢ 
de f{j0 1 OJ} =]0 1 Ol] ld e f 
g h i] |0 0 2 0 2} lg h i 
This gives us 


a b 2 a b-<€ 
be Qh v=) ide ec Ff 
g h 2 2g 2h 2 


(c) Let 


such that 


This gives us 


aa+be a+d b+e c+f 
d d+e f |= d e f 
i 9 


h i 


Comparing each element, we get d = f = g = 0 ande = q. Therefore the centralizer is 


abe 
0 a 0} :a440,140 
Oh i 


(d) Let 
a 
d 
9g 
such that 
abel TE LO 
g h i} |0 01 
This gives us 


a a+b b+e 
d d+e e+f 
g gth h+i 


Comparing each element, we getd = g = h=0,e=a,f 


| 


oor 
anna 


b 
a 
0 


es, = fii 


a+d b+e c+f 
i 


= bandi = a. Therefore the centralizer is 


I= 


11 


(e) Let 


such that 


This gives us 


c a b 7 Sa ima 
P «ade g h i 
SO OR abe 


Comparing each element, we get d = f = g = 0 ande = q. Therefore the centralizer is 


Cy Sa 
c a b}:a°+b? +c) — 3abe 40 
bea 


Result 
(a) 
a 0 0 
0 e 0 | :a#40,e40,i140 
00 i 
(b) 
a b 0 
de 0 | :i40,ae—bd+0 
0 0:4 
(c) 
abe 
0 a O}| :a40,i140 
Oh i 
(d) 
abe 
0 a bj:a40 
00a 
(e) 
G09 C 
c a b |} :a®4+b°+c3 — 3abe 40 
bea 
12.a 


12 


The class equation is given by 

|G| = |Ci| + [C2] + --- + [Ce 
For n = 3, we have |G| = |C,| + |C2| + |C3]. Since the conjugacy class of identity element consist of itself so 
|C\| = 1. Also since |Co| and |C3| divide |G], we get 


12 1441,1 
TO br °C 


where |G| = a, |G|/|C2| = b and |G|/|C3| = c are positive integers. This has solutions a = b = c = 3 and 
a = 6,b = 2,c = 3. Therefore there are two groups with exactly three conjugacy classes. First case, we geta = 
|G| = 3 so the group is cyclic group isomorphic to C3. 


For |G| = 6, we know that dihedral group D3 has six elements and three conjugacy classes {1}, {2,27} and 
2 
{y, cy, 27y}. 


For n = 2, we get 
|G| = |C,| + |C9| 
where |C,| = 1 which is conjugacy class of trivial element. Since |C2| divides |G, we may write it up as 


1, ft 


where |G| = a and |G|/|C2| = b are positive integers. The only integral solution is a = 2, b = 2. Thus the order 
of the group is |G| = 2. This is isomorphic to C2. 


For n = 1, the only group with one conjugacy class is trivial group. 


Result Sof 5 


Trivial group, C2, C3 and dihedral group D3. 


13. a 


Given that NV is normal subgroup of a group G with odd order. Also it is given that || = 5. The subgroup NV must 
be cyclic subgroup so let us denote N = {1, a 2’, x, x}. Since N is normal, we get 


g (Ng=N = g'ag=2° 
for any g € G where s € {1, 2,3, 4}. If x is not in the center of the group then z* € C, for x # 1. Also, we get 
(g-'xg)’ = g™'a"g = (z*)’ 


Now if x” € Z then g-!a"g = x". This gives 2°" = x” ie. sr =r (mod 5) which implies s = 1. However since 
x ¢ Z, this is false. Therefore none of the elements lie in the center and also we have 


g'x?g =x" 


where p 4 gand p,q € {1, 2,3, 4}. This shows that elements of N form their own conjugacy class. Since none of 
the elements are in center, thus the conjugacy class C, must contain all four elements or two elements (It cannot 
contain three elements as it would leave another single element which would be in center). 


However, it is given that order of G is odd. But since we have conjugacy class of order 2 or 4 which contradicts the 
fact that order of group must be divisible by 2 or 4. Therefore x must lie along the center of group. Since Z is 
normal group itself, it must contain N. 


13 


Result 


Show that if N were not contained in center Z then we get conjugacy class of order two or four. 


14. a 


(a) The class equation of group G is given as 1+ 4+5+5+ 5. Let |C,| = 4 then centralizer of x, Z(x) has 
order |Z(x)| = |G|/|C,| = 20/4 = 5. This shows there exists one subgroup, centralizer of x ie. Z(x), which is 


of order 5. Since the order of group is 5, which is prime, the subgroup must be cyclic and each element is of order 
5. 


Let this group be N = (r). Now, for g € Gand suppose g~!rg = a ¢ N. Consider the cyclic group generated 
by a. This group must be of order 2 or 4 since there is only one group of order 5. If this is of order 2 then we get 


gir'g=1 => rg=g = r=1 
If this group is of order 4 then we get 
girtg=1 = rig=g = ri=l 


Hence g-!rg € N so N must be normal subgroup. 


(b) Since there exists conjugacy class of order 5, say Cy, the centralizer Z(y), which have order |Z(y)| = 
|G|/|Cy| = 4, is the subgroup of order 4. 


There are three such subgroups since there exists 5 + 5 + 5 in the class equation. Let these subgroups be 
Z(y1), Z(y2) and Z(y3). If one of these subgroups were normal, say Z(y1) the quotient group G/Z(y1) would 
have order 

|G| at 20 


Z(y)| 4 


which would be cyclic. This implies that G' is abelian group which contradicts that G has class equation 1 + 4+ 
5+5+5. 


Result Sofs 


(a) By class equation, there is one subgroup of order 5 which is cyclic. Let r be generator then consider the group 
generated by g rg. This shows the subgroup is normal. (b) By class equation, there exists three conjugacy 
classes of order 5 so there must be subgroups (centralizer) whose order is 4. This cannot be normal since the 
order of quotient group by this subgroup would be 5 (which would imply that quotient group is cyclic) which 

implies G is abelian. 


15. a 


14 


The order of GL, (F,) is given by 


n-1 
|GLn(Fq)| = [J (a" - 4) 
k=0 


In our case, n = 2 and gq = 3 which gives us |GL(F3)| = 48. The center of this groups is 


tlo obo 3) 
| 
th al-b a-b dt sb al-b al} 


The conjugacy class of 
is given by 
The conjugacy class of 


is given by 


The conjugacy class of 


is given by 


tft ol-B ole al-Lt al-ft a} al} 


The conjugacy class of 


is given by 


{lo 2}-[o 2}-B abel a}-lo a}-b ol-lo 3). 
Pal B ol bt }-fo +b 2} 


The conjugacy class of 


15 


BATE LG UE RE IG RE g 


The conjugacy class of 
0 2 
12 


th a}-b al-b dele det allo a ol-B oj 


is given by 


Step 2 20f3 
Thus, the class equation if GL2(Fo) is given by 1+1+6+6+6+8+8+4 12 First 1 + 1 is for centralizer 
and it has three conjugacy classes or order 6, two conjugacy classes of order 8 and one of order 12. 


Result Sots 


The class equation if GLo(F2) is given by 1+1+6+6+6+8+8+4+12. 


16. a 


Let G.G’ be two finite groups, and assume that é: G > G isa surjective group homomorphism. Let C be a 
, Ul 
conjugacy class of G. Let z € C,, and assume that C is the conjugacy class of (2) in G . First we prove that @ 
, 

maps C surjectively onto C' . let y € C, so there exists g € G such that y = grg~!. Then d(y) = o(gzg-!) = 

, , , / 
$(g)¢(x)(g)-!. So o(y) € C . This proves that ¢(C) C C. Let z € C’, and so there exists k € G such that 
z = kd(x)k-1. Now, since ¢ is surjective, there exists h € G, such that d(h) = k. Then, d(hah-!) = 

, 
o(h)o(x)d(h)-! = kd(x)k-! = z, but hrh-! € C. So, we have shown that z € C’, then there exist an 
, 

element m = hzh-!, such that ¢(m) = z. We conclude that @ maps C' onto C’. 


2 of 3 


Step 2 


Now, we show that IC’ | | |C|. First observe that by first isomorphism theorem, G/Kerg = G' and hence IG’ | 
|G|. Let C(x), C(@(x)), denote the respective centralizer in their respective groups. We know, |C'| = race 
/ 


similarly, Ic’| = oar Now, observe that @(C(x)) C C(¢(a)). Indeed, ift € C(x) => ta = zt. Now, 
o(t)o(x) = (tx) = o(xt) = O(t) G(x). So, o(t) € C(d(x)). Now, since C(x), is a subgroup, so we can 
restrict 6 on C(z), to get the restriction map w : C(x) + C((zx)). Again, due to first isomorphism theorem, we 
have |C((z))| cies |C(x)|. So rea = oo. Since Ia'| | |G, and |C(¢(z))| civics C(z)|, itis clear 
that either |C| | |C’ or vice versa. But, since from the above part, @(C) = C’, we have |C | < |C|. Hence, we 
conclude that Ic’| divides |C|. 


Result 5 ofS 


| have solved the problem in two parts. First part proves the C' maps surjectively to red under @. The basic idea is 
to use the definition of homomorphism of groups and the definition of conjugacy class. The second part proves 
the divisibilty, by using first isomorphism theorem, and other elementary arguments. 


17. a 
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Let G be a group of order pg, where p, q are primes. We have to use class equation to show that G has an 
element of order p. Assume, that G doesn't have an element of order p. Now, by Lagrange's theorem, the possible 
orders of non-identity elements are q or pq. Now, if there is an element of order pq say x, then observe that x? has 
order p, which is a contradiction to our assumption. Now, we have that all non-identity element have order qg. Now, 
consider Z(G). Now, |Z(G)| can be 1, q, or pg. Observe that |Z(G)| = p, implies that there exists an element in 
Z(G), and hence in G, of order p. So, we have the above possibilities. Now, if |Z(G)| = q, then G/Z(G) is 
cyclic, and hence G is abelian, contradicting the fact that |Z(G)| = g. So, we have |Z(G)| = 1 or pg. We deal 
with each of these cases separately. 


Case |: Assume |Z(G)| = 1. Then |C(x)| = q for each non-identity  € G. Observe |C(x)| + p, for each 2, as it 
contradicts the initial assumption. Let C}, C2... Cy, be the conjugacy classes, with C) = {1}. From class 
equation , we get 1 + pk = pq, as oe = p, for every non-identity z € G. But, now this implies p | pg — 1, 
which is a contradiction. So, case | is contradicted as a whole. 

Case 2: Assume |Z(G)| = pq. This implies G is abelian. Let H = (x), where a is an element of order g. Then 

|H| = q. This G/H has order p, and hence has an element of order p. Let tH has order p. So, t? € H. Now, 


t? $ 1, and hence t? has order q. But then t has order pq, which is again a contradiction. So, we conclude case 2 is 
also not possible. 


Finally, since all the possibilities have been exhausted, and we have contradicted all such possibilities, due to the 
initial condition that we assumed. Hence, we conclude that the initial condition must be wrong, and hence there 
always exists an element of order p. 


Result 2of2 


As has been asked in the question, | have only used the class equation formula to prove the result. The proof is by 
contradiction, by assuming that there is no element of order p, and then contradicting each possible cases arising 
out of it. 


18. a 


Consider the following matrices: 


a[s ale-[ a] 


Determine which pairs of matrices are conjugate elements of following group. 
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(a) 
Consider the following group: 
GL,(R) 
Consider the permutation matrix: 
P< i qi 
Ci | 


To show that p 4p"' = B, 


ann Me Pl 


sale tl 
otk 3] 
td 


=-1 
So PeGL,(R), this shows that 4 and g are conjugate as elements of GL,(R). That is 
pairs of matrices are conjugate elements of GL,(R). 


(b) 

Consider the following group: 

SL,(R) 

Now suppose they were conjugate by some element Qe SL,(R) Say QAQ"'= B , where 
ef 

cd 

Then, QA=BO 

First calculate QA and BQ as shown below, 


ole as al 
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So, 


—b arhbd we -d 
-d c+d*| lated b+d? 


Therefore, 
—b=-c,a+bd =-d,-d =a+cd,c+d* =b+d* 
This implies that, 
b=c 
a+bd =a+cd 
This implies that, 
b=c 
And, 
c+d? =b+d* 
This implies that, 
c=b 
And no restriction on a and qd. 


Suppose a and q are zero, then, matrix Q is, 


0 
ld 
So, 
det(Q)=-c" 
<0 
This Is contradicting that Qe SL,(R) 


So, 4 and g are not conjugate as elements of SZ, (R). that is pairs of matrices are not 
conjugate elements of S/,(R). 


Section 3 


lia 


Fixed point theorem: 


Let G be a p-group and let S be a finite set on which G operates. If the order of S is not divisible 
by p, there is a fixed point for the operation of G on S-an element's’ whose stabilizer is the whole 


group. 
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Proof of fixed point theorem: 
Assume that there is no fixed point for the operation of G. 
Since G is a p-group one can write, 
IG|= p* 
Also here S is the stabilizer of the whole group then one can write, 
|G|=s 
Thus from the above two equations one can equate, 
s= p* 
This implies that, each element in the finite set S is divisible by p. 
Thus, 
The order of S is divisible by p. 
This is a contradiction to the given statement that the order of S is not divisible by p. 
Thus, the assumption that there is no fixed point is wrong. 
Hence, there is a fixed point for the operation of G on S. 


Suppose G is a group, and Z is its center. Given that: G/Z is cyclic. To prove: G is abelian and hence G = Z. 
Now, since G/Z is cyclic, G/Z = (gZ). Letz,y € G. Consider 2Z,yZ € G/Z.Then, zZ = (gZ)” = g™Z, 
and, yZ = gZ" = g"Z, for some positive integer n, m. So, we can write z = g™h, y = g"k, forsomeh,k € Z 
.Now, zy = g™hg"k = g™g"hk = g™ *hk = g"g™hk = g"g™kh = g"kg™h = yz. Note that, in each step 
of the equality we have used the fact that h, k € Z, and hence they commute with each element of G. So z,y € 
G then xy = yz. Therefore, G is abelian, and hence G = Z. 


Result 2 of 2 


We have proved that if G/ Z(G) is cyclic, then G must be abelian. 


Non-abelian also defined as non-commutative group is defined as the group in which there exists 
at least one pair of elements x and y of G such that; 


xy # yx 


Comment 


Step 20f4 “~ 


Consider a nonabelian group G whose order is Ps where pis prime. 

a. 

To find: the possible orders of the centre 7 

The possible orders for the centre Z is, 

According to the first Sylow theorem, 

A finite group whose order is divisible by a prime p, contains an element of order p 
Here, since Z is the centre of the non Abelian group 


The order of the group is a smallest positive integer for which is the identity element 


Therefore, the possible orders of z is 
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b. 

Let x be an element of G that is notin 7 

To find: the order of the centralizer Z (x) 

Let, xeG 

And x¢Z 

The centralizer Z(x) of an element x of G contains x, and it contains the centre Z 


The center of an element is the set of elements that commutes with every element of ‘G’ 


renee, [P=3 


Comment 


Step 4of4 “ 


c. 

To find: the possible class equations for G; 

The class equation can be formed using the solutions, 
a=tl 

c=0 

a=0 

c=tl 

Here the order of the group G is 3 


Hence, the possible class equation can be written as |3 =| +1+1 


Agroup is defined as an algebraic structure consisting of a set of elements combined with an 
operation that combines any two elements to form the third element. 


Comment 


Step 20f2 “ 


To classify: the groups of order 8; 

The groups of order 8: 

Let G be the group and geG 

Thus the possible group with order 8 is, 


The order of an element in a group is the smallest positive integer for which is the identity 
element 


In other words; 
a" =e 
Where, g” Denotes the products of ‘m’ 
And, ‘e’ denotes identity element 
Hence here, 


Section 4 


The icosahedron has 5 triangles around each vertex. It has 20 faces, 12 vertices, and 30 edges. 


Comment 


Step 20f3 ~ 


Stabilizer is defined below: 
Let G be a permutation group on a set @ and xbe an element of @ . Then; 
G, ={geG:g(x)=x} 


Then G, is called the stabilizer of x and consists of all the permutations of G that produce group 
fixed points in x 


Comment 


Step 30f3 A 


The icosahedral group operates on the set of five inscribed cubes in the dodecahedron. The 
stabilizer of one of the cubes is: 


Since the class equation of the icosahedral group is given as. 


60 =14+20+124+12+15 
The divisors of sixty 
Therefore, the stabilizer of one of the cubes is in 


Subgroup is defined as the group whose members are all members of another group, both with 
respect to the same operators. 


And, normal subgroups are those subgroups which is invariant under conjugation by members of 
the group of which itis a part. 


Comment 


Step 20f2 “ 


To prove: whether A,is the only proper normal subgroup of S, 
For the proof first define a function: 
¢:1>5, 


Where / refers the simple group and the function ¢defines an isomorphism from to the 
alternating group A, 


Since, this function is trivial as the order of 7 and A, is 60 and ¢ is injective, 
Hence, the image of ¢ which is isomorphic to 7 is A, 
Therefore, A, is the only proper normal subgroup of S, 


3.a 
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The icosahedron has 5 triangles around each vertex. It has 20 faces, 12 vertices, and 30 edges. 


Centralizer of a subset § of a group Gis the set of elements of G that commute with each 
element of §. 


Comment 


Step 20f2 “ 


The centralizer of an element of order 2 of the Icosohedral group is: 
Let, 
xeG 
The conjugacy class equation for the element ‘x’ of order 2 is, 
2=1+1 


Thus, the centralizer of an element of order 2 is the whole group G since the class 
consists of the element ‘x’ alone 


4.a 


Atetrahedral group is the set of all self-isometries of that send a particular regular tetrahedron 
to itself. 


Comment 


Step 20f4 ~ 


a. 

To determine: The class equation of the tetrahedral group 7 

Let the class equation of the tetrahedral group Tis the divisors of 12 
Thus, the class equation is given by, 


12=1+2+4+3+2 
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b. 

To prove: That 7 has a normal subgroup of order 4 and no subgroup of order 6 
First proving that 7 has a normal subgroup of order 4 

Let T has a normal subgroup of order 4 since the group itself is a tetrahedral group 
Consider, A,: 

Since all the four elements form 4 group, 


T has a normal subgroup of order 4 


Comment 


Step 4o0f4 « 


Now, proving 7 has no subgroup of order 6 

Consider A, : 

Assume that A, has a subgroup of order 6. 

Since there is no element of order 6 in the group 4, then the group is not a cyclic group 
Thus, the group contains 3 elements of order 2 and one identity element 

So, these four elements form a subgroup of order 4 , 

It contradicts the fact that A, has a subgroup of order 6 

Thus, A, does not have a subgroup of order 6 


Therefore, 7 have a normal subgroup of order 4 and no subgroup of order 6 


Agroup is defined as an algebraic structure of a set of elements with an operation that combines 
any two elements to form a third element. 


Comment 


Step 20f3 « 


a. 


The tetrahedral group and the octahedral group are subgroup of the continuous group of 3- 
dimensional rotations. 


To determine: The class equation of the octahedral group Q. 
The class equation of the octahedral group is given as, 
24 =14+8+6+6+3 


To show: That octahedral group contains two proper subgroups and to show that they are normal 
and show that there are no others. 


Consider the group; 
p=(12)(34) 
Here the conjugacy class C(p) contains the 15pairs of disjoint transpositions each of which 
generates a conjugate subgroup of H. 
The counting formula shows that the normalizer N(H) has order eight 


Hence, these are the only two subgroups of octahedral group 


(a) 

To prove that the tetrahedral group T is isomorphic to the alternating group A, : 

Itis assumed that Tand A, be two groups. A map from f :7 — A, is isomorphic if, f is a 
bijection then, f(xy) = f(x) f(y)V¥x,yeG 


Comment 


Step 2o0f4 “ 


A function is said to be bijection if it is both one-to-one and onto. Now here the tetrahedral group 
is both one-to-one and onto and also assume, 


XEN VHX, 
Therefore, 
f(xy) = (4%) 
=f(%)S(%) 
= f(x) f(y) 
Hence, the conditions are satisfied therefore, Tis isomorphic to the alternating group A, . 


In other words it can be also said that [r= A]. 


To prove that the octahedral group O is isomorphic to the symmetric group S, . 


Let Oand §, be two groups and there is a map from f:T — A, isisomorphicif fisa 
bijection, that is it satisfied the condition 


F (x9) = F(x) f(y) x,y EG 


Function is said to be bijection if it is both one-to-one and onto. The octahedral group is both 
one-to-one and onto. It is also assumed that, x =x; y =x, 


Therefore, 
f(xy) =F (4%) 
=S(%)S(%) 
=F (x) f(y) 
As the both conditions are satisfied, therefore O is isomorphic to the symmetric group S, . 


In other words, it can be also said that [O=S,). 


(b) 
To find the relation when two tetrahedral can be inscribed into a cube C. 


If from the group of rotational symmetries of a tetrahedron is A, and the full group of symmetries 
of a tetrahedron is S,. It is concluded that A, is a subset of S,. 


Hence, they are relating with each other as they are subset of each other. 


7.a 
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To show that G has a proper normal subgroup. 


Comment 


Step 20f3 ~ 


Let ‘G’ be the group of order ‘n’. 
Let ‘H’ be the group of order ‘r’. 
The condition is, »>r! 
That is, 
|G\j=n 
>|A| 


=r! 


Now, to show that‘ G' has a proper normal sub group, it is enough to prove that there exists a 
normalizer. 


That is, for every geG, 
N(H)={gHg' =H} 


Here, since ‘ n’ is an order for the group ‘ G’ there exist the cyclic group and hence there exist 
an inverse. 


Hence, 

gHg'eGWH 
Thus it is proved that, G has a proper normal subgroup. 
Hence proved 


(a) 
Consider the provided statement to explain about the center of the group. As it is given that the 
centralizer Z(.x) of the group element ‘x’ has order 4. 


As it is known that, the stabilizer of an element x of G, then it is denoted by Z(x) A 
Z(x)={xe€G|xa=ar,ix} 
If |G|<5 then G Is abelian. If they follow commutative property then both center and 


centralizer is same. An element x of G is in the center if and only if its centralizer Z(x) is the 
whole group G . 


Comment 


Step 20f2 “ 


(b) 
Consider the provided statement to explain about the center of the group. As it is given that the 
conjugacy C(y) of the group element ‘y’ has order 4. 


Let yeG. Here, C(y) is the whole group 


Note that, an element ‘x’ of G Is in the center if and only if the conjugacy class C( y) consists of 
the element y alone. Hence, the center element must be inside the conjugacy class. 


9.a 
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Let 'x’ be an element of the group G and also it is given that, the centralizer Z(.x) has order 
Pq where p and q are primes. 
The objective is to prove that Z(.x) is abelian. 


Let, yeG and xe, where eis the identity element. 

Order of Z(x) is pq, this implies that |Z(x)|= pq 

By the definition of centralizer, we have Z(x)={yeG|xy= yx} 
Show that Z (x) is abelian group. 

Case (i) 

If P=q then |Z(x)|=p* 

Notice that any group of order p*, where pis prime is abelian group. 
Therefore, Z(.x) is abelian. 

Case (ii) 

For p#q 

Since xe Z(x) and x #e, the order of x must be greater than 1. 
That is, |x|>1 

We know that order of an element divides the order of the group. 

So, the possible orders for xis p.g or pq 

That is, |x| = p,q or pq 

Subcase (i) 

If |x| = pq then order of an element is equals to the order of group Z(x), which means Z (x) 


is cyclic. 
Every cyclic group is abelian, so Z (x) is abelian. 


Subcase (ii) 

Assume that |x| = p 

By Cauchy's theorem there is an element of order g say y. 
Thatis, |y}=q and yeZ(x) 

It is enough to show that |x| = pq 

Assume p<q, order of xy can be one of the among p,q or pq 
Consider (xy)’ 


(of =xy" 
=ey" (Since |x| = p) 
ay’ 
#e 
Therefore, the order of xy is not equals to p 


Now consider (xy)" 


(xy)' =x" 

=x'e (Since |»|=4) 

=x 

#e 
Therefore, the order of xy is not equals to q 
Hence, we have only possibility of order xvis pq 


That is, |xy| = pq 


27 


This implies that as xy € Z(x) 
So Z(x)=(xy) is cyclic group generated by xy 
Hence, Z(.x) is an abelian group. 


Section 5 


lia 


(a) 
Consider the transpositions: 

(12)(23)......("—,n) 
To show the symmetry for this transpositions relabel the indices as follows: 
Let, 

@:I>L 
Denotes the relabeling map that goes from the set of indices to the set 1 of letters, 
(1) =a;9(2) =6;4(3) =c;4(4) =d.....ete 
Hence the relabeled permutation is, 

doped! 

Now one can use permutation ‘q’ of the indices to relabel in the same way. 
Thus the result the conjugate, 

p’=qpq' 

Will be a new permutation of the same cycle of indices, For example, 

If q=(1452) 

The relabeled set will be, 

qpq' =(1452)0(134)(25)0(2541) 

=(435)(12) 
= p 

Thus, whenever the transpositions are relabeled, their indices are not changed and it follows the 
symmetry. 

Hence proved 


{b) 
Consider the cycle: 


Here one can need ‘,—|’ number of transpositions to rewrite the cycle because 
The cycle can be written as, 


(123......#) =(12)(2,3)...(n-1n) 
Therefore, one can need product of [7 —1]transposition. 


Comment 


Step 30f3 “ 


{c) 
Consider the cycles: 
(123...) And (12) 
To prove that cycles (123......2) and (12)generate the symmetric group S, : 
Now, 
Here the transposition for the first cycle follows the symmetry. 
Now the second cycle is the subset of the first cycle. 
Since the first cycle is symmetry, 
Then it generates the other cycle to form a symmetric group S,. 
Hence proved 


Find centralizer of the element (1 2)in S,. 


Comment 


Step 20f2 “ 


The centralizer of the element, 
(12) 
The centralizer consists of elements a such that (1 2)a=a(I 2). 


This equation is possible if either all cycles in a do not intersect (1 2) or one of the cycles 
coincides with (1 2). 


In the first case: 6 permutations of 3, 4, 5, and in the second case: same elements multiplied by 
(1 2). 


Therefore, in total, the centralizer has [}2] elements. 


3.a 
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To determine the orders of the elements of the symmetric group S,: 


Comment 


Step20f6 « 


The group of $, has 7 elements so consider the cycle (1234567)has length 7. 

Consider the all cycles belongs to symmetric group S, and order of element as shown below, 
Cycle {e} eS, and has order of element is 1. 

Cycle (1,2) eS, and has order of element is 2. 


Cycle (1,2,3) eS, and has order of element is 3. 


Comment 


Step 30f6 “ 


Consider the 4 elements in group S, : 
Cycle (1,2,3,4) eS, and has order of element is 4. 


Cycle (1,2)(3,4) eS, and has order of element is Iem(2,2) =2. 


Consider the 5 elements in group S$, : 
Cycle (1,2,3,4,5) eS, and has order of element is 5. 
Cycle (1,2,3)(4,5) eS, and has order of element is lem(3,2) =6. 


Comment 


Step 50f6 “ 


Consider the 6 elements in group S,: 

Cycle (1,2,3,4,5,6) eS, and has order of element is 6. 

Cycle (1,2,3,4)(5,6) eS, and has order of element is Iem(4,2)=4. 
Cycle (1,2)(3,4)(5,6)€S, and has order of element is Iem(2,2,2) =2. 
Cycle (1,2,3)(4,5,6) € S, and has order of element is Iem(3,3) =3- 


Consider the 7 elements in group 5, : 

Cycle (1,2,3)(4,5)(6,7) 5S, and has order of element is Iem(3,2,2)=6. 
Cycle (1,2,3,4,5)(6,7)  S, and has order of element is lem(5,2) =10. 
Cycle (1,2,3,4,)(5,6,7) eS, and has order of element is lem(4,3) = 12. 
Cycle (1,2,3,4,5,6,7) € S, and has order of element is 7. 


Therefore, the orders of the elements of the symmetric group §, are: 


1,2,3,4,5,6,7,10,12}- 


4.a 
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The centralizer of a subset § of a group G is the set of elements of G that commutes with each 
element of §. 


Comment 


Step 20f3 ~ 


Consider the permutation, 

a =(153)(246) 
Now the centralizer Z is the set of element that commute with every o 
Further, the number of conjugates in §, for permutation (153)(246) is; 


7x6x5 4x3x2 
o = x —__ 
3 3 
= 560 


And, the number of elements in S, is; 


T!=7x6x5x4x3x2xl 
= 5040 
Now, the centralizer is; 


Regarding the orders of Z(a), C(o) for the above symmetric group S$, one can split them into 
two cycles of odd and even permutations as 3-cycles and 4-cycles. 
Hence, the order of Z(a) , C(c) are 3 and 4 respectively 


Permutations is defined as the each of several possible ways in which a set or number of things 
can be ordered or arranged. 


Comments (1) 


Step 2o0f3 ~ 


Let 'p’ and ‘q’ be two permutations 
To prove: The products of pq and gp have cycles of equal sizes 
Consider, 
p=(1452) 
The relabeled set will be, 
pap’ =(1452)0(134)(25) (2541) 
=(435)(12) 
=q' 
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Now, consider, 
q =(2345) 
The relabeled set will be, 
qpq' =(2345)0(234)(45)0(5432) 
=(435)(25) 
= Pp 
Hence, the product of pq and gp have cycles of equal sizes 


6.a 


Subgroup is defined as the group whose members are all members of the other group, where 
both subject to the same operations. 


Comment 


Step 2o0f2 ~ 


To find: all the normal subgroups of S, of order 4 
Subgroups of S,with order 4 has following normal: 
The subgroup can be written as, 
S, ={1,2,3,4} 
Now the normal subgroups consists of an empty set, the Cartesian products of the set 
Hence, 


There are four normal subgroups of S, 


{e,(12)(34),(13)(24),(14)(23)} 


7.a 


To prove that A, is the only subgroup of S, with index 2; 


Comment 


Step 20f3 “« 


Let #y be the sub group of 4, . 
N<S, 
Also, [S,:N]=2 
Here Nv must be normal. 
So, if N contains any cycle then it must contain them all. 
Also, 
If gheNn 
Thus, 
g'N=hN 
Since there is only one coset of NV different from N and hence, 
N=ghN 
Thus, 
gheN 
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If Nv contains 2-cycle it must contain them all since jy is normal. 
Also, S, is generated by its 2-cycles, 
N=S, 
Hence, NV does not contain any 2-cycles and for any 2-cycles 5,,s,,5,5, €N- 
Thus, 
N=S, 
Since A, is defined as the group of permutations as an even number of 2-cycles. 
Thus, 
It is proved that A, is the only subgroup of S, with index 2. 
Hence proved 


Find the integers n such that there is a surjective homomorphism from S, to S,_,. 


Comment 


Step20f4 “«~ 


Consider the symmetric groups: $§,,S_ , 

Where sand s, , are the two distinct groups that follows the symmetry. 

Now, let ¢ be the function from ¢:S,—»S,, and ¢ bea surjective homomorphism 
Note that, 

If the function is said to be surjective if and only if the set S, generates the set S,, 


Order of §, is »! and order of S$, ,is (n—1)! 
Suppose that n>n-123 and n25. 
Assume that there are no surjective homomorphisms ¢:§, + S,_, - 


Suppose that ¢:S,—» S,_, is such a homomorphism. The kernel of the restriction ¢ Is either 
A, or trivial because when »>5 then A, is simple. 


In the first case: 


(n-1)!=|5,.,| 


< | 


The second case: 
(n—1)!2|4,| 
(nye 


(n-1yp> 2 


22" 
Both of the cases are absurd because n>n-123 . 
Hence, 
The integer is [n> 3] Such that there is a surjective homomorphism from $, to S,_,. 


Consider y to be the finite set of at least two elements, then the permutations of _y fall into two 
classes of equal size, that is the even permutation and the odd permutation. 


Comment 


Step 20f2 “ 


Let ‘q’ be a 3-cycles in S, 
The number of permutation can be calculated using the formula: 7 —1 
Hence, if there are 3-cycles, then the number of permutations is given as, 
n-1=3-1 
=2 
Thus, there must be two permutations with one odd and one even satisfying; 
pap =q 
Therefore , there must be one even permutationsfor ‘ q’ 


10.a 


Two elements x, yare defined to be conjugate of a group G then there exists an element zin G 
such that; 


gag'=b;geG 


Consider the conjugacy mapping; 
a:S,S, 


Then the formula for the conjugacy states that; 


o(i,,....4,)o' = (in4 ---4ou) 

Where, i,,...,4, €S, 

This implies the number of partitions will be same as that of the order of conjugacy 
Here, the number of conjugacy is 4. 

Thus, the number of partitions will be 4 

Now, assume w,x,¥,2 are the four distinct elements in S, 
Thus, the conjugacy class will be of the form of; 

fiz} {(o.x)} {(o".x,9)} {(0.x)(v,2)}s{(02)} 

Now, the sizes of these classes are 1,6,8,3 and 6 respectively 
Also; 

|S,|=24 
Hence, the class equation becomes; 


24=14+6+8+3+6 
=14+3+6+6+8 


Therefore, the formula for the class equation of S, is |24=14+3+6+6+8 
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For finding the centralizers consider; 
wel 
x=2 
y=3 
ze=4 

So, the conjugacy classes become; 

{4} .{(12)}.{(123)}.{(14)(23)} ,{(1234)} 

Centralizers are basically the elements of any group which commutes with every element of the 

subgroup of that group. 

Now, consider the table of some subgroups of S,as given below; 
fOner[ ‘Subgroups 
er] e,(12),(34),(12)(34) 

e,(123),(132),(12),(13),(23) 
8 | fe,(12),(34),(12)(34),(13)(24),(14)(23),(1324),(1423) 

Hence, from the above table the centralizers are as follows; 

C((12)) ={e..(12),(34),(12)(34)} 
C((123)) = {e,(123),(132),(12),(13),(23)} 
C(e,(14),(23),(14)(23),(12)(34),(13)(24),(1243),(1342)) 


Now, find the class equation for S, 

Consider the conjugacy mapping; 
a:S, 58, 

Then the formula for the conjugacy states that; 
O(iy.n-9h, JO" =(ingy ---4eu) 

Where, i,,...,4, €S, 


And, preceding the procedure as done for S, , the following table with size of conjugacy is 


|s.| =120 
Hence, the class equation becomes; 


120 =14+10+15+20+20+24+30 
=14+10+15+20+20+30+24 


Therefore, the formula for the class equation of S. is ||20=1+10+15+20+20+30+24 


Now, centralizers are basically the elements of any group which commutes with every element of 
the subgroup of that group. 


Now, consider the table of some subgroups of S,as given below; 


Subgroups 


Ea e,(12),(34),(12)(34) 


| 6 e,(123),(132),(12),(13),(23) 
| 8 | (e,(12),(34),(12)(34),(13)(24),(14)(23),(1324),(1423) 


Hence, from the above table the centralizers are as follows; 
C((1))={e.(1)} 
C((12)) = fe..(12).(34).(12)(34)} 
C((123)) = {e,(123),(132),(12),(13),(23)} 
C((12)(34)) =(e,(14),(23),(14)(23),(12)(34),(13)(24),(1243),(1342)) 
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1i.a 


Two elements x, yare defined to be conjugate of a group G then there exists an element zin G 
such that; 


gag! =b;geG 


Comment 


Step 20/8 « 


a. 

Let C be the conjugacy class 

Let p be an even permutation in S, 

Consider the first case; 

Let Cis a conjugacy class in 4, : 

Since, peC 

Then, C is the conjugacy class and p is an even permutation it follows that 
ped, 

Therefore, 
CeA, 


Consider the second case; 
Again consider, C,,C, be a conjugacy class in A, : 
Now, let 
pec,c, 
Since ‘p’ is an even permutation, 
It follows that, 


peCUc, 


The definition of any centralizer states that; 


Centralizer consists of those elements in a group G of a subgroup YW where each centralizer 
corresponds with the elements in the subgroup 


By using the result of above definition, it can be seen clearly that, the centralizer is the union of 
conjugacy class. 


Hence, the second case occurs in terms of the centralizer of p 


b. 
First consider the case of A, , now; 
\A|=4! 
=24 
But the conjugacy class in A, splits into two, so; 


24 
—=12 
2 


Also, the number of cycles of length 3 in A, is; 
12-4 =8cycles 

Since, the centralizer is contained in A, and the order is 3. 
This implies that the conjugacy class of length 3 contains; 


© = 4elements 


The centralizer of each of the elements of order 2 is the form of abelian subgroup; 
C= {e,(12)(34),(13)(24),(14)(23)} 
That Is the conjugacy class of order 2 contains; 
a = 3elements 
4 
So, the conjugacy class of A, having the orders 1,3, 4, 
Therefore, the class equation of A, is; 


12=14+3+4+4 


Now, consider the case of A,, So; 
\4|=s! 
=120 
But the conjugacy class in 4, splits into two, so; 


120 
—=60 
2 
Any cycle of length 5 has a centralizer contained in S$, having order 5, say this be; 
Z(c)=¢,0,0°,0°,0° 


cA, 


=12 


Also, the conjugacy class of a 3-cycle or the product of disjoint transpositions is the same as that 


of S,and A,, the classes in A, splits into two, and have orders 1,12,12,15,20 
Therefore, the class equation of A, is; 
60 =1+12+12+15+20 


37 


c. 

Consider a € A, 

Then, the cyclic subgroup; 
(a) cA, 


Comment 


Step 8of 8 ~ 


Let this cyclic subgroup be generated by a that acts on the set § ={I,...,m} and decomposes § 
into distinct orbits defined as; 


O,= {a'x:ie Z 
Where, se S 
Now, for each orbit representation s, let N be the order of awhere the cycle is define as; 


C, = {sasa’s...a*"'s} 


That is all the adjoint conjugacy classes in A, , of odd order say, {a,,a,,a,,....q,, } Will be in the 
form of union of all odd order conjugacy class; 


A, =a,Ua, Ua, U...Ua, 


12. a 


Class equation of a group is defined as the group of conjugation where the group acts on itself by 
conjugation. 


Comment 


Step 20f3 ~ 


Class equations of S,: 

One simple way to calculate the class equations is determined by »! 
Thus, the required explanation is given the table below; 

Therefore, the class equation of S, is, 


Comments (1) 


Step 30f3 “ 


Class equation of: 

One simple way to calculate the class equations is determined by 
Thus, the class equation of: 

Therefore, the class equation of is 
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Consider the subgroup of invertible upper triangular matrices in GL, (R)and the subgroup 7, 
of invertible lower triangular matrices. 


det A, = det A, 
And, 
trace(A\,,,) =trace( A,,,,) 
Therefore, 
For some GeGL,(R), 
A, = GAG" 
Because here, 
det A), = (det G)(det 4,,,, )(detG"') 
= det A, 
Also, 
trace( A, ) = trace(GA,,.G"' ) 
= trace(A,,,,) 
Thus, 


Every invertible lower triangular matrix is conjugate to its transpose, that is, upper triangular 
matrix. 


As a result, 

For some Ge GL,(R), 

B=GLG" 

Hence, the subgroup of invertible upper triangular matrices in GL, (R) is conjugate to 
the subgroup , of invertible lower triangular matrices. 


Consider g be the subgroup of GL, (C)of invertible upper triangular matrices. 


And, 
Let U ¢ Bbe the set of upper triangular matrices with diagonal entries 4. 


Since, 
N(U)={g €G:gU =Ug} 
Let, 

beB 
Then, 

bU =Ub 
Because, 

det (bU) = det (Ub) = detU 
And, 
The multiplication of upper triangular matrices is upper triangular matrix. 
Therefore, 

N(U)=B 

Now, 

N(B)={g €G:gB = Bg} 

As, 

bB = Bb 

Because, 

det (bB) = det (Bb) = detB 
Therefore, 

N(B)=B 

Hence, N(U)= Band N(B)=B. 


3.a 


Consider p denote the subgroup of GL, (R) consisting of the permutation matrices. 


Assume, 
AeP(R) 
Let, 
x y A 
pal? 2 
3 a 
y y Thuy 
As, 


The matrix fixes all the diagonal elements to one element and other all elements besides 
diagonal to other element. 


And, 
Both the elements are not equal. 


Since, 


Therefore, by definition of normalizer, 


Consider #7 be a normal subgroup of prime order p in a finite group G . 
And pis the smallest prime that divides the order of G . 


Comment 


Step 20f2 “ 


Since, 

The subgroup #7 be a normal subgroup of prime order p in a finite group G , 
Then, 

The order of #7 will divide the order of G . 

But, 

Center of Gis also a normal subgroup of G . 

So, 

The order of Z(G)will also divide the order of G. 

As, 

The prime number pis the smallest prime that divides the order of G . 
Therefore, sy is in the center of G. 


Consider p be a prime integer and let G be a p—group. 
And, 
Let sy be a proper subgroup of G . 


Since Gbe a p-group. 

Let order of Gbe p". 

So, the order of group Gis p* k<n- 

And, 

Let, the subgroup fy is not center of group G . 

Then, 

The normalizer N (H )will contain center of group G . 

As, 

The normalizer of center of a group G is equal to center itself. Therefore, the normalizer N(H ) 
of #yis strictly larger than 7 . 

Because, 

The normal subgroup of index p is largest proper normal subgroup of G . 

So, #7 is contained in that normal subgroup of index p . 

Hence, the normalizer N(H )of is strictly larger than 7; and that 77 is contained in a 
normal subgroup of index p. 


Let G be a group. Let sy be a proper subgroup of G .The normalizer of sy in G is the set of all 
elements of G which commute with fy. 


Mathematically, 
N(H) = {x G|xH = Hx} 


Orbit stabilizer theorem-For a group G which acts on a finite set _y following relation holds 


|Orb(x)| =[G: Stab(x) | = many 


(a) 

Let G bea finite group with order n, 

Let yy be a proper subgroup, let [G: H]=m>1. 

Let N(/) be the normalizer of #yin G , which contains 7 . 
Then [G:N(H)]<[G:H] 

Let G act by conjugation on the set 47 
Mathematically let g € Gand x € H/ be arbitrary elements define the group action by 
(g.x)> arg" 

Now evaluate orbit of #7 

Let ye H be arbitrary 

Then, Orb(x)={y = gxg"'|g eG} 
Orb(x)={yg = gx|g €G} 

So the orbit of 7 is the set of all conjugate subgroups. 

The stabilizer of #7 is given by the set 

Stab(x)={g €G|x= gre} 

Thus stabilizer of #y is the set N(H) - 

So by the Orbit-Stabilizer Theorem, 

The number of all conjugate subgroups is equal to [G: N(H)] 


Since each of the conjugate subgroups has cardinality equal to that of #7 , and each contains the 
identity element e 


So there are at most 1+[G:.N(H)](|H|-1) elements in the union. 
Since m>1 
Hence, 
1+[G:N(H)](\A|-1)<1+[G: 4] (4-1) 
1+[G:H](|H|-1)=1+|G|-m 
= |6|+(1-m)<\6| 
So the union of the conjugate subgroups is a proper subset. 


Therefore, the union of all conjugate subgroups of #/ , where // is a proper subgroup of 
finite group G is not equal to the group G . 


(b) 

Let G bea finite group with order n.Let sy be a proper subgroup of G. 
Assume on contrary that #7 intersects every conjugacy class of G. 

Then the following statement holds 


G=Ushs". 


eG 
Let g,and g, lie in the same co-set of Y, 
Thus g,Hg;' = g,Hg;' 


7 -! 
so G=( ste" canbe written as & = U gg 
en 


eG wt 


Hence the number of sets in the above defined union is given by 


Salt 


|| 


Also every element of these sets contains exactly |H|elements. 


= -1 
Thus all these must be disjoint otherwise = U 848" fais to hold. 


ey 
But all these sets being subgroups contain identity element. 


Acontradiction has been obtained. This contradiction arises due to the wrong assumption that 
H intersects every conjugacy class of G . 


Therefore, there exists a conjugacy class C of the finite group G which is disjoint from 
H. 
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Consider » = p*mand let NV be the number of subsets of order p*in a set of order n. 


Comment 


Step 20f2 “ 


Since, 
n=p'm 
And, 
Number of subsets of order prina set of order n =N 
The number NV in binomial coefficient is (eI) 
And, 
The number WN is not divisible by p. 
Also, 
m-k= p*-k 
n-k=p*m-k 
Therefore, the congruence class of modulo pis m. 


Consider G, < G,be groups whose orders are divisible by p and let H, be a Sylow p— 
subgroup of G,. 


Since, 
G,cG, 
And, both orders are divisible by p. 
Also, 
The subgroup /7,is a Sylow p— subgroup of G, . 
So, 
By conclusion of Sylow theorems, 
There exists a Sylow p—subgroup H,of G, such that H, c H,, 
Because, 
G,<G, 
As, 
H,<G,,G, cG,,H, oG, 
Thus, 
H, cH,NG, 
But, 
H,NG,cH, 
Therefore, H, 1G, = H, 
Hence, there is a Sylow p~subgroup //, of G,such that H, = H,{\G,- 


3.a 
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Consider the elements of order 5in a group of order 20. 


Comment 


Step 20f2 “ 


By Third Sylow theorem, 

The number of its sylow- Ssubgroups divides 4 and is congruent to modulo 5. 
Since, 

The only such integer is }. 

Therefore, 

There is one sylow- 5§subgroup, say 7 and it is a normal subgroup. 

And, 

The subgroup #7 is cyclic of order 5. 

As, 


The order of an element divides the order of the group and identity element of order 1. 


Therefore, there are 4 elements of order 5in a group of order 20. 


Consider the groups of order pq and p*gwhere p and gare primes. 


(a) 

Assume, 

The order of a group Kis pq. 
Then, 

By Sylow third theorem, 


If the number of Sylow p—subgroups is m then mshould be a divisor of g and is congruent to 1 


modulo p. 

So, 

The possibilities of Sylow p— subgroups are jand q. 

And, 

If pis greater than q then there will be one Sylow p— subgroup. 
Similarly, 

The possibilities of Sylow q — subgroups are and p. 

Also, 


If gis greater than p then there will be one Sylow q— subgroup. 


Since pand qare primes therefore there will be at least one proper normal subgroup. 


Hence, no group of order pq, where p and gare primes, is simple. 
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(b) 

Assume, 

The order of a group Kis p’q. 
Then, 

By Sylow third theorem, 


If the number of Sylow p—subgroups is nthen n should be a divisor of g and is congruent to | 
modulo p. 


So, 

The possibilities of Sylow p—subgroups are jand q. 

And, 

If pis greater than q then there will be one Sylow p—subgroup. 

Now, 

The possibilities of Sylow q—subgroups are 1, pand p*. 

Also, 

If gis greater than p then the number of Sylow q — subgroup will not be p, 
If there will be one Sylow q ~ subgroup then the group x will not be simple. 
If the number of Sylow q—subgroups are p’, 

Then, 

Since each Sylow q — subgroup has prime order therefore it will be cyclic. 
Therefore any two Syiow g — subgroups will have common element as identity element. 


So, 

There will be (q—1) p* elements of order q. 

Then, 

There will be p? elements of order p . 

Thus there will be one Sylow p—subgroup containing p elements. 

As there will be at least one proper normal subgroup of group x’, 
Hence, no group of order pq, where p and are primes, is simple. 


5.a 
WI 


6.a 


Consider a subgroup of the symmetric group S, that is a non-abelian group of order 2). 


Comment 

Step2o0f2 “ 
Since, 
The order of 7~cycle(1 2 3 4 5 6 7)is7. 
And, 


The order of (1 4 2)(3 5 6)is3. 


Therefore, the subgroup generated by(1 2 3 4 5 6 7)and(l 4 2)(3 S 6)will 
be a non-abelian group of order 2). 


Let G be a group with |G| =n such that n= pm, where pis a prime that divides order of the 
group exactly once 

Let 47 denote the sylow- p subgroup of G. 

Let s denote the set of all sylow- p subgroup of G 

LetOeS 

Then, Qbe a sylow- p subgroup of G 

Let jy acts on the set § by conjugation 

Define O, = orbit of Qunder the conjugation action 

Then, |O,| divides || 

Let |O,|=& 

Then, k|psince |d1|= p 

Since pis a prime number so this implies that 

k=1 Or k=p 

Consider the case when k =| 

This implies that / lies in the normalizer of the subgroup 
Mathematically, 

HeN(Q) 

Then, H,Qare subsets of the normalizer of Q. 

Now from second Sylow theorem, #7 and Qare conjugate to each other 
So, H=Q 


Now, if H #Qthen |Q,|=k =p 
Therefore, § decomposes into orbits as follows, 
The group #/ makes its own orbit and rest of the orbit have order p . 


Let GL, ( 2 ) denote the group of all invertible matrices of order mx nwith entries from a finite 
field F, that contains p elements. 


Let F, be a field such that |F,|= p. 
Let A=[a,]  beamatrix such that det(4)#0and a, € F,. 


Now the top row of this matrix 4 must have at least one non-zero element so that determinant of 
the matrix is non-zero that is 


Use combinatorial mathematics to evaluate the total number of such possible ways 
So remove the sequence {0,0,....0} from the total ways. 


So the total number of ways in which this can be done is p* —1. 


Now for second row, the second row must not be a multiple of the first row so that the 
determinant remains non-zero 


Hence the total number of possible ways for this to happen is given by 
p"-p: 
where subtraction part denotes the fact that all the j sequences which are multiple of first row 


Now continue this way and evaluate the possible number of ways for the ; row which is given 
by total number of ways minus the _p!/-") sequences which are the linear combination of all 
previous rows of the matrix. 


Hence the possible number of ways is p* — p\/"). 
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Thus the possible number of such matrices 4 which satisfy the condition det (A) # Ois the 
product of all combination evaluated in above steps. 
Mathematically it is given by 


flo") 


So the order of the group GL, (F, )is Ile" -p"), 
ye 


Since \Gt,(F, } = T(e" -p’) 
it 
The above expression can also be written as 
” at 
Te" -p)=T](P" -p’) 
i a 
Take all the possible powers of the number p common 
al al al 
I(2" -»')=(Flo | Eten -))| 
a sa 
Assume that p divides p*/ —|for some j. 
Thus there exist & € Z such that 


This implies that p’’ = kp +1 for some integer k. 
Now under modulo p, p”/ =kp+\ changes as follows 
p”’ =|mod(p) 


But the right hand side of expression is completely divisible by p . 
Hence a contradiction is obtained. 


This contradiction arises due to the wrong assumption that p divides p*/ —|for some j/. 
Hence, pdoes not divide p»*-/ —|for any / 


at 
Now the expression | ] p’ can be written as 
po 


given by 


Put this value in the above derived expression 
ily’ = pry, 
ra 
So a sylow p-subgroup of GL, (F, )has p//~"? elements. 


Now consider the set $(IF, )of all strictly upper triangular matrices that is the set of all the 
matrices that have diagonal entries as 1, all lower entries are Q and the upper entries can be any 
element from the field F,, 

Thus the order of the set S(F, )denoted by |$(F, is p*, where adenotes the number of 
entries above the main diagonal. 
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Now evaluate a 


Here ais given by 


=n(n-1)/2 


So |s(F,)|= p“""?, this is equal to the order of the sylow p -subgroup of GL, (F, ) 


Thus the set S$(F,)is a sylow p-subgroup of GL,(F, ). 

For the number of sylow p-subgroup of GL, (F, iF 

Let y be the set of all Sylow p -subgroup of GL, (F, ). 

Let GL,(F,)act on y by conjugation. Let V be the normalizer of the set S(IF,). 

Then by counting formula, 
lox, (F, =| x1 

Now the normalizer of S(F, )is the set of all upper triangular matrices with entries from the field 
F,. 

So, |N|=(p-1) pr" 

Hence the number of elements in y is given by 


px = lel 


IN| 
II (2" -p’") 


jt pol 


Therefore, the order of the group GL,,(F,) is TI(»" -p'”") and the sylow p- 
i) 


subgroup of GL,(F,) is given by the set of all strictly upper triangular matrices with 
entries from the field F , also the number of sylow p -subgroup of GL,(F,) is 


+ (p’-1) 
jel p-l 
9.a 
SYLOW THEOREM 


For every prime factor p with multiplicity » of the order of a finite group G , there exists a Sylow 
p -subgroup of G , of order p’- 

Given a finite group G and a prime number p , all Sylow p -subgroups of G are conjugate to 
each other, i.e. if yyand K are Sylow p-subgroups of G , then there exists an element g 

in G with g'He=K. 
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(a) 

Let G be a group such that |G|=33=3x11. 

Let s, denote the number of sylow- p -subgroups of G . 
Evaluate s, 

By Sylow theorem, s, =1mod(3)and s, divides 11 
Hence the only possible value for s, is 1. 

Now evaluate the value of s,, 

By Sylow theorem, s,, =1mod(11) and s,, divides 3 
Hence the only possible value for 5, is 1. 


Use the result that if a group G has only one sylow- p -subgroup, then that subgroup is a normal 
subgroup. 


So there exist two normal subgroups of G say P,Qwith |P|=3and |Q|=11. 
Also, PAQ ={e} 

Hence PQis a subgroup of G thatis PO<G. 

But, 


|Po|=|P\l0| 
=33 
This implies that PO =G 


Thus, G=PxQ 


Since P,Q are cyclic subgroups of order 3,11 respectively so, 
P=G, 
Q=C, 
Thus, G=C,xC,, 
Therefore, there is only one group upto isomorphism of order 33 whichis C,xC,, . 


(b) 
Let G be a group such that |G| =18. 
Then factorize the order of G , 
|G|=18 
=2x3?? 
Let s, denote the number of sylow- p -subgroups of G . 
By Sylow theorem, s, =1mod(3)and s, divides 2 
Hence the only possible values for s, is 1, thatis s,=1. 
So there is only one subgroup of order 9. 
Let that subgroup be denoted by p. 
Since |P|=9, 
So by Fundamental Theorem of finite Abelian group, either of the following holds 
P=C, Or P=C,xC, 
Now for s, 
Since s, divides 9 so the s, € {1,3,9} 
Case1- Let s, =1. 


Now if Qis the only subgroup such that \O| = 2then Qis a normal subgroup of G 
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Also, 


|Po|=|PI\O| 


=18 

=|6| 
So, G=Px@Q 
Thus, if P=C,xC, then G=C,xC,xC, and G=C,xC, 
lf P=C,then G=C,xC,and G=C,, 


Case2-Let 5, =9 
This implies that there are 9elements of order 2. 


Since pis a subgroup which has gelements, so every element which is not in pis of order 2. 


Let yeG-P. 

Thus yhas order 2. 

Since [G: P]=2, Then G= PU Py 
If Ae Pthen hy has order 2. 
Mathematically, 


(hy) =1 
hyhy =1 
yhy = hr" 
yhy = he! 
yh=h'y 
if P=C,and P=(x), then 
G=PUPy 


The order of the element xis 9, the order of vis 2and yx’ = xy. 
Thus G = D,,, where D,, denotes the dihedral group of order 18 
Now if P=C,xC,, 
P= {1:50.09 3 XyeXqo% huey where order of x,,x,is 3and they commute. 
Hence, 
G=PUPy 
= eee 4 9X2 x5, X, 53 X22, WY, Ye Hs Xe Nye MAM HRY XY, HXy? y} 
Also the following relation holds 
(x)x,/ yy = x,'x,/ yx;'x,/y 
=x,;'x,' (xx? y" y? 
= xy x,/x,'x,/ 
=l 
So every element which is not in phas order 2. 
This group is called the semi-direct product of C, x C,with C,. 
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Case3-Let s, =3 

Thus there are only 3 elements of order 2. 

The elements of pcan have order 1,3,9. 

Since order of elements divides the order of group 

So all the elements left that is whose order is not 2 and are not in p must have order 6, 
Order of elements cannot be equal to 1,3,9,18. 


Since | ¢ p, elements with order 3 would lie in p and same goes for order 9, finally if there is an 
element of order | gthen G is cyclic and hence all subgroups would be normal and it would imply 


s,=1, 
This is a contradiction. 


Hence there are gelements of order 1,30r gin p, 3 elements of order 2 and 6 elements of 
order 6. 


Let ybe an element of order 2, 
So yeG-P,and G=PUPy 
Now if P=C, 
Let xbe a generator. 
If x’y has order 2 then, 
(xy) =1 
xyx'y=l 

ytysx” 

weax'y 


But then, 
ya = yas 
= xy 
= x" yy’ x 
= x yl 
Simplify the above expression over and over again to obtain 
yt ax ty 
Also, following holds 
2 
(xy) =x" yxy 
=x'x "yy 
=1 
Hence, if x’ yhas order 2, so does xy, xy. 
Since there are only three elements of order 2, they are of the form { y,x'y,x*y}. 
Since xy ¢ Pand its order is not 2. Thus xy has order 6 . 
But then, (xy) has order 3. But the only elements of order 3are and ,°, 


Thus, 
(xv) =(v)' 
ee 
= x‘y 
And 
(xv) =(v) 
= x°xy 
= xy 
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But (xy) must have order 2 as xvhas order 6, so (xv) e {y.x°y,x°y} 
This is a contradiction, thus P = C,is not the case. 

Let P=C,xC,. 

Then there exists an element Py apart from » that has order 2. 

Let x P—{I}be an element such that order of xy = 2. 

This implies that yx=x'y, thus x’yhas order 2, since xe P-{I} so its order must be 3 
So the set S= {lx .y.ayay"} isa subgroup and § = S,. 

Now let g e Gand qe § be arbitrary 

If ahas order 2, then order of gag"'is also 2. 

But since contains three elements of order 2S0 gag” eS. 

If order of ais not 2, 

Then ae PS, but G=P/Py,so g=y'h,ie {0,1} and he P. 

In this case, since y/ = y" 

gag = y'hah"'y' 

Since h,ae Pand pis commutative. 


SO pah =a 


Thus above expression can be re-written as 
gag" = y‘hah"'y' 
= yay" 
Since a,yeS, thus gag = y’ay' eS 
Thus sis anormal subgroup. 
Now, let be the set of subgroups of order 3 in G. 
Then |R|=4 
Thus (y)={1,y}acts on R by conjugation 
So, the orbits must have order | or 2 since it must divide |( y)| = 2. 
Also, since § 4G, the orbit of {l, x, x° } has only one element. 
So, 
4 


IR| 
1+ > |oj 

Oo 
So, there must be another orbit of order 4 
Let K be this subgroup, and so yKy = K. 
Let geG 


Then, as before, g = y‘h,ie {0,1} and fe P 


Since K < p and p is abelian, we have that AKA = K 


And, since yKy = K , thus 
ekg! = y'hKh''y! 


Hence, K aG 

Thus $,K Gand |S||K|=|G| , also $1). K = {1} 
So, G=SxK 

Thus, G=S,xC, 


Therefore there are five groups of order |g upto isomorphism and they are as follows 
CC, x Cy, Dy.S,*C, and the semi direct product of C,xC, with C, . 


{c) 
Let G be a group such that |G| = 20. 
Then factorize the order of G, 
|G|=20 
=2?xS 
Then s,=Imod(5)and 5s, divides 20. 
Thus the only possible value of s,is }. 
Let \V denote the sylow- 5-subgroup, then this subgroup is normal so N = C,. 
Let # © Sylow- 2-subgroup. Then |H|=4 
Clearly, G= NxH 
The only possibilities for yy are H = Z,and H =Z,xZ,. 
Case1-Let H =Z, 
Then G= Nx, Z,, where $:Z, + Z, = Aut(Z, )is a homomorphism. 
There are four homomorphisms Z, — Z, = Aut(Z,) given by 
1 0,1,20r3 
But the homomorphism | —] and | — 3are related by an automorphism which is given by 
B:Z, > Z, such that B(x) =-x. 
Thus there are three semi-direct products Z,xZ,, Z,x,Z,and Z, x, Z, 
Since Center(Z, x, Z,)={e} whereas the center of Z, x, Z,has a non-identity element 
2€Z,. 
Thus, Z, x, Z,is not isomorphic to Z, x, Z, 


Case2-Let H = Z,xZ, 

Then G= Nx, Z,xZ, 

There exists four homomorphisms Z,xZ,>Z, which consist of one trivial and the other three 
are non-trivial homomorphism. 

The non-trivial cases are related to each other by the automorphism of Z, x Z,. 

Thus in this case the two semi-direct products Z, x Z, x Z, corresponding to the trivial 
homomorphism case and Z, x, (Z, x Z, ) corresponding to the nontrivial homomorphism. 


Therefore there are five groups of order 2() upto isomorphism and they are as follows 
Z,,,Z,*Z,,D,, and the semi direct products Z,x,Z, and Z,x,Z,. 


(d) 
Let G be a group such that |G| = 30. 
Then factorize the order of G , 
|G|=30 
=2x3x5 
By Sylow Theorem, s, =1mod(3)and_s, divides 1Q. 
Thus the possible value for s,is 1. 


Similarly the possible value for s, is 6 , otherwise there would exists 29 elements of order 3 and 
24 elements of order 5. 


This implies that the number of elements in Gis more than |G|=30. 

Hence a contradiction is obtained 

So either the 3-Sylow subgroup por the 5-Sylow subgroup Q is normal, 

This implies that subgroup N = PO of G. 

Since ged(3,5)=1, PMO = {I} and therefore |N|=15 

By Sylow theorem and since sis not congruent to 1mod(3), N is cyclic. 

Since its index in Gis 2, itis anormal subgroup. Any 2-Sylow subgroup is a complement of 
Ning. 

Let 


¢: a > Aut <2 )be a group homomorphism 


m(i5a)* (isn) 


As gis a homomorphism and order of jin Z/2Zis 2, the order of its image under this 
homomorphism ¢(1) divides 2. 
In Z/2Z x Z/4Z there exists four possible image given as follows 
9(1)=(0,0) 
o(1)=(1,0) 
¢(1)=(1,2) 
@(1) =(0,2) 
Since gis completely determined by ¢(1), hence there are at most 4 isomorphism types of 
groups of order 39. 
Now consider the groups Z,,,D,,,5,xZ,and D,xZ,, 
The order of every group mentioned above is 30. 


Now since the number of elements of order 2 are different in every single one of them, in 
particular 1,15,3and 5 are the number of elements of order 2 in the groups Z,,,D,.,S,xZ,and 


D,xZ, respectively. 


Since they all contain different number of elements of order 2 , so they all are non-isomorphic. 


Therefore there are four groups of order 3() upto isomorphism and they are as follows 
Z,.D,.,5,xZ, and D,xZ,. 


10.a 
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Agroup G is said to be simple only when its only normal subgroups are the trivial group and the 
group itself. 
Mathematically, G is a simple group if {el ,Gare the only normal subgroups of G . 


Comment 


Step 20f7 “ 


Let G be a group such that |G| < 60and |G|is a non-prime number. 

Clearly for all such groups the order of the group is divisible by a prime. Consider the non-prime 
numbers less than 60, starting with larger prime divisor 

For 29,|G|=29x2=58. 

Since Index of the 29—sylow subgroup is the smallest prime divisor of |G], thus 29 —sylow 
subgroup is normal. 

For 23,|G|=23x2=46. 

On similar account of reasoning as for 29, the 23~—sylow subgroup is normal. 

For 19 two possibilities exists 

First for 19,|G|=19x2=38and secondly 19,|G|=19x3=57 

In both the cases 19~sylow subgroup is normal 


Similarly 17 —sylow subgroup is normal. 

For |3there are three possibilities 

First for 13,|G|=13x2=26and secondly 13,|G|=13x3=39 

In both the cases 13~—sylow subgroup is normal 

Thirdly 1 3,\G| =13x4=52, the number of |3~sylow subgroup s,, divides 4 and 
5; = 1mod(13) 

Hence there exists only one }3—sylow subgroup and so it is normal. 

Similarly for 7,11 the 7—sylow subgroup and | | —sylow subgroup is normal. 


Thus generalize above notion : If order of the group is a product pn where ”< p, then the p— 
sylow subgroup is normal. 


Now if |G| = 7? 


Then a subgroup of order 7 is normal since its index, 7, is the smallest prime divisor of group G . 


Hence if the order of the group is of the form |G| = p", where pis a prime and > 2 
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By Cauchy's theorem 


G has a subgroup of order yd , which is normal in Gas its index pin Gis the smallest prime 
divisor of G. 


If \G| =7(8)=56 
Then there is either jor gsylow subgroups. 
If there is only 1, it is normal. 


If there are §, there are 8x6 = 48 elements of order 7 . Hence the remaining § elements form a 
subgroup of order §. 


Hence, those elements form a normal subgroup since the elements not of order g are 
transformed among themselves by conjugation, which preserves order. 


Thus, the 2-Sylow subgroup will be normal. 


For 5, in the groups which have order of the form 5,,, where n = 2,3,4,8,9, there is only 1 5— 
sylow subgroup and thus it is normal. 


If |G|=S* =25, Gisnot simple. 
If |G|=5(6) =30, Ghas jor 6 5—sylow subgroups. If Ghas 6 5 —sylow subgroups then it 


has 24 elements of order 5, which leaves 6 elements that are permuted among themselves in 
terms of conjugation. 


By Cauchy's Theorem there is a subgroup of order 3, which is normal 


Since if this doesn't hold then there would be at least 4 3 —sylow subgroups which would give at 
least g elements of order 3, while only 6 elements are there. 


If |G|=5(10)=5°2=50, the 5~sylow subgroup is normal since its index is 2. 
For 3, 

|G|=3"2", with n>1 

If m=0,n 22, the group is not simple since the order is a power of a prime. 

If m=1, the 3—sylow subgroup Is normal, since its index is 2 

If m=2and y=}, there is either or 4 3—sylow subgroups. 

Now if there is | 3—sylow subgroup, it is normal. 


If there are 4 3 -—sylow subgroups, there are g elements of order 3, and the remaining 4 
elements must form a subgroup of order 4 , which is unique 


If m=2and » =2, then order of the group is 36. 
Thus there are either jor 4 3~—sylow subgroups. 


If there are 4 3~—sylow subgroups, then the stabilizer subgroup C of a 3-— sylow subgroup under 
conjugation has 9 elements. 


Consider a homomorphism ¢:G —» Perm(G/C).- 

Since |G| = 36and |Perm(G/C)| = 24 , the kernel of this homomorphism has more than one 
element and also ker(¢) < C, it is not the whole group. 

Thus the kernel is a normal subgroup of G which implies that G is not simple. 


If m=3and » =], then order of the group is 24, then there are either jor 4 3-—sylow 
subgroups. 


If there are 4 3—sylow subgroups, then the stabilizer subgroup C of a 3— sylow subgroup under 
conjugation has 6 elements. 


Consider a homomorphism ¢:G —» Perm(G/C).- 
Since |G| = 24and |Perm(G/C)| =24 
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Now if the map is bijective then Gis S$, which is not simple as it contains the normal subgroup 
A,. 


If the map Is not bijective, the kernel of this homomorphism has more than one element and also 
ker(¢) < C, itis not the whole group. 


Thus the kernel is a normal subgroup of G which implies that G is not simple. 
If m=4and » =1, then order of the group is 4g . 
So there are either 1,4,16 3-—sylow subgroups. 


If there are 16 3—sylow subgroups then G has 16(2)=32 element of order 3, which leaves 16 
elements to form a 2 —sylow subgroup. 


Hence, there is room for only one 2—sylow subgroup, which is then normal. 


If there are 4 3—sylow subgroups, then the stabilizer subgroup C has }2elements and G/C 
has 4 elements. 


Again as in the case of group of order 36 this leads to a normal subgroup of G . 
Finally for 2, |G|=2",n22 

These groups are not simple since order of these groups is a power of a prime. 
Therefore, the only simple groups of order < 6() are the groups of prime order. 


Section 8 


lia 


Consider the groups of order 12. 


Comment 


Step20f2 “ 


Since, 

The dihedral group, 

D,={x,y,2:7 sy’ 22? al, yz =zy,12 = zx,y = 7x} 
= {x,y:x? =y=lLxy = y*x}x{z:2" = 1} 
=5S,xC, 


Therefor, 


2.a 
WI 


3.a 


Consider the class equations of the groups of order 12. 


The possible class equation of order 12: 
Here, 

First possibility: 
L+lelelel+le+i+lel+lelel 


This will be the class equation of cyclic group C,, , product of two cyclic groups C, x C, and 
abelian group of order 12. 


As, 

The number of conjugacy classes of size one is 12. 

So, 

The total number of conjugacy classes is }2-. 

Now, 

Second possibility: 

14+1+2+2+343 

This will be the class equation of dicyclic group of order 12.and dihedral group D,,. 
Since, 


The number of conjugacy classes of size one is 2 , number of conjugacy classes of size 2is 2 
and number of conjugacy classes of size 3is 2. 


Thus, 
The total number of conjugacy classes is 6. 
Next, 


Third possibility: 

1434444 
This will be the class equation of alternating group A, . 
Then, 


The number of conjugacy classes of size one is 1, the number of conjugacy classes of size 3is | 
and the number of conjugacy classes of size gis 2. 


Therefore, 
The total number of conjugacy classes is 4. 


Hence, the possible class equations of group of order |? are |}+]+2+2+34+3 
Lele le lel 14+14+141414141and 1434444. 


4.a 


Consider the every group of order 2p. 
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Since, 
The order of group |K|=2p 
From Cauchy's theorem x will have an element gq « K of order 2, 
And, 
An element b « K of order p, 
As, |(a)((b)|will divide 2 and p, 
So, 
Ka)n(o)|=1 
Then, 
a)\\(b 
Ka)(o)| ” a)N(b 
=2p 
Thus, 
G =Ka)(0) 
Now, (b)is normal. 
Also, for some k € Z 
aba’' = b* 


Thus, 
bp =(6" y 
=(aba)(aba)...(aba) 
= aba*ba’b...a°ba 
= abb...ba 
=ab‘a 
=a(aba)a 
=aba* 
=ebe 
=b 
Further, 
bY =e 
But, 
\o)|= 
Asaresult, pdivides 4? _}. 
And, k*? -1=(k-1)(k+1) 
Due to prime number, p will divide either kor k +1. 
If pdivides k +1, 
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=b" 
Thus, 
K ={a,b:a" =b’ =e,aba"' =b"} 
=D,, 
So, x is dihedral. 
If pdivides «~], 
Then, 
aba = b* 
=p 
=b'"'b 
=b 
After multiplying g~!on both sides, 
ab = ba" 
=ba 
Therefore, the group xis abelian. 


But, 
G=|(ab)|=2p 


So, x Is cyclic. 


Hence, a group of order n = 2p, where p is prime, is either cyclic or dihedral. 


5.a 
WI 


6.a 


Consider G be a group of order 55. 
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(a) 

Since, 

O(G)=55=5-11 

By the third Sylow theorem, 

The number of Sylow 11 —subgroup (11)is 1. 

And, 

The number of Sylow 5 — subgroup (5)is either jor 5. 


Since, 
0((8)r(11))=1 
As, 
- (45) 0((11)) 
0((5)(11)) tis) 
o((5){1)) =A) 
So, 
0((s)(11)) =O((s))o((11)) 
=55 
Therefore, 
G=(5)x(I1) 
As, 


The subgroup (I I)is normal subgroup of G . 
Let, 
xe(11),ye(5) 
Then, 
y(il)=(I)y 
y(il)yt =(11) 
Thus, 


yay =x",1<r<ll 


Hence, Gis generated by two elements x and ywith x'! =1,y° =1, yxy’ =x" for some r, 


Isr<ll- 


(b) 
Since, 
xay’xy? 
=y*(yxy")y* 
ayy" 
=y'(yx’y")y? 
Now, 
x= yxy? 
=y' (yxy)? 
. yxy? 
=y(sx°y")y" 
And, 
oe yxy" 
- x’ 
Thus, 
r’ =1(mod11) 
Therefore, the values of ,, for which r* 4 I(mod11)are not possible. 
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(c) 

Since, 

There are two isomorphism classes of groups of order §5: 

G = (5)x(I1) 

And, 

G=(x" =1,y° =1,yxy" =x’,r* =1(mod11)) 

Hence, there are two isomorphism classes of groups of order 55. 


Section 9 
lia 

I 

2.a 


Let § ={a,h,c,..} be a basis for the free group F(S).The set F (S) of the equivalence classes 
of words in the set S’ = {a,a"',b"',b,c"',c,..} is a group, with the law of composition induced 
from juxtaposition in S° = {a,a"',b"',b,c"',c,..} 


Let § ={a,b,c,..} denotes the set of generators for the free group. 
Let pdenote the set of all reduced closed words in §. 
Let Qdenote the set of conjugacy classes of words in §. 


Define a map ¢: Q — P by joining the ends of any element in a given conjugacy class and then 
reduce it. 


Well-Defined 

Let x,» belong to same conjugacy class. 

This implies that zz"! = y for some word ze §. 

Close yyields the word y only. Now close the word -,-~' and reduce it, this yields the word x 
only. Hence they both have the same reduced from. 

Thus the map is well-defined. 

Injection 


Let x,y © S be two reduced words such that ¢(x) =(), where x, yare to be treated as 
representative elements for two conjugacy classes. 


Now the only possible cancellation that can occur when x, yare closed is of the form y = w°"'zw 
being sent to the closed word formed from z . 


Thus x, yare conjugates. 
Hence they belong to the same conjugacy classes. 
Thus the map defined above is injective. 
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Surjective 

Given any closed reduced word, break it to an arbitrary point and consider the conjugacy classes 
of the word that arises. 

This conjugacy class will clearly map to the given reduced closed word. 

Hence the map defined above is surjective also. 

Thus ¢:Q — Pis bijective in nature. 


Therefore, there exists a bijective correspondence ¢ between reduced closed words and 
the conjugacy classes in the free group given by joining the ends of any element in a 
given conjugacy class and then reduce it. 


Section 10 


lia 


Consider, the group G = (x, yey 'y ‘Vis called a free abelian group and “,v elements of 
abelian group 4. 


Comment 


Step 20f2 A 


Suppose there is not unique homomorphism. Let there are two homomophism g, and g, . 
And, 


e(ox'y')=a(xJa(vJa(x')a(v") 
=a(x)a(»)[a(x] [aly] 


=uu'vv" 
=1 
So, the element xyx"'y"' maps to identity element of 4. 
And, 
As, Gbea free abelian group therefore yyx~' y"'will generate identity element of G Therefore, 
the group Kergwill have elements generated by xyx"'y"', 


Hence, there is a unique homomorphism @: G — Aby mapping property of free abelian 
group. 


Consider @:G— G be a surjective group homomorphism and § be a subset of G whose image 
g(S)generates Gand let 7 be a set of generators of ker. 


Comment 


Step 20f2 ~ 


Since, 
The mapping »:G —» Gis a surjective group homomorphism. 
And, 
The set $ be a subset of G whose image @(S) generates G’. 
As, 
dimG +dim(kerg) = dimG 
Also, 
Suppose Tbe a set of generators of ker g. 
Therefore, 
|SUT|=dimG 
Hence, the set §\T generates G. 


3.a 


Consider every finite group G representation. 


Comment 


Step 20f2 


Suppose, 

The finite group G is generated by set K . 

And, 

The set of relations between elements in xis Pp. 

Now, 

Apresentation is called finitely generated if x is finite and finitely generated if Pis finite. 
As, 

The set x will always be finite for a finite group G , 

But, 

There may be infinitely relations between elements in x’. 
So, 

The set p may be finite or infinite. 


Therefore, every finite group G will be presented by a finite set of generators but can be 
represented by infinite set of relations. 


4.a 


Mapping property of the free groups 

Let / be the free group on a set S$ = {a,},...}, and let G be a group. 

Any map f : S —» G extends in a unique way to a group homomorphism o: F + G. 

Here the meaning of the map can be understood in the way if f(x) = x, denotes the image of 
an element xof the set $then gsends the word in S’ ={a,a"',b,"*....} to the corresponding 
product of elements {a,,a;',b,b;',...pin the group G. 


Let G =(x, y;xyx"'y"') be a free abelian group. 

Let 4 be an abelian group 

Letu,veA 

Define a map f : {x,y} —» Aas follows 

f(x)=u 

S(y)=¥ 

Then this map can be extended to a unique homomorphism »: G — A from the above 
mentioned mapping property of free groups. 

Also since f maps the letter x to wand the letter y to v 


By the definition of the extension of the map S {x,y} — Ato the homomorphism 9:G>A 
the following conditions hold 

e(x)=u 

e(y)=¥ 

Hence if “,v are elements of an abelian group then there exists a unique homomorphism 
g:G — Asuch that g(x)=uand g(y)=v 


Therefore, the result in the question has been prove d. 


The group generated by x, y,zwith the single relation yxyz =1. 


Comment 


Step 20f2 “ 


So, the group is generated by yand z. 
Therefore, the group generated by x,y,z with the single relation yxyz~ =|is actually a free 
group generated by y,z. 


Consider a subgroup # of a group Gis characteristic if it is carried to itself by all automorphisms 
of G. 
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(a) 
Assume a subgroup /7 of a group G is characteristic subgroup. 
Let f be an automorphism of G . 
And h, is conjugation by a. 
Then, 
By definition of automorphism and conjugation, 
MI (8)= ly (8) 
Since, 
Asubgroup #7 of a group G is characteristic if it is carried to itself by all automorphisms of G . 
So, 
For geG, 
gig’ =H 
Therefore, every characteristic subgroup is normal. 
And, 
Consider @ be an automorphism. 
Then, it will have to prove that, 
9(Z(G))=2(G) 
By the commutative property of center Z(G), 


9(2(G))< Z(G) 


Also, center Z(G)is normal subgroup. 
As aresult, for geG, 
gZg'=Z 
Now, 
By definition of automorphism and conjugation, 
MI"(8)=hy)(8) 
Thus, 
2(G)<0(2(G)) 
Therefore, 
9(Z(G))=2(G) 
Hence, center 7 is a characteristic subgroup. 


(b) 

The quaternion group: 
{1,-li,-i, j,- j,k, -k} 

The normal subgroups of quaternion group are: 
{1,-1,i,-i} 
{l.-L/,-J} 
{l,-1.A,-k} 

Because, for these three groups: 

If g eGthen, 
gHg'=H 

And, 

The characteristic subgroup of quaternion group is center Z : 
{1-1} 

Because, 

The center 7 Is characteristic subgroup. 

As, 

It is carried to itself by all automorphisms of G . 


Hence, there are three normal subgroups and one characteristic subgroup of quaternion 
group. 


Let G be a group and x, ye G.The commutator of x, vis denoted by [x,y]and is defined by 
[x.y]=.0x'y". 

The Commutator subgroup C of a group Gis the subgroup of G generated by the commutators 
{[x.]}x..» © G} Also it is the smallest subgroup of G containing all the commutators. 


Let G be a group. 
Define 4={xyx'y'|x,y eG} 
Now let 7: G —» G be an arbitrary automorphism and hence an isomorphism. 
Let ge Abe arbitrary then gis of the form g = xyx'y"'for some x,yeG 
Now consider 7'(g) 
T(g)=T(ox'y") 
=7(x)T(y)T(x")T(y") 
=7(x)P(y)(T(x)) "(T(r)" 
Since T(x),7(y)eGand T(g)=pgqp'q'where p=T(x),q=T(y)and thus lie in G. 
Hence T(g)e Aforall ge A 
This implies that T(A)c A 
Now to show A T7(4A)is equivalent to show T"'( A) A. 
Now since 7: G— Gis an automorphism so x = 7~'-G—» Gs also an automorphism. 
Use the fact proved above K(A)c A 
Hence T”'(A)c A this implies Ac T(A). 
Thus T(A)=A 
Since Cis the smallest subgroup of G containing all the commutators. 
So T(C)=C 
Now since every characteristic subgroup is normal, so Cis normal. 


Now let xC, yC € G/Cbe arbitrary elements. 
Since xyx"'y"' eC so 
xx 'y'C=C 
Pre-multiply on both sides by y~! 
x 'yyx ty 'C=xIC 
(x'x)yxty"'C =x tC 
yxty'Cax'C 
Pre-multiply on both sides by >" 
y'yx'y'Cay'x'c 
(yty)xty'c=ytxi'c 
x'y'C=y'x'c 
Thus x'y"'C = y'x'Cimplies that (yx) C =(xy)'C 
Also Cis normal, so xyC = yxC 
Hence xC, yC e G/C commute with each other. 
Thus G/C is abelian. 


Therefore, the commutator subgroup ¢( of a group ¢; is a characteristic subgroup and 
G/C is an abelian group. 


8.a 
WI 

9.a 
WI 


10.a 
WI 


Section 11 
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Todd coexter algorithm-Let G be a finite group with generators and relation. Let #y be cyclic 
subgroup of G . Then following rules must be followed while using Todd Coexter Algorithm 


1) The operation of each generator Is a permutation. 
2) The relations operate trivially: they fix every coset. 
3) The generators of y fix coset [H]. 


4) The operation is transitive. 
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Define a group G given by 
G=(x,y|’,y" ayy) 

Let H =(y) 

Now let the co-set [//]be denoted by 1. 

Now in tabular form 

Let 1,2,3denote the various distinct indices of the co-sets of G . 
Pe we 


oe a 


Ee a ee a 


Since yxyxy =I, 


Thus 3=2 

Also since xsends 2to 4, thus 3=2=1. 

Hence there exists only one co-set [H] of G. 

This implies that H =(y)=G 

Since O(y)=3, thus Gis a cyclic group of order 3. 


Therefore, G =(x,y|x°,y" eoay) is a cyclic group of order 3 . 


Let D, be a dihedral group of order 2,,. Then D, is generated by two elements say x and y that 
satisfy the following conditions 


_ =1y =]and ye=x'y 
Thus D, = {1,x, 37,0004", Wp AVeX* Vor Y} 


Double Coset of a group with respect two subgroups /7,K is denoted by HigK where gis an 
arbitrary element of the group and is defined as follows 


HgK = {hgk:he H,k eK} 


Let D, be a dihedral group. Let H = fl, y} be a subgroup of PD, . 
The possible double coset HgH are given as follows 
{g.yg.gy,ygy} where g © D, denotes an arbitrary element 
Case 1 
For HgH =g 
Clearly the whole double coset is equal to the space D,. 
Case 2 
For HgH = yg 
Let g € D,be an arbitrary element then g € {1.2.27 0", Ys AVX’ Yoon” yf 


If g=x', 0<sisn—tthen 


if g=x'y, OSi<n-l 
yg = yx'y 
=yx(x)" yp 
=x'y(x)"y 
Continuous simplification as above implies that yg = x’ 


Thus Hg ={1,x,27 6X" PAV Vy” 'y} = D, 
Case 3 

For HgH = gy 

This case is same as the second one. 

Hence, HgH = {1,2,27 ,.1gX7, Ye IVT Yoon dy} =D, 
Case 4 

For HgH = ygy 

Let ge D,be an arbitrary element then ge {1,x,27 005277, YIVX Yoren yh 
If g=x', O<isn-—Ithen 

yay = yx'y 

= yx(x)"'y 
=x'y(x)"y 

Continuous simplification as above implies that yey = x' 
If g=ythen yey=y' =1 
If g=x'y,0<isn—lthen, 

y(x'y)y = yx'y? 

= yy 
= x'y 

Thus in this case also 

HgH =D, 
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Now use the formula |Hgk|=|H|-[K: KN g'Hg } 
Since here #7 = K, 

So |HgH|=|H|-[H:HNg "Hg | 

Now 


Z H 
[H:HNg He] ang Tal 


Since |H|=2and |H 1g 'Hg| = {1,2} 

Hence [H: HM g'Hg |={1,2} 

Thus |HgH|= {2,4} 

Therefore the double coset of the subgroup // ={|,y} of the dihedral groups /, are the 


group itself and the number of elements in double coset of the subgroup // = {I, y} is 
either 9 or 4. 


Todd coexter algorithm-Let G be a finite group with generators and relation. Let fy be cyclic 
subgroup of G. Then following rules must be followed while using Todd Coexter Algorithm 


1) The operation of each generator is a permutation. 
2) The relations operate trivially: they fix every coset. 
3) The generators of #7 fix coset [/]. 


4) The operation is transitive. 


(a) 
Let G be a group given by 
G =(x,y|x° = y’ 29x = yay) 
Here xyx = yxy can be re-written as xyxy"'y yp! =1 
Use Todd-Coexter Algorithm 
Let H = (x) be the chosen subgroup. 
Let 1 denote the index corresponding to the co-set which x fixes. 
Now draw the table as follow 
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Thus the Todd-Coexter algorithm terminates after three cosets 
Also, in cyclic notation x =(23)and y =(12), so order of x =2as well as order of y =2 
Clearly [G: H]=3since there are three index namely 1,2,3 
|G|=[G:4]|A| 
=3x2 
=6 
Therefore, the order of the above defined group is 6 . 


(b) 

Let G be a group given by 

G=(x,y[x’ = y? 29% = yay) 

Here xyx = yxy can be re-written as xyxy'x'y' =1 

Use Todd-Coexter Algorithm 

Let H =(y) be the chosen subgroup. 

Let 4 denote the index corresponding to the co-set which _y fixes. 
Now draw the table as follow 
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Thus the Todd-Coexter algorithm terminates after eight cosets 


Also, in cyclic notation x =(123)(567)and y =(245)(368), so order of y = 3as well as order 
of y=3 
Clearly [G: H]=8since there are eight index namely 1,2,3,4,5,6,7,8 
|G|=[G: ]|A| 
=8x3 
=24 
Therefore, the order of the above defined group is 24 . 


(c) 
Let G be a group given by 
G=(x,y|x* = y* aye = yxy) 
Here xyx = yxy can be re-written as xyxy'x'y' =1 
Use Todd-Coexter Algorithm 
Let H = (x) be the chosen subgroup. 
Let 4 denote the index corresponding to the co-set which x fixes. 
Now draw the table as follow 


xxx 
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Thus the Todd-Coexter algorithm terminates after eight cosets 
Also, in cyclic notation x=(23)and y =(12), so order of y = 2as well as order of y = 2 


Clearly [G : H| = 3since there are eight index namely 1,2,3 


|G|=[G: H]|A| 
=2x3 
=6 
Therefore, the order of the above defined group is 6 . 


(d) 
Let G be a group given by 
G =(x,y|x* sy'sx'y =)) 
Use Todd-Coexter Algorithm 
Let H =(x) be the chosen subgroup. 
Let 1 denote the index corresponding to the co-set which x fixes. 
Now draw the table as follow 


xxxxX 
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xxyy 


This process does not terminate since different index keeps generating in the above algorithm. 
Let in general the number of index be m namely 1,2,3,4,5,6,7,8,.... 

Also, in cyclic notation x =(23)(45)(67)...((n—1n))and y =(12)(34)(56)...((n-1)m), so 
order of x = 2 as well as order of y =2 

Clearly [G : H] = nsince there are mindex namely 1,2,3,4,5,6,7,8,.... 


|G|=[G:H]|A| 
=nx2 
=2n 
Therefore, the order of the above defined group is 2, . 
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(e) 
Let G be a group given by 
G=(x,y|x° =? = yayxy =1) 
Use Todd-Coexter Algorithm 
Let H =(,) be the chosen subgroup. 
Let 4 denote the index corresponding to the co-set which y fixes. 
Now draw the table as follow 


Here, 1=2=3 
Thus the Todd-Coexter algorithm terminates after three cosets which are same 


Also, in cyclic notation x=(1)and y=(1), so order of » =] as well as order of y=1 
Clearly [G: H]=1since there are eight index namely 4 
\o|=[G: #1} 

=Ixl 


Therefore, the order of the above defined group is | . 
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(f) 
Let G be a group given by 
G =(x,y|x° = y = yyy =1) 
Use Todd-Coexter Algorithm 
Let H =(y) be the chosen subgroup. 
Let 4 denote the index corresponding to the co-set which _y fixes. 
Now draw the table as follow 


Here, 1=2=3=4 
Thus the Todd-Coexter algorithm terminates after three cosets which are same 


Also, in cyclic notation y =(1)and x =(1), So order of » =] as well as order of y =1 
Clearly [G: H]=1since there are eight index namely 4 
|G|=[G:4]|A| 
=Ixl 
=] 
Therefore, the order of the above defined group is | . 
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(9) 
Let G be a group given by 
G=(x,y|x* = y' ay = y*x) 
Here xy = y*x can be re-written as yyy x! =1 
Use Todd-Coexter Algorithm 
Let H = (x) be the chosen subgroup. 
Let 4 denote the index corresponding to the co-set which x fixes. 


Now draw the table as follow 


The tables are as follows 


x xX xX xX 


Thus the Todd-Coexter algorithm terminates after three cosets 
Also, in cyclic notation y =(123)and x =(23), so order of y= 2.as well as order of y =3 
Clearly [G: H]=3since there are three index namely 1,2,3 
|G|=[G:H]|H| 
=2x3 
=6 
Therefore, the order of the above defined group is 6 . 
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(h) 
Let G be a group given by 
G =(x,y|x* = y’,xy = y*x) 
Here yy = y*x can be re-written as yyyy'y! =1 
Use Todd-Coexter Algorithm 
Let H =(x)be the chosen subgroup. 
Let 1 denote the index corresponding to the co-set which x fixes. 
Now draw the table as follow 


ae a ae oe 


2 OP eae 


Thus the Todd-Coexter algorithm terminates after three cosets 
Also, in cyclic notation y =(123)and x =( ), so order of » =] as well as order of y =3 
Clearly [G: H] =3since there are three index namely 1,2,3 
|G|=[G:H]|A| 
= Ix3 
=3 
Therefore, the order of the above defined groupis 3. 


4.a 
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Todd coexter algorithm-Let G be a finite group with generators and relation. Let sy be cyclic 
subgroup of G. Then following rules must be followed while using Todd Coexter Algorithm 


1) The operation of each generator is a permutation. 
2) The relations operate trivially: they fix every coset. 
3) The generators of 1 fix coset [H]. 


4) The operation is transitive. 


Comment 


Step 20f2 “ 


Let G be a group. 

Now let #7 to be a normal subgroup of G . 

In the table the following conditions shows the normality of a subgroup #7 of a group G. 
In the final table if for every coset z and every generator aof #7, 


zZa=z 


This implies that every generator of the subgroup when acts on any coset it makes no change in 


the coset. 


A group is ald to be trivial if it contains only the identity element. 
Mathematically, a group Gis said to be trivial if and only if G = {e}. 


Todd coexter algorithm-Let G be a finite group with generators and relation. Let #y be cyclic 
subgroup of G . Then following rules must be followed while using Todd Coexter Algorithm 


1) The operation of each generator is a permutation. 
2) The relations operate trivially: they fix every coset. 
3) The generators of #7 fix coset [#1]. 


4) The operation is transitive. 


Case-1 
Consider the group G =(x,y|x* =1,y* =1,x" = yxy) 


Now since x? = yxy 


Also ,? = yxyimplies x =xyxyx =1 
Thus xyxyr = yay"xy =I 
Now (vx)" = y*xyand (yx) = 29x 
So, y*xy =x 
Premultiply by y on both the sides and use the fact that x° = yxpx 
yPxy = xyx 
XY = XX 
=x’x 
=x 
Premultiply on both sides by x 
vay 
x =x*y 


l=x’y 
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Now |= .x*yimplies that y=(x) ‘and y*Is the inverse of itself so 
yex 
Since y’ =|implies y* =| and since ,* =) thus y? =| 
Hence }= x*yand ,? <1 implies that y=1 
Also x? = yxyand y=limplies that ,? = y 
Also 
=x 
=x 
Thus Pexyex=l 
Hence, x=l=y 


Therefore the group is trivial only. 


Case2 

Consider the group G = (x, y|x* =1,y’ =1,x* = yxy) 

Use Todd-Coexter Algorithm 

Let H =(x)be the chosen subgroup. 

Let 4 denote the index corresponding to the co-set which x fixes. 
Now draw the table as follow 


xxx 
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Now use Todd coexter algorithm to deduce following relation 
Since 4 under y goes to 4 but also 3 under y goes to 4 
Hence 3=4 
Also since 3under xgoes to 2as wellas 4=3,S0 3=2 
Since 3under y goes to 4 as well as 3 
This implies that 3=2=1=4 
Thus there is only one index for the subgroup H = (x). 
Also, in cyclic notation x =(1)and y =(1), so order of x =] as well as order of y = 
Clearly [G: H]=1since only one index remains, thus 
G|=[G:4]|A| 

=! 


Hence Gis a group whose order is one. Thus is the trivial group. 
Therefore, the group with representation G=(x,y|x* =l,y° =1,x° = yxy) is the trivial 
group. 


Todd coexter algorithm-Let G be a finite group with generators and relation. Let sy be cyclic 
subgroup of G. Then following rules must be followed while using Todd Coexter Algorithm 


1) The operation of each generator is a permutation. 
2) The relations operate trivially: they fix every coset. 
3) The generators of #7 fix coset [H }: 


4) The operation is transitive. 


Let G™ =(x,y,z|x”,»",2”,xyz) denote a triangle group where p <q <r 
{a) 
Let p=2,q=2andr=n 
So G™" = (x, y,z[27,97,2",292) 
Now since xyz =1, pre-multiply on both sides by x 
yz=l 
xyz=x 
yr=x 
Since ,? =; thus yzyz=1 
Hence G”" =(y, :| ?, 2",(y2 y) and since representation of dihedral group of order »is given 
by 
22 2 
D, =(p.q\p .q" (pq) > 
Compare both the groups 
G™" =(y,2|y*,2".(92)') = D, =(p.a|p*.4".(pq)’) 


Therefore, the triangle group G™ =(x,y,z|x",y",2”,392) with p=2, q=2 and r=n 
is isomorphic to the dihedral group D, of order n 


(b) 
Let p=2,q=3and;,=4 
SoG = (x, y.2[x7, 9”, 24,292) 
Now since xyz =1, pre-multiply on both sides by x 
xyz =1 
wyz=x 
yeux 
Since ,? =|thus yzyz=1 
Thus G™ = (y.2|y7,24.(92)) 
Let H =(z)be a subgroup generated by z. 
Use Todd-Coexter Algorithm to obtain order of H =(z). 
Let 4 denote the index corresponding to the co-set which x fixes. 
Now follow the given table 
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Since [G: H]=6 , as the number of indices in the table is 6. 
And from the above table the permutation representation of z and _yis given by 
z= (2345) 
y=(123)(456) 
Hence the order of zis 4and thus |H|=4 
Since, |G|=[G:H]|H| holds 
Hence, 
|G|=[G:4]|A| 
=4x6 
=24 
Since representation of octahedral group of order 24 Is given by 


0=(p.q\p*.a.(pq)') 


As |G| =|O| = 24, thus the groups are isomorphic 


Therefore, the triangle group G’" =(x,y,z|x",y",2",ayz) with p=2, g=3and p=4 
is isomorphic to the octahedral group ¢ . 


(c) 
Let p=2, q=3and p=5 
So G** = (x,y,2 |x", y*, 2,392) 
Now since xyz =1, pre-multiply on both sides by x 
xyz =1 
x’yz=x 
ye=x 
Since ,? =) thus yzyz =1 
Thus G™* =(y,z|y",2°,(92)') 
Let H =(z)be a subgroup generated by =. 
Use Todd-Coexter Algorithm to obtain order of H =z). 
Let 4 denote the index corresponding to the co-set which x fixes. 
Now follow the given table 
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ZZ22i22 


Since [G: H]=12, as the number of indices in the table is 12. 


And from the above table the permutation representation of z and yis given by 


= =(23456)(7891011) 

y =(123)(468)(579)(101112) 
Hence order of zis §and thus \H| =5 
Since, |G|=[G:H]|H| holds 
Hence, 

IG|=[G: 4H 

=12x5 
=60 


Since representation of icosahedral group of order 60 is given by 


1 =(p.q\p*.a°.(pq)’) 
As |G|=|1| = 60, thus the groups are isomorphic 


Therefore, the triangle group G’" = (x,y,z |x” my lh 
is isomorphic to the icosahedral group / . 


7.a 
WI 


8.a 
WI 


xyz) with p=2, q=3 and r=5 
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Miscellaneous Problem 


lia 


Consider the groups that are generated by two elements xand y of order 2. 


Since, 
The elements x and vhave order 2, 
If the generated group is abelian then, 
(xy) =.ay 
= oy 
=x y 
=1 
So, the generated group will be Klein four group. 
Now, 
Consider the generated group G Is not abelian, 
Then, 


b =1,(ab) =abab=1 
Then, 
a=(ab)b' 


Therefore, 
By closure property, 
aceéG 
Let, 
The order of ais n, 
Then 
a" =(ab)b"'(ab)b"' (ab)b"'...(ab)b"' 
=a(bb-')a(bb-')a(bb-')...a(bb“') 
= aad...a 
=1 
Now, 
The dihedral group D, is isomorphic to the below group: 
(a,b:a",b? ,abab) 
Therefore, the group that is generated by two elements x and y of order is either Klein 
four abelian group or the non-abelian dihedral group PD. . 
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Let D, be a dihedral group of order 27. Then D, is generated by two elements say x and y that 
satisfy the following conditions 


x" =1,y" =jand yeexty 
Thus D, = {1.2.27 0g YAW XVyeene XY} 


Double Coset of a group with respect two subgroups H,K is denoted by /gK where gis an 
arbitrary element of the group and is defined as follows 


HgK ={hgk:he H,k eK} 


Let D, be a dihedral group. Let H = {1, y} be a subgroup of D,. 
The possible double coset HgH are given as follows 
{g.¥g,gy, ygy} Where g € D, denotes an arbitrary element 
Case 1 
For HgH =g 
Clearly the whole double coset is equal to the space D, . 
Case 2 
For HgH = yg 
Let ge D,be an arbitrary element then BE {12,27 YI Vpn dy} 
If g=x', O<Sisn—Ithen 
yg = yx’ 

ax'y 
lf g=ythen 
ye=y 

=I 
If g=x'y, O<isn-l 
yg = yx'y 

=yx(x)'y 

=x'y(x)"y 


Continuous simplification as above implies that yg = x' 
Thus HgH = 1,2,27 seg, WIV Yreon dy} =D, 
Case 3 
For HgH = gy 
This case is same as the second one. 
Hence, HgH = {1,x,27 2.427) YI Vyn dy} = D, 
Case 4 
For HgH = ygy 
Let ge D,be an arbitrary element then ge {1x27 2.2", YAMA Vpn y} 
If g=x', OSi<n-—Ithen 
yay = yx'y 
= yx(x)"y 
=x'y(x)"y 
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Continuous simplification as above implies that yey = x/ 
If g=ythen ygy=y' =1 
If g=x'y,0<isn—lthen, 
y(x'y)y = yy? 

= yx" 

=x"y 
Thus in this case also 
HgH =D, 
Now use the formula |HgK|=|H|-[K:K Ng "'Hg | 
Since here = K, 
So |HgH|=|H|-[H:H Ng "Hg | 
Now 

H 

[WH Ne Me) = ag 
Since |H|=2and |W g"'Hg|={1,2} 
Hence [H : Hf g"'Hg |={I,2} 
Thus |HgH|= {2,4} 


Therefore the double coset of the subgroup = {l, y} of the dihedral groups /P, are the 
group itself and the number of elements in double coset of the subgroup H = {l, y} is 
either 2 or 4. 


Let D, be a dihedral group of order 2. Then D_ is generated by two elements say x and y that 
satisfy the following conditions 


x" =1,y? =land yr=ax'y 
THUS D, = {12,27 20027", VIVA Vyeee dy} 


Double Coset of a group with respect two subgroups H,K is denoted by HgK where gis an 
arbitrary element of the group and is defined as follows 


HgK ={hgk:he H,k eK} 
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Let PD be a dihedral group. Let H = {ly} be a subgroup of D,. 
The possible double coset Mg/H/ are given as follows 
{g.yg,gy,ygy} where g € D, denotes an arbitrary element 
Case 1 
For HgH =g 
Clearly the whole double coset is equal to the space D, . 
Case 2 
For HgH = yg 
Let ge D,be an arbitrary element then ge {1,x,27 nnd”, WIV Voor yh 
If g=x', 0<i<n-—Ithen 
yg = yx’ 

=x"y 
if g = ythen 
yey 

=] 
If g=x'y, O<isn-l 
yg = yxy 

=yx(x)'y 

=x'y(x)"y 
Continuous simplification as above implies that yo = x 


Thus HgH ={1,x,x7,..42°", ¥2.2°YyunX'y} =D, 


Case 3 
For HgH =gy 
This case is same as the second one. 


Hence, HgH = {1,x,27 0527", YAW X7Vyuey dy} =D, 


Case 4 
For HgH = ygy 
Let ge D,be an arbitrary element then ge {1,x,27 0s", IVA Yooee ty} 
If g=x', O<sisn-—Ithen 
yay = yx'y 
= yx(x)y 
=x'y(x)"y 
Continuous simplification as above implies that yey = x' 
if g=ythen ygy=y'=1 
If g=x'y,0<i<n—lthen, 
y(x'y)y = xy? 
= yx’ 
=x"y 
Thus in this case also 
HgH =D, 
Now use the formula |HgK|=|H]|-[K: KM g"'Hg | 
Since here H = K, 
So |HgH|=|H|-[H:HNg"'Hg] 
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Now 


H:H0\g"H: ae 1 
[ & e | lHNg He] 


Since |H|=2and |H 1g 'Hg| = {1,2} 

Hence [H: Hf g"'Hg |={I,2} 

Thus |HgH|= {2,4} 

Therefore the double coset of the subgroup // =|, y} of the dihedral groups /, are the 


group itself and the number of elements in double coset of the subgroup H ={I, y} is 
either 2 or 4. 


4.a 


Consider sy and x be subgroups of a group G, with HC K. 
And, 
Suppose that fy is normal in x , and that x is normal in G. 


Comment 


Step2o0f2 “ 


Since, fis normalin x. 
Then, 

Forsome ke KandweH, 
khk-' © K 

Also, xis normal in G. 
So, 

For some gE Gand khk'e K; 
g(khk')g eG 

Thus, 

(gk)h(gk) "EG 

As, geGand ke K CG, 
Therefore, 

By closure property, gk EG 
Hence, sy is normal in G. 


First lsomorphism theorem-Let G and yy be groups and ¢:G —» H be a homomorphism, then 
the image of the homomorphism is isomorphic to the quotient group G/ker(¢). 


Mathematically, 
¢(G)=G/ker(¢) 
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(a) 
Let 7:G-—»G/N be the canonical homomorphism. Let H, N be subgroups of G 
Restrict this map to #7, thus 
a: H + H/N4efined by z(h)=hN 
Now ker(z)={he H:2(h)=N} 
ker(r)={heH:2(h)=N} 
={heH:hN=N} 
={heH:heN} 
Hence ker(z)=H1N 
Now restrict the map 7:G —+ G/N to HN 
a: HN + HN/N defined by z(p)= pN. where pe HNis arbitrary. 
Now ker(z)={pe HN:2(p)=N} 
ker(z)={peHN:2(p)=N} 
={p=hn,heH.neN: pN=N} 
={peHN:hN=N} 
This implies that he N, thus pe N 
Hence, ker(z)=N 


Therefore, for z:G-—» G/N homomorphism the kernel of restriction of this map to / is 
H{\N and the kernel of restriction of this mapto #7 is N . 


(b) 

Since z:H — H/N is surjective. By first isomorphism theorem, 
H/N = H/ker(z) 

H/N=H/HQ\N 


Again the restriction of the map ¢:G—» G/N to HNN/s also surjective, By first isomorphism 
theorem, 


HN/N = HN/ker(x) 

HN/N=H/N 
Since H/N = H/H(\Nand HN/N = H/N 
Thus H/H(\N = HN/N 


Therefore, the third isomorphism theorem holds in the above case that is 
H/H(\N=HNIN - 


6.a 


Let G be a group. Asubgroup #7 of G is said to be normal if following condition holds 
For every eG, xHx'' =H 


First lsomorphism Theorem- Let Gand #7 be a group such that there exists a homomorphism 
between them then the kerne! of the homomorphism is a normal subgroup of G . 
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(a) 
Let Gbe a group and H,N be normal subgroups of G such that N c H 
Define a map 
o:2 Sy ¢(gN) = gK for an arbitrary element g ¢G 
Let g',g e Gbe arbitrary elements 
Let g'N=gN this implies that _g'= gn, for some ne N 
Since NcH, thus neNCH 
Thus, g'H =gH 
This implies that ¢(¢'N) = @(gN). Thus the map is well-defined. 
Also g'NgN = g'gN 
Now apply the map on the element g' NgN so 
6(g'NgN)=9(g'gN) 
=g'gH 
=g'HgH 
Hence above defined map is a homomorphism 
By First lsomorphism Theorem, ker(¢)is a normal subgroup of G/N 
Now ker(¢)is given by ker(¢)={gN :¢(gN)=N}. 
Clearly the whole space G/N = ker(¢) 
Also the map is surjective. 
Thus G/Nis anormal subgroup of G/H 


Therefore fora group G and H,N be normal subgroups of G suchthat VcH , 


H =H/N \sanormal subgroup of G=G/N - 


(b) 

Consider the homomorphism G ~» G —» G/H defined by 

g—>gN >(gN)H, where g € Gis an arbitrary element. 
Consider the map G — G/H defined by gN -»(gN)H. 

Let (g,N)H =(g,N)H, then for some he H 

(g.N)H =(g,N)H 

&,N=(g,N)h 

gN=g,N 

Hence the map is injective. 

Also for every element (gN)H © G/H there exists an element gN © G such that 
gN (gN)H.- 

Thus the map is surjective also. Thus G > G/H is a bijective homomorphism. 
Similarly G —, Gis also a bijective homomorphism. 

Thus GG —G/H is a bijective homomorphism. 

This implies that G = G/H - 

Now define amap G-—»G/Hby g—>gH 


Clearly this map is surjective as well as a homomorphism 
Let g,#g,,where g,,.g,€G 
Since g,H # g,H holds, hence the above defined map is injective also. 


This map is also a bijective homomorphism. 
Hence following holds, 
G/H =G=G/H 
Therefore, the third isomorphism theor em holds here thatis G/H~=G/H - 
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7.a 


Consider p,, p,be permutations of the set § = {1,2,....27} and let Ube the subset of § of indices 
that are not fixed by p,. 


Comment 


Step 20f3 


(a) 
Since, 
U, NU, =¢ 
Therefore, the elements that are not fixed by p,, p, are different. 
So, 
The commutator p, p, p;' p;' will follow commutative law as multiplication of disjoint permutation. 
Therefore, if U, \U, = ¢then the commutator p, p, p;' p,'is the identity. 


(b) 

Consider, 

The set U, ~U, contains exactly one element a. 

So, 

The commutator p, p, p;' p;'will be a three cycle containing a, 

Because, 

Both of the permutations p, and p, are not fixing it while other elements are fixed by p, and p,. 


Therefore, if U/, ~U, contains exactly one element then the commutator P\P, pi! p,' will be 
a three cycle. 


8.a 


Consider #7 be a subgroup of an infinite group G . 
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Assume, 

The number of left cosets is n,and the number of right cosets is n, . 

Since, 

The left cosets of a subgroup ;y of an infinite group G will partition the group. 
And, 

Apartition is a subdivision of G into non-overlapping, non-empty subgroups. 
So, 

G={U,H:aeG} 

Thus, 

[G:H]=n, 

Also, 

The right cosets of a subgroup #y of an infinite group G will partition the group. 
Therefore, 

G={UH, :beG} 

Then, 

[G:H]=n, 

As a result, 

n =n, 


Hence, the number of left cosets is equal to the number of right cosets also when (; is an 
infinite group. 


Consider x be an element, not the identity ¢, of a group x of odd order 27,4] where ne N. 
Then, 


For any ye K, y**"! =e. 


Assume, 
The elements xand ,~'are conjugate. 
Then, 
For some ye K, 
yoyt=x' 
After taking inverse on both sides, 
(riety (ey! 
yxtyl =x 
Now, 
With the help of above two results, 
yay? = y(yay")y" 
=yrty" 
=x 
Thus, 


yay? = y(n)" 


As, 


yiyt =y(yy?) yt 
=yxty? 


=x 
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And, 
yay? =y(ytot)y" 
= yxy" 
= x' 
Also, 
yiay* = y(y'ay*)y" 
= yx ty" 
=x 
Further, 
ylay? = y(y*ay*)y" 
= yxy" 
= x 
Similarly, 
For odd natural number 27 —1, 


yg Pr) - x! 
So, 
For next even natural number 2n, 


20 


Pry =y(yty er) yt 
= yx'y" 
=x 


Therefore, 
For odd natural number |K| =2n+l, 


Jord Amel) 


yrtay Co) 3 (yay)! 


Consequently, 
exe =x" 
xax" 
xv=e 

As a result, 

The element x has even order 2, 

But |x| should be a divisor of || = 2n +1, 

So, 
Our assumption, the elements xand y~!are conjugate, is wrong. 

Hence, the non-identity elements x and ,-!are not conjugate in a group of odd order. 


10.a 


Consider G be a finite group that operates transitively on a set § of order > 2. 


Comment 
Step 20f2 ~ 
Since, 
The group Gis a finite group that operates transitively on a set § of order > 2. 
Then, 


For some geG;p,,p,€S, 


SP, = P2 
Here, 


LC.M.{O(g),O(p,))=O(p,) 

So, 

The order of g should be a divisor of order of p, € S. 
If order of gis mthen |S|—n fix by g. 


Therefore, if G operates transitively on a set § of order > > then G should contain an 
element g that does not fix any element of §. 


Tica 


Consider the conjugacy classes of elements of order 2in GL, (Z). 


Comment 


Step 20f2 “ 


“| 


Since, 


The elements of order 2in GL, (Z) are 


and 
1 


And, 


The conjugacy class of 


1 
, onan 


Also, 


The conjugacy class of 


+ foo fs 


Hence, the conjugacy classes of elements of order 2 in GL, (Z) are } , and 


i | 


12. a 


SL, (F, denotes the special linear group over the finite field F,, that it is the group of matrices 
with determinant | and entries from the field F, 


Centralizer of an element of a group is the collection of all those elements of that group which 
commutes with that element. 
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(a) 
Let 4 be a matrix in SL, (F,)given by 


(i 7) 
A= 

I @ 
For a=0 


Centralizer of A ={B e SL, (F,)|AB = BA} 
Let 


a-(? "nee PGS €F, 
qs 


Now consider the product of these two matrices such that they commute 
AB=BA 


0 -Il\/p r p r\fo -l 

Cr alte SIC or) 
“—q -s eee 
Perea) 

Hence g=~-rands=p. 

So pis of the form and use the modulo § arithmetic 


-(? ‘-( ss 
q 2 q P 
Also the |B| = implies that p? +g? =| under modulo Sarithmetic 
Thus the possible centralizers of 4 when gq = (is the set of all 2x 2matrices Bp of the form 
P zi a 

such that p*+q° =1- 
Ge 
For a=] 
Centralizer of A= {Be SL, (F,)|AB = BA} 
Let 


a-(? "ane PG. 8 € Fy 
q s 


Now consider the product of these two matrices such that they commute 
AB=BA 


0 -l\/p r p r\fo -l 
t a rl at y 
-q -s r —p+r 
(ire ay gen) 
Hence g=—rand p+q=s 
So gis of the form and use the modulo § arithmetic 


-(? 2 )-(? eed 

q prq q Prd 

Also the |B| =limplies that p? +q? + pg =1under modulo sarithmetic 

Thus the possible centralizers of 4 when q = (is the set of all 2x 2matrices Bf of the form 


# ae such that p? +q* + pg =1under modulo Sarithmetic 
q Prd 
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For a=2 
Centralizer of A ={ Be SL, (F,)|AB = BA} 


Let 
Pe 
-(? Jere P.G.7S € Fy 
q s 
Now consider the product of these two matrices such that they commute 


AB = BA 
0 -I\(p r) (p r\fo -l 
1 2)\q s x q sl 2 
-q -s \)_fr -p+2r 
pt+2q r+2s “\s —q+2s 
Hence q=-rand p+2q=s 
So pis of the form and use the modulo §arithmetic 


-(? -q )-(? ed 
q pt2q) \q p+2q 
Also the |B|=limplies that p? +g? +2 pq = under modulo Sarithmetic 


Thus the possible centralizers of 4 when g = (is the set of all 2x 2matrices R of the form 


(? ae ) such that ( p+)’ =1under modulo Sarithmetic 
q 


For a@=3 


Centralizer of A = {Be SL, (F,)|AB = BA} 
Let 


e-(? "were P.grs €F, 
qs 


Now consider the product of these two matrices such that they commute 
AB=BA 


0 -I\(p r)_(p r)\fo -l 

| WE LAC "4 e 3A 3 

—q -s \)_(r -p+3r 

p+3q r+3s “\s -q+3s 
Hence g=—-rand p+3q=s 
So pis of the form and use the modulo § arithmetic 


a-(? -q )-(? ait 

q pt+3q) \q pt3q 

Also the |B] =limplies that p? +? +3 pg =] under modulo § arithmetic 

Thus the possible centralizers of 4 when gq = (is the set of all 2x 2matrices Bf of the form 


# ul such that p? +q* +3pq =1under modulo § arithmetic 
q + 
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For a=4 
Centralizer of A ={B e SL, (F,)|AB = BA} 
Let 


a-(? "nee P.G0s € Fy 
qs 


Now consider the product of these two matrices such that they commute 
AB = BA 


0 -I\(p r) (pp r\fo -l 
1 4)iq s) lq sli 4 
—q -s \_(r -p+4r 
p+4q r+4s “\s —q+4s 
Hence g=-rand p+4q=s 
So pis of the form and use the modulo §arithmetic 


o-(? -q )-(? oo8, 
q pt4q) \q p+4q 


Also the |B| =1implies that p? +q* +4 pq = under modulo § arithmetic 


Thus the possible centralizers of 4 when q = (jis the set of all 2x 2matrices B of the form 


Pp aa ; 
such that p? +g? +4 pq =|under modulo Sarithmetic 
(’ ast p'+q° +4pq 


(b) 

Consider the group SL, (F,). 

Now in order to obtain all the conjugacy classes start with evaluating the characteristic 
polynomial corresponding to the different eigenvalues. 

Case1-Scalar Conjugacy Classes 

x? -2x+10F x? + 2x 41/8 the characteristic polynomial for conjugacy classes 

Here the minimal polynomial is given by .—[or y+1 

The eigenvalues are given by the solution of the equation (x-1)' = and (x+1)' =0 
Hence the possible set of eigenvalues is given by {1,-1}. 

Thus the number of such conjugacy classes is 2. 

Thus the total number of elements is 2. 

In the tabular form 
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Nature of conjugacy Size of No of conjugacy | No of 
igenval 
eee seal a a ee 
Matrix with distinct 
diagonal entries 


. lizati 

F,. 
Matrix which are not 
diagonal 


Hence the class equation is given by 


120 =14+1+12+12+12+12+20+20+30 


Therefore the class equation of S/.(IF,) is given by 
120 =1414+12+12+12+12+20+20+30. 


(c) 

Let F, be a finite field 

Consider the equation x? + axy + y? =1, 

Now let y=Ax+l, 

Substitute the value y=Ax+lin x? +axy+y? =1 
Hence, 

x ¢ax(Ax+l)+(Ax4l) =1 


This implies that x =~(22+a)/(A? +a2+1). 


Thus the value of vis given by 

y =(-a(2a +a)/(2? +ar+ 1))+1 

a eee 

: (2? +aA+l) 
Thus the solution is the point pgiven by 

1-7? -(2A+a) 
Ps 
(A +ad+l) (4 +a +l) 

First, note that if two points are given by the parametrization y=Ax+1 with y» (and different 
values of Z , then they are distinct points. 
Now, consider the case of 274 9g4+1<0 
This has at most 2 roots in F, . 
In addition, the point (0, -1) not described by the parametrization. 
Consequently, there are between (p—2)+1=p—land p+lpoints on the curve 

x’ +axy+y" =1 , corresponding to 2? + @4 + having between 2 and 0 roots. 
Thus there are either p—1,p+lor p solutions in F, 


Therefore, for a finite field F, there exists p—l,p+lor p solutions for the equation 
x+ay+y’ =lin F, 
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(a) 
For the group SL, (F, )use the same procedure to create table as done in above part 
So the table has the form 


Size of conjugacy —_| No of conjugacy 
ia dl ell seek ee 
class classes 


(q-3)q(q+1) 
2 


(q-I)'4 =i's 


Hence the class equation is given by 


|st,(F, |= 1+1+[4(9+1) en +[4(9- Nn zile ss = -1) ¢-) = (7-1) a 


Where the notation [7], means the term ris added times. 
Therefore the class equation of S/,(F,) is given by 


[st (F,}=1+1+[a(4+1)]en +[a(a-H)]en +. e=t) Cited! (r-). 
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8 


Chapter 8 


Section 1 


lia 


By Exercise 5.1 of Chapter 3, we have that any n x 7m real matrix is can be written as a sum of a symmetric matrix (a 
matrix whose transpose is equal to itself) and a skew-symmetric matrix (a matrix whose transpose is equal to minus 
itself). A quick proof goes as follows: let Q be areal n x n matrix, then Q can also be written as the sum 


1 t 1 t 
5(2+@')+ (2-9), 


where from the properties (X + Y)' = X' + Y* and (kX)' = kX*, k € R, we immediately see that 5(Q + 
Q') is symmetric and $(Q — Q*) is skew-symmetric. 


Now, as it was proved that if ( , ) is a bilinear form on a vector space V with a fixed basis B, then there is a matrix 
A such that if v and w are vectors in V and X and Y are their coordinate vectors, respectively, then 


(v,w) = XtAY. 


As per the first paragraph, there is a symmetrix matric S and a skew-symmetric matrix W such that A = $+ W, 
so that we have 


(v,w) = X‘AY = X'(S+W)Y = X'SY + X'WY, 


where use the proposition which says that the form X‘ AY is (skew-)symmetric if and only if A is (skew-)symmetric 
to finish our proof. 


Result 3of3 


This is a consequence of the fact that any n x n real matrix can be written as a sum of a symmetric matrix and a 
skew-symmetric matrix. Click for a complete proof. 


Section 2 


lia 


Let A be a positive definite, symmetric real matrix. Suppose that its maximal entry is not on diagonal, say it is on 
the position (p, q) (pth row and qth column, where we denote that element aq) with p + q; since it is symmetric 
we also have that dpg = gp. As it is positive definite then for any nonzero coordinate vector X we have 


KAN S0: 

or, equivalently via multiplying everything out, 

>> Ajj;Xjxj > 0 (1) 

1<ij<n 
for any choice 21, ..., 2» of elements of IR. Now obviously @pg > 0, since if not then a;; < 0 for all z, 7 and (1) is 
violated for 21 = 2 = +++ _ = 1. Now let 21,...,2%p be such that zp = 1, zg = —1, and 2; = 0 for all other 
k. Then we compute (1) as 
> QjjLjLj = Apg€pLg + AgpTgLp + ppt + Gate 


1<ij<n 


= App + Ogg — 2Ayg 
But now since Gpq is maximal then pg > App ANd Apg > Agq, SO that 2apq 2 App + gq and consequently 
Opp + Aq — 2ay, < 0 


which is a contradiction with positive definiteness of A, thus finishing our proof. 


Result 20f 2 


We suppose to the contrary, that maximal entry was not on the diagonal, and show contradiction with positive 
definiteness of that matrix. Click for more details. 


Yes. First note that by rank-nullity theorem we have that an n x n matrix has an inverse if and only if its rank is n 
(this is straightforward consequence of the rank-nullity theorem and the fact that invertibility of the matrix is 
equivalent with invertibility, ie. bijectiveness, of its corresponding linear mapping). 


Now, in order to relate rank of matrices to the rank of their product we need to prove a lemma which states that for 
any n x n matrix B and for any n x n matrix Q of rank n, we have 


rank(B) = rank(QB) = rank(BQ). (1) 


Note however that we easily arrive at equivalence of rank(B) = rank(QB) and rank(B) = rank(BQ) by 
recalling that the rank of a matrix is equal to the rank of its transpose, and thus if we know say the first of those two 
equalities for any B and Q of the full rank, then 


rank(BQ) = rank(Q*B') 
= rank(B‘) 
= rank(B). 


Now fix a basis and let B and Q be the linear mappings corresponding to matrices B and Q, respectively. By 
rank-nullity theorem it is sufficient to show that ker(B) = ker(Q o B). As Q has full rank then ker(Q) = {0} so 
that x € ker(Q o B), ie. O(B(x)) = 0 if and only if B(x) = 0, which is equivalent with 


x € ker(B), 


which is what we wanted to prove. 


Now we combine the results of the first and the second paragraph: let P (and consequently also Pt, Aand A’) be 
n xX n matrices. As by the first paragraph P has rank n (and then so does P*), then by the lemma we have the 
following sequence of equalities 


rank(A’) = rank(PtAP), 
rank(A’) = rank(P‘(AP)), 
rank(A’) = rank(AP), 
rank(A’) = rank(A), 


which is what we needed to prove. 


Result cel 


We use rank-nullity theorem to prove that if Q is ann x n matrix with rank n, then for any n x n matrix B we 
have that the rank of B is equal to both the rank of QB and the rank of BQ, and use this to give a proof that rank 
of A’ and A are equal. 


Section 3 


lia 


Suppose X* AX is areal number for all column vectors X. As we have that adjoint of any real number (seen as a 
1 x 1 matrix) is equal to that real number, then we have for all X 


X*AX = (X*°AX)* = X*A*(X*)* = XA. 
Therefore, for all X we have 
X*AX — X*A*X =0 
where by (left and right) distributivity of matrix multiplication we get 
X*(A-— A*)X =0. 


As this holds for all X this implies that A — A* = 0, ie. A = A*, so that A is indeed Hermitian. 


Result 20f2 


We show that A is Hermitian by using the fact that the adjoint of any real number is equal to that real number. Click 
for more details. 


Let A = (a;;) be a Hermitian matrix, then denote by X the matrix whose entry on (i, 7)th position is equal to the 
real part of aj;;. Likewise, denote by Y the matrix whose entry on (i, j)th position is equal to the imaginary part of 
a;;. Then by definition we have 


A=X+1Y. 
Furthermore, as A is Hermitian matrix, then 
X* + (iY)* = X + iY, 
where by recalling the property of adjoint matrices which states that if a is a scalar, then (aY )* = @Y*, we get 
X*-iY* =X +iY. (1) 


Here we can * ‘equate real and imaginary parts" in the same way as we can do it for two complex numbers, for 
note that (1) is equivalent with 


X*-X=i(Y+Y’), 
and as the matrix on the left hand side is real matrix, and Y and Y* are also real, we must have that 
X* =X, andY* =-Y (2) 
But note that since X and Y are real then X* = X¢*, so that (2) means that 
X'= X, and Y' = -Y, 


ie. X is symmetric and Y is skew-symmetric. 


Now a fix a basis of a complex vector space V and let ( , ) be a positive definite Hermitian form on it, then there 
exists a Hermitian matrix A such that for any vectors v and w having coordinate vectors C' and D, respectively, we 
have 


(v,w) = CAD. 


Now suppose we make V areal vector space by restricting scalars to real numbers, then coordinate vectors of v 
and w are real matrices, so that with a fixed (real) basis C and D are real matrices. Then C* AD = CtAD and 


(v,w) = C'(X +iY)D =CtXD+i(C'YD), 


where since C'X D and CY D are real numbers this is precisely the dcomposition outlined in the exercise. Now 
we just need to recall a proposition which says that C* ZD is a (skew-)symmetric form if and only if Z isa 
(skew-)symmetric matrix to conclude this proof. 


Result Sof3 


We proceed by decomposing an arbitrary Hermitian matrix into areal part’’ and imaginary part", and then show 
that real part’’’ is a symmetric matrix, while imaginary part" is a skew-symmetric matrix. After we have done 
that the result soon follows by an application of a proposition which states that a form is (skew-)symmetric if and 
only if its corresponding matrix is (skew-)symmetric. 


3.a 


Denote by Xp_ ann x n matrix with dpg = Agp = 1 and all other entries 0, and by Y,, an n x n matrix with 
Ang = i and ag = —i, and all other entries 0. In the previous exercise we showed that any Hermitian matrix A can 
be decomposed as 


A=X+iY 


where X and Y are real matrices with X being symmetric and Y skew-symmetric. Furthermore, it is easy to see 
that this decomposition is unique, for if A’ = X' + iY’ then X — X' = i(Y — Y") andas X, X', Y and Y’ are 
real matrices then X = X’ and Y = Y’. 


Step 2 20f6 


We now see that is sufficient to show that set { Xp, : 1 < p < q < n} isa basis for the (real) vector (sub)space of 
n X n real symmetric matrices, while {You Sl pig= n} is a basis for the (real) vector (sub)space of alln x 
n real skew-symmetric matrices multiplied by 7 -- note that it is straightforward to check that all the matrices X, pq 
are symmetric and Ypq are skew-symmetric and that both of these really do form a real vector space. 


Let us first check that Y = {Xpq :L<2<7'= n} is indeed a basis for the vector space of n x n real 
symmetric basis. First, linear independence of 4 is immediate, for a linear combination of the form 


A Xpyq + +++ + OnXpngn 


still has nonzero entries only on positions (p1, q1), (qi, P1),--+ + (Pns Qn); (Pn; gin) and thus cannot equal some 
Xpq with (p,q) # (pk, qk) for any k. 


Now let D = (dpq) be a real symmetric matrix. Then, by the definition if Xpg and since D is symmetric, we have 


B= 3S; thet 


l<p<q<n 


which concludes our proof that 1 is a basis fo the space of all real symmetric matrices. 


Step 4 40f 6 


Analogous reasoning also shows that Y = {Ying :l<p<q< n} is a basis for the space of real skew- 
symmetric matrices. Proof for independence of ) is basically the same, while now suppose C is a real skew- 


symmetric matrix. Now write iC = (iCpq) then as C is skew-symmetric and thus Apg = —Apg, We have 
iC = oe CpqY pa: 
1l<p<q<n 


To complete our proof note that Y U ¥ is linearly independent. This follows from linear independence of 4 and 
y and the fact that all the entries in all the matrices are real (Complex) in ¥ (Y). To recap: first we showed that a 
Hermitian matrix has a unique decomposition in the form X + 7Y with X and Y real matrices, X symmetric and 
Y skew-symmetric, and then we exhibited a basis for all symmetric matrices and for all skew-symmetric matrices 
time i, thus its union (as it is linearly independent) gives us our basis. 


Result Sofé 


We show that the set given by {Xpg:1<p<q<n}U{¥pq:1< p<q <n} where Xp, isann x n matrix 
with Gpg = Agp = 1 and all other entries 0 and Ypq is ann x n matrix with dpg = 7 and agp = —i, and all other 
entries 0, is a basis for all x nm Hermitian matrices. Click for the detailed proof. 


4.a 


We first show that it is Hermitian. Note that we don't need the hypothesis that it is invertible for this; for we simply 
have, by rules for computing with adjoint matrices, 


(A*A)* = A*(A*)* = A*A. 
Now suppose A is invertible matrix, we want to show that, for any nonzero complex column vector X, we have 
X*(A*A)X > 0. (1) 
We compute 


X*(A*A)X = (X°*A*)AX = (AX)*(AX), 


Note that as A is ann x n matrix and _X is ann x 1 matrix, then AX is ann x 1 matrix, so that AX is a column 
vector which we write as AX = (t, + iqy)i-1,....n for ty and qy. It was shown in the text (see the computation of 
(X, X)) that (AX)*(AX) is equal to 

figt:-+f+¢. 


Thus (AX )*(AX) = 0 if and only if t) = gq) = --- = th = qn = D whichis true if and only if AX = 0. 
However, if A is invertible then this implies that XY = 0, which contradicts our requirement that X be nonzero. 
Thus, (1) holds, so that A*A is positive definite. 


Result 20f2 


A’* A being a Hermitian matrix follows simply by rules for computing with adjoint matrices, while its positive 
definiteness follows from the computation of (AX, AX) for anonzero column vector X showing that it is 0 if and 
only if AX = 0, which cannot happen if A is invertible. Click for more details. 


Let A be a Hermitian positive definite matrix. As A = A* we have the following sequence of equalities 


0A=0 
(A* — A)A=0 
A‘A-AA=0 
A? = A*A. 


Thus, using the previous exercise, in order to show that A? is Hermitian and positive definite, it is sufficient to show 
that A is invertible. Suppose A was not invertible; then there exist anonzero X such that AX = 0 (this is 
Theorem 1.2.21), but then X*AX = X‘'O = 0, which is in contradiction with positive definitenes of A. Thus A? is 
Hermitian and positive definite. 


Let again A be a Hermitian positive definite matrix. We showed in the previous paragraph that it is invertible, hence 
we can ask whether A™! is also Hermitian and positive definite. To show that it indeed is, first observe that as 


AA =I 
then (A-!)*A* = I and since A is Hermitian 
(A>)'A=I, 
ie. (A7!)* is the inverse of A and thus via uniqueness of inverses, 
7, tae) ew ae 


Now, in order to show that A~! is positive definite, note that A being invertible means that the corresponding 
linear mapping is bijective, and hence for any column vector Y there exists a column vector X such that AX = 
Y. Thus we compute 


Y*°A“Y = (AX)*A“(AX) 
= X°A'X 
= X*AX >0 


where the second equality follows from properties of computing with adjoint matrices and the third equality 
follows from the fact that X* A*X is a real number, and hence it is equal to its adjoint, which is exactly X* AX, 
Hence A! is also Hermitian and positive definite. 


We use the previous exercise to construct matrices A and B which are Hermitian and positive definite but whose 
product is not Hermitian. Let 
polle o rz [2 0 
a= |), ica et 


A’ and B’ are easily seen to be invertible as det( A’) = 1 and det(B’) = 4. We compute and put 


A=(A)*A'= i iF B=(B’)'B = B a: 


Then by the previous exercise both A and B are Hermitian (which can also seen by just looking at them) and 
positive definite, but 


AB = e qi 


—Ti 6 


which is obviously not Hermitian, as 


and thus (AB)* # AB. 


We show that if A and B are Hermitian positive definite, then A + B is again Hermitian positive definite. That it is 
Hermitian follows immediately from the rules of computing with adjoint matrices and the fact that A and B are 
Hermitian, for we have 


(A+ B)*=A°+B°=A+B. 
As they're both positive definite, then for any column vector X we have 
X*AX > 0, and X*BX > 0, 


but then also, by left and right distributivity of matrix multiplication over addition, 


X*AX + X*BX >0 
X*(A+B)X >0, 


which completes the proof that A + B is positive definite Hermitian. 


Result 30f5 


We show that A?, A~! and A+ B are positive definite Hermitian, while AB is not necessarily Hermitian. Click for 
the detailed proof. 


Since transposition fixes the diagonal, it is easy to see that elements on the diagonal of a Hermitian matrix must be 
real numbers. This means that an arbitrary Hermitian matrix A has the form 


for some real numbers x and y and a complex number z. 


Recall the the characteristic polynoial of A is defined as p4(t) = det(tJ — A) and eigenvalues of A are its roots. 
Thus we have to prove that all the roots of p are real. We compute it as 


pa(t) = det (' 6 | [F ‘) 
= aet ("7 aij 


= (t—2)(t-—y)+2z 
=? —(24+y)t+ ary + zz. 


Now recall that if z = a + bi for real a, b, then zZ = a + b? and hence 2Z is a real nonnegative number. 
Denoting c = —a — yandd = zy + zz we see that the roots of p(t) are given by 


-~c+ Ve —4d t -~c— Ve — 4d 
2 +] 


=F 


ty = 


so that p4 has real roots if and only if c? — 4d > 0. But note that we have 


(—a — y)? — 4(ay + 22) = 2? + Qry + y? — day + 422 
= (¢—y)?+4zz>0 


where the last ineqaultiy follows from nonnegativity of squares and nonnegativity of zZ, finishing our proof. 


Result 2 of 2 


We note that a 2 x 2 Hermitian matrix must have a particular form, then we compute its characteristic root directly 
and show that it must have real roots. Click for the detailed proof. 


Section 4 


lia 


Suppose B is an invertible matrix whose columns are orthogonal with respect to the bilinear form { , ) given by 
(v,w) = X*AY 


for some matrix A and for column vectors X and Y corresponding to vectors uv and w, respectively. 
We write 


B= [bj by +++ dy 
for some column vectors b,..., Bn, 
bi 
bai ; 
Y= =, fore 1 55 ove 
bni 


By hypothesis we have that (b;, bj) = 0 fori + j, ie. 
Se dxvaxiby; = 0, 
kl 


where we take the sum over all &,/ between 1 and n, as we also take in all the sums in this solution. 


Now we compute, 


bf 41) Gig «++ Gin 
b§ | |@o1 a2... Gan 
B’AB= . ; : [by bo bn | 
be, Gri. Gea? td (Oba 
(b1,b1) (bi, be) (bi, bn) 
Za (bg, by) (ba, by) (ba, bp) 
(bn,b1) (bn, be) (bn bn) 
(by : by ) 0 0 
= 0 (bo, bg) 0 
0 O acs hdd 
ie. B* AB is a diagonal matrix with elements (b;, :), ..., (bn, bn) on the diagonal; assuming that the form is 


nondegenerate symmetric form on a real vector space or a Hermitian form on a complex vector space, we can 
indeed show that they are all nonzero. For in that case we have (by Proposition 8.4.4) that if the form is 
nondegenerate then A is invertible, so that if some (b;, b;) = 0, then rank of D = B* AB is less than n and 


hence it is noninvertible. But then 


A=(B*) DBO, 


but this means that A is noninvertible, as a product of an invertible and a noninvertible matrix is noninvertible. Thus 
all (bj, b;) 4 0 and hence D is invertible; its inverse is given by 


um 0 0 
yet 0 Tata) 0 
0 0 == 
and hence since 
(D“'B*A)B=I 


by the uniqueness of inverses we get that 
D~'B’ Ais the inverse of B. 


Remark. If { , ) is the ordinary dot product on the real or complex vector space and if in addition to that the 
vectors are not only orthogonal but also orthonormal, meaning that also (b;, b;) = 1 for all z, then the inverse of 
B is its transpose or its adjoint, respectively. 


Result aN 


In the case of the ordinary dot product and orthonormal vector the inverse is just its transpose or its adjoint, 
depending on whether we're in a real or a complex vector space. In the case of a more general nondgenerate 
symmetric form on real space or nondegenerate Hermitian form on complex space, we also compute its inverse. 
Click for more details. 


10 


So V is areal vector space such that (.,.) is a bilnear form on V. Suppose v € V, such that (v,v) 4 0. Then 
V = (v) @ v*. We have to find the formula for orthogonal projection. Suppose u € V. Then u can be written 
uniquely as av + u, where @ € R, and u € v~.Then, the orthogonal projection of wu is u. We know, have to just 
find the explicit formula for ul. Observe u’ = u — av, and (u, v) = 0. Therefore, we have (u — av,v) = 

(u,v) 


’ luv) A A A 
0S a= tony So, we haveu = u— ow. Therfore the orthogonal projection of u along the vector v is 
(uv) 


given by u — >>.v 


Result 2of2 


We just use the fact that V = (v) @ v-. Then, one, can deduce the formula just from the definition of 
orthogonality. See the solution for more details. 


Note that B isan n x n matrix, and let X be an x 1 matrix. Then AX is an m x 1 matrix, so that 
X'BX = X'A‘AX 
= (AX)'AX 


m 
= > 20, 
i=l 


(I) 


where 


Thus B is positive semidefinite. Now, in order to prove that rank( A‘ A) = rank(A) note that by rank-nullity 
theorem it is sufficient to show that 


dim(ker A‘A) = dim(ker A). (2) 


Let X be ann x 1 matrix (ie. a column vector of an n dimensional vector), then note that At A has dimension 
m x mand A has dimension m x n, so that (2) holds if we prove that 


A‘ AX = Oif and only if AX =0. 


Suppose first that A‘ AX = 0, then also 


XtA‘AX =0, 
(AX )tAX = 0, 
but by (1) this equality only holds if yi = y2 = --- = ym = 0, ie. if AX = 0. 


Conversely, if AX = 0 then by associativity of matrix multiplication we have 
A‘AX = A‘(AX) = A'O =0. 


Now as ker(A‘A) = ker(A) then their dimension are also the same, and hence by rank-nullity theorem their rank 
is also the same, and hence rank(A‘A) = rank(B). 


Result 2 0f2 


In order to prove that B is positive semidefinite we show that _X ' BX is asum of squares of real numbers, while in 
order to show that its rank is equal to A we use rank-nullity theorem to reduce the problem to showing that kernels 
of B and A are the same. Click for more details. 


11 


In order for X and Y to be orthogonal we must have 


Lyi — ayo = 0. 


rf 


then we must have y; = 0 and yo € R. For example the vector given by 


We sketch a few examples using Geogebra. If 


then we must have 


fory € R, sayy = —1. 
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then we must have y; = 3 yp, eg. yo = andy, =3. 
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Result 


We show examples of vectors orthogonal to 


o 


. Click for more details. 


5. a 
(a) 
Note that we have, for 
X= |”) 
Y1 
and 
rae 
y2 


, then (X,Y) = O if and only if 


x 
[(ti+y) (a1 +m)] FI = 0, 
(11 +)(t2+ ye) =0 
Thus for choice of 2; = 1, y; = 0 and zg = 1 and yo = —1 we get two orthogonal vectors, and it is easy to 


check that they're a basis as we have 


ryef 


, Le. the standard basis is in the span of {xX l vi} so as they're two vectors which span R? then they're a basis. 
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(b) 


Similarly as in (a) we must find a basis X,Y, Z such that 


i ee | Ve 9 
[v1 yp uj] ]O 2 1] Jw] =0, 
i ee ae | 22 
72 
[ata Wa wma+y+z]) | ye} =0, 
z2 


(a + 21)@2 + (2y1 + 21) yo + (1 +1 + 21)z2 = 0, 
and similarly 

(x, + 1 )a3 + (291, + 21) ys + (@1 +91 + 21)23 = 0, 
and 


(xo + zo)a3 + (2y + z2)ys + (zo + yo + 22)z3 = 0, 


(1) 


(2) 


(3) 


each corresponding to (X,Y) = 0, (X, Z) = Oand (Y, Z) = 0, respectively -- note that for any B and C we 


have (B,C) = O if and only if (C, B) = 0 because A is symmetric matrix. 


First pick 23 = 1, ys = 0 and z3 = 0, then (2) transforms into 1 + z; = 0 and (3) transforms into z2 = —zo. 


Then (1) transforms into 
(2y1 — z1)y2 — yiv2 = 0. 


Thus we're looking for independent vectors of the form 


z, r 1 
Y1 : ¥y2 : 0 
—2 —2 0 


subject to 


Putting 21 = 0 and y; = 1 we get 


subject to 


2yo — rq = 0, 


where we put ag = 2 and y» = 1, by which we obtained 


0 2 1 
He Vel rl, sS lo 
0 -2 0 
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AS 


then we have that X,Y, Z are a basis by the analogous reasoning as in (a), and they're orthogonal by 
construction. 


Result 
In (a) we find that 
al [2 
0}? |-1 
form an orthogonal basis, while in (b) we find that 
0 2 1 
Dia 0 
0 —2 0 
form an orthogonal basis. 
6.a 
Let 
é = f1 0 0 0] 
@&=|0 1 0 0| 
and 
e= (0 0 1 0| 


. Then it is not hard to see that {xX 1; €1, €2, e3} is a basis for IR, for it consists of four vectors and since 
{0 0 0 1] = 2X, — €; + €o — €3, 


we see that it spans R4. 


4ot4 
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We now follow the Gram-Schmidt procedure inductively in order to obtain an orthonormal basis. Note that 
(X,, X,) = 1, and so (Xj) is an orthonormal basis for the subspace V; spanned by Xj. Now we note that we 
have a projection 7, : V — Vj, which by the projection formula is given by 


n(v) = ee x, 


(X1, X1) 
so that in order to obtain the second vector in our basis we compute 


Tq = €; — ™(€}) 


—¢, — Xne1) 
: (Xi, Xi) : 
1 1/2 
_ {0} _ 1 |-1/2 
10) 2 3/2 
0 1/2 
3/4 
_ | 1/4 
~ |—1/4 
—1/4 


where we observe that ,/ (xo, 22) = V3 /2, so that the second vector in our orthonormal basis is given by 


3/4 v3/2 
ee TE V¥3/6 
2 V3 |-1/4] — |-v3/6 
-1/4 ~V3/6 


Now we repeat the process, taking X1, X» as an orthonormal basis of subspace Vp. We again have a projection 
Tt. : V — Vo given by 
Xi,v Xo,v 
m(v) = ( ls ) : ( 2; ) 
(X41, X1) (Xo, Xo) 


DO 


Hence we compute 


x3 = €2 — (X1, €2)Xi — (Xa, €2)X2 
0 1/2 3/4 
Ft - (-3) -1/2}_ V3} 2 | 1/4 
~ 10 2 1/2 6 | ¥3 |-1/4 
0 1/2 —1/4 
0 1/4 3/12 
1a re —1/4; | 1/12 
~ 10 1/4 —1/12 
0 1/4 ~1/12 
0 
_ {2/3 
~ 11/3 
1/3 
where we compute 4/ (23,23) = V6/3 and hence 
0 0 
x, = & |2/3] _ | v6/3 
3 V6 11/3] |v6/6} ° 
1/3 V6/6 
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Finally we compute the last vector. By completely analogous reasoning as bwefore we compute 


%4 = €3 — (Xj, e3)X1 — (Xo, €3)X2 — (X3,e3)X3 


0 1/2 ¥3/2 0 
_ {0} _1]-1/2] _ (_v3) | v3/6 | _ v6 | v6/3 
1] 2) 1/2 6 } |-Vv3/6 6 | ¥6/6 
0 1/2 -/3/6 v6/6 
0 
0 
1/2 
-1/2 
which we normalize in order to obtain 
0 
0 
X= | a2 
V2/2 
Result 
We use Gram-Schmidt procedure to find that 
V3/2 0 0 
x, | ¥3/6 | |v6/3} | 0 
1; —/3/6 ’ V6/6 ’ 2/2 
—V/3/6} |v6/6} |v2/2 
form an orthonormal basis for BR. Click to see more details. 
7.a 
Let 
ui=(1 1 0] 
u=(1 0 1] 
,and 
ug=(0 1 1] 


. First we normalize uw, so that its dot product with itself is equal to 1, i.e. divide each of its elements by 


J (ui, uy) = /2. Hence the first vector in our basis is 


1 

4] _ | 
m= ae el 

0 0 
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Now we have the projection 7; of V to Vj, the subspace spanned by vj, given by 


™(v) = (es, th} 
Hence we compute 
1 v2 1/2 
u = U2 — 7) (U2) = [0 2 Ms = |-1/2], 
1] 2 16 1 
which we divide by ,/(u, u) = V6/2 in order to obtain 
1/V6 v6/6 
v2. = |-1V6| = |-V6/6 
2/Vv6 v6/3 


Finally we find the third vector in our basis, again forming a projection 72 from V to Vo, subspace spanned by v; 
and v9, given by 


(vis) 4, (v2 0) 


T(v) = IC has ON 


Hence the vector we have to normalize is 


t = ug — 79(us) 


0 v2 V6/6 
v2|3| ve | ¥Y 


ys ene Br. | eae Al ae 
ee a 
0) fi/2 1/6 

21h — |1/8) — 1-4/6 
1 0 1/3 
—2/3 

=| 9/3], 
2/3 


where by normalizing it by dividing it by ./ (t,t) = 2/ V3 we get 


-/3/3 
v3 = V3 / 3 . 
v3/3 
Result 
By using the Gram-Schmidt procedure we arrive at the following orthonormal basis: 

2) | v6/6)] [-v3/3 

2}, |-v6/6}, | v3/3 

0 v6/3 v3/3 

Click for more details. 

8.a 


As A is symmetric and by the characterization of positive definite symmetric matrices in relation to their minors 
(see Theorem 8.4.19) we can easily see that A is positive definite. Now we can ue Gram-Schmidt procedure to find 
an orthonormal basis. 


Now, we have that the vectors P = (1, 2) and Q = (2, 1)' forma basis of R®. First we normalize P; in order to 
do that we compute 


(P,P)=[1 2] , | Hl =14, 


so that we have to divide P by 1/14, so that the first vector in our basis is 


Bie 1/14 
+ [2/V14] ° 

Furthermore, we have a projection 7 from R? to the subspace spanned by v] is given by 

m(v) (1,2) 

(v1, U1) 
Then 
13 [1/714 _ {13/14 
™7(Q) = (v1, Q)v = V14 ait — bey . 

so that 


uw = Q—7(Q) = Eien 


which we normalize by dividing it with square root of 


(up, up) = [15/14 —12/14] f A aera = af 


so that the second vector of our basis is 


15/14 
— | 4V27 
U2 = | Vid 
14/27 


Result 
We use Gram-Schmidt procedure in order to find that 
1/14 
2//14 
and 
15714 
14/27 
-12V14 
14,/27 
form an orthonormal basis. 
9.a 
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Note that a basis of all real polynomials of degree at most 2 is given by 1, 2, z?. Now we can apply Gram-Schmidt 
procedure in order to produce an orthonormal basis. 


First note that 
1 
j ldz = 2, 
-1 


hence our first vector is (by linearity of the integral) 


v= 


Nile 


Now forming a projection 7 from P to Po, the subspace generated by v, we have by projection formula that it's 
given by 


Hence 


and hence our second vector is given by 


= ee ne eS ee 
* Ve=m@)2—m@) pide V3/2 v3 


(Where we divided with / (a — 7 (x), — 7 (x)) = 4/ (2, z) in order to normalize.) 


Now we again form a projection 7t2 of P to the subspace P;, spanned by the vectors v; and vo, where we get 


™(2") = 5(1/2,2%) 3 we (Fe) 
_1 1V% 0 
a ae 
24 
= 5 


Hence the final vector in our orthonormal basis is given by 
x? — 1/6 


(x* — 1/6, 2° — 1/6) 
z? —1/6 


v3 = 


Result 


We use Gram-Schmidt procedure on the basis {1, z, zr} in order to obtain an orthonormal basis 


cae 


BE VT” OF 


Click for more details. 
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10.a 


Recall that if A = (a;j) isann x n matrix, then 


trace(A) = 3 Gii. 


i=1 


First we check that (, ) does indeed define a bilinear form. Let A = (a;;) and B = (b;;) be n x n matrices. Then 
it is straightforward, from the definitions of matrix and scalar multiplication, to show that trace(A + B) = 
trace(A) + trace(B) and that trace(aA) = a trace(A) fora € R, as well as that trace(A) = trace( A‘) 
(since transposition doesn't change the diagonal). 


Now we have 
(rA, B) = trace((rA)'B) 
= trace(r(A'B)) 
= rtrace(A‘'B) 
= r(A, B) 


and completely analogously we could show that (A,rB) = r(A, B). Similarly, if C isan n x n matrix, then 
((A+B),C) = trace((A + B)'C) 
= trace((A' + B*)C) 
= trace(A*C + B‘C) 
= trace(A‘C) + trace(B‘C) 
= (A,C) + (B,C), 


and analogously we could show that (A, B + C) = (A, B) + (A,C). 


Now let us show it is positive definite. Suppose A is a nonzero matrix -- i.e. such that at least one aj; # 0. We have 
that A‘ A is an n x n matrix with the entry in mth row and kth column being equal to 


n 
35 Atmatk, 
t=1 


and hence the kth entry on the main diagonal is equal to 


n 


Yau)? 


t=1 
Now we can compute the trace of A‘ A, so that 
(A, A) = trace(A‘A) 


= ay ) 


k=l t=1 
> (a;;)? > 0, 


i.e. it is a positive definite bilinear form. 
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Now let A = (a;;) and B = (b;;) be two n x n matrices, then we have that the (i, j)th entry in A‘ B is equal to 


n 
s aide, 
t=1 


and hence ith entry on the main diagonal is equal to 


n 
o azibti, 
t=1 


so that the trace of A‘ B is equal to 


n n 


> + azjbzj. (2) 


i=l t=1 


Let e;; be the n x n matrix with (i, j)th entry 1 and all the rest 0, then the matrices e;; for 1 < i,j <n form the 
standard basis of realm x n matrices. We claim that this is an orthonormal basis with regards to our form. 


First we have to check that for any 7, 7 we have 
(eij, €ij) =1, 


but note that this follows immediately from our computation of trace of A‘ A (see (1)). In the case of e;; all 
summands in this double sum are equal to 0 except the one which corresponds to k = i and t = j, which is equal 
to 1? = 1, and hence the whole sum is equal to 1. 


Finally we have to check that for i, 7, p,q such that (7, 7) # (p,q) we have 
(ei, €pq) = 0. 


This follows directly from (2), for if there were any summand in (2) which were nonzero, that would mean that some 
entry is nonzero in both €;; and pg, but this is not so by definition of those matrices. Hence, the matrices e;; form 


an orthonormal basis. 


Result ppre 
The fact that the form is bilinear follows from the properties of trace, while its positive definiteness follows from 
computation showing that the trace of At Ais asum of squares. We also show that the standard basis of n x n 

matrices, which consists of matrices e;; which have the (7, j)th entry 1 and all the rest 0, also forms an 
orthonormal basis in regards to our form. 


Tica 
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(a) 


Let us first show that 


(Wi + We)> C Wye OW. (1) 


Suppose v € (W + W2)+. Then v is orthogonal to every w = w, + we € Wi + Wy, ie. 
(v, wy + Wa) =0 


for any choice of w; € W and wo € Wo. But as 0 is in a vector subspace, then we can choose w, = 0 in order 
to get that v € Wi, and w2 = 0 in order to get v € Wr, and hence v is in their intersection, showing (1). 


Now let us show that 


Wr OWs C (Wi + We)+. (2) 


ifv € We Ws then we have that (v, wi) = 0 and (v, we) = 0, for all w1 € Wi and w2 € Wo. But then 
0 = (v, wi) + (v, we) = (v, wi + we) 


by the bilinearity of a bilinear form, and hence as any w € W, + We can be written in the form w = w; + we 
with w; € Wy and we € Wo, we have that v € (W1 + W2)-, showing (2). 


(b) 


Let us explain what it means for a vector to be in W~~. It means that it is orthogonal to every vector which is 
orthogonal to every vector in W. 


Written like this the inclusion becomes almost obvious, but let us be slightly more formal and note that w © W-- 
if and only if (v, w) = 0 -- as the form is symmetric we need not worry about the order of the elements here -- for 
any v € W-. 


Now let w € W, then by the definition of W~ we have that, for any v € W-, (v, w) = 0, and hence we see that 
any w € W satisfies the defining property of W--, showing the inclusion. 


Step 3 Sof 4 
Suppose W, C W 2 and let w € Wy. Then for any wo € Wo, 

(w,we) = 0. 
But since W, C Ws then also 

(w,wi) =0 


for any wi € Wi, and hence w € W7;, showing the inclusion. 


Result Sof A 


In (a) part we use the basic properties of bilinear product and subspace sums in order to show the set equality, in 
(b) we just write out the definition of W--, while in (€) we use the fact that if W, C We and for some w is 
ortogonal to every element of W2, then w is also orthogonal to every element of W. 


12. a 
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Let vy =jR7? be the vector space of real 2x2 matrices. 


Comment 


Step20f5 “ 


(a) 

To determine the matrix of the bilinear form (A, B) =trace( AB) on y with respect to the 
standard basis {e,}; 

Let (A,B), = trace(4'B). 

Since, 


(€ss¢u) =(¢s¢u), 
. (enw), 
This implies that, 
1 if(j, i)=(A 
oe, aa 
It follows that the matrix of the formon y = R**? is: 


1 0 0 
00 
01 
00 


oo - © 


0 
0 
1 
Where the ordered basis is (¢,,, &3, €))5 €x)- 


(b) 
To determine the signature of this form; 
Consider the ordered basis: 


(«. on {tutta) (ta=n)) 


It is to check that this is an orthogonal basis and the matrix with respect to this ordered basis is, 
in block form, 


i, 0 
0 -/, 
Therefore, the signature is (3.1). 


Comments (1) 


Step 40f5 “ 


(c) 
Find an orthogonal basis for this form. 
The orthogonal basis for this form is: 
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(qd) 
Determine the signature of the form trace 4g onthe space p of real nxn matrices. 
Consider the set: 


Cone Cm} Y {I>} 
The above set is an orthogonal basis, where % _(e+es) and m, he) ; 
2 2 
As inthe 2x2 case, the matrices {e,} and the matrices {q,} and {m,} are pair with 
themselves to a value of and —1. 


The number of negative ones is (?) F 


Therefore, the signature is: 


("-()G)- (G23) 


13. a 


(a) 
To decide whether or not the rule (A,B) = trace( A°B) defines a Hermitian form on the space 
c™ of complex matrices, and if so, to determine its signature; 


Comment 


Step20f4 « 


First show that (4, B) = trace( A” B)defines a Hermitian, 


Since trace( A°B) = trace(B" A) 


So, 
trace((4°B) ) = trace( 8° (4")') 
= trace( B" A) 
= trace( 4°B) 


Hence, the rule (4, B) = trace( 4"B) defined a Hermitian form on the space @** of complex 
matrices. 


Determine the signature of the form trace 4B onthe space c*" of complex nxn matrices. 
Consider the set: 


L@isi06 on} Uf gy omy} 


isis 


The above set is an orthogonal basis, where q, = te) and yy _ (ee) . 


2 : 2 
Asinthe 2x2 case, the matrices {e,} and the matrices {q,} and {m,} are pair with 
themselves to a value of } and —1. 
The number of negave ones i ( 


Therefore, the signature is: 
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(b) 
Defined the rule (A,B) = trace( 4B) defines a Hermitian form on the space @"" of complex 
matrices, and if so, to determine its signature. 


Here, trace(4B)cannot be defined a Hermitian form on the space @* of complex matrices 
because trace( AB) # trace(( 4B) ) 
trace (4B) ) = race( B°(4)') 
+ trace( AB) 


Therefore, the rule (A,B) = trace(AB) cannot be defined a Hermitian form on the space c=" 
of complex matrices. 


14. a 


We prove this by induction on the dimension of A. Note that (matrices representing) row and column operations 
are invertible, and therefore their multiplication is also going to be invertible; furthermore, if we muliply A (from 
the left) by a number of row transformations, call them E),...,E,, and multiply A (from the right) by matrices 
corresponding to those same transformations applied to columns, then the resulting matrix is going to equal 


E, ++: EB, AEj--- Et. 


If it is diagonal, then P = Ei tee Et gives us the required P. Hence, it is sufficient to find a number of 
transformations which are applied to both rows and columns, which diagonalize A. 


(Base case) Let n = 2. If Aisa2 x 2 real symmetric matrix then 


ae 
a= 
for some real numbers a, b, c. 
We have three distinct cases to consider. First suppose that a # 0, then (we abbreviate row 7 by Rj and column i 
by Ci) 


@ ¢| Ro=aR2—cRi | c Cr=a0y—cC | 0 
ec b 0 ab—-c 0 a%b—ac?|* 


Analogous operations can also be performed if b ¥ 0. If, on the other hand, we have both a = 0) and b = 0, then 


0c Ro=Ro-Rj 0c 
e 0 c - 


Co=M%-C, [0 Cc 
~ 
Cc 


ec -2 
Ci=Ci+}C2 5 c 
0 -2c 
Ri=Ri+}Re 0 


——— 
Onin 
| 
to 
es 
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(Step case) 

Suppose now that any n x n real symmetric matrix can be transformed to diagonal via row and column 
operations in the manner described in the first paragraph, and let A = (a;;) bea(m +1) x (n +1) real 
symmetric matrix. Without the loss of generality say aj; 4 0; if not, then we can °‘ bring" a nonzero entry to ay; 
by row and column operations with the matrix remaining symmetric. Then we can use the a, as pivot element and 
for eachi = 2,...,n +1 perform the operation Rj = a,1R; — aj, Ry and C; = ay,C; — aj C}; these 
operations are as outlined before and they transform our matrix to 


_ jan 0 
4-0 a 
with A’ being a symmetric n x n matrix. Now induction hypothesis finishes our proof, since row and column 


operations on A’ leave the first row and column as they are, and hence we obtain a diagonalization of A via row 
and column operations which give rise to matrix P as outlined in the first section. 


Remark. Development of the ideas from this proof leads into an algorithm for finding such a matrix P. Let A be an 
n X n symmetric matrix, In x n identity matrix, and if we form a block matrix 


B= [A I ] d 
then by the proof we know we can apply row and column operations to B so that it is transformed into 
B'=[D P] 
with D diagonal. Then P'AP = D. 
Result 5o0f5 


We show how a sequence of row and column operations, if aptly chosen, leads to such a P. Then we prove, via 
induction on the dimension of the symmetric matrix in question, that such a sequence of row and column 
operations can always be found. 


15. a 
In order to use the projection formula, we first find an orthogonal basis for W, for which we use the Gram-Schmidt 
procedure (but without normalizing elements, as we don't need an orthonormal basis). Let 


vu =([1 1 0] 


uy = {0 1 1) 


. Then 2 is the first vector in our orthogonal basis. Next we form a projection 7 from R® to subspace spanned by 
V1, so that 


a (v1, U2) 


Ul, 
(v1, U1) . 
where we compute 
(v1, u2) = 1 
{v1, 01) = 2, 
so that 
1 1 
m(u2)== 11} =[1/2 1/2 0], 
210 
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so that the second vector in our orthogonal basis is 


0 1/2 —1/2 
Vp = Ug — T(Usg) = H - ia = fi] : 
1 0 1 


Now by projection formula, the projection of the vector 


v=[1 0 0} 
to W is 
(ov), (vee) i] + =19 75 
1 = 
(v1, %1) (v2,v2)" 2 6/4 1 
1 . 1/6 
= 1) fy + |-1/6 
—1/3 
2 a 
=| 1/3 
1/3] 
Result 
We use the projection formula in order to show that the orthogonal projection of that vector is 
(2/3 1/3 -1/3]" 
16.a 
In order to use projection formula we have to first find an orthogonal basis for the subspace of skew-symmetric 
matrices. Recall that if a real matrix is skew-symmetric if it's diagonal entries are 0 and we have aj; = —a,;. Indeed 
it easy to check that the following matrices form a basis 
0 10 0 01 0% 0" «D 
By=|-1 0 0}, B=)]0 O OO], B=j0 O 1 
0 0 0 -1 0 0 0 -1 0 
We check whether they form an orthogonal basis. Note that if A is skew-symmetric then At = —A, and since Bj, 


Bo, Bs, are skew-symmetric, we have 


(B;, B;) = trace(B{B;) = trace(—(B;)B;) = — trace(B,B;), (1) 
and hence we only need to compute trace(B;B;) for any i and j. We have 
-1 0 0 -1 0 O 0. 0; oO 
BiBi=|0 -1 0}, BBo=|]0 0 0], BB3= {0 -1 0 (2) 
0 oO 0 0 0 -1 0 0 -1 


and hence (B;, B;) # 0 fori = 1, 2,3. 
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We just need to check that they're orthogonal, for which we compute 
0 0 O OO 2 0 -1 0 
Bi\B,.=|0 0 -1), BBz;=)]0 0 OO], BBs=]0 O Ol, 
00 O 0 0 0 0 0 0 


from where we see that (Bj, B;) = 0 for i $ j, ie. it indeed is an orthogonal base. 
Now we can projection fomula which says that if 7 is an orthogonal projection from V to W, then 


3 ° 


i=1 


Note that we have already computed (B;, B;) = 2 in (2), using (1). Now let A be the matrix given in the exercise, 
then 


and hence using (1) 


so that 


0: drcag 
n(A) = Bi -2B,- B3=|-1 0 -1]. 
2 1 0 


Result S ofS 


We first find an orthogonal base for the subspace of all skew-symmetric subspaces and then use projection 
formula to obtain that the projection is 


17. a 
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As per the method outlined in the previous chapter (3.5.13) we have that basechange matrix from the standard 
basis to B is 


1 ee es | 
Peet) v= 1 
1 OQ 2 
Hence the representation of 
t 
1 
T2 
v3 
in basis B is 
T} 1 Ze o% 2 7 2 /3+ 29/3 + 23/3 
Po LQ =5 3 -3 0 Z| = x, /2 — 2/2 
23 1 1 -—2] |zs x1/6+ x2/6 — x3/3 


which we can see is the same result that was obtained in the Example 8.4.14 through the use of projection formula. 


Result 20f2 


We compute it and find that the result is the same as with using the projection formula. Click for more details. 


18. a 


Projection formula: 


Let ( , ) be asymmetric form on a real vector space ¥ or a Hermitian form on a complex 
vector space 7 , and let jy be a subspace of y on which the form is nondegenerate. If 
(1,,...,, ) iS an orthogonal basis for W’, the orthogonal projection z:/ — W is given by the 


formula z(v)= we, +...+ Wc, 
Where, 


co = AMY) 
‘ (wm) 


To find the matrix of a projection z - jR* —» jR? such that the image of the standard bases of R* 
forms an equilateral triangle and a(e, ) points in the direction of the x-axis; 


Standard basis as shown below, 

e, =(1,0,0),e, =(0,1,0),e, =(0,0,1) 
Then, the vector v=e,+e,+e, where yeR’ 
v=(1,0,0)+(0,1,0)+(0,0,1) 

=(1,1,1) 

Apply the projection formula, 

a(v)=ec, +e,c, +e,c, 

=(1,0,0)¢, +(0,1,0)c, +(0,0,1)e, 

Now find ¢,,c, and ¢, as shown below, 


OAY 

(4.4) 
(1,0,0),(1,1,1) 

* ((1,0,0),(1,0,0)) 


G= 
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(e:.¥) 


c= 
; (e),€:) 


(0,1,0),(1,1,1) 
= COROT) 


af 
a 
=! 
_ 46») 

a CRD) 

(0,0,1),(1,.1,1) 
(a0) (a0n) 
\ 

a 
=1 

Therefore, 


z(v) =e¢, +e,c, +e,C, 
=(1,0,0)-1+(0,1,0)-1+(0,0,1)-1 
=(I,1,1) 
=v 
Since the image of the standard bases of p' belongs to p?, so 
x(v)=(1,0) 
Therefore, matrix of a projection z -R? > R? such that the image of the standard bases of p* 
forms an equilateral triangle is (1.1). 


Now find (e,) points in the direction of the x-axis. 
Apply orthogonal projection, 


A(e)=e¢, +e,¢, +e,C, 
=(1,0,0)e, +(0,1,0)c, +(0,0,1)e, 
Now find ¢,,c, and ¢, as shown below, 
(4.4) 
_ ((1,0,0),(1,0,0) 
~ ((1,0,0),(1,0,0)) 


—| 


_((04.0).(1.0.0) 


(0,1,0),(0,1,0) 
=0 
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Find ¢,; 


Qs (6.4) 


a (65»¢5) 


(0,0,1),(1,0,0) 
=0 

Therefore, 

A(e,)= ec, +e, +e\C 
=(1,0,0)-1+(0,1,0)-0+(0,0,1)-0 
=(1,0,0) 
= 

Since the image of the standard bases of jg belongs to m?, so 


x(c,)=(1,0) 


Therefore, [#(e,)=(1,0)] point in the direction of the x-axis. 


19. a 


Let wy, Wo be the orthonormal basis of W with respect to which we have 
m(e;) = (a;,b;)*, += i 2; 3, 


where e; are the standard basis vectors of R°. First let us exnteded W}, W2 to an orthonormal basis of R3, say 
W}1, We, W3. Then if we write a vector z € R in the basis composed of wj, i.e. & = (%1, 22,73) = TW, + 
ZQW2 + ©3W3, then our orthogonal projection has a simple form, 


(x) = m((21,22,%3)) = (x1, 22). (1) 
Thus we want to write vectors €), €2, €3 in the basis consisting of wis. In order to do this, note that if 
W=[wi w ws} 
, where w; are thought of as column vectors (and hence W is a3 x 3 matrix), then 
We; = uj. 
Therefore, 
e; = Ww; (2) 


is the expression of e; in the basis w,, wa, w3. Furthermore we see from (2) that coordinate vector of e; in this 
basis is the ith column of W—!. Now by (1) we see that (a1, a2, a3) is the first row of W—! and (b1, be, bs) is the 
second row of W~!. But note that since W is orthogonal then W~! also is, since W~! = W': hence its columns 
and rows are orthogonal unit vectors, showing that (a1, a2, a3) and (b1, be, b3) are indeed orthogonal unit 
vectors. 


Result 2 of 2 


Frist we extended the orthonormal basis of W to orthonormal basis of R° and show that the projection formula 
has a simple for in case when we write e; in that basis, and then we use that coupled with orthogonality of the 
basis of W to show our desired result. 


20.a 
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Theorem 8.2.5: 

The following properties of areal nxn matrix 4 are equivalent: 

(i) The form y'4y represents dot product, with respect to some basis of jp”. 
(il) There is an invertible matrix p such that 4. pp 

(ili) The matrix 4 is symmetric and positive definite. 


Prove that the form and the matrix are positive definite if and only if det A, > 0 for k=1,...,”-. 
Suppose that matrix 4 is positive definite. 

lf 4 istxi,then wAu=a,u° > 0 ifand only if a, >Oandv40. 

So, the criterion holds for » =| . 


Let »>2 
Assume the criterion holds for 1,....—1, andlet 4 bea nxn symmetric real matrix. 


If 4 is positive definite, the matrix 4 reduce to 4. p'p for some invertible matrix p by 
theorem 8.2.5. 


Then, 

det4 = (det P) >0 

Since A,_, is positive definite. Apply the inductive hypothesis to deduce that det A, > 0 for 
k=1,....n-1. 


Therefore, det A, >0 for k=1,....” 


Conversely, 

Suppose that det A, >0 for k =1,...,2—1 . By induction, 4, , defines a positive definite form 
on the subspace §. 

Therefore, 4, =(Q'Q for some invertible (n—1)x(n—1) matrix. 

Another way of saying this is that there exists an orthonormal basis {s,,..., s,,} of § with 
change of basis matrix 44 . 

So, 

A,,=M'IM 


Extend this basis to an orthogonal basis of mp: 
Let v bein the complement of sand let «=v-—z(u), where zthe orthogonal projection to is 
§. Because the form defined by 4 is non-degenerate, so a projection exists. 
Since, 
deté + 0 
In this way, to obtain an orthogonal basis {s,, ..., 5, ,.} 
Thus, there is a change of basis matrix p such that 4 = P'DP, where Pp is diagonal and has 
(n—1) ones on the diagonal and d_ e{-1, 0, 1}. 
Since, 
dew =(det A)(det P)’ > 0, 
Then, 
d,,=1 
Therefore, 4=Pp’P, andso, 4 is positive definite. 
Hence proved 


21.a 
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Statement of Sylvester's law: 


The signature of symmetric form on a real vector space or of a Hermitian form on a complex 
vector space does not depend on the choice of orthogonal basis. 


Comment 


Step20f5 “~ 


Proof of Sylvester's law: 
Suppose that B=(¥,,...,v,) and B’=(vj,...,,) are two ordered orthogonal bases for a real 
or complex vector space which is provided with a symmetric or Hermitian form ( , ). 


Suppose that the bases are ordered, so that the matrices jg and 44’ of the form have positive 
entries, followed by negative entries and zero entries along the diagonal. 


Let (q, /, n) and (q’, /', n') be the signatures of these matrices. 


Since these matrices are in reduced row echelon form, it can be see that the ranks are equal to 
d—n and d—n’. 

So, the ranks of jy and 4g’ are equal. 

Since there is @xqd matrix § which is invertible such that s*\ys = M’ - 


Therefore, »=n' 


To show that q=q’ and, hence that / =/'. 

Suppose to the contrary that q >q’. 

Then, 

i<I 

Let subspace Q be spanned by (v,,-.-5¥, )» $0 that, (  } is positive definite on Q, 

Let subspace ' be the spanned by (v’,,,,...,¥;) , so that ( , ) is negative definite on 1’. 
Let two subspaces V and NV" be the spanned by the last »=~»' vectors of the bases pg and 
B’. 

If there were a vector v in V—N'" , then the span of N'\U{v} would be a vector space on 


which the form was zero, contradicting the fact because the dimension of such a subspace is at 
most d-n=d-—n'. 
Therefore, V = N’ 


Consider W=(Q+N )A(L'+N’ ). 

This is a vector space of dimension at least » +1 . 

If weW-N,thenweQol'. 

Since (w,w) is both positive definite and negative definite on OL’. 
It must have w=0. 

This implies that, the dimension of WW is » , which is a contradiction. 
Therefore, g=q' and n=n'. 


Hence, the signature of symmetric form on a real vector space or of a Hermitian form on a 
complex vector space does not depend on the choice of orthogonal basis. 


Section 5 
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(a) 


Note that since V is a Euclidean space, we can choose a basis of V with respect to which (,, ) is a dot product. 
This is a consequence of Theorem 8.2.5., which say that it is a sufficient and necessary condition for a form X ® AY: 
to represent dot product, is that the matrix A is positive definite symmetric, which is given by the fact that V isa 
Euclidean space. Thus choose a basis with respect to which our bilinear form is a dot product, and let 


= [zy see In|’ 
and 
Y=([n -+ wa] 
be column vectors with respect of that basis of v and w, respectively. Then we have to prove that 
|\Xty| < VXtXVY'?y. (1) 


As both sides are positive and squaring is a monotone increasing function on positive numbers, then (1) is 
equivalent to 


(PX SeXy): 


< bs “) bs i) (2) 


Writing it out we see that that is equivalent to 


Now we consider the polynomial 
n n n n 
nt) = Stet-+u)*= ($ret) ¢+2(Soam) e+ (Sou) 
i=1 i=l i=l 
As p(t) is asum of squares then 
p(t) <0 


for all real t; but this means that p(t) has at most on real root. Recall that a real quadratic polynomial has 0 or 1 
("double") real root if and only if its discriminant is less or equal to 0. But noting that the discriminant of a 
polynomial P(x) = ax? + ba + cis b? — 4ac then we see that the discriminant of p(t) is 


((&-9)) -«(E4) (Ex), j 


where by noting that (3) is less than or equal to 0, rearranging and dividing through with 4 we get precisely (2). 


(b) 
By the definition of | - | we have that 

jv + wl? = (v+w,v + w) and |v — wl)? = (v — w,v—w). 
Now by using this and bilinearity and symmetry of the form we have 


|v +w? + |v — wl? = (v+ wiv +w) + (v— wv — w) 
= (v,u+w) + (w,u + w) + (v,v — w) — (w,v — w) 
= (v,v) + (v,w) + (w,v) + (w,w) + (u,v) — (v,w) — (w,v) + (w, w) 
= 2(v,v) + 2(w, w) = 2\v|? + 2\w)?, 


which is what we need to prove. 


(c) 


Recall that |v| = |w| means that \/(v,v) = ./(w, w). But as (v, v) and (w, w) are both nonnegative real 
numbers (as the form is positive definite), then this implies that 


(v,v) = (w,w). (3) 
Now we compute 


(v+w,v—w) = (v,v—w) + (w,v —w) 


= (v,v) — (v,w) + (w,v) — (w,w) 
= 0 


where in the last equality we used the symmetry of the form and (1). 


Result Aone 


In (a) part we show that it is sufficient to show it for dot product, and then show it directly. In (b) part we write out 
everything according to the definition of the length of a vector, and then the claim follows through some simple 
algebra; same happens in (€) after we note that |v| = |w| implies (v,v) = (w, w). 


We have 
W-={veV: (v,w) =0forallw € WH. 
Then 
W++={veV: (v,w') =0 forallw’ €e W-} 


= {uv €V: there exists w’ € V such that (v, w’) = O and (w, w’) = 0 for allw € W}. 


First note immediately that any element of W satisfies this definition, for any w’ € W ~ fits the definition and both 
equalities are satisfied foru © W, hence W C W++. 


Now note by Corollary 8.5.1 we have that that 
V=Woew- 
and 
V=W-eWw-. 


(Since W ~ is a subspace of V and thus nondegenerate.) 
Thus the dimensions of W and W+~ are the same, and hence equality holds. 


Result 20f2 


First we show that W Cc W--, and then we use the fact that the form on Euclidean space is nondegenerate on 
any subspace in order to obtain that W and W-~ have the same dimensions, and thus they're equal. 
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Let ye" bea vector of length | , and let (/ denote the orthogonal space yy". 
The reflection », about (/ is defined as follows: write a vector v inthe form v=cw+u 


where wel. Then r.(v)=-cw+u 


Comment 


Step 20f5 “ 


(a) 
Prove that the matrix p= 7 —2ww/ is orthogonal. 
First show that p’ = p; 
P’ =(1-2ww) 

=I —(2ww y 

=1-2(w) w 

=/-2ww 
=P 
Now, 
P’P=1-4ww +4ww 

=] 

Therefore, the matrix p— 7 ~2yy/ |s orthogonal. 
Hence proved 


(b) 
Prove that multiplication by p is a reflection about the orthogonal space LU . 
Let a vector » « R* Can be written as v=cw+mn where yeU 
Then, 
wv =w (cw+u) 
=wew+ wu 
=cww+ wu 
Since, y¢j" bea vector of length j and vy denote the orthogonal space ,,-*. 
Then, wwel and wy=<0 
wv=c-1+0 


=c 
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Now computing Py; 
Pv =(1-2ww)v 
=/-v-2wwv 
=v-2we 
Substitute y= cw+winto the above, to obtain 
Py =cw+u-2cew 
=-cw+u 


=r.(¥) 
Hence proved 


Comment 


Step 50f5 “ 


{c) 
Let u,v be vectors of equal length in jm. Determine a vector w such that Py =y. 


Since u,v are vectors of equal length in m* then assume that a vector w= —v, normalized to 
be length 1 such that Py =v. 


Therefore, a vector w =[w—v] 


4.a 


(a) 


We first prove that ker T and im T are orthogonal subspaces of V. We must prove that for each v € ker T and 
w © imT we have that (v, w) = 0. In particular, let X and Y be coordinate column vectors of v and w 
according to the standard basis of R”, then we have that AX = 0 and AY’ = Y for some Y’. Hence we 
compute 


(v,w) = X'Y 
= x'(AY’) 
= (XtA)Y’ 
= (A‘x)ty’ 
= (AX)tY’ 
=0 


where the second to last equality follows from the fact that since A is symmetric then A! = A, and the last line 


folows from AX = 0. Thus we have that ker T and im T are orthogonal. Recall by rank-nullity theorem that we 
have 


dim(ker T) + dim(im T) = dim(V), 


and hence in order to conclude that V is a direct sum it is sufficient to show that the intersection of ker T' and 
im T is {0}. Now let v € ker T and v € imT, then since ker T and im T are orthogonal, we have (v, v) = 0; 
but as we are in Euclidean space this implies that v = 0. 
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(b) 


Suppose first that T is an orthogonal projection onto im T. Recall that an orthogonal projection onto im T is a 
mapping 7: V — imT such that if v € im T and w € ker T, then 


m(vtw) =v. 
Hence we have 
T(v+w) =v, 


but note that since T is linear mapping then T(v + w) = T(v) + T(w) = T(v), and hence this means that we 
have 


T(v) =v. 
This implies that 
T oT(v) =T(v), 


where A? is the matrix of the mapping on the left-hand side and A is the matrix of the mapping on the right-hand 
side. Note also that for w € ker T, T o T(w) = T(T(w)) = T(0) = 0, and hence we must have that T o T 
and T are the same linear mapping; but this is possible only if 


A? =A. 


This prove the *’ =" part of the implication. Now suppose A? = A. Then, as A? is the matrix of the linear 
mapping T o T and A is the matrix of the mapping T,, then for any k € V we have 


T oT(k) =T(T(k)) = T(k). (1) 


If k is in ker T then obviously (1) equals 0. Now if p € im T, then there exists ant € T such that T(t) = p, and 
hence (1) implies 


T(T(t)) = T(t) and hence T(p) = p. 


But this suffices to demonstrate that if k € ker T and p € imT, then T(p + k) = p, which is what we needed to 
show in order to prove that T is an orthogonal transformation. 


Result 3of3 


In the (a) part we use the definition of ker T and im T and the fact that since A is symmetric then A’ = A, in 
order to show that if v € ker T and w € imT then (v,w) = 0. 


For the (b) part we use the fact that A? is the matrix associated with the linear mapping T o T in order to obtain 
our desired results. Click for more details. 


5. a 
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Recall that P being unitary means that P* P = I. We also have that 
PX, = A,X, and PXq = A2Xp. 
Let us first show that 
|Ay|? = AA = 1 (1) 


(and therefore |\,| = V1 = 1; also by symmetry the same holds for Ao; this is the fact that all the eigenvalues of a 
unitary matrix are on the complex unit circle). 
We have 
XjX = X}(P*P)X 

= (XjP*)(PX1) 

= (PX,)"(PX1) 

= (A1X1)*(A1X1) 

= AA (X7X1), 


showing (1) as eigenvectors are nonzero and the standard Hermitian form is positive definite, and hence X7X; = 
(X. 1; x 1 ) > 0. 
Now we compute 


(X1, X2) = XP Xe 
= X#(P*P)X> 
= (PX))*(PX2) 
= (A1.X1)*(A2X2) 
= MA2(X}X2), 


showing that either (X,, X2) = 0, in which case we are done, or 
AiA2 = 1. (2) 
But noting that we have proved (1), and multiplying both sides of (2) by Ay, we obtain 
A2 = 1, 


which is contrary to Ay and A> being distinct eigenvalues, and hence (X1, X2) = 0, ie. Xy and Xo are 
orthogonal. 


Result 20f2 


First we prove that all the eigenvalues of a unitary matrix are complex numbers A with |A| = 1, and then we use 
this to compute (Xj, X9) as zero. Click for more details. 


6. a 


A 


Let P be a unitary matrix and A its eigenvalue, ie. PX = AX for some column vector X. 
Then we have 


(AX)*(AX) = AX*AX = (AA)X*X. (1) 
But we also have 
(AX)*(AX) = (PX)*PX = X*P*PX = X*X. (2) 


Now since X + 0, it follows immediately from (1) and (2) that 


M=1. (3) 
Recall that for a complex number z we have |z| = Zz, and hence (3) can be stated as requirement that A has 
modulus 1. 
Result 2h 


We show that any eigenvalue of a unitary matrix is a complex number with modulus 1 (i.e. it lies in the unit circle on 
the complex plane). 


Section 6 
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Proof of (c) part of the proposition 
Suppose T is Hermitian, then 
P=. (1) 
Note that it was prove in (a) that for all v and w in V we have 
(Tv, w) = (v,T*w), 
but using (1) here this transforms into 
(Tv,w) = (v, Tw), 


which is what we wanted to prove. 
Conversely, assume that we have, for all v and w in V, 


(Tv, w) = (v, Tw). 
Again by using (a), namely that (v, Tw) = (T*v, w), we get 

(Tv, w) = (T*v, w) 
and hence we have that 

(Tv —T*v,w) =0 


holds for all v and w. Then as the form on Hermitian space is nondegenerate we can apply Proposition 8.4.3 to 
show that T'v — T*v = 0 for all v € V, or equivalently that 


Tv=T*v 
for all v, which is what we wanted to prove. 
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Proof of (d) part of the proposition 
Suppose T is unitary, then 
PT =r =I, (2) 
Now we write 
(Tv, Tw) = (v, T*Tw) = (v, Iw) = (v, w) 
where in the first equality we used the fact that (Tv, w) = (v, T*w), which was proven in (a). 
Let us now prove the converse, so suppose that we have 
(Tv, Tw) = (v, w) 
for all v and w in V. Then by (a) we have that 
(Tv, Tw) = (T*Tv, w) 
and hence 
(T*Tv, w) = (v, w) 
which implies that for 
(T*Tv — v,w) = 0. 
By the nondegeneracy of the form on Hermitian space, analogously as in the (e) part, this implies that 


T’Tv=2, 


ie. T*T = I andhence T is unitary. 


Result Sof 5 


We prove both (€) and (d) parts by applications of (a) and by nondegeneracy of the form on Hermitian space V 
implying that certain suitably chosen vectors are equal. Click to see more details. 


As T is asymmetric operator then according to the cited proposition we have that for for any w and w’, 
(T(w),w’) = (w, T(w’)). 
Putting w’ = T(v) we get 
(T(w), T(v)) = (w, T(T(v))) = (w, 0) = 0. 
As this holds for any w, then by setting w = v we obtain 
(T(v),T(v)) = 0, 


and as we are in a Euclidean space (where the form is positive definite), this implies that T(v) = 0. 


Result 20f2 


We use the cited proposition to show that (T(v), T'(v)) = 0, and hence this implies T(v) = 0. Click for more 
details. 
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3.a 


Let A be a symmetric and orthogonal real 3 x 3 matrix. As A is symmetic then we have A = At, and hence, by 
Spectral Theorem for symmetric matrices, there exists an orthogonal matrix P such that 


P'AP = P'A'P =D, 
and D is a diagonal real matrix. Therefore we also have 


(P*AP)(P*A'P) = (P'A(PP*)A'P), 
= (P‘ AA'P) 
= P'p 
=I 
where in the second and fourth equalities we used the fact that P is orthogonal, and in the third one we used the 


fact that A is orthogonal. Hence D? = I, and as A and D are similar matrices and thus have the same 
eigenvalues, this implies that all of the eigenvalues of A are equal to +1. 


Hence areal symmetric and orthogonal 3 x 3 matrix is similar to one (and only one) of these matrices: 


b-o 8) Te oD 
E16 1°), b-1. 
Oh Sa 166, Se 


Result 20f2 


It tells us that it is diagonalizable as a diagonal matrix with all entries equal to +1, and thus that all its eigenvalues 
are equal to 1 or —1. We also list an exhaustive list of the diagonal matrices with entries equal to +1 to which it 
can be similar. Click to see more details. 


4.a 


Let A be an n x m matrix such that A*A = D is diagonal. If we write 
Alay ay Ged 


where a; is the ith column of A. Then we have that 


at (a1,@1) (@1,a2) ... (@1,@m) 

—t a2,a a2,a eee a2, a, 
ronal ees ( Z 1) { n 2) ( m) 

Gn’ (@m,@1) (@m,a2) ... (Qm,@m) 


where the form is the standard Hermitian form. Therefore since A* A is diagonal it follows that (ai, aj) = 0, for all 
i # j, and hence the columns of A are orthogonal. 


Result 20f2 


We show that the columns of A are orthogonal. Click for more details. 
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A= (a;;) is a real skew-symmetric matrix if and only if itis areal n x n matrix such that aj; = —aj; for all 1 < 
i,j <n,ie. At = —AThen we have that iA = (iaj;), and hence by the definition of adjoint matrix we have 


(iA)* =7A* = -iA! = -i(-A) =iA, 


which is what we needed prove. Now we can apply the Spectral theorem for Hermitian matrices to 1A, which 
states that there exists an orthogonal matrix P such that 


P*(iA)P = D 
is a real diagonal matrix, but we have 
P*AP=-iD 


(as the multiplicative inverse of i is —i, and hence A is similar to a diagonal matrix with entries being either zero 


or 


purely imaginary (i.e. nonzero complex numbers with real part 0). As similar matrices have the same eigenvalues, 


this also implies that eigenvalues of A are purely imaginary. 


Result 20f2 


We prove the desired result through the use of basic properties of skew-symmetric matrices and matrix adjoints, 
and then apply the Spectral theorem in order to show that a eigenvalues of a skew-symmetric matrix are complex 


numbers with real part 0, ie. purely imaginary. 


6.a 


Suppose that A is invertible and normal, i.e. 


A‘A= AA’. (1) 


First note that we have (A~!)* = (A*)~? -- this is an easy consequence of taking an adjoint of both sides in the 
equality A~!A = I. Then we also see that A is invertible if and only if A* is invertible. Now, let us transform (1) by 


taking an inverse of both sides; then this turns into 
P fas eh zs (A*)“1A7}, 
Recall now that Q is unitary if and only if QQ* = I. Now we compute 
(A*A~!)(A*A“1)* = A*A1(A71)*A 
= A*A1(A*)“1A 
= A*(A*) A714 
ey 


where we used (2) (i.e. normality) in third equality. 


(2) 
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Conversely, suppose that A* A~! is unitary, then 
A‘A*(A1)*A=I. 
Via multiplying by A-! from the right and (A*)~! from the left this turns into 
AAS = (ATA, 


which is, after correcting for the order in which we take adjoints and inverses, equivalent with (2), and thus we 
obtain normality of A by taking an inverse of both sides. 


Result sae 


After noting that invertibility of A implies the invertibility of A* and that (A~!)* = (A*)7}, the result follows from 
some algebraic manipulations of matrix identities. Click to see more details. 


Since P is normal, by the Spectral Theorem for normal matrices we have that there exists a unitary matrix Q such 
that 


Q*PQ = D, 


where D is a diagonal matrix. Note that since P and D are similar then they have the same eigenvalues, and 
hence D is a real matrix. Now we have (since Q* = Q-!) that 


P=QDQ. 
Taking an adjoint of both sides this implies that 
P* = QOD‘ : 


but as D is areal diagonal matrix then D = D* and consequently P = P*. Since P is real then P* = P*, and 
this completes our proof, as P is a symmetric matrix if and only if P = Pt. 


Result 20f2 


We use the Spectral theorem for normal matrices and characterization of eigenvalues of a diagonal matrix in order 
to prove our result. Click for more details. 


(a) 


Conjugate linearity in the first variable and linearity in the second variable both follows from the linearity of the 
integral, while the fact that it is Hermitian symmetric follows from noting that 


Qa —— Qa — Qa x 
F(@)a(0)de = | F(@)g(@ae = | 0) F (8)d8. 
0 0 


It remains to show that it is positive definite, but note that 
ae 2a 
[ F@r40 = | \s0)Pa0 > 0 (1) 


because |f(@)|? > 0. As f is differentiable (and hence also continuous) then if it is nonzero on some point a € 
[0, 277] then it is also nonzero on some € neighbourhood of z, and therefore (1) is strictly positive. 
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(b) 


Note that for any nonzero integer k we have 


2n : 
[ eligg = 0, 2) 
0 
and also note that e” — e~'® -- these follow from the Euler's formula e!? = cos 6 + isin 8. 
It is not difficult to see that W has dimension n + 1, since a scalar combination of terms with ek withk <m 
cannot equal ion Furthermore, let 
n n 
f(x) = > act and g(x) = YS eae 
k=0 k=0 
be polynomials. Then we have 
cs : 27 n n 
[ FeFatea0 = [ ¥ au(e)* ( Sou(ei”)*} aa 
0 0 =0 k=0 
Qn n n 
a ii ( PAC (Som by ( oy) a 
9 k=0 k 
2 n n 
& ip (= me) ( bei | ao 
0 k=0 k=0 
Qn on (3) 
= : azb;.dée 
0 k=0 
n 2x 
— apd, i dé 
k=0 0 
n 
=2 aby, 
k=0 


where the fourth equality is application of (2). As it seems that real scalars would suffice, let aj, be real, then @ = 
ay; for the normality we then require that Se a; = x, while orthogonality between f and g means that 
Sock a,b; = 0. It is now not difficult to verify that the polynomials 


1 Er a" 


satisfy these requirements and that they're independent (by the considerations after (2)). 
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(c) 
We want to prove that for any f and g in V we have 
(T(f),9) = (f,T(9)), 


as this is equivalent to T’ being Hermitian by Proposition 8.6.3.. Hence we compute 


20 


(T(f),9) = [ if"()9(0)a0 
Qn 
Z [ ~iF"(@)g(0)ao 


2a 


=-if T(0)9(0)d0 


where note that the integral is just integration by parts, since f’/(@) = F (0). Hence we have 
Qn 
(T(f),9) =-t : £'(@)g(@)d6 


=~i ons +i [ 3 F(0)g'(0)d0 


—_— 2x 
where note that if On) = 0 because, as we're on the circle, f and g have period 27. Therefore, 


ee 
(T(f),9) =% : F(8)g'(0)d0 
2x 
=f £(0)ig'(@)ae 


which is what we needed to show. 


In order to find the eigenvalues, we need to find all A such that there exists f © W so that 
if'(0) = Af (8). 


This is just a simple first-order ordinary differential equation, which after writing as 


f'(8) ; 
LN If § 
f(a) 
we can integrate in order to obtain 
fo=ae™, 


for some positive constant c. As we're on the circle we require f (0) = f(@ + 27), and hence 


ce79 = ce 9+ 12 


which implies 


ce i27 = il 


which can be seen (by e.g. Euler's formula) to imply that A € Z. 


We also require f to be an element of W, and hence f (6) is of the form 37}, axe, so that e~™, for an 


integer A, is an element of W if and only if A = 0, —1,..., —n. 
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Result Sof 


Most properties in (a) follow from linearity of conjugation and linearity of the integral, as well as differentiability of 


f € V. Next in (6) we find that polynomials Te or tis Ra form an orthonormal basis, and in (€) that 
0,—1,...,n are eigenvalues on W. 
9.a 
Note that 
01 
at 


is symmetric, and hence we use the fact that we can diagonalize A by multiplying it with a matrix whose columns 
are eigenvectors of A, which is consequence of the Spectral theorem for symmetric operatorss. Therefore, first we 
find an eigenbasis of R?, which is not hard by noting that 


C dbl“ o 


Thus if 
then AX, = Xj, while if 


then AX» = — Xo, showing that 1 and —1 are eigenvalues of A corresponding to eigenvectors X; and Xo, 
respectively -- it is also immediate that X, and X» forma basis of R?. We see that both X1 and X» have the 
(usual Euclidean) length 2, and thus we can normalize them by dividing them by V2. Furthermore the matrix 


P=[Xi/v2 X2/V2] 


is orthogonal and we have 
he 5 f' 1 L1 1 0 
t == = 
ie ae I i f 4 i Z| pal 
Now, note that X; and X9 are orthogonal according to the form induced by A, and recall the matrix form of the 


corollary giving the existence of the signature and the Sylvester's law stating that the signature does not depend 
on the choice of orthogonal basis -- therefore the signature of the form is (1, 1). 


Result 2 of 2 


We use the methods outlined in this chapter in order to find such an orthogonal matrix, and in the process we find 
that the signature of the form is (1, 1). 


10. a 
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In order to check that {, } is a Hermitian form, we first check that it is additive in both coordinates, ie. 


{v, + vo, w} = {v,, w} + {v2, w} and {v, w; + wo} = {v, wi} + {v, wo}. 


We compute 
{vy + v2, w} = (vi + v2, Tw) 
= (v;, Tw) + (v9, Tw) 
= {v,,w} + {vo,w} 
and 


{v, w + we} = (v, T(w; + we)) 
= (v, Tu; + Tu) 
= (v, Tw) + (v, Two) 
= {v, w}} a {v, w} 


where the second equality follows from the fact that T is a linear mapping. 


Now we check that for a complex number c, we have 


{ev, w} = c{v, w} and {v, cw} = c{v, w}. 


We have 
{cv, w} = (cv, Tw) 
= C(v, Tw) 
= ¢t{v,w} 
and similarly 


{v,cw} = (v, T(cw)) 
= c(v,cT(w)) 
= c(v, w) 


= c{v,w}. 


Finally we check whether 
{v,w} = {w, v}. 


We have 


where in the second equality we used the characterization of Hermitian operators from the Proposition 8.6.3. Note 
that this is first step of the proof where we used the hypothesis that T is Hermitian, everything before this would 


have ** gone through" if T was just an arbitrary linear operator. 


Result 


We check that this rule satisfies all the properties of a Hermitian form. Click for more details. 


Suppose A is Hermitian with eigenvectors X, and X» with eigenvalues Aj, Ao, respectively. Then AX, = AX, 
and AX» = AXp. It is a part of the Spectral theorem, though it was proved in an earlier section, that Ay and A» 
are real. Now let (, ) be the standard Hermitian product, then we have 


(AX, X2) = (ArX1, Xe) = Ar (Xi, X2) = Ar (Xi, Xo). (1) 


However, by the Proposition 8.6.3 and noting that an operator is Hermitian if and only if its matrix with the respect 
to an orthonormal basis has that property -- and as A is Hermitian then it is Hermitian under the standard basis -- 
we have 


(AX, X2) = (X1, AX2) = (Xi, A2X2) = Ag(X1, X2). (2) 
Combining (1) and (2) we have 
Ai (Xi, Xz) = A2(X1, Xa), 
or equivalently 
(Ai — A2)(X1, X2) = 0, 
and as it is a hypothesis of the exercise that eigenvalues are distinct, then 
(Xi, X2) = 0, 


which is what we needed to prove. 


Result 22 


We use the proposition which gives us the equality (AX,Y) = (X, AY) if A is a Hermitian matrix, as well as the 
fact that eigenvalues of a Hermitian matrix are real, in order to show that (X,, X2) = 0,ie. X; and X9 are 
orthogonal. 


12. a 


We first find the eigenvectors of A, then normalize them and use those vectors as columns of P. Note that the 
Spectral theorem for Hermitian matrices -- since A is indeed Hermitian -- guarantees that eigenvectors form a 
basis and that this procedure diagonalizes A. 


As Aisa2 x 2 matrix, we can find its eigenvalues easily by finding roots of its characteristic polynomial. We 
compute 


1-A z 
det(A ~ M1) = aet| By veal 
=(1-A)?-1 
=(1-A-1)(1-A+1) 
= —X(2—A), 


which obviously has roots A = 0 and A = 2. 
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Now, we have 


Hence we want to solve 


Qe=ax+iy 
2y = y — ia, 
or equivalently 
z—iy=0 
ytia=0. 
If say 2 = 1 then we get y = —i which together form a nontrivial solution to this system. 


We also want to find eigenvector corresponding to the eigenvalue 0, so that we we're looking for z and y such 
that 


r+iy=0 
y—iz=0, 


where by picking z = 1 we get y = 7 giving us a nontrivial solution. 


We have arrived at eigenvectors 


s-[-»[] 


which are easily seen to be orthogonal and 
which we normalize by noting that 


(X4, X1) = (Xo, Xo) = 2. 


Now put 
P=—[X%, X] 
V2 
, then 
sap ek Ha TL ay 0 0 
Pap=3 (i be | i L=[ als 
Result 
We find the eigenvectors of A and normalize them in order to find that 
ee ne A 
= V2 1 2 
is such a unitary matrix. Click to se more details. 
13. a 


Let us describe the process we're going to go through with each of these examples. Note that each of them is 
symmetric, so that the Spectral theorem for symmetric operators/matrices applies. This means that the columns of 
P are going to be normalized (with respect to the standard dot product) eigenvectors of A (as these form an 
orthonormal basis), so that PAP is in each of these cases the diagonal matrix having the eigenvalues of A as its 
diagonal entries. 
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(a) 


We have 


b ll] - bess}. 


where we can immediately notice that if we choose z = y = 1 we get 


blll = fs) 


so that 3 is an eigenvalue of A associated with eigenvector 
1 
1 

. As the other eigenvector must be orthogonal to 


then it must be of the form 


, saya = 1, then 
1 2)/ 1] _ [-1 
2 1/}]-1}° =| 1 


so that we see that this indeed an eigenvector of A with eigenvalue —1. Now from this we obtain that 


(b) 

Similarly as previously we have 
i be Ah fe e+y+z 
ade Ab yl SS eee 
1 1 1} [2 r+yt+z 


Here it is easy to see that if 2 = y = z + 0, then this gives eigenvector 
m1=(1 1 1] 
(for the choice of z = y = z = 1) with eigenvalue 3. Similarly we can see that if A 4 0 and 
rt+yt+z 


e+y+z| =A 
r+yt+z 


aecek 


then z = y = z, and thus 3 is the only nonzero eigenvalue. We're looking for two choices of x, y, z such that 


rt+yt+z 0 
zr+y+z| = ]0], 
et+yt+z 0 
ie. 2+ y+ z = 0, which is equivalent with z = —z — y. If vis in the space spanned by such vectors, then there 
exists p and q such that 
p Pp 0 1 0 
v= q =}0);+j)4¢)=p;0;+¢@)1 
=—p>¢ —P. —q — =* 


53 


But note that the vectors 
and 


are not orthogonal. We use Gram-Schmidt in order to orthogonalize them; that is, we subtract from we the 
orthogonal projection it has onto the space spanned by w} in order to obtain our second eigenvalue basis vector: 


emg OS : aie } = “a . 
(wr, 1 =f). Aiea). baa 


(3) 


in order to obtain the orthogonal eigenbasis 


1/V3 1//2 —1/V¥6 
1/v¥3} , O |,. | 2/v6}, 
1/¥3 -1//2 —-1V6 


Now we normalize 


and hence our matrix P is given by 


1/V3 1¥2 -1/V¥6 
1/V¥3 0 2/V6 | . 
1/¥3 -1/2 -1/V6 


(c) 


Let us first find the eigenvalues of A using the characteristic polynomial. We use the determinant expansion by 
minors in order to compute and 3 x 3 determinant, whereby we obtain 


tA 0! A 
pa(A)=det} 0 1-A O 
1 Os =k 

cr ae O) #eX 

=a-nde['g? 9]4 [0 154) 


= (1 — A)(1— A)(—A) — (1 — A) 
= (1—A)(-A+.? - 1) 


so that by solving A2 — \ — 1 = 0 we obtain that the eigenvalues of A are 1, 5(1 + /5) and 5(1 — /5). Note 
first that 


1 0 1} fz r+z 
1 0 O] |z z 


Now if we want to find an eigenvector corresponding to 1, we have to find x, y and z not all 0 such that 


[rh 
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Where we note that 2 = z = 0 by comparing the first and third entries in each vector. y can obviously be 
artbitrary, so we can pick the vector 


v= {0 1 0)’ 


In order to find an eigenvector for the eigenvalue $(1 =e V5), we analogously have to solve 
1 z zw+z 
z 


Bo 


from which it is immediate that y = 0. Abbreviating t = $(1 + V5), we're now looking for nontrivial solutions to 
the system 


tre=2r+2z 
tz= 2. 


Substituting 2 = tz into the first equation we obtain 
Pz=tz+z 


where we can immediately notice that z = 1 solves this equation as 2? — t — 1 = 0, andhence x = t; this gives 
us that an eigenvector associated to eigenvalue 3(1 + V5) is given by 


3(1+ V5) 
v9 = 0 : 
1 
Completely analogously we could find that the eigenvalue associated with $(1 - V5) is 
3(1— V5) 
0 ; 


1 


v3 = 


Now vj, v2 and v3 form an orthogonal basis, and it just remains to normalize them. v1 already has length 1 and we 
compute that 


(v2, v2) = 5(5 + V5) 


and 
1 
(vs, 03) = 5(5 - V5). 
and hence 
0 (1+-v5) (1-v5) 
VR5+v5)  o/4(5-v5) 
P=/1 0 0 


0 1 1 
ry, 3(5+V5) Py, 3(5—v5) 
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Result 


, (b) 


1//3 1/2 -1//6 
P=j1//3 0 2/V6 
1/V3 -1V2 -1/v¥6. 


, (c) 
4(1+V5) 4 (1-3) 
a Ties JIG 
PS ii 0 0 
Series 5 fatal 
q V36+V5) 4/4 (5-v5) 


14. a 


Let A be areal symmetric positive definite matrix, and suppose that one of its eigenvalues is not positive. By the 
Spectral theorem for symmetric operators/matrices, we have that there exists an orthogonal matrix P such that 


P‘AP =D (1) 


and D = (dj;) is diagonal; it is straightforward to see that diagonal entries of D are the eigenvalues of A. Without 
the loss of generality (as the rows can be shuffled around via invertible matrices) say dj; < 0. Now let 


and multiply (1) from the left by X‘ and from the right by X;; this turns (1) into 


X'P*APX = X*DX 
(PX)'A(PX) = du <0, 


contradicting the positive definiteness of A. Thus, all eigenvalues of A are positive. 
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Conversely, suppose that A is a real symmetric matrix with all its eigenvalues positive. Then, similarly as in the first 
part, we have an orthogonal matrix P such that 


P'AP =D, (2) 


where, since the eigenvalues of A are positive, all diagonal entries in the diagonal matrix D are positive. Suppose 
now that A is not positive definite, so there is some column vector X such that 


XtAX <0. 
Now as P is orthogonal, hence invertible, we can set 
Y=P"'X=P'xX. 
But then multiplying (2) with Y' from the left and Y from the right yields 
(P*X)'P*AP(P*X) = y'DY 
which after some basic manipulations turns into 
X'AX =Y'DY. 
By our assumption, the left-hand side is negative, but denoting 


Y=[n -- Yn] 


we have 
Y'DY =) dui 
i=1 


which is a positive number because each d;; > 0 and ye > 0 with at least one of them being nonzero. As we have 
reached a contradiction, this implies that A is indeed positive definite. 


Result SofS 


In both directions we used the Spectral theorem for symmetric matrices, namely the diagonalization it gives us. 
Click to see more details. 


15. a 
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Let us first show that if A is a square matrix, then 
ker A = (im A’*)-. 
Let X © ker A, then AX = 0. If a € im A* then there exists a Y such that A*Y = a. Now we compute 
(X,a) = (X, A*Y) 
=A AY 
= (AX)'Y 
=0Y =0, 
proving that X is orthotogonal to any element of im A", i.e. 
X € (im A*)-. 
Now let Z € (im A*)-, then 
(Z, A*Y) =0 
for every column vector Y of appropriate dimension such that A*Y + 0. But 
(Z, A°Y) = Z*A*Y = (AZ)*Y, 
and since (AZ)*Y = 0 holds for any vector Y this implies that (AZ)* = 0, ie. AZ = 0, which means that 


Z & ker A, 


giving us the desired equality by noting that we have obtained both inclusions,. 


Now let A be a normal matrix, and note that if a matrix is normal then it is immediately a square by considering the 
dimension of AA* and A* A. Observe that by using the first part, in order to show that 


ker A = (im A)~, 
it is sufficient to show that 
ker A = ker A’, 
for by the first part 
ker A* = (im A**)~ = (im A)*. 


Let X € ker A. Then AX = Oandso (AX, AX) = 0, but also, using the characterization which characterizers 
linear and normal operators (Proposition 8.6.3) and the normality of A, we have 


(AX, AX) = (X, A*AX) 
= (X, AA’X) 
= (A*X, A*X), 
implying that A*X = 0, ie. X € ker A*. Note that this exact line of arguments, only in reverse, shows that if 


X € ker A* then X € ker A, showing that 
ker A = ker A*. 


Result Bors 


For the first part we use the definitions of orthogonal space and image of a linear operator to show the equality of 
sets, while in the second part we show that the question reduces to proving that ker A = ker A* for normal 
operators and show that. 


16. a 
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First note that ¢” = e?! — 1 Thisisa consequence of a standard fact from complex analysis, which states that for 
any real number z, 


e* = cos(z) + isin(z). 
This identity also shows that 
e* = cos(x) — isin(x) = cos(—x) + isin(—x) = e~*. 
Now we can compute the (p, q)th element of A* A as 


bs 2 eZ (pi) (ai) 2 : 
s: bs en en 1 2a (4394 
: 30a = : Jn Jn = aut ada (1) 


j=l 


Now in order to show that diagonal elements of A* A are 1, note that if p = q then (1) is 
lo wig py 1g _ 
= SS pi-93) — = = = = 
n D n ee ae eB oe 
j=1 j=1 j=l 


If p # q then by inspecting (1) we see that if we want to show that A*A = I, then we have to prove that 
enila-p) —0. (2) 
j=l 


Note now that q — p # 0 and that —n < q — p < (this is simply a consequence of the fact that g and p are two 
positive numbers between 1 and n). Now let t = q — p, then since ¢” = 1 we get that ("’ = 1. We also have 


ik t t 
ct — et = cos (27) +isin (27) 5 
n n 


where since —1 < 4 < Lie. —2m < 2nt < 2n, so that, as 0 is the only number in the interval (—27, 277) for 
which simultaneously cosine is 1 and sine is 0, then ¢' 4 1. Now we can show that (2) holds, for we have 


wr e ni(a-P) — yc) 
j=l 


j=l 

=¢+ (Cf)? +--+ (¢f)" 141 

Sad ve ak 
i-t. -i-c@ 


where in the second (and also the fourth) equality we used the fact that (¢t)" = on = 1, and in the third equality 
we used the formula for the sum of a (finite) geometric series. This completes our proof. 


Result 20f2 


We note that (” = 1 and that e** = cos(x) + isin(z) for any real number, as well as show that e” = e7”. 
These facts are sufficient to demonstrate that diagonal elements of A* A are 1, while in order to show that off- 


diagonal elements of A* A are zero we prove that Lj-1 ¢ t = 0 for any nonzero integer t such that —n < t < n. 


17. a 
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Given: A and B are two Hermitian matrices such that 


AB= BA. 


To Prove: There exists a unitary matrix P such that P * AP and P * BP are both diagonal matrices. 


Proof: Let us consider the principal idempotent decomposition of the matrices A and B as 
A= ajA) + agAo +... + ay Ak 
B=b,B, + bo Bo + wi. + bmBm- 


In the above the idempotents A; and B; are Hermitian matrices, 
forl <i<k,1<j <m.Nowwehave AB = BA. 
Then notice that 


BA; = A;B, for 1<i<k. 


This follows that each principal idempotents A; of A commutes with B. 


Then from the aforesaid argument it yield’s that each principal idempotents A; of A commutes with each principal 


idempotents B; of B. 
This is 


A,B; = B;A;, forall 1<i<k, l1<j<m. 


Let us now consider the matrix 


C= oc jAiBj, where cj; are all distinct. 
ij 


Since linearity holds in the vector space of Harmitian matrices we have C is an Harmitian Matrix. 
Let us now define the real polynomials f(a) and g(x) by the assignment 


f(cij) =ai and g(cij) =; foralli, 7. 


Now we have 


C= (S42) (X48) 


(Sasi), since A;B; = B; Ai. 
ij 
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By the similar argument it yield's that 

c"= (Seas). (1) 

ij 
Now notice that 
(0) = $( DasABs) 
ij 
=o fleij)AiBj, by (1) 
ij 


= by a;A;B;, by the definition of f 


-¥ (Sua) 
=>) 4B; 
ay, 


= A, since a B; =1. 
i 


Similarly we have 
g(C) = o( >; cijAiB)) 
ij 

= ¥ 9(ci5)AiB; 
ij 

= =: b;A;B;, by the definition of g 
iJ 

= > ( oS 0B) A; 
i j 

=S° BA, 

=B) RB; 


= B, since > Ai — 
i 


This shows that A and B are polynomials with real coefficients in a common Harmitian Matrix C. 
Now since C is a Harmitian Matrix there exists a Unitary Matrix P such that P * CP is a diagonal matrix, say D. 
Now notice that 


P AP = f(P*CP) = f(D) 
P* BP =g(P*CP) =g(D). 


This follows that both the matrices P * AP and P + BP are diagonal. 
This completes the proof. 


Result a 


First we show that if A and B commutes then both are polynomials with real coefficients in a common Harmitian 
Matrix C' and then proves the result by using it. 
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18. a 


Note that by the Exerelse 6.14. all of eigenvalues of A are positive. Therefore, applying the Spectral theorem for 
symmetric operators/matrices to A we find there exists an orthogonal matrix Q such that 


Q'AQ = D (1) 


where D is a diagonal matrix with diagonal entries being the eigenvalues of A, and we write D = (d; j ). As Q is 
orthogonal and hence QQ' = Q'Q = 1, we can multiply (1) from the left by Q and from the right by Q! to obtain 


A=QDQ' (2) 
Note that since D is a diagonal matrix and dj; > 0 for alli = 1,...,m, then 
D = VDVD = (V/dij)(V/dij), 


where VD is adiagonal n x n matrix such that (7, 7)th entry is Vii. Now we substitute this into (2) to get 
A= (QVD)(VDQ‘) = (QVD)(VD @') = (QVD)(QvD)' (3) 


where we used the fact that /D = /D because ¥ D is a diagonal matrix. 


Now putting P = (QD) the desired result follows. 


Result 20f2 


We use the previous exercise which states that all of eigenvalues of a positive definite symmetric real matrix are 
positive which via the Spectral theorem then yields a way to explicitly write down a form for P such that A = P'P 
. Click to see more details. 


19. a 


Let S be the n x n cyclic shift operator. Since S is a real matrix, we have S* = S* and therefore in order to show 
that S is unitary we have to show that 


so =I. 


We show this by a direct calculation; specifically, we determine (i, j)th entry in SS‘. Suppose first i << n andj < 
n. Then (7, 7)th entry is a dot product of ith row of S -- and it is such that every but (i + 1)th entry is zero, while 
(i + 1)th entry is 1 -- with jth column of S', which is the same as jth row of S‘, and now it immediately follows 
from the description of ith row of S that (7, 7)th entry is 0 except if i = j, in which case it is 1-1 = 1. 


If i < mand j =m then (2, m)th entry is a dot product of a row with only (i + 1)th entry equal to 0 and the nth 
column of St -- that being the nth row of S, which has 1 only in the first position, and thus the dot product is 
always 0asi+1 > 1. lfi =mandj < nthenan analogous argument shows that (n, 7)th entry is 0. 


Finally (n, n)th entry is a dot product of (1,0,--- ,0) (the n row in S) and (1,0,--- ,0) (nth column in St, 
which is the same as nth row in S), and therefore it's equal to 1. 
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In order to find the diagonalization if S, we find its eigenvalues. First note that the name * ‘cyclic shift operator" 
from the property of S that 


7 72 

Z2Q . 

6] 1 =|: 
Tn 
Ly r) 


2 7} 
: v2 
“1 =A]. ], 
Ba 7 
T} In 
which gives us n equalities 
m2 > Ar; 
z3 = Az2 
Zp = ATp-1 
z= ALn- 


As eigenvectors are by definition nonzero, and since if any of those numbers is 0 then each of them is 0, we can 
assume they're all nonzero. Then, by substituting first the first equation into the second, then the second into the 
third, etc, we obtain 


z= A"z1; 
and since rz; = 0, this implies that 
AP = 1, 


Furthermore, we can see that if A” = 1 then it is an eigenvalue, as we can go in the * opposite direction". It is a 
basic fact (from complex analysis, but also used/proved elsewhere; see the Exercise 16 for an idea how to prove it 
assuming Euler's identity) that A” = 1 has n distinct solutions (called nth roots of unity) given by 


1,¢,¢€7,--- ,¢"-1, where ¢ = e* Hence the diagonalization of S is a diagonal matrix with entries 
I; ¢, C. Sa | ox 
Result Sons 


First we show that S is unitary by direct computation, and then we find its diagonalization by determining that its 
eigenvalues are all the nth roots of unity. Click to see more details. 


20.a 


Recall that a matrix A is normal if and only if it commutes with its adjoint, ie. AA* = A* A. Now let C be the 
circulant matrix. We're going to show that (i, 7)th entry, for arbitrary i, 7, of CC" is the same as that of C*C. 


Step 2 20f 4 


First let us examine the (7, 7)th entry of CC". It is the dot product of the ith row of C and conjugated jth row of 
C (since that is what the jth column of C’* is). First, if i = 7 then we see that ith row contains all the numbers 
Co, +++ Cp, and hence the diagonal entry will be equal to 


n 
doe. 
i=0 
Now let i + j, inspecting further we see that its ith row of C is (written as a row matrix) 


[Cn-it2 °° Cn CO ***Cn-i] 


(With convention that c¢; is an empty string for i > n or i < 0 so we don't have to treat first and last row 
separately.) Note that since CC" is a Hermitian matrix then we can assume that i < j, and hence j = 1 + k for 
some positive k. 

Now we have that the (7,7 + k)th entry of CC” is equal to 


Cn—i42Cn—a kad +++ + CoC naka Hot HOKE + +++ + Cp-iln ak (1) 


Now we examine the (2, j)th entry of C*C. It is the dot product of ith row of C* -- which is the conjugated ith 
column of C' -- and jth column of C. We see that every column contains each of the number co, ... , Cn So that 


the dot product of a conjugated column with itself without conjugation -- which is what happens in the case when 
i=j--is 


n n 
ae = ew 
i=0 i=0 
For the case i + 7 note that the ith column of C is (written as a row matrix) 


ae ce a Ome Mae = 


(with the convention that Cn+1 = Cp so we don't have to treat the last column separately.) 
Now let againi < j, 7 =i +k, with the same reasoning as in the previous case. Then (i,7 + k)th entry is equal 
to 


C-1Ci+k—-1 Ht + Cp—kCn-i H+ + COCK + + + Cah eQC0 + * + + Cp-7—-k42Cn-i+2- (2) 


By carefully comparing (1) and (2), as well as the way that those sums arise, we note their equality. 


Result Aots 


We directly compute the (i, j)th entry if CC* and C*C and note their equality. Click to see more details. 
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Recall that by the Spectral Theorem for Normal operators/matrices we have unitary matrix P such that 
Pl AP =D; (1) 
where D is diagonal with its entries being eigenvalues of A. By conjugating both sides of (1) we get 
PA P=D*. 
Now if we know that D* = D, then 
PAP PIA P: 
and by multiplying by P from the left and P* from the left and recalling that since P is unitary then P* P = 
P*P =I, we have 
AT=A. 


When do we have D* = D? Recalling that the adjoint is conjugate transpose, then if D = (dj;) we have D* = 
(dji), and thus this equality holds if and only if dj; = dj; for any 7, which is equivalent with dj; being a real number. 
Therefore, a normal matrix with real eigenvalues is Hermitian. 


Similarly as in the first part, we have 
P*AP = Dand P*A*P =D", 
where by multiplying them we get 
(P*AP)(P* A*P) = P*AA*P = DD". 


Note now that if D = (dij) then DD* = (di;di;) and hence if we want to conclude AA* = I (which means that 
Ais unitary) we must have DD* = I, ie. AX = 1 for any eigenvalue A of A. Observe that AA = |A|. 


Result Sof 5 


We find that a normal matrix is Hermitian if its eigenvalues are real, and that it is unitary if its eigenvalues have norm 
1, i.e. be on the unit circle in the complex plane. Click to see more details. 


22.a 


First we prove analogues of Proposition 8.6.3, Proposition 8.6.4 and Theorem 8.6.5 for symmetric operators ona 
Euclidean space. In order to introduce the analogues, for a linear operator T, with matrix A is some orthonormal 
basis, we define its transpose operator T" to be the operator which has the matrix A‘ with respect to that same 
basis, Note that the proof of its well-definedness would be completely analogous to that of adjoint operators, only 
that we would replace the word unitary’’ with orthogonal" and matrix adjoints with matrix transpositions. 


We define an operator T’ to be symmetric if T = T*, or equivalently if its corresponding matrix is symmetric. 
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(Analogue of Proposition 8.6.3.) 
W prove that if T’ is a symmetric operator and (, ) is a form on a Euclidean space V, then for all v, w in V we have 


(Tv, w) = (v, Tw) (1) 
and 
(Tv, Tw) = (T'v, Tw). (2) 


First fix an orthonormal basis, let A be the matrix of T with the respect to it, and let X and Y be the column 
vectors of uv and w, respectively. Then we have 


(Tv,w) = (AX)'Y = X*(A'Y) = (v, T'w) 
showing (1). Completely analogously we could show that (v, Tw) = (T'v, w). and 
(Tv, Tw) = (AX)'(AY) = (AtX)*(A'Y) = (T*v, Ttw), 
where in the third equation we used the symmetry of A, ie. A = AY: showing (2). 


We also need to prove -- we need this in the proof of Spectral theorem since it implies that a restriction of a 
symmetric operator to an invariant subspace is again symmetric -- that if (Tv, w) = (v, Tw), then T is symmetric. 
By (1) we have (Tv, w) = (v, Tw), ie. 


(v, Ttw) = (v, Tw) 


for all v and w, and therefore T'w = Tw for all w, implying that T = T* which means that T' is symmetric. 


(Analogue of Proposition 8.6.4.) Let T’ be a symmetric operator on a Euclidean space V, W a subspace of V. If 

W is T-invariant, then the orthogonal space W ~ is T*-invariant, and if W is T" invariant then W ~ is T invariant. 
Note that now that we have proved an analogue of Proposition 8.6.3, a basically word-for-word (replacing adjoints 
with transposes) proof from the text works for our case. 


Step 4 4of7 


(Analogue of Theorem 8.6.5) If J’ is a symmetric operator on a Euclidean space and v is an eigenvector of T with 
eigenvalue A, then v is also an eigenvector of T* with eigenvalue X. This follows easily from the observation that 


rar 
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Now we are ready to proceed to the proof of the Spectral theorem. As it has been noted in the short proof sketch 
in the text, it was proved in an earlier section that the eigenvalues of a real symmetric matrix are real numbers. 
Then it quickly follows that since an operator and its associated matrix share eigenvalues, and since an operator is 
symmetric if and only if its matrix is symmetric, hence the eigenvalues of a symmetric operator are real. 


We use this to prove that if T is a symmetric operator on a Euclidean space V, then there is an orthonormal basis 
of V consisting of eigenvectors of T. 


First we choose an eigenvector v; for T, which we can normalize so that |v | = 1. By our analogue of 
Theorem 8.6.5 we have that vj is also an eigenvalue for ao bel (actually, this is obvious just as the Theorem 8.6.5 is 
obvious in this case). 


Hence the space W spanned by v is T*-invariant, and by our analogue of Proposition 8.6.4. this means that wt 
is T-invariant. Since we are in a Euclidean space and hence the form is nondegenerate on it, then 


V=Wew-. 


As have noted before, the restriction of T to W- is a symmetric operator. If W— is of dimension 1 then we are 
done as the invariance of W- under T would imply existence of an eigenvector. 


In the general case with dimension of W~ greater than 1, we note that since the eigenvalues of T are real, then if 
we have AX = AX for real A, if we decompose X into real and imaginary parts, ie. X = X, + 7X9, then X, 
and Xo are real matrices and AX; = AX; and AXo = AXzo, ie. an operator/matrix with real eigenvalues has a 
real eigenvector. 


Hence W -, being a subspace of a Euclidean space, contains at least one eigenvector, say V2, which allows us to 
iteratively extended the basis by considering the space W2 spanned by vo, in which case W+ = Wa © Wi, etc, 
in order to obtain an orthonormal basis of eigenvalues, Vj,..., Un. 


The matrix version now again follows analogously as for the normal operators, except that the change of basis is 
orthogonal rather than unitary. 


Result 70f7 


We define the transpose operator T' for a linear operator T on a Euclidean space, prove various proposition 
analogous to those in the text, and then use them to give a proof of the Spectral theorem for symmetric operators. 


Section 7 


lia 
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Using the notation of the section on conics and quadrics, we have that the matrix A associated with this quadratic 
equation is 


ft ae? ii 
A= 12° D5 i 
Li? 2 
and 
B=|s'6 1), 


A short computation on a computer-algebra system shows that eigenvalues and hence eigenvectors of A are 
beyond cumbersome, so we opt for a non-orthogonal change of basis. We apply an algorithm (see Exercise 14 in 
the Section 4 for details) for diagonalizing via row and column operations in order to find a change of basis which 
diagonalizes A. We have 


D2. tiie D0 1, Se 1 i ea 
200;0 10),~7] 0 -4 -2/-2 1 0 
OU BNO 2 0 =). 0: =i 01 
1 0 0O 1 0 0 
~{ 0 -4 -2)}-2 1 0 
0 —-2 Oj;-101 
t. -G.  <@ 1 0 0 
~{| 0 -4 -2/;-2 1 0O 
00 1]|0 -$ 1 
PD «Oe «Oi 2 0 0 
~{ 0 -4 0/;-2 1 Of, 
00 1};0 -} 1 
so that 
=e ae att =e 0 1 0 0 
0 1 —$ 2 0 OJ JO 1 —3 =|0 -4 0 
0 0 1 LQ Ty (0° °@ 1 OU al 
Changing B to that basis we also get 
1 —-2 0 
B'=([3 0 1])]0 1 -f]/=[8 6 Jj 
0 1 


Hence our quadric is transformed into 
f(z,y,z) =2? —4y? + 27 +324 6y+ 2-6, 


where we * “complete the squares" with substitutions 2’ = 2 — 3/2, y' = y + 6/8, z’ = z — 1/2, so that we 
obtain (dropping primes) 
25 
f(z,y,z) = 2? —4y? + 27 - T° 


By the theorem given in the text which classifies the quadrics (Theorem 8.7.14) we see that this is a one-sheeted 
hyperboloid. 


Result Sof 3 


We find it is a one-sheeted hyperboloid. Click to see more details. 


68 


Consider the function / given by 
SF (%%) = ay ap + 2aygX x, + ayAy +H.x, +b,x, +e 


The loci_f = Orepresent the various conic-sections in the plane p? 


Consider the function given by 
A (%.%)) = 4,9) + 2a,,x,X, +4,,x3 + b,x, +b,x, + 

Let (x,,x,)=Orepresent the equation of an ellipse. 

Let (,k) denote the center of the ellipse 

Now at the center of the ellipse the following condition holds true 


HF) «s c 2 
ESE — (z i: 


df df 
I a i 
So evaluate _— : 


a d (a,x; +2a,,.x,x, +.a,,x3 +6,x, + b,x, +c) 
dx 
= 2a,,x, + 2a,,x, +, 
2 d(a,x; + 2a, XX) + AX +H.x, +b,x, +c) 
dx 
= 2a,,x, + 2a,%, +, 
Since (4) =Oand (<) = 0. This gives the system of 2 linear equation in 2 two 
<A et 


5, 2 


variables which are as follows 


2a,,h+2a,,k +b, =0 
2a,,k +2a,,h+b, =0 


Use the method of elimination to solve the above system of equation 
Multiply the first equation by (a,,/a,,)and second by } 


2 
2a,,h+ 2 (40) , = 42h, 
ay, a, 
2a, h+ 2ayk = —b, 


Now subtract both the equations to eliminate the variable x, 


a ' »| s a, 


a (ud ~ Ay }-4 1 ~bay, 


ay a, 


(cara 
: (a, y Tha 


Now multiply the second equation by (a,, /a,, )and first by } 
2a,,h+2a,k+b, =0 


2| (2) | 20,,k = be 
ay ay 
Now subtract both the equation to eliminate the variable x, 


een) ees 


a (a) et a, ~ bya, 


ay ay 


ie yf Aegtee 


° (a, y ~A,Ay, 
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Define a new map g(x, ,.x, )which is obtained by translating the function f(x, ,.x, )to the center 


(i,k) given by 
(napa 3{ Aepttn) {=t 
2 (a) — aay, : (a) - 4,4 


So, g(x,,x,)=S (x, +4.x, +k) 

Under this translation the function g (x, ,.x, )attains the form 

g(x,.x,) = Ax +2Bx,x, + Cy + F =0, where the coefficients can be evaluated 

Therefore, one can translate the quadratic equation as mentioned in the above solution. 


3.a 


Suppose that 
f(x,y) = ay2? + 2apry + ayy” + biz + boy +c 


and so f = Oisaconic. First recall that a circle is an ellipse (as given by the classification of ellipses in the 
Theorem 8.7.5) with with coefficients a;; and ag being equal. Hence if the conic is a circle, we must have that 


A—|% a2 
a2 a22 
a 0 
0 a}? 


a > 0 @reater than zero WLOG, otherwise we just multiply the whole conic with —1). But this means there exist an 
orthogonal P such that 


has a diagonalization of the form 


FAP =al, 


whereupon multiplying by P from the left and P* from the right, and noting that scalar multiplication and 
multiplication of J with any matrix commute, we obtain 


A=al, 
and therefore 


Q}) = Q99 = a > Oanday = 0; (1) 


now we have 
f(x,y) = ax* + ay” + bya + boy +e. 
We introduce the substitutions 


Paine, Sep fas) be 
s=2 Fakat owe J 3a (2) 


(we shift the potential circle to the center with this transformation) in order to obtain (after dropping primes) 


f(x,y) = ax? + ay? + bi + b5 +c 
VY = y 4a2 da2 +] 
and so for f = 0 to be circle we must also have 
bt bs 
ta? + qa? +c<0, 
or equivalently 
b; + bs + 4ca” < 0. (3) 


(This actually ensures that the conic is nondegenerate.) 
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Hence these are necessary conditions, and let us comment briefly how to see that they are also sufficient. Suppose 
there was a conic satisfying (1) and (3). Then after performing the change of coordinates (2) (which only moves the 
conic), and abbreviating the left-hand side of (3) as k, we know that its equation is 


But since = > 0 we know that this describes a circle on the plane. 


3 of 3 


Result 


Anecessary and sufficient condition for aconic f = 0 with f(x,y) = ay)2? + 2ayory + aggy? + bjx + boy + 
cto be a circle is given by a1; = @29 =F 0, and bj + b3 + 4caz, < Oif ay; > O and bj + b3 + 4ca?, > Oif 
ay; < 0. Click for more details. 


4.a 


Let f be a quadric, ie. 
f (x1, 22,23) = X‘AX + BX +c, 

as described in (8.7.12). The case when B = 0 and c = 0 is already determined in the text to be a double cone, 
that is a union of lines through origin. 
Inspecting Theorem 8.7.14, we see that the following classes are not categorized there: 

(a) az} + a9r3 —1=0, 

(b) az} = AyX5 -1=0, 

(©) ayzj— 2 =0, 

(d) aya? - anor3 ~ x = 0, 

e) auz? _ aor} + x =0, 


where we have ignored the cases when coefficient next to quadratic terms are 0, as these are just planes/lines, as 
well as some cases which reduce to the listed ones through substitutions, those that form an empty set or set with 
only one point, etc. 


We see that (a), auzt + a7223 —1=0, isa union of ellipses, i.e. an ellipse on each plane x3 = r € R. This 
shape is called elliptic cylinder. 


Similarly, (b), ayi2? _ an223 — 1 = 0, is such a union of hyperbolas. It is called hyperbolle cylinder. 


In (¢) too we can recognize an equation for a parabola. As it does not depend on 23, it is again a union of 
parabolas, and hence called parabolic cylinder. 


The (d) and (e) were already classified in the text. 


Result 3of3 


In addition to the degenerate quadrics already classified in the text, we also find there are so-called elliptic 
cylinders, hyperbolic cylinders, and parabolic cylinders. Click for more details. 
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Section 8 


lia 


Since A is skew-symmetric then A’ = —A, and hence A = —A?. Now we compute 
A = AA = (-A')(—A’) = At At = (At)? = (A?), 


showing that A’ is symmetric. Note that we could interchange transposition and squaring because (A?)¢ = 
(AA)! = AtAt = (At)? 


Now we want to prove that A? is negative definite. Let X be a nonzero column vector, then since we have A = 
— At, we have 


X'A?X = X'AAX 


= X'(—-A‘)AX 
= —X'AlaAx 
= —(AX)'AX 
where we note that since AX is a column vector, say 
AX =[a; +++ a,| 


, then (AX)*AX = 30” | a?, and hence since a; are real numbers we have 
(AX)'AX >0 
and hence 
—(AX)'AX = X*A?X <0. 


To see that the inequality is strict, note that for equality to hold we would have to have AX = 0 for anonzero X; 
but as A is invertible this is impossible. This completes our proof. 


Result Sof 


Symmetry of A? is straightforward from noting that since A is skew-symmetric then A = — At, and substituting 
this for A's. Negative definiteness also follows from this observation and substitution. Click to see more details. 


Since a real skew-symmetric form on W is nondegenerate, it follows that the dimension of W is an even integer 
(this is Corollary 8.8.8). Hence, again by the results of that section, we can choose a basis wj,,..., Wa, such that 
the matrix of the form is made up of diagonal blocks of the form 


a= (9 il: 


Therefore, it follows directly from the form of the matrix of the form that 


(wi, wi-1) =1ifiiseven, (1) 
(Wj, Wjs1) = —lifiisodd, (2) 


and (w;,w;) = 0 in any other case. 
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Now let 7: V — W bean orthogonal projection, where we write 


2n 
n(v) = s tw. 
i=l 
We want to determine the form of t;. In order to do this, note first that as 7 is an orthogonal projection, then we 
have that for any vector v € V, v — 7(v) is orthogonal to W, ie. 
(wiv — m(v)) =0 
fori = 1,...,2n. Therefore, by the bilinearity of the form we have 


2n 


(w;,v — (v)) = (wi, v) — >- (wi, wy)t;. (3) 


j=l 


Note that in (3) we have 7 fixed and j spanning from 1 to 2n; therefore, we need to consider two cases, one when 
7 is even and another when 7 is odd. If 7 is even, then evaluating the sum in (3) and using the fact that v — m(v) is 
orthogonal to W we get 


0 = (wi, v) — (wi, wi-1)ti-1, 
where recalling (1) we have 


0= (wi, v) = ti-1, 


implying that 
tj-1 = (wi, v). 
Completely analogously it would follow that if 7 is odd, then ti. = —(wi, v). 
Putting these together we obtain 
2n 


n(v) = y(-y" (wj;, v) Uj. 


i=1 


(Exponent 7 + 1 comes from the fact that we want the sign to be positive when i — 1 is even, i.e. when 7 is odd, 
and negative when i + 1 is odd, i.e. i is even.) 


Result Sots 


Let 7 : V — W be the orthogonal projection, v € V, then we show that the orthogonal projection is of the form 


2n 
a(v) = SYo(-0) (wi, v) Wj. 


i=1 


Click to see more details. 


We first show that J + S is invertible. Note that if AB for some square matrices is invertible, then so is A; this is a 
consquence of the multiplicativity of the determinant, for det(AB) = det A det B, and so det(AB) # 0 implies 
det A + 0. Therefore it sufficies to show that 


(1+ S)I-S)=P-S+S-S=I1-S? (1) 


is invertible. First note that by the first exercise in this section, S? is symmetric (we did not use the hypothesis of 
invertibility in that part of the proof). Furthermore, the second part of my proof of that exercise also shows that S? 
is negative semidefinite. Now reasoning analogous to that of Exercise 14 in the section on Spectral theorem shows 
that all eigenvalues of a negative semidefinite matrix are < 0. 
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Applying the Spectral theorem for symmetric operators to S? we obtain that there exists an orthogonal matrix P 
such that 


P's?*P =D, 
D is diagonal, and by the characterization of eigenvalues of S ? we have that all its entries are nonpositive. 
We also have 
P'(I-S*?)P=P'IP —- P's*P =I-D, 


where recalling that all entries of D are nonpositive, we obtain that J — D is a diagonal matrix with all positive 
and therefore nonzero diagonal entries. This shows that J — D is invertible, say it has an inverse C, then 


(P*(I — S*)P)C =I, 


where by first multiplying by P from the left and then by Pt from the right, and noting the orthogonality of P, we 
obtain 


(I — S?)PCP* =I. 


Now, recalling (1) we see that we're done. 


Let us now show that (I — S)(I + S)-1 is orthogonal. We are going to be using this shortly, so let us first prove 
that J + S and I — S commute. This is straightforward by direct computation, for 


(I+ S)\I-S)=P-S+S-S=I1-S? 
and 

(I-S)\I+S)=P+S-S-S=I1-S*. 
Now we compute 


(UZ -— $)1 + 8) = (1+ 8)" - 8) 
= [7+ S)}"(1 - $) 
=(I- $)(I+S) 


where note that by skew-symmetry of S and the property of transposition that (A + B)' = A' + B*, we have 
(I+ S)' = I = S. Now we multiply 


[(Z -— $)\(1+ 8) }'U -— S)(1+ S$) = (1 - $)(1+ 8) - $)(1+8)7} 
=(I-S)*(I1-s)(I+s)* 
= fy 


where the first equality follows from what we just proved, and the second equality follows from the fact that J + S 
and I — S commute. This completes the proof of orthogonality of (I — S)(I + S)-1. 


Result Sof 


For the first part we use the first exercise as well as the characterization of eigenvalues of a negative semidefinite 
symmetric matrix and the spectral theorem. Second part of the exercise follows from direct computation and 
observation that J + S and I — S commute. Click for more details. 


4.a 
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Given: A is a real skew-symmetric matrix. 


To Prove: 
(a) det(A) > 0. 
(b) If A has integer entries, then det(A) is a perfect square. 


Proof: First we start with a lemma. 
Lemma: A skew-symmetric matrix of odd order have determinant zero. 


Proof of the lemma: Let A be a skew-symmetric matrix of odd order. 
Now since A is a skew-symmetric matrix we have 


A™ =—A, where AT denote the transpose of A. 
Also note that for any matrix A 
det(A) = det(A7). 
Then from the above argument it follows that 


det(A) = det(A7) 
= det(—A) 
= (-1)0rder of Adet(A) 
= —det(A), since order of A is odd. 


This follows that 
det(A) = 0. 
Hence we proved the Lemma. 


Now Note that if we prove (b) first then automatically (a) comes true for the integer entries. Since a perfect 
square number is always greater equals to 0. 
So let us prove (b). 


Let us consider A is ann x n real skew-symmetric matrix, and it is enough to take n is even, by the lemma. 
If all the entries of the first row of A are zero, then the determinant of A is zero, and which is a perfect square. So 
we are done for this case. 


Now assume that at least one entry of the first row of A be non-zero. 
Let us consider the matrix A as 


A= [aij]nxn- 
To prove the aforesaid statement we will use induction on n. 


For n = 2 let us look at the matrix as 


A= i AE where b € Z. 


Then 
det(A) = b? > 0. 


So for n = 2 our statement is true. 

For our simplicity let us assume the non-zero entry in the first row of A be ayo. 

Now by doing column operation on A we can make the first row of A as [0, a2, 0,0,...., Orn. 

Similarly by doing row operation we can make the first column as (0, —ay9, 0, 0, ...., O]n«1- After making the first 
column as above, note the at the end of row operation the first row will be same as (0, Qy9, 0, 0,...., 0) ine 

Then call this changed matrix as B. 

Then obviously we have 


det(A) = det(B). 
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Now ignore the first row and first column in B. Then we have left a 
(n — 2) x (nm — 2) matrix, say C, which is again skew-symmetric. 
Again notice that 


det(A) = det(B) = a?,det(C). 
Now by the induction hypothesis we have 
det(C) = R*, where R € Z. 
Therefore we have 
det(A)a7,R? = (ay2R)’. 


This follows that det(A) is a perfect square. 
This completes the proof. 


Now we will prove that det(A) > 0. 

We know that only real eigen-value of a skew-symmetric matrix of real entries is Zero. 

\f det(A) = 0 then we are done. 

If det(A) + 0. Then the eigen-values of A are all non-zero, since determinant of A is the products of all its eigen- 
values. 

Since otherthan 0 there is no real eigen-value of A, in this case 0 is not possible, so all the eigen-values are of the 
form a + ib, where a, b € R. Since A has even order, it has even number of eigen-values. 

Now a+ ibis an eigen-value of A implies a — ib is also an eigen-value of A. 

Then there are fracn2 pairs (a + ib, a — ib), which are eigen values of A. 

Now determinant of A is products of all these eigen values. 

Therefore 


det(A) = [[(a + ib)(a — ib) = [] (a? + 0) > 0. 


This completes the proof that det(A) > 0 for a skew-symmetric matrix of real entries. 


Result 4of4 


First we show that for a skew-symmetric matrix A with integer entries det(A) is a perfect square and then proved 
that det(A) > 0 for a skew-symmetric matrix with real entries. 


Miscellaneous Problem 


lia 


Let G be a group and let G acts on a set § under the operation «. 
Then the orbit of an element x € Sis given by 
G(x)={gre X:geG} 


76 


In Sylvester's Law, the six standard matrices are as follows 


Third type- (3 0} 


Fourth type- 4 = b | 


Now consider the operation of the group GL, on 2x 2 matrices by 
P*A= PAP’, Where 4is a symmetric matrix 
Now let the matrix 4 has general form 


a-(% ”) were x,y,zeER 
yz 


Then det(A)is given by 


worl 


=xz- y 
Since the determinant is a homogeneous function, so y* = yz is the required geometric figure. 


Define new axes u,vas 


2 2 
So, 


(HF) 
AWK 2 
w-v 
ane 
Hence the equation y? = xz transforms into 4? = y* +2y? , which is the equation of an elliptic 
cone in R* 
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Let Pe GL,have the general form 

p-(2 j jwtere abode 
ed 

Now corresponding to the matrix of the first type 
00 

“(0 9) 

Since the matrix 4 is congruent to 4 

Now consider the py p’ 

PIP =0 

Thus the first type corresponds to the points (0,0,0) in the space 

Now corresponding to the matrix of the second type 


(0 9} 


Consider the matrix p2 p* 


Par ale aho oho a) 


Thus this corresponds to the point (a’,ac,c* )with ad—be#0- 
Then y? = xz, with x,z > but simultaneously they both can't be zero 


Now corresponding to the matrix of the third type 
3-(7 4 

0 0 
Consider the matrix p3p' 

a b\(-1 O\fa c 

ap -( ake ols ‘) 

w. b\(-a -c 

“le djlo 0 


-a -ac 
4 2 
—ac -C 
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Thus this corresponds to the point (~a*,—ac,—c* )with ad -be #0. 
Then y? = xz, with x,z <0 but simultaneously they both can't be zero 
Now corresponding to the matrix of the fourth type 


Consider the matrix pgp’ 
b)\fl 0 
Pap = a ae 
ce d)\0 1)\b d 
_(a b\fa ec 
“le djlb d 
+ a+b ac+hd 
ac+bd @¢+d 
Thus this corresponds to the point (a* +b” ac +bd,c* +d” )with ad —be #0. 
Then xz—y? =(ad—be)’ >0, with x,2>0 
Now corresponding to the matrix of the fifth type 
-!| 0 
5= 
0 -l 


Consider the matrix psp’ 


Thus this corresponds to the point (—a* —b*,-ac—bd,-c* -—d”) with ad—be #0- 
Then xz—y* =(ad-be)’ >0, with x,z<0 
Now corresponding to the matrix of the sixth type 
1 0 
(0 5) 
0 -l 
Consider the matrix pgp’ 
P6P' = a b\(1 O\fa c 
c dO -I)\b d 
_(a b\fa_ ic 
“le dj\-b -d 
J a-b ac-bd 
ac-bd ¢-d’ 
Thus this corresponds to the point (a? —b* ,ac—bd,c* —d* )with ad —be #0. 
Then xz—-y? =(ad-be)’ <0 


Now, the cone is given by the following geometric figure 
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The cone splits into three orbits: 

Type 4 corresponds to the point of origin. 

Type 2.corresponds to the positive cone with y > 0 

Type 3 corresponds to the negative cone with 4 <0 

Type 4 corresponds to the interior of the positive cone with 4 >0 
Type § corresponds to the interior of the negative cone with y <0 
Type 6 corresponds to the exterior of the cone 

Therefore, the result in the question has been proved. 


(a) 
Since A and B symmetric then 

A= Aland B= B*. 
Hence 


(AB + BA)! = (AB)' + (BA)! 
= Btat + AtBt 
= BA+AB 
= AB+BA, 


so that AB + BA is symmetric. Now similarly 
(AB — BA)! = (AB)' — (BA)! 


= BtAt— AtBt 
= BA-AB 
= —(AB - BA), 


so that AB — BA is skew-symmetric. 


(b) 


In analogy with the (a) part we could show that if A and B are Hermitian then AB + BA is Hermitian and AB — 
BA is skew-Hermitian. However, as we're looking for symmetry, let 


0 1+i 1 1+i 
re ear | (es rae 


ie. A and B are Hermitian. But it can be easily computed that 


4 242i 
aB+BA=|, 4), oh 


which is neither a symmetric nor a skew-symmetric matrix. Similarly, if 


_f 1 14i if @ ati 
am[2, ty) a=. oT, 


then 


QO = 9 
AB-BA=|, °9, ‘ |; 


which is neither symmetric nor skew-symmetric. 


80 


(c) 
We have that 


A' = —Aand Bt = -B, 


so that 
(AB + BA)' = (AB) + (BA)' 
= B'At+ AtBt 
= (—B)(—A) + (—A)(-B) 
= BA+AB 
= AB+ BA, 


so that AB + BA is symmetric. Similarly 


(AB — BA)! = (AB)! — (BA)! 
= BtAt — AtBt 
= (—B)(—A) — (—A)(-B) 
= BA-— AB 
= ~(AB + BA), 


ie. AB — BA is skew-symmetric. 


(d) 
We have, since A‘ = A and Bt = —B, 


(AB + BA)! = (AB)' + (BA)* 
= BtAt + AtBt 

(—B)A+ A(-B) 

~BA- AB 

= -(AB+ BA), 


so that AB + BA is skew-symmetric. And finally 
(AB — BA)! 


(AB)! ~ (BA)! 
= BA’ — AtBt 

= (-—B)A-A(-B) 
=-—BA+AB 

= AB— BA, 


ie. AB — BA is symmetric. 


Result 20f.5 


We obtain the results as follows: 


a. AB + BA symmetric, AB — BA skew-symmetric, 
b. Neither of AB + BA nor AB — BA symmetric or skew-symmetric (but similarly as in (a) it could be shown 
that the first is Hermitian and the second is skew-Hermitian), 
c. AB + BA symmetric, AB — BA skew-symmetric, 
d. AB + BA skew-symmetric, AB — BA symmetric. 
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(a) Real Orthogonal 
Determinants 
Let P be a real orthogonal matrix, then P is a real matrix and 
PP'—pP'p=I., 
Taking a determinant of both sides of PP* = I, and using the fact that det P = det P', we get 
(det P)? = 1, 


which implies that the determinant of P, as it is a real number, is either 1 or —1. In order to show that these can be 
achieved, note that J is orthogonal and has determinant 1, while 


0 «1 
-1 0 
is orthogonal and has determinant —1. 


Eigenvalues 


In the exercise M.6. we prove that an eigenvalue of a real orthogonal matrix must be a complex number A with 
|A| = 1. Proof that each such complex number can actually be realized as an eigenvalue of some real orthogonal 
matrix can be given using rotation matrices. 


(b) Unitary 

Determinants 

Let Q be a unitary matrix, ie. Q is a complex matrix and Q*Q = QQ* = I. Note that 
det Q* = det Q, 


where = denote the complex conjugate. This is a consequence of the fact that det Q = det Q*, the additivity and 
multiplicativity of conjugation and the fact that a determinant of a matrix can be written as a sum of products of 
elements of that matrix. Now similarly as in (a), by applying determinant to QQ* = I we obtain 


det Qdet Q = 1, 
so that 
|det Q|? = 1, 


which means that | det Q| = 1. This means that that determinants of unitary matrices are given by complex 
numbers of modulus 1. 


Elgenvalues 


Completely analogously as for real orthogonal matrices, it can be proved that eigenvalues of unitary matrices are 
complex numbers with modulus 1. 
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(c) Hermitian 
Determinants 


Let H be a Hermitian matrix, so that H = H*. Therefore, noting the equality det H* = det H for which we gave 
a sketch of a proof in (b), we have 


det H = det H, 


which implies that det H is a real number. We see that each real number does indeed manifest as a determinant of 
a Hermitian matrix since 
a 0 


is a Hermitian matrix for anya € R. 


Eigenvalues 


It was proved in Theorem 8.3.11. that eigenvalues of a Hermitian matrix are real numbers. 


(d) Real symmetric, negative definite 
Determinants 


Using Theorem 8.4.19, which gives a characterization of positive definite symmetric matrix A according to 
positivity of determinant of its minors (one of which is the matrix A, we see that if A is a real symmetric matrix then 
Ais negative semidefinite -- as the negation of positive definite is negative semidefinite -- and det Aj, < 0 for all 
minors. 


In order to prove that if A is negative definite then we indeed have a sharp inequality for its determinant, i.e. 

det A < 0, we just have to note that A is invertible. This follows from first observing that A is invertible iff —A is 
invertible, and —A is positive definite, so it is invertible by e.g. Theorem 8.2.5, the theorem giving the 
characterization of the dot product on R”. 


Eigenvalues 


First note that since Hermitian matrices have real eigenvalues, then so do symmetric matrices. Now, if A is a 
negative-definite symmetric matrix and A is an eigenvalue of A, then there exists an X such that AX = XX. By 
multiplying from the left by X* we obtain 


x Ax SAK, 


By negative definitiveness, we know that the left-hand side is a negative number, and that X'X > 0, proving that 
A < 0; we obtain that the eigenvalues of real symmetric, negative definite matrices must be negative real 
numbers. 


(e) Real skew-symmetric 

Determinants 

Let A be real and skew-symmetric n x n matrix, so that A = — Al. Since det A = det A’, we have 
det A = det — A‘ = (—1)" det A, 


from which it follows that if n is an odd number, then det A = 0. If, however, n is an even number, then det A > 0 
; this is the statement of the Exercise 8.4.. 


Eigenvalues 


In Exercise 6.5. we showed that the Spectral theorem implies that the eigenvalues of a skew-symmetric are purely 
imaginary, i.e. complex numbers with real part 0. 
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Result ete 
We obtain the following results: 
(a), Real orthogonal: Determinants are either 1 or —1, eigenvalues are complex numbers z with |z| =i. 
(b), Unitary: Both determinants and eigenvalues are complex numbers with modulus 1. 
(c), Hermitian: Both determinants and eigenvalues are real numbers. 
(d), Real symmetric, negative definite: Both determinants and eigenvalues are negative real numbers. 


(e), Real skew-symmetric: Determinants are 0 for the case of an x n real skew-symmetric matrix with n odd, and 
nonnegative real numbers if n is even, and eigenvalues are purely imaginary, i.e. complex numbers with real part 0. 


Click for more details. 


4.a 


We use a determinant identity for block matrices which states that if A, B, C, and D are matrices of dimension 
nxn,nXm,m xX n,andm xX m, and A is invertible, then 


A B 


det be D 


= det(A) det(D — CAB). 


Applying this to our matrix in question, we get 


I Es 


det ee I 


= det(I) det(I — (—E)I~!(E*)) = det(I + EE’). 
Therefore, in order to show the invertibility of this matrix, which is equivalent with 

ye 
det | EI +0 


, itis sufficient to show that det(J + EE*) + 0, ie. that J + EE’ is invertible. Note that BE* is Hermitian, so we 
can apply the Spectral theorem for Hermitian matrices to obtain a unitary matrix P such that P*(HE*)P = D, 
where D is a diagonal matrix with diagonal entries being eigenvalues of EE*. Now we compute 


P*(I + EE*)P = P*P + P*(EE*)P =I + D, 


so that, since P and P* are unitary and therefore invertible, we have that 


det(I + D) = det(P*(I + EE*)P) # Oif and only if det(I + EE*) 4 0. 


It remains to prove that J + D is invertible; note that it is the diagonal matrix with entries 1 + Aj, where 7 is the ith 
eigenvalues of EE", so that 


det(I + D) = Ila +X); 
ix] 


i.e. it is nonzero if and only if there is no eigenvalue A = —1. 


In orders to show that all eigenvalues of EE* are nonnegative, let us show it is positive semidefinite. For an 
arbitrary (complex) vector X we have 


X*BE*X =(E"X)'E*X 


which is a sum of elements of the form 2;{Zji, which is a real number greater or equal to 0, where 2; is the ith 
coordinate of E* X. Therefore, by reasoning similar as that of exercise 6.14., where we showed that a symmetric 
matrix has positive eigenvalues iff it is positive definite, so could we show that a Hermitian matrix is positive 
semidefinite iff it has all its eigenvalues nonnegative, which completes our proof. 
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Result 20f2 


We use a determinant identity for block matrices which states that for appropriate matrices we have 


4 DI = det(A) det(D — CA“B), 


det & D 


after applying which we get a determinant of I plus a Hermitian matrix, which makes our problem amenable to an 
application of the Spectral theorem. Click to see more details. 


5.a 


Let a,b,c € R* be an arbitrary element. Then triple vector product is defined as follows 


(axb)xc=—(c-b)a+(c-a)b. 


(a) 

Let yeR’: 

Let T(x) =(xx v)xv, where  ¢ j’be fixed. 

Consider (7(x),x) , 

(T(x),x) = ((xxv)xv,x) 
=(-(v-v)x4+(vex)y,x) 
=(-)of x,x) +((vex)y, x) 
=-M bP +(x). 

Now evaluate (x,7(x)), 

(x,T (x) = (x, (xxv) xv) 
=(x,-(v-v)x+(v-x)y) 
= (x,-[vf x) +(x,(v-x)y) 
=- Mb +(y-2)a.) 

Now clearly (x,v) = (vx) 

But since x, ve R*so, 

(x, v) =(v,x) 

Hence (T(x),x) =(x,T(x)), 

But (7 (x),x) =(x,7" (x) 


Use this equality so, 
(x,T(x)) =(x,7" (x)) 
Since y ¢ R'is arbitrary. 


So 7 =7", in particular for real space 7 = 7". 
Thus, 
The given operator defined on a real space is symmetric. 
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{b) 

Let B= (€,.€25€5 ) denote the standard basis for jp*such that ¢ = (0,0,0,.... 1,0, 0,0) where jis 
at ;* position. 

Now, 


(4) =(4x»)xv 
=((1,0,0)x(v,,5.¥5))»(%.¥55%5) 


=(0,-v4,¥,)*(¥%.¥55"5) 

- (-(»" +¥, ).vvieryy ) 
Rewrite the L.H.S with respect to the standard basis 
T(e,) =(-(» + as A ) 

= -(v, +v, Je, +(vyy Jes + (yy Jey 
Similarly evaluate T(e,)and T(e,) 
T(e,)=(Yy, Je, +(-(v? +¥ Je, +(¥¥ Je, 


T(e)=(Mry)e, +(ry Jes +(-(v,’ +¥ Je 


So the matrix for the given operator is given by 


2252 
-(», +Vv, ) vv; YY; 
a a. 
[7], = VV; -(», +¥, ) v,V; 
Sr, a 
VWY5 V2V5 -(¥ +V, ) 


Hence, the matrix for the operator defined on the real space by T(x)=(xxv)xv , where 
ve R? be fixed is given by 


ti 78 
-(vP +¥,) WY5 vy 
= 3453 
[7], = VV, -(¥, +V, ) v5V, 
a4 
wYs VaN5 -(¥, TY, ) 


(a) 
The reasoning is correct up to the part where it goes from 
AXOK aS NONEY 


to\ =A7! The assumption here is that X ‘Xx + 0, which does not need to hold if X is a complex eigenvector (in 
fact, in the exercise 12 we are asked to prove that if X is a complex eigenvector with a complex eigenvalue then 
XtX = 0 always). To give an explicit example of a complex vector X such that X'X = 0, take 


X=. 
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(b) 


As we are dealing with complex vectors, we do the natural thing and take adjoints instead of transposes. This also 
guarantees that X*X + 0 unless_X is the nullvector. Now we have, in the analogy with the steps take before, 


X*P*X = (PX) X = (AX)/*X =AX*X (1) 
and 
ad oe ee tel ae ae a ae € (2) 
where in the second equality we used the fact that since P is real then P* = P* and that P is orthogonal. Now 
this implies that 
X=." 
and hence 
MSL 


This can be reformulated as |A|? = 1, or equivalently |A| = 1. 


Result 3 of 5 


In (a) part we note that the error is in assuming that X‘X + 0, which does not need to hold if X is a complex 
(eigenvector. In (b) we correct that to prove that an eigenvalue of P is a complex number with modulus 1. 


7.a 
WI 


8.a 


Let pbe any matrix such that Pp? =Q, this holds only if all the entries of the matrix Qare non- 
negative. In mathematical way, 


P, = JQ, , where P, and Q, denotes the jj*element of the matrix pand Q. 


(a) 
Let 4 be a nonsingular complex matrix. 
Then 4*denote the adjoint of the matrix 4. 
Gy ee, 
LetAw| i *. 3, 
a, 


mi 
Then 4*is the conjugate transpose of 4 
So, 


My vee Amy 


ey sl 

Now consider jj"*element of the matrix 4 and _4* which are given by 
A, =a,and (4°) =a, 

Hence 4” gall its entries non-negative. 

So square root of the product is well defined. 


Now define B= (4) 


Then, clearly p? = 4°4 
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Now consider, 

(8°) =(44) 
<4 (4) 
=A'A 
=B 


Hence from this it can be concluded that gis Hermitian & by definition of 8 it is positive 
definite. 


Let Cbe any other matrix such that it satisfies all the above proved property. 
So, (=A A=B 

Thus, 

Cc = B 

Hence, 

=>C-B=0 

Since, both C, Bare positive definite. 

So, 

C=B 

Thus, 


Let 4 be a nonsingular complex matrix then there exists a positive definite Hermitian 
matrix g suchthat p? — 4° 4 , moreover this matrix is uniquely determined by 4 . 


(b) 
Let ,4be a nonsingular matrix. 
Let gbea positive definite Hermitian matrix such that p? — 4°4- 
Consider (4B) ( AB") 
(4B") (4B")=(B") 4B" 
=(B°)' 4°4B" 
=B'A' AB" 
Now since p? ~ 4° 4 
(4B") (4B")=B' a AB" 
- B'B’B" 
-(8'8)(8B") 
=/ 
Now consider (4B")(4B"y) 


(4B")(AB") = 4B"(B") 4° 
= AB'(B')' 
= AB'(B)' A’ 
= AB? A 
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Now use gp? ~ 4°4 
(4B")(4B") = AB? a 
= A(B*)' A 
=A(4'A)' a 
Now. 
(4B")(AB") = A(4'A) | a 
=AA"(A')' A 
=! 
Hence, 
(4B")(4B") =(4B") (4B")=1- 
Thus, 
AB” \s aunitary matrix 
(c) 
Let 4 be a nonsingular matrix of order mx». 
Choose p? = 4°4, thus po Jy'4 
Let Rank(A)=rs<n. 
By Spectral theorem, there exists an orthonormal basis of eigenvectors for psay 


This implies that V4 A(y,)= Py, =Ayv,,1sisn , where 4 denotes the eigenvalue 
corresponding to the eigenvector y, . 


Since, Rank(A)=r<n 
Also all the eigenvalues 4,,4,,4,,..4, >0 aNd 2... A 5.04, =O 


Consider the set 
{t Pre ay ene av, 
A 4, 4, 


Consider the inner product of any two elements of this set, 
I 1 1 
(— Av,,— Av,) =——(A 
ATA, AA, 


= —w,,4'Av,) 


v,,4v,) 


1 
“7a 4) 
4 
| 1 A 
— Av,,—A a Ms 
GF v mm v,) ra v,) 
=0 
Clearly the set {t AiG AM av, lea be extended to include m—r more orthonormal 
vectors say is Iecae enees, Ya} : 
Define U by 


U= [+ Ay, KE Ay, de Av, Ly. tr} p 
[4 ah arf tae [Dabako-te] 
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Thus a mx n matrix is obtained which has orthonormal columns. 
Now let the standard unit vector ¢ ¢C™ as 

Oi 4 

[e], = é 

li=j 


Now consider Py, 


Py, =[¥ |v, Jon, | “y, 
=0+0404....{ (0,0,..051,.0) ]+0+..+0 
=e, 

Thus, 
1 a 
—Av,,1lsisr 
Uv, =4 4, 
yrtlsisn 
Now evaluate UPy,,l<isr 
UPy, =UAy, 
= 4Uy, 
l 
=A, > Ay, 
4 


= Ay, 


Also if r+i<isn: 
UPv, =Udy, 
=4Uy, 


«0-4 
A 


=0 
Finally Up = A" 
A’ =UP 
=Uy(4'4) 
=UVAA 
Thus 4=J4A°U" 
Since U consists of orthonormal vectors s its columns so it turns out to be unitary. 
Hence, 


Every nonsingular matrix is a product of a positive definite Hermitian matrix and a unitary 
matrix. 


(d) 
Let A=UP, 
Then, 
A’ A=(UP) (UP) 
= P'U"UP 
=P'P 
=P 
Thus, p. /4°4 implies pis unique. 
Now, since is invertible then yy = 4p~'which implies / is also unique. 
Hence 


The polar decomposition of a nonsingular matrix is unique. 
(e) 
Let AeGL,be an nxn invertible matrix. 
Then 4 =U'p, where yy'is a unitary operator and pis a positive definite Hermitian matrix. 
Let UeU, 
Now consider left multiplication of Uyon 4. 
So, 
UA=UU P 
But since product of two unitary operators is a unitary operator so UU" = Q(say)is a unitary 
operator. 
UA=QP, where Qis a unitary group. 
Hence, 


It can be deduced that when (/_ unitary group acts on G/, general linear group by left 
multiplication then it is equivalent to a unitary group acting on a positive definite matrix. 


Let y be a Euclidean space such that dim(V’) =n. Let S={v,,v,,....¥%}- 


The positive combination of the vectors of the set gis a linear combination in which scalars are 
positive. 


Hyper plane- Let w(#0)e¢V, the subspace of y consisting of vectors which are orthogonal to 
the vector wis called a hyper plane. 


Mathematically, the hyper plane Is given by 
U= {ve V |v) =0} 


(a) 

Let y be a Euclidean space such that dim(V’) =n. Let S={v,,v,,....¥,}- 

The positive combination of the vectors of the set §is a linear combination in which scalars are 
positive. 

Let w(#0) eV, the subspace of y consisting of vectors which are orthogonal to the vector wis 
called a hyper plane. 


Mathematically, the hyper plane is given by 

U ={veV|(v,w) =0} 

Let, 

A= Sis not contained in any half-space 

B =For every non-zero vector w(#0)eV, (v,,w) <Ofor some j, j=1,2,3,...,4 
Assume on contrary that statement 4 does not hold thatis, § ={v,,v,,...,v, }is contained in one 
of the half spaces. 

Without loss of generality, let S {ve V|(v,w) 2 0} 

Now since y, e S for every |<i<k 

So, 

(v,,w) 20, for every 1 <i<k 

Thus (v,,w)is not less than zero for any | <j<k 

Hence ~ 4=>~ B, SO B=> A 
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Now conversely assume that g does not hold that is, for any w(#0)eV, v,,w) 2 Ofor every 
Isisk 

Since, (v,,w) 2 O for every |1<i<k 

This implies that for every 1<i<k 

v, e{veV|(v,w) 20} 

Hence Sis contained in one of the half-space 

Again ~ B=>~ A,SOA=>B 

Therefore, the statements mentioned in the question are equivalent. 


(b) 

Let S =S ~{v,}={v,,v,,..¥%4} 

Let § does not lie in any of the half space 

Let w(#0)eV 

Assume that gis contained in the half space {ve V |v, w) 2 0} 

Since ' lies in the half space {v eV |(v,w) 2 0} so v, can be written as positive combination of 
vectors of ¢° 

Mathematically, 

There exist scalars p,, p,,...p,,With p, > OVI<i<k—Isuch that 


a- 
% = DP 
it 
Consider the inner product (v, , w) 


s-) 
(y.w) =(> pv.) 


=> pv.) 


i 
Since {v,,¥,,...4.,}€{veV |(v,w) 2 0}so (v,,w) 20, for every 1<i<k 
Hence (v,,w)20 
This implies that v, e{veV|(v,w) 20}, thus S €{veV|(v,w) 2 0} which is a contradiction the 


given fact. 
Therefore, the given result in the statement has been proved. 


(c) 

Let § be not contained in any of the half-space. 

Part (b) implies that span(S)=V and since 

Let that no vector in sis a non-negative linear combination of vectors from §. 
Proceed by induction on dimension of space V 

For dim(V)=1 


Then § has positive as well as negative scalar multiples of the only vector in space which implies 
that Q can be made as the positive combination of §. 


Assume that the result holds true for dim(V’) =n—1 

Now project the vectors in the set S = § ~ {y,} onto the space U ={v eV |(v,v,) = 0} 
The projection map z : 5°» U’ Is given as follows 
a(v,)=v,—¢y, for every 1<i<k-I 

Here the scalars ¢, are given by 


¢ = Let) for every l<isk-l 
(5%) 
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Then the vectors {x(v,),2(v,),....(v,.,)} belong to U ={veV|v,v,) =O} which isa n—1 
dimensional subspace of the vector space 

Since no vector in § is a non-negative linear combination of vectors from §. 

So, the vectors {x(v, ), (Vy) sees (M4 )} do not lie in any of the half plane of 
U={veV{v,v,) =0}. 

Then apply the induction hypothesis to {(v,),7(v,),..(%.,)} 

So there exist positive scalars a,, 1<j<k—|Such that 

0=S'aa(v,), where a, 2 Ofor every 1<i<k-1 


ist 
Substitute the value of z(v, )in above equation 
a 
0=>)a7(v,) 
i 
a-1 


=¥a(v,-«y,) 


it 


= Stay, (Sac )n 


it tot 
Now from part (a) (v,,v,) <Ofor every 7, so ¢<0 
Since a, 20and ¢<0, so 


(Sac, }20 


il 


Thus, 


FAV, Hoe Oy Vyy — (G6, +--+ Oy Cy M4 
Now a, 2 Ofor every 1<j<k-1 and -(ac, +...+a, ,c,,)20 
So Qis positive combination of vectors of § 
Thus, (i) => (iii) 
Now let span(S)=V and Qis positive combination of vectors of § 
Let ye V be arbitrary. 
Then there exists scalars a,, 1 <i <k Such that 


a 
Also, 0= by, where b,are positive for every 1<i<k 


-t 


If a,are not positive for every 1<j<& choose pwith |< p<ksuch that a, is negative anc 
|a,| ><a, and a, <a, for every lsisk 

Similarly choose q with | < g < k such that 

b, <b,for every 1<i<k 


Then ye V can be written as 


Since, 


b, 
=>1<— 
b, 


Also a, is negative, so multiplying both sides of above inequality by a, reverses the sign 
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> 4,-a, <a, {%n 
b, 


Now since a, <a, for every | <i<k this implies that a,—a, >0 for every |<i<k 
Thus, 


1 -{F}o>0.0reen sik 
” 


So, 


A 
on ¥(2-0,3}}. mere a -[ >0 for every 1<i<k 


it ¢ 


Hence y ¢ Is a positive combination of s. 
Since y € V was arbitrary so every vector in /’ is a positive combination of § . 

Thus, (iii) => (ii) 

Now let every vector in jis a positive combination of §. 

Let w(#0)eV 

Assume on contrary that statement does not hold thatis, S$ = {v,,v,,...., }iS contained in one of 
the half spaces. 

Without loss of generality, let Se {ve V|(v, w) <0} 


Since otherwise w can be replaced with (—w)to make sure that S € {ve V |(v, w) 2 0} 


Since w(# 0) Vso there exist scalars p,, 1<j/< such that 


a 
w=) py, where p, 2 Ofor every 1<i<k 


wot 


Now consider the inner product (w, w) 


(ww) = > PY.) 


= Yew) 


Since S e{veV|(v,w) <0}, so (v,,w) <0 for every 1<i<k 
Also p, 2 Ofor every 1<i<k 


a 
This implies that }° p,(v,,w) $0, thatis, (w,w) <0. 


i 
But (w,1) 20, SO (w,w) =OWwhich implies that w=0. 

Acontradiction has been attained. 

This contradiction arises due to the wrong assumption that § = {v,,v,,...,¥, }!S contained In one 
of the half spaces. 

Hence (ii) => (i) 

Therefore, the statements mentioned in the question are equivalent. 


10.a 


Consider the Fourier matrix denoted by of order mx nwhich runs from (to »—1.Let the jj 
entry of the matrix be given by ¢¥ where ¢ = ¢**"”". 
Clearly Discrete Fourier Matrix can be written as 


1 o o eve o oe 
: 2 4 2{n~1) 
: o o ae Bas o 
FeV - ; _ |, Where 
n : o oo eee one s 
1 oo” ow S ee ante) 


@ = "is the primitive," root of unity and ; — J] . The factor 1/ Jy is for normalization 
purpose. 


(a) 

Consider a set of complex number {b, ,b,,......b,., | denoted by the matrix representation [b, ] 
and the set {c,,C,,....¢,.,} denoted by the matrix representation [c.]- 

Thus to find a complex polynomial f(t) =c, +o +c, t+.....+¢, yf" such that {(¢") =b, is 
equivalent to solving the following the following system of linear equation 


de= 7, where c=[c, Jand b=[5,]. 


Since by definition of 4 itis clear that 4 is unitary. 
Hence the solution of the above system of linear equation is given as follows 


end. 

Thus the Fourier matrix provides a solution to the above mentioned problem. 

Hence the Fourier matrix solves the interpolation problem: Given complex numbers 
by .Dy,-...4b,., find a complex polynomial f(t) =c, +of+c, 0 +.....+¢, f°" such that 
I(S°)=6,- 


1 o oe ao” o” i} 
o oe a) 
A= vi 
Vn o oe 
1 wo” a" ce Pe one) 
Hence, 4' = 4 
Thus matrix 4 is symmetric. 
Now, 
AA=AA: 
Since 4’ = 4 


This implies that 4 is normal. 
So the jjelement of the product 4* 4is same as the jj*element of the 4?. 


Thus, 


I afie ys) 

a, - nes i 

_ {1,i+j=0(modn)’ 
0, otherwise 


Hence, 
A is asymmetric and is a normal matrix. And _4? is given by 


I 
Bs ee (irs) 
Ay -—26 

rn 


_ [Lit j= 0(modn) 
0, otherwise 


(c) 
Now use the result of the part (b) that is, 


a, = Ly gun 
nt 
hi ee = 0(modn) 
0, otherwise 

Evaluate 4* 

2 jli=j 
(4) z are 
Thus, 4* =] 
Use this equation to determine the eigenvalues of 4 . 
Let {be an arbitrary eigenvalue of 4. 
Since, 4*=/ 
So, 


The possible solutions of this equation are 1,—1,i,-iwhere ;— /-] 


Thus the set of eigenvalues for the above defined Fourier matrix are {1,~1,i,-i} - 
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2. 
To prove that 4 defines an orthogonal projection to its image W’ if and only if 4 “, 
=A'A 


Comment 


Step 20f4 « 


Suppose that an orthogonal projection map V to V, where J is vector space. 


Suppose that 4 defines an orthogonal projection to its image W”, where 4 is symmetric. 


Define a unique map y=y+w+» x’ for ye with unique decomposition v and w. 
Ax = A( Ax) 


This implies that, 4? — 4 
A’x = A( Ax) 
Ax = A'(Ax) 
A=AA 


Conversely, 
Suppose, 
Aad 
=A'A 
Let xeV , then 
v=Av+(I/-A)v 


Where, Aveimd and (/—A)xekerA 


Now, take x eker AM imA 


xeimA 


Then there exist x’ such that Ay’ =x 
And, 


xekerA 


This implies that, 


Ax=0 


This implies that, 


AAx' =0 
Ax’ =0 
x=0 


This implies that, ker A-vimA = {0} 


This implies that, V =(ker A)®(imA) but ker 4 and im A are orthogonal. 


Hence, 4 is an orthogonal projection to its image W’. 
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13. a 
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14. a 


Let us first prove that we cannot have n + 2 such points. Suppose to the contrary, that we have n + 2 vectors 
V1, V2, +++, Un4g such that v; - vj < 0 for alla # 7. Note that, since R” is n-dimensional, we can pick n + 2 
scalars, Cj,..., ps2, such that 


n+2 


SY civ = 0, (1) 
i=l 


but also that some c; > 0 and some c; < 0. Note that this part of the argument does not go thourgh for n + 1 
points, as since v1,..., Un might be linearly independent, then there are unique Ch; g seats c, such that 

Sei c!v; = Vp+1, and hence they might all be negative or positive. Therefore, let I be the set of indices such 
that c; > 0 ifi € I and J’ the set of indices such that c; < Oifi € I’, so that we can rewrite (1) as 


YD cin; = Ea djv;', (2) 


iel ver’ 


with dj > 0. By the hypothesis, since we have v; - vy < 0 for anyi € I andi’ € I’, we have that the dot product 
of the left-hand side and the right-hand side of (2) is negative; but note that it is also, as we're taking the dot 
product of a vector with itself, a square of the length of that vector (i.e. the left-hand side and the right-hand side). 
But this is a contradiction, since the square of the length cannot be negative, hence proving that the maximum 
number is stricly smaller than n + 2. 


The proof of existence relies on existence of regular n-dimensional simplices centered on origin. They can be 
constructed by noting its two properties: the distances of its vertices (of which there are n + 1) to its center are 
equal, and the angle subtendned by any pair of its vertices through its center is arccos (=). This second property 
implies that the dot product between any pair of its vertices (seen as vectors) is —1/m, which is what we needed. 


Result SOS 


We first prove that such number is strictly smaller than n + 2, and then note that vertices of the regular n- 
dimensional simplex centered on origin give such a collection of n + 1 vectors. Click to see more details. 


15. a 
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Chapter 9 


Section 1 


lia 


Consider the groups GL, (C) and GL,, (R). 


(a) 
Yes, GL,(C)is isomorphic to a subgroup of GL, (R). 
Since, 
The orthogonal group O(2n,R)is a subgroup of GL,,(R), 
As a notation, 
O(2n,R)<GL,,(R)- 
Now, 
Assume, 
o:GL,(C)— O(2n,R) 
Since, 
A€O(2n,R) 
Where, 
A A=l 
Now, 
K sj -| a ‘| 
ba -b a 
As a conjugate to the element a+ibeC, 
Therefore, 
A =A: 


Hence, |GL,(C) = O(2n,R)<GL,,(R) 


(b) 
Yes, the group SO, (C)is a bounded subset of @??. 


Assume, 
by teed 
atib -(c+id) €50,(C) 
ct+id  atib 
And, 
atib -(c+id)\[a+ib -(c+id)] [1 0 
ct+id atib |\ct+id  arib “lo 1 
Then, 
a -b? +c° -d? + 2i(ab+ced) 0 fl 0 
0 a@ -b’ +c? -d?+2i(ab+ed)| [0 1 
So, 
a -b’+c-d’ =1 
ab+cd=0 
Also, 


tal" Bore E 

ct+id  arib 

Therefore, 

a@ —b? +c? -d? +2(ab+cd)=1 

a’ +b? +2ab+c* +d? + 2cd =1+2(b? +d") 
(a+b) +(c+d) =1+2(b? +d") 


As, a,b,cand dare bounded by above relation. 


Hence, the group SO, (C)is a bounded subset of ¢>?. 


2.a 


Consider the properties of the columns of a matrix in the Lorentz group O,,. 


The Lorentz group, 

O,, ={PEGL, : P'l,,P=1,,} 
Assume, 

P=(X Y Z W| 
Then, 


The remaining column products are zero. 
Therefore, the columns of a matrix in the Lorentz group also form an orthonormal basis. 


Consider the orthogonal group O, and the Lorentz group O, ,. 


Comment 


Step 20f2 « 


The Lorentz form, 
=Y'l,,Y 
=NtWRAM AM 
It is isomorphic to s* x s'. 
The orthogonal form, 
=Y/'Y 
=N+AWAM+M 
It is isomorphic to ¢°. 
So, 
Both, the Lorentz form and the orthogonal form will be same if y, = 0. 
Since, 
There is no continuous isomorphism between s* and s? x s'. 


Therefore, there is no continuous isomorphism from the orthogonal group O, to the 
Lorentz group O,,. 


4.a 


Consider the group O,, . 


Let P €O,, such that, 


p -|* = 
ay, ay 


Then, 
By definition of O,,, 
a, 4, |}1 0 |) a, 4, |_|! 0 
4, @y,j[0 -I}[a, a,| [0 -l 
After matrix multiplication, 
Ay Ay A, Ay _|! 0 
A. “Ay j4n Fn 0 -l 
Now, 
os ie 1 0 
a, ~ ay, Rite Gel 
Ay ,Ay2 — Ay Ay Gi ~ a3, 9 -l 
Thus, 
qj, -a;, =1 
Gy ~ Gy == 


4,,4,3 — Ay, =0 
Assume a,, an arbitrary constant c, 


a,=ec 


As a result, four components are: 
~e ve-1|[{ ¢ -We-1][ ¢ Ve-1][ ¢ Ve-1 
Fae Fal Baa Fae 

As, 

These four components may be mapped to one of the longitudes of 5°. 

Therefore, 

Any two components can be joined by a continuous path entirely in the group. 


Hence, the group O,, has four path connected components. 


le la 


Ay, a -| 
y2Byy — Ay 4x, =I 


So, 


GQ Ay ~ Ay Ay =1 


Also, 
as| ay =| 
ay, ay 
Both the groups SP,and S/, have same type of elements. 


Therefore, 
SP, = SL,. 


leer “Lt Ls al’ 1] 
La 4 


=S 


Solution: We will now derive the formula for the inverse of the Stereographic projection 7 : Ss? — R3. Now we 
have 


S* := {(2,y,w,z)|2?+y?+w?+22=1 andz,y,w,z € R}. 


Now the map 77 is defined by the assignment 


v y w 3 
=> a ee Ss": 
7(x,y, w, 2) (+44). (x,y, w, 2) € 
Now for our simplicity consider 
z y w 
= a : = 
1-z 1-z 1-z 
Then notice that 
2 2 2 
X4y?4Ww? e (a2 =) 21 
1-z 1-z 1-—z 
_f+yiw 
~ (l=2? 
ime: 
= a - aP since (x,y, w, Zz) € 33 
1l+z 


Therefore 


it? yt, ytiw? 
1-z 


X?7+Y°+W*-1 


— 2= X84 y¥24 Wt 
Since z = nw notice that 
x 2X 
fog Pee ayia 
oy ee oy 
Pa = se8 WY = yypawes 
w 2W 
eg Oe eae 


So the transformation coordinates are given by 


= 2X 2Y 2Y X?+Y?4+W?-1 
FY 12) = \ XTE V2 + W241 X24 V2 4+ W241 X?+¥24+W241' X24+¥2+W241)° 


Now recall from the map 77 
(x,y, w,z) =a 1(X,Y,W). 


Therefore we have 


2X 2Y 2W SS) 


-i = a 
(L¥,W) = (sarcpe ITT SYS WEED SPEYEWPET SP EYEWET 


So for any (x, y, w) € B® the inverse of the map 7r, ( Stereographic Projection ) is given by 


w) = ( Qzr Qy 2Qw ) 


This completes the formula. 


Result sof 


Considering (x, y, z,w) € S? we have derive the formula for the inverse of Stereographic Projection. 


Section 2 


lia 


Consider the formula for the inverse of the stereographic projection z- 5°  R', 


Since, 
The formula for stereographic projection 7- §° » BR: 


x(=)=(n0n)=( A} 


Xy 1-X% 


After solving for x,,x, and x,. 
Pts ta. el ee. Oe 
evel | waved? wae +l 
Therefore, 
The formula for the inverse of the stereographic projection 7-'- pm? _, §?: 


view-1  2y, 2y. 
"(x)= bi a bl po, So 
#(2)= (44>) Resoterteercen 


Hence, the formula for the inverse of the stereographic projection ~~! . 2’ _, s*is 


x"(x)= [E24 Wod=1 25 ths 


W+vytl tue] ve tee 4] 


Consider the parametrization for the proper subspaces of jp? by a circle in two ways. 
First, a subspace W intersects the horizontal axis with angle @and use the double angle q@ = 20. 
icicia pena hee )in w and consider inverse of stereographic projection to map 


the slope 4 === 10 a point of s'. 


Comment 
Step 20f2 “ 
Since, 
The inverse of stereographic projection is the identity map. maps thereon {2 <ifi wW to 
¥ 
the southern hemisphere bijectively. 
And, 


The northern hemisphere to the region {ts > tee that the north-pole is missing from this. 
v 


So, 
This provides a second way to build the sphere topologically, as the union of two regions glued 
together. 


Hence, the second way provides a topological way to build the sphere, as the union of two 
regions, 


Stereographic Projection- Let s*be a n— sphere in p+! and let V be a n— space. Choose a 
North Pole say N =(0,0,...,1) 


Define amap 7: §* — V given by 


(x)= (ex er’ ia fe} where x =(x),)..00x, )eS" 


(a) 

Let z =z, +z,/ be a point in the complex plane. 
Consider the line joining North Pole and z = z, + 2,i 
The equation of such line is given by 

(,..x).x,) =(0,0,1)+s(z,.2,,-1) 


Now the point of the line which lies on the sphere g?is a point for which x? + x} +x} = [holds 


Use above equation to determine the values of x,, x,and x, which lie on the sphere ¢? 


2 Cee: ee 
x tx, +x, =1 


Then, 
Mex+x =l 
(sz,)' +(sz,) +(1-s) =1 
(2 +23)+(I-s) =] 


The possible solution of this equation are given by 


Now s =Qcorresponds to the North Pole. 


2 2 
So choose the other possibility “(+as1) (+1) 


Now since x, =fz,, x, =/z,and x, =I1—sso 


~ Aes) 


inverse of the stereographic projection which is denoted by say ois given by 


2z, 2z. 
#7, = 7 and where z,=Rezand z, =Imz.So, the 
(lef +1) (lef +1) 


o(z)=(x,,x,,x,) Where % Sent 2 “and x ed. 
(lef'+1)' ° (|e +1) ([-? +1) 


Now consider the expression 2/(1— x, ) 


2f(\-x,)=— 


l=-x, 
Now substitute the value of x, in the above expression 


{(\-x,)= 


l-x, 
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Consider x, +ix, 


a 
(le +1) (lef +1) 


—2Rez 2Imz 
(lef +1) (lef +1) 
_ 2(Rez+Imz) 
(\ef +1) 
2z 


Now substitute the evaluated value of || +1in above derived expression so 
2z 


ia 
=f 2z 
2/(I-x,) 


=2z(I-x,) 


Xx, +i, = 


Thus the value of z is given by 
x, + ix, 


l-x, 


Therefore, for ===, +=,i stereographic projection of a point x =(x,,x,,x,)eS" is given 


z= 
2 


a(x)=z where sot and the inverse of the stereographic projection is 
as | 


2Rez 2Imz 
given by o(z) defined by o(z)=(x,,x,,.x,) where ers)’ ots) aioe 


x _{e-) . 
"(lef +1) 


(b) 
Let A = y,/y, where the vector (y,, y, )is a unit vector 


As evaluated above in part (a) the map o(z)is given by 


_ 2Rez __ 2Imz |: -1) 
o(z)=(x,,x,,x,) . where “= (+) - +t)’ x, = (i 1" x, “(e™) 
So @(A)is given by 
o(A)=(x,,x,,.x,)» where x, ,.x,,.x,are defined by 
ss 2ReA 
; (la +1) 


2ImA 


sg (laf + 1) 


(la -1) 
(laf + 1) 


x,= 


Since 2 = y,/y, So 
2ReA 
(laf . 1) 
_2 Re(y,/¥,) 
(ly./aif +1) 
= 2Re(y,/y,) 
(\v.f +P) 
\y; I 
=2\y,/ Re(y,/»;) 
On similar calculations x, = 2|y, P Im(y,/y,)and x, =|, P -| », 


x, = 


Therefore, for unit vector (y,,y,), o(A) where 2=y,/y, is given by 
o(4)=(2Iy,{° Re(y,/y, ).2|y,° Im(y,/9, ).lyal -|y,') : 


(c) 

Let (.x,,.x,,.x,) correspond to the point (y,, y, )in subspace ’ and let (a,,a,,a, correspond to 
the point (yj.95) in subspace W’'. 

Let (y,,y,) and (y;, 3) be orthogonal. 

From part (a) 


x *, 
= And y; = 
-x; l-x, 


Similarly from part (a) 


a, 


y= 


s a 
And y} =—*- 
l-a, l-a, 


Since (y,,.y,)and (¥j.95 )are orthogonal with respect to the standard Hermitian form in @?so 


NI2+ VN, =O 


fod fey Ces Corda 
(a,x, +4,x, }=0 


(1-a,)(1-x,) 


a,x, +a,x, =0 
Hence the first and the second co-ordinate of (x,,x,,.x,)and (a,,a,,a,)are orthogonal with 
respect to the standard Hermitian form in @?. 


Therefore, for orthogonal points in the subspace jj and }j’' the corresponding points in 
S? are te set of all those points whose first and the second co-ordinate are orthogonal to 
each other with respect to standard Hermitian form in ¢ . 


Section 3 


lia 
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Consider pand Qbe elements of SU, , represented by the real vectors (1x, ,x,,.x,,.x,)and 
(Yor Mis¥20¥s)> respectively. 
Since, 


_| ete x, +a 


—X,+x,i x —x,/ 


And, 
| Moti Yate! 
Vit Yi Yo- Mi 
So, 
Po= Xetxl XL +X] VotHyE Ya tHyl 
—X, +i Xy— Milly. + Ni Yo — Hi 
_|Zotei 2, +2; 
—2Z,+2, 2-2 
Where, 


Zo = XoVo — MY, — H2V2 — a» 
2 = Xo + XM — U2 + 3s, 
Zz = XV. — Hy + XVa + UM» 
23 = XV HAY. — TY + UVo- 
Therefore, the real vector that corresponds to the product POIs (z,,z,,2,,2,)- 


Consider the group U,. 


Comment 


Step 20f2 “ 


Since, 
There Is a bijective correspondence between the group SU,,and the unit 3-sphere. 
And, 


The only spheres on which the continuous group laws can be defined are that |-sphere and the 


3-sphere. 

Also, 

The group U/, has two more variables than the group SU, . 
Therefore, 

These two variables can be related to |-sphere. 
Hence, the group U, is homeomorphic to the product ¢° . 5'. 


3.a 
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Consider the group SU,. 


Comment 


Step 20f2 A 


As analogues of the longitude curves, there are great circles through the north-pole. 


The great circles are the intersections of the 3 — sphere with two-dimensional subspaces }’ of 
ip‘ that contain the pole. 


The intersection 7 = W ()§*will be the unit circle in W’, call 7a longitude. 
Every element of SU, except +7 lies on a unique longitude, 

The elements +/ lie on every longitude. 

Therefore, every great circle in SU, is a coset of 1; = w()S°. 

Hence, every great circle in SU, is a coset of one of the longitudes. 


4.a 


Consider the centralizer of j in SU, . 


‘ | ehhh Hy te 
—X,+X,i Xy- xi 


Where, 

Mevedex al, 

Now, 

k A Ny tHh Xr 1 Xytui x, | | 0 | 
-1 Oj|-x, +x, x,-%,/ -X,+x,i x,-x/ ||-1 0 

After matrix multiplication, 

i +X,i X4-%,/ {iz -xi xy +x 
“X%y~ Xi x, —x;) “Xo +xi x, +x,/ 

Therefore, 

On comparing both sides, 

x, =0 

x, =0 

So, 

After putting these values in x? +x? +.x3 +4} =1, 

As a result, 


+x sl. 


Thus, 


The centralizer of j in SU,is * ® |utere extel. 
“%, % 


Hence, the centralizer of j in SU,is SO,. 
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Section 4 


lia 


Consider WW be the space of real skew-symmetric 3x 3 matrices and the operation p» 4 = PAP’ 
of SO,on W. 


AcW 

Then, 

The operation, 

P*A=PAP 

1 © 0 0 -a -b|}/1 O 0 
0 cos? sin? ||}a 0 -c|/0 cos@ sind 


0 sind -cos@||b c 0 1}|0 sind —cosé 
by -0 0 0 -acos@-bsin@ -asinO+bcosé 
=|0 cos0 sin@ |\a -csind ccosé 
0 sin? -cos@||b ccosé csin? 
0 —acosO—bsin@ —asin0+bcosé 
=| acos@+bsin@ 0 P 
asin@—bcos@ -c 0 


Therefore, the matrix obtained by the operation p-« 4 is also real skew-symmetric 3 x 3 matrices. 
Hence, the orbit for the operation p,» 4— p4p’ of SO,on pis also yw. 


Consider the rotation group SO,mapped to a 2 -sphere by sending a rotation matrix to its first 
column. 


Comment 


Step 20f2 “ 


Since, 

The fibre of this map will consist of the special unitary group SU, . 

As, 

Every element of SU, can be described as a rotation together with a choice of spin. 
Hence, the fibre of the map is spin group SU, . 
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Consider the orthogonal representation »: SU, — SO,. 


Comment 


Step 20f2 “ 


Since, 


The homomorphism @:U, — SO,can be considered as spin homomorphism with contraction 
from n-manifold to 4-manifold. 


And, 
The kernel of @will be spin group SU. 


Therefore, the homomorphism © :U/, —» SO,is spin homomorphism with n-manifold to |- 
manifold contraction and kernel of ois spin group SU,. 


Consider the matrix of rotation +,,. 


Comment 


Step20f3 “ 


(a) 
Since, 
The matrix of rotation +,, 
=(cos@)/+(sin@) A 
1 0 0 
=|0 cos@ —sin@ 
0 sin? cosé 
And, 
trace = 1+ cos@ +cos@ 
=1+2cosé 


1 0 0 
Therefore, the matrix of rotation +, is |0 cos@ —sin@/and its trace is | +2cos@- 
0 sin? cosé 


(b) 
Consider, 

X=[1 0 Oj, 

Y =[0 cos@ sin 6), 

Z={0 —sin@ cosd. 
As, 

XY = YZ=ZX =0 
Therefore, the matrix of rotation +,,is orthogonal. 


Consider the rotation through conjugation by an element of SU,. 


Comment 


Step 20f2 “ 


Since, 


The equator fis the unit 2 -sphere in the three-dimensional space // of trace zero, skew 
Hermitian matrices. 


And, 

The latitudes in SU, are conjugacy classes. For a given cin the interval —] < ¢ <1, the latitude 
{x, =c}consists of the matrices pin SU, such that fraceP = 2c, 

As, 

The conjugation by an element p of SU, preserves both the trace and the skew-Hermitian 

property. 

So, 

The conjugation +,,operates on the whole space y . 

Also, 

The operator +,,is a rotation of fand y. 

Therefore, the conjugation by an element of the unitary group SU’, rotates latitudes. 


Conjugacy class: 
Suppose an element g of a group G then its conjugacy class defined by, 
C= {xgx"! ixe G} 


To describe the conjugacy classes in $O,; 


Comment 
Step 20f4 “ 
(a) 
Consider the following matrices: 
cos? -sin@d 0 
A=|sin@ cosOd 0 
0 0 l 
1 0 0 
B=|0 cos@ —sin@ 
0 sin? cosé 
And, 
cos? 0 —sin@ 
C= 0 1 0 
sind 0 cos@ 


Where, A,B,C belongs to SO, and elements of SO, operates on j° as rotations. 


Hence, matrix 4 forms a conjugacy class of because these are rotations in the xy-plane 
and matrices of this form are commutative. 
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(b) 
The spin homomorphism can be defined by a surjective homomorphism y ; SU, — SO, and its 
kernel is the center {+/} of SU,. 


Consider the 2x2 matrix p in SU,, say 


So 


Define amap y:SU,— SO,by, 


e .9 
=H 
(| 0 bl 
Where, for all 3x3 matrix 47 in SO,and every element or matrix of SO, obtain by the rotation 


of axis. 


So, by the definition of spin homomorphism every element of SU, except +/ can be described 
as a nontrivial rotation with a different choice of spin and SU, is called spin group and 


Hence, the spin homomorphism $U,, — SO, is related to the conjugacy class in the two groups. 


(c) 
To describe the conjugacy classes in SO, ; 


Since the conjugacy classes in SU, are spheres and every element of SU, is conjugate to an 
element of the form: 


[So 


Consider the matrices; 
cos? -sind 0 
A=|sin@ cos? 0 
0 0 1 
1 0 0 
B=|0 cos@ -sind 
0 sin@ cosé 
And, 
cos? 0 —sin@ 
Cz 0 | 0 
sind 0 cos@ 


Matrix A,B,C as given in part (a) formed by a rotation of axis xy,yz and zr-plane of SO,. 


Since elements of SO,corresponds to pair of antipodal points of SU,, so obtain a group SO, 

topologically by identify the antipodal points on the 3-sphere and SO, is homeomorphic to 

projective 3-space p’. 

Hence, the conjugacy class of $O, obtained by the rotation of any axis and conjugacy classes in 
SO, are in 3-sphere. 


Let 4 be a mxnmatrix. Left multiplication by a matrix 4 is defined as follows- 
Let p be a matrix of order ”* p the left multiplication of pby 4 is given by the matrix 4p. 
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(a) 
Let pbea fixed matrix in SU,. 
Then phas the form 


b 
4 *) wee a,beC such that a= x, +ix,, b= x, +ix,and ga4h5 <1 
a 


Let R be any matrix in SU,. 
Then, 
Pq ; ia) Dae 
R=| — —|,where p,qeC such that p=a,+ia,, q=a,+ia,and pp+qq=1 
a ae 
Consider the matrix product pr 


Let c=ap—bgand d=aq+bp: so 
c=ap-bq 
= (x, + 1%; )(a, + ia, )~(x, + ix, )(a, ia, ) 
= AyXq — A,X, + A,X, — A,X, +1(A,Xy + aX, +X, — A,X, ) 
d=aq+bp 
= (x ix )(@, +i, )+(x, +x )(a, ia, ) 
F AyXy ~ AX, + UgXy + 4,X, +i (AsXy + A,X — A,Xy + yy) 
Now let ¢ =z, +iz,and d =z, +iz, 
Now compare the terms on both sides 
Fo = GyXq — 4X, + AX, — 4, X, 
2, = AXq + AgX, + A,X, — a,X, 
Zp = AyXy — A,X, + yXy + 4,X, 
2, = ,Xy + A,X, — GX, + yx, 
Re write the above system of equation in matrix form. 
Let the coefficient matrix be denoted by Q. 
Thus in matrix form the system of equation becomes 


Zo] [4% a -a, & |[% 


3, GS & %& “Qhli% 
2; &® Be & TY 
2 GAA ANY 
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RY & AG 


Now transpose of the matrix Qis given by 


ie Se 
ae ey 
“as & & G 

4 G&G 


Evaluate QQ’ and O'O 


R&R GAA GIS 
4% %& GW A, || -a, 


Q0' = 
@ ~“Ay G4 |} -4, 
Ga A ALY 
1000 
| 0100 
“10 010 
0001 
Similarly 0'O = 1, 
So the matrix Qis orthogonal. 


aS A & 
a3 & 4 


Therefore, the result in the question has been proved. 


(b) 


Let v=(x,,x,,.x,,x,)and w=(x,,x,,.5,x,)- 


Consider the vector Qv 


Ov= 


Now multiply the above matrixes in order to obtain a matrix of 4x1 order 


AgXq — 4,%, + A,X, — A,X, 
gq | Cee et Fe is 
€,Xq — A,X, + AgX, +4, X, 
AjXq + A,X, — A,X; + AgX, 


Similarly evaluate the vector Qw which Is given by 


a -a -a, a |/x, 
4 a a a; |) x, 
a, ~@ a 4 |x, 
a a, a a jx, 


Qw= 


AyXq ~ A,X, ~ A,X, + aX, 
A,X, + UX, + 4,X, — A,X, 
AX ~ AX, + AgX, +.4,X, 
A,X, + A,X, —,X, + UpX, 


Now evaluate the dot product of the vectors Qwand Ov 


AyXq — AX, + A,X, — 4X; 


Qv-Ow= O,Xq + AgX, +4,X, — 2,%) | | 


GzXq — A,X, + AyX, +2,%; 
A,Xq + A,X, — A,X, + AgXy 


ApXo = 4%, ~4,X, +4%, 
AX + Mg, +44X5— 4%, 
Xp ~ Gs, + Oy, +4,%, 
AyXy + A,X, ~ A,X, + 4QXy 


= (agXq —4,%, +4,X, - a,x, (aX ~O,X, —4,X, +X, ) + 


(a,x +a5x, +4,x, a,x, )( a,x, + 4px, +4,x, —a,x, )+ 
(a,% ~ 44%, + ayX, +4,% )(a,%) — 44%, + yx, +.4,X,) + 
(4X) +@,%, — a,x, + a,x, )(a,x, +4,X, = 4, +a,x,) 
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Now evaluate the dot product of the vectors Qw and Ov 

yXq ~ AX, + A,X, ~ AyXy | | AyXy— A,X, — A,X, + 4,X 
Xp + AX +X, — AX, | | A,X) + AyX, +X, ~ AQX, 
A;Xq ~ A,X, + UyXz +A,Ny | | A,Xy— A,X, + Ag, +4,X, 
AyXy + AX, —AXy + Xs | | aX, +A,X, — A,X, + OyX, 
= (ap%y = 4,% +.45%, 45%; )( yy ~4,% A,X; + 45x, ) + 
(a,x, + ayx, +.a,X, -a,x,)(a,x, +g, +4,X, ~a,x,)+ 


(4%) =X, + yx, + 4,X (a,x, ~A,X, + 4)X, +a,x,)+ 


Ov-Ow= 


(a,x + a,x, — a,x, + 45%, )(a,x, +X, - aX, +4a,x,) 
Now on simplify the term on the right hand side of the above equation 
Ov: Ow = (a,x, — a,x, + ax, — a,x, \(ayx, -4,X,—a,X, +a,x,)+ 

(a,Xp + aX, +X, — 4,X, \(a,x, +ayX, +a,X, -a,x,)+ 

(a,x) — a,x, + ayx, + a,x, )(a,x, — a,x, + a,x, +4,x,) + 

(a,x, +a,x, — a,x, +a,x, (a,x, +4,x, —4,x, + a,x, ) 

= NyXy +A K, HX, HX, 
Now the term on the right hand side is the dot product of the vectors vand w 
Consider the dot product of the vectors vand w 


Ve W= (¥95.¥) 650. )* (4504) .9935) 
= XyXy +H, + XX, +X, 
Thus v-w=Qv-Qw for every v,w 
Therefore, the result in the question has been proved. 


Let W be the real vector space of Hermitian 22 matrices. 


Comment 


Step 2o0f8 ~ 


(a) 
To show that the rule p. 4 — p4p* defines an operation of SL,(C) on w: 
Dimension of SL, (C)is 6 matrix and element in SL, (C) can be defined by, 


s1,(0)-{4-(° 1 tse Cand = i 
c 
Now multiply by p on the above, 
s1,(C)={ Par” j }sshend eCanddet 4 = 
e 
And a real Hermitian matrix has real eigenvalue so suppose P = (; were xXyinR. 
y 


Then, this defines an operation of SL,(C) on wW: 
Hence, the rule p. 4 — p4p* defines an operation of SL,(C) on w: 
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(b) 


To show that the function (A, A’) = det( A+ A')—det A—det A’ is a bilinear form on yw; 
Let A,B in W then, 


(A+B, A’) =det(( 4+ B)+ A')—det(A+B)-det 4’ 
Apply det (4+ B) = det A+ det B + tr( 4'B)in the above, 
(A+B, A’) =det( A+ B)+det A’ +tr((4+ BY A’)~det( 4+ B)~det 4’ 
=tr((4' +B") 4’) 
=tr(4'4'+B'4’) 
Apply tr( A+B) =trd + trB in the above, 
(A+B, A’) =tr( 414’) +0r(B'4') 


= det (A+ A')—det A—det A’ +det(B + A")—det B-det A’ 
=(4,A')+(B, 4’) 


Now, to show that (4, A’ + B’) = (A, A’) +(A,B’); 

Let g’ in W then, 

(A, A' + B’) = det( A+(A'+ B’))—det A-det ( 4’ + B’) 

Apply det( A+B) = det A+det B+ tr( 4'B)in the above, 

(4,A' + B’) = det (A) +det( A’ + B’) + tr( A! ("+ B’)) det A—det (4+ B’) 
=tr(4'(4'+B’)) 
=tr( 4'4'+ 4'B’) 

Apply tr( A+B) =trd + trB in the above, 

(A,A'+ B') = tr(A'A') +0r( 4'B’) 
= det (A+ A’)—det A—det 4’ + det (A+ B’)—det A—det B’ 
= (A, A’) +(A,B’) 


Now, to show that (2.4, 4’) = 2(A, 4’); 
(AA, A’) = det((2A)+ A’) -det(2.A)—det 4’ 
Apply det( A+B) =det A+det B + tr( 4’B) in the above, 
(24, A’) = det(2.A) + det( 4’) + tr((2.4)' 4')—det (4) det 4’ 
=tr((24y 4’) 
=tr(24'4’) 
Apply tr(4A) = Atrd in the above, 
(AA, 4) = Atr(4'4') 
=A(A,A’') 


Hence, the function (A, 4’) = det( A+ A')—det A-det 4’ is a bilinear form on pw; 
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To show that signature is (3,1). 


2 2 
It is known that signature of nxn (* = : *), 


Here, wW is the real vector space of Hermitian 22 matrices. Substitute » = 2 into the above, 
then signature is: 


wen wen ul 27+2 27-2 
20° 2 gr a2 


Hence, its signature is (3,1). 


Comment 
Step8ofs “ 
(c) 
To define a homomorphism @: SL, (C) — O,,, whose kernel is {+/} ; 
ab 
=A 
“(: ‘ 


Where, matrix 4in O,, has a polar decomposition of the form: 


eT ew 


ol v c 
Or, 
-(8 3] View" v 
01 v c 


Where QO, and c= yp + 
And here det(A)=+1 
Hence, a homomorphism @: SL, (C) > O,,, whose kermel is {+1}: 


ab 
=A 
a) 
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(a) 
To show that every element of SO, can be written as a product of 4BA’ where 4 and 4’ are 
in H, and g isin H,. 


Consider the subgroup of SO, are H, of rotations about the x, axis, where j =1,2,3. 
Group SO,is defined as {Ae SO, : AA’ =/ and det A=1} 


Suppose that 4 and 4’ arein H, and counter clockwise rotation about the positive x, -axis 
by angle gas shown below: 


cos? -sin@ 0 
A=|sin0 cos? 0 
0 0 1 

Matrix 4’is: 
cos? sin? 0 
A=|-sin@ cos@ 0 
0 0 ol 


Suppose that g is in 7, and counter clockwise rotation about the positive x,-axis by angle @ 
as shown below: 


cos? 0 —sin@ 
B= 0 1 0 
sind 0 cosé 


Now, B and 4 matrix are commute, thatis 48 = BA, then 
ABA' = BAA' 
=Bl 
=B 
Where, 8 isin H, and H,is subgroup of SO,.So 8B isin SO,. 
Hence, every element of SO, can be written as a product of 4B4'. 
(b) 
Double cosets: 


Let #7 and K be subgroups of a group G and let g be anelement of G the set 
HgK = {xe G| x =hgk forsomeh € H,k € K} is called a double coset. 


To describe the double cosets H,QH, : 


By the definition of the double cosets, here H, is subgroup of a group SO, and let QO bea 
matrix of SO,with determinant is one. 


Thus, define a double coset H,QH, =|{ A € SO, | A= BOC for some B,C € H,}}. 


Section 5 


lia 


Consider the image of a one-parameter group in GL, . 


Comment 


Step 20f2 A 


Since, 

The one-parameter group is bijective correspondence with nxn matrices in GL, . 
Therefore, 

The image of a one-parameter group in GL, cannot cross itself due to one-to-one mapping. 


Hence, the image of a one-parameter group in Gi, does not cross itself. 


Consider the one-parameter groups in U,. 


Comment 


Step 20f2 “ 


Since, 

If the matrix 4 is complex skew-Hermitian 2 x 2 matrix, so is 44 and eis unitary for all r. 
So, 

The homomorphisms , —5 e are one-parameter groups in the unitary group U, . 


Hence, the one-parameter groups in the unitary group L/, are the homomorphisms ; _, ¢' 
, where 4 is a complex skew-Hermitian 2 . 2 matrix. 


Aone parameter group is a differentiable homomorphism o@:R* + G defined by 
g(t)=e", where 4is a matrix 


In layman terms one must evaluate all the matrices such that » belongs to G for all ;eR 
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Let G denote the group of all 22 real, invertible and diagonal matrix. 


In mathematical form G is the group of matrix 4 of the form 


a-( » jr where x. «Rf 


Since x,y € R—{0}thus the matrix is invertible. 
Let 4be a matrix such that e“eG VWreR.- 
Let r(r), =e 

Now let r(r) , € Gfor every 1. 

Thus r(1) ,has the form 


rO.-(0) se) 


Now since ¢’tis differentiable so p(r) is also differentiable 


oD x0) 


On differentiating both sides with respect to 
d(x(t)) 


d - dt 
a l"(),)= d(y(1)) 
dt 


Since r(t), =e", differentiate both sides to obtain 


d d(e") 
G(r), )= dt 
= Ae“ 
Now <(r(1),)at = ois given by 
d(x) 


fo, =| 4 


(5) 


Atr=0. 4(r(0),) is also given by 


d(y(¢)) 
dt 


~® 


d 
rae =(4e"),, 
=A 
So the matrix ,4 is of the form 


ate ome Late(S), 


Let 4 be a matrix of the above derived form 
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Now evaluate ¢for such matrices 
fz < 

eo =1+th+—A’ +..4+—A" +. 
2! n! 


For the matrix 4, its successive powers are given by 
ea p 0OVp 0 
0 gO q 
(7 9 
0 ¢ 
Similarly, 
A=AA 


(Po i ‘} 

0 gio q 
_(? ° 
0g 
In general terms 


A’ =A"'A 
_(p"' 9 \(p 0 
0 o” 0 q 
Zhe: Je 
0 q¢ 
Now, substitute the value of the matrix powers in the expansion of »* 
r ” 
e =1+td+—A' +...4+—A" +.. 
2! n! 
2 2 “ ” 
mb, od PE iad al fo a) Pere sf of Pe 
01 0 qg) 20 ¢ m0 q" 
Add alll the terms by first multiplying the matrix with the corresponding scalars 
The following matrix is obtained after the series of above procedure 


Also since ¢ ¢ Gso 
ae x(t) 0 } 
ie »(1) 
Now compare the terms of both the matrix 
tp" 
(0 0 \- l+p+..+ ai +. 0 
0 y(t) 


0 pera Ora 
n! 


So, 


x(t)=l4+p+..4+22+.. ,and 


y()=tege.t Le, 
Clearly by the expansion formula x(r)=e” and y(r)=e%. 


For p.q=l 
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15 


10 


For p=0.5,q=1 


500 1000 1500 2000 2500 
x 


Therefore, the result mentioned in the question has been proved. 


4.a 
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Consider the conditions on a matrix 4 so that ¢is a one-parameter group. 


Comment 


Step 20f3 “ 


(a) 
Consider, the special unitary group SU,, 
Since, 
ew" = dete* 
Then, 
trace( A)=0 
And, 
The matrix 4is a complex skew-Hermitian matrix. 
Therefore, the matrix 4 has trace zero and complex skew-Hermitian matrix. 


(b) 

Consider the Lorentz group O,,, 
Since, 
0,,={PeGL,:P'l,,P=1,, 
Then, 


A+A'=0 
Therefore, matrix 4is skew symmetric matrix. 


5.a 


Aone parameter group is a differentiable homomorphism @:R* —> G defined by 
¢(t)=e", where 4 is a matrix 
In layman terms one must evaluate all the matrices such that belongs to G for all eR 


Comment 


Step20f5 “«~ 


{a) 
Let G be the group of real matrices of the form 


x y 
= , where 
G (° ) x>0 


Let 4 bea matrix such that e&“eG WreR- 
Let r(r), =e" 
Now let r(t), € Gfor every 1. 
Thus r(r) ,has the form 
x(t) y(t 
r),=( ) x ) 
Now since ois differentiable so p(r) is also differentiable 


a,-[70 70) 


0 1 


On differentiating both sides with respect to ¢ 


a(x()) d(v() 
4(),)-|" a a | 


0 1 


Since r(t), =e", differentiate both sides to obtain 


d d(e“) 
qv),)=-s- 
= Ae“ 


Now &(r(1), at r= ois given by 


d(x(1)) d(y(«)) 
seo. + 4 at | 


1 
‘(o 3) 
At+=0, S(r(t),),_'8 also gen by 
Z(r(,). =(4e"),, 


=A 
So the matrix 4 is of the form 


(b) 
Let 4 be a matrix of the form 


o 8 z)«-(3) 
A= , where p=|—-| and g=|— 
bs “| ‘i & 0 1 at =o 
Now evaluate ,*for such matrices 
- ¢ 
oe =1+tA+—A' +...4+—A" +.. 
2! n! 


For the matrix 4, its successive powers are given by 


A =A'A 


Now, substitute the value of the matrix powers in the expansion of » 
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2 “ 
2 1+th+ A +...4 2A" +.. 
2! n! 


2 
Pe od Ly ee 2aay Pe 
2! n! 


2 owe 
Multiply and divide the expression A+B A+u.t! P44, dy P 
i na 


2 2 a 
Then the expression ‘us ofA toe A -.| can be simplified in the following way 
Pp ! n! 


2 2 Ce] 2 2 Ce 
= PP EN SAP oer LOY A a pert eek 
2! n! n! 


Therefore, the matrix ,' is given by A (eH -1) , where p=() , 


(c) 


veel SL oteta) 


Since the matrix y'is given by 


ete jane ( 2) 


Also, 
(1) 29 
0 1 
So the matrix must be equal, which implies 


ky 1). Aen -1) 


o 1 
_(e*-1) 
aes) 
_|er-1 a(e"-1) 

0 0 


This implies that x(r) =e” —land v()=F(e" ~1)for every eR 
Now for p=1,q=1, 
Then, x(1)=e' —land y(r)=e' -1, where eR 


50 


10 


Lt} 10 20 30 4“ 50 
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Now for p=0.5,q=2, 


Then, x(1)=e"™ land y(r)=4(e” -1), where 7eR 


10000 


> 6000 


—] 

_ 
n 
w 
~ 
w 
a 


Now for p=2,q=3 


Then, x(¢)=e” -Land v()=5(e" —1), where reR 


0 500 1000 1500 2000 2500 
x 


Therefore, the sketches of some of the one-parameter groups are as shown as above. 


6.a 


Aone parameter group is a differentiable homomorphism @:R* —» G defined by 
g(t) =e", where Ailsa matrix 


In layman terms one must evaluate all the matrices such that »belongs to G for all eR 
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To determine the conjugacy classes in G where G is the subgroup of matrices (: A 
x 
Where, x>Qand y arbitrary 


1 
0 


The conjugacy classes in G can be defined as, 
CL(A)={BXB": BeG} 


Poko) 
| aed 


x -bx+y+bx" 
0 “ 


td 


Where, x>0 and -bx+y+bx'=cinR 


Suppose that matrix ( 1} subgroup G. 


BXB"' 


And determinant of the above matrix is invertible. So it is form a conjugacy class of G 


Thus, conjugacy classes in G is ( “)}x> eR} 
x 


Let Gbe the subgroup of GL, of matrices: 


(2) 

Where, y>Qand y arbitrary 

Let 4 be a matrix such that e¢“eG WreR. 

Let r(¢), =e" 

Now, let r(t), e Gfor every 1. 

Thus, r(r) ,has the form: 

H.-() 20) 

Now since ¢tis differentiable, so p(t),'s also differentiable. 


r(4), -(* cad 


On differentiating both sides with respect to ¢ 
d(x(1)) d(v() 


d a dt 
a (").)= , d(x"(1)) 
dt 
Since r(t), =e", differentiate both sides to obtain 
d d(e“) 
av.) s 
= Ae“ 
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Now “(r(0), at 1 = 0is given by 


a(x) dv) 
Sr =| * 44 
0 


fF) 
dt uo 
{4 
At r=0, (r(,), also given by 
(0), =(4e"),, 


=A 
Thus, the matrix 4 such that »“ is a one-parameter group in G is of the form: 


[GT (3) (Sa AO 


7.a 


Consider the one parameter groups in the group of invertible nx nupper triangular matrices. 


Comment 


Step 20f2 “ 


The invertible x mupper triangular matrix: 


ae 
oe 

A= 
Ang 

Then, 
et one e 
e e 

e“= 
e 


Therefore, the one parameter groups in the group of invertible » = upper triangular 
matrices is also invertible » = upper triangular matrices. 


Consider o(t) = e"'be a one-parameter group in a subgroup G of GL, . 


Comment 


Step 20f2 “ 


Assume, P={e,reR"} 


X =PC,CeGL, 
As, 
dX _d 
aa) 
-[S(P={e.reR'})]c 
=(AP)C 
= A(PC) 
= AX 


Hence, the cosets of image for one-parameter group are matrix solutions of the differential 
equation ae Ad: 
dt 


9.a 
Consider et) = ebe a one-parameter group in GL, . 


Comment 


Step 20f2 “ 


Assume, P={e“,reR*} 
Then, g(r)can be either g(r) =e", g(t) =e"or g(r)=e°™". 
If, 
g(t)=e" 
Then, g(r) will be one-to-one mapping, then Ker (g) will be trivial. 
if, 
g(t)=e" 
Then, g(r) will be constant mapping, then Ker(g)will be whole group. 
If, 
g(t) = ea 
Then, g(r) will be periodic mapping, then Ker (g) will be infinite cyclic group. 


Hence, the group Ker(q)is either trivial, or an infinite cyclic group, or the whole group. 


10.a 


Consider the differentiable homomorphisms from the circle group SO, to GL, . 


Assume, 
The mapping: 


¢:AA—> a 
Where, 

n=1,2,3,... 
Consider, 

A=Cos0 + iSinO 

A= Cos —iSinO 
Then, 

AA =(Cos6 + iSin®)(Cos0 -iSind) 
= Cos’@+ Sin’0 
=| 

And, 


' ' 
" =(Cos0 + iSinO)» 


= Cos 42*2) isin 2422) 
n n 


Where, 
k=0,1,2,3.... 
And, 


aa{ 4° | <0 


Therefore, the mappings gare differentiable homomorphisms from the circle group SO, to 
GL,. 


Section 6 


lia 


Consider, 

The bracket operation, 

[4, B] = AB-BA. 

And, 

The Jacobi identity, 

[ 4,[B,C]}+[B,[C, 4]]+[C.[4,8]] = 0. 
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Since, 

[a{a.c]]+[a.[c.]]+[c{4.8]] 

= A[B,C]-[B,C] 4+ B[C, A]-[C, A] B+C[A4, B]-[4, B]C 

= A(BC-CB)-(BC-CB) A+ B(CA- AC)-(CA- AC) B + C( AB~ BA) -( AB = BA)C 
= ABC - ACB - BCA + CBA+ BCA - BAC -CAB + ACB + CAB -CBA- ABC + BAC 
= ABC - ABC - ACB + ACB - BCA + BCA+CBA-CBA- BAC + BAC -CAB+CAB 
=0 

Therefore, 

For bracket operation, 

[4,[8,C]}+[B,[C, 4] +[C,[4, 8] = 0. 

Hence, the bracket operation [ 4, 8] = AB ~ BA satisfies the Jacobi identity 


[4fa.cl}+[a{c.4]}+[c4.8]]=0. 


2.a 


Consider, be a real vector space of dimension 2 with a law of composition [v, w] that is 
bilinear and skew-symmetric. 

And, 

The Jacobi identity, 


[u,[v, w]] +[v,[w.u]] +[w,[u, v)) =0. 


Since, y be a real vector space of dimension 2. 
Therefore, w can be written as a linear span of vand w. 
Now, 
With the help of bilinearity and skew-symmetry, 
[u[v.w]}+[vo[woe]+[ws[u.r]] 
= [(qv +e,w),[v, wy] + [v.[w,(qw + c,w)]] + [ w.[(qv + c,w),v]]} 
=[ev.[v.w]]+[ew,[v.w]] +[v.[w,cr]] +[v,[w,c,w]]+[,[ev,v]]+[w.[e., r]] 
=¢, [v[v, w]] +e, [w.[v, w]] + [re [w. v}] + [ve [. w)] + [w,, [v. v}] +[ wc, [w, v)] 
=>, [v.[v, w]] +e, [,[v, w]] +e, [v.[o, v}] +e, [v.[w, w]] +e, [w,[v, v}] +e, [w,[w, v] 
=, [v.[. w]] +e, [w,[v, w]] +c, [v.-[. w]] +e,[v,0]+¢,[w,0] +e, [w,-[v, w]] 
=¢, [va[vs w]] +c, [w,[v, w]} -<¢, [va[v. w]] +c, [v.( w- w)] +c, [w,(v— v)] -¢; [w,[v, w]] 
= (c, [v[v. w]] -¢ [v.[v. w]}) . (c, [w.[, w]] -¢; [w.[», w]}) +c, ([v.w]-[v.w]) 
+e, ([w,v]-[w,v]) 
Therefore, 
After cancelling each term on right hand side, 
[u,[v, w]] + [v,[w.u] ] + [ w,[u, v}] =0. 
Hence, the real vector space // of dimension 2 with a law of composition [y, w] satisfies 
the Jacobi identity [u,[v, w]] +[v,[w,x]] +[, [u, v)] =0. 
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Consider the group SL, operates by conjugation on the space of trace-zero matrices. 


Comment 


Step 20f2 « 


Since, 
There are three elements in the basis of trace-zero matrices: 


[ at ll 


Ae€ SL, (R) 
Then, 


ad —be=1 
As, 
The diagonal matrix commutes with every matrix. 


So, he space lato be decomposed vee orb faxes by | a 1 | 


Therefore, the space can be decomposed into three orbits. 


4.a 


b 
Consider G be the group of invertible real matrices of the form ° i . 
a 


1 
Therefore, the Lie algebra be the group of invertible real matrices of the form i | 
a 


Now, 
The bracket: 


aa-ea-|* “|” | A | 
a & b a 
ab a+b ab a+b 
oF ab F ab 
-| sain 
2x2 


1 
Hence the Li algebra wl be he group of verte rea matrices ofthe form |“ 


and 
“| 


the bracts | OretF 4 


2x2 
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Consider the set defined by xy = | and the group of invertible diagonal 2 x 2 matrices. 


Assume, 

x= 

zwe=l 

And, 

CoH 
Also, 

Poel ael oe 
Since, 
axay=lzwel 
So, 

(xv)(=w)=1 
(xz)(yw)=1 


Therefore, the group xy = lis subgroup of the group of invertible diagonal 2 x 2 matrices. 
Now, 

Its Lie algebra, 

ee =e 

e’ = e 

x+ye=l 


Hence, the group xy =1is subgroup of the group of invertible diagonal 2 x 2 matrices and 
its Lie algebra is x+y =I. 


6.a 


(a) 
To show that Q, operates by conjugation on its lie algebra; 


Since it is known that the determinant of orthogonal matrix 22 is either 1 or —}, so the 

orthogonal group QO, has group action on the plane that is a rotation. 

0, =14= cape —sin@ BL ices sin? aren 
sind cos@ 


It is also known that the lie algebra of the orthogonal group Q, consists of the skew-symmetric 
matrices. 


Consider the one parameter group ¢(1) =e“, where 4 is skew symmetric matrix. 


Substitute ;=9 in o(t)=e" and SAO Ae 


o(t) = e™ 
=/ 
And, 
d9(0) _ a0) 
ak Ae 


=A 


Thus, each matrix 4is skew symmetric is a tangent vector to QO, at the identity and element of 
its lie algebra. 


Hence, QO, operates by conjugation on its lie algebra. 
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(b) 

To show that this operation is compatible with the bilinear form ( oh B) = 5 traceB . 

Since one parameter group ¢()=e“and ¢(1)=e™where 4 is skew symmetric matrix. 
Differentiate the parameter group with respect to ¢ and substitute ; = 0), to get 


=B 


The operation 446(0) _ 4 and 44(0) «pcan be witten as, 
dt dt 
(4,8) =5 traceaB 


Hence, operation is compatible with the bilinear form (4, B) = 5 trace : 


(c) 
To define a homomorphism OQ, —» O, and describe this homomorphism explicitly; 


Define y :O, > O,be a homomorphism by, 
¥(A)=8 
Where, A,BeO, 
And apply the operation on) = Aand “ = B then the homomorphism can be defined 
by, 


dt dt 


This is differentiable that is homomorphism and “46) is the derivative of g(r), where ¢(r)is 


one parameter group. 


Consider the Lie algebras of U,,,SU,,O,,and SO, (C). 


Comment 


Step 20f5 “ 


(a) 
Consider the special unitary group U/, . 


If gis a path in U, with g(0)=J/and g (0) = A, then (ty y(t) = / identically, 


And so, 

d ' 

S(9(0 (9) =0 

Then, 

digg) =(@ orig 2 

a?) [“¢ i ai ). 
=A +A 
=0 


Hence, every skew-hermitian » x matrix is a tangent vector to U/, at the identity — an 
element of its lie algebra. 


(b) 
Consider the special unitary group SU,. 


If gis a path in SU with o(0) =Jand o (0) = A, then a(t) e(t) = / identically, 
And, 

det(o(1))=1 
Therefore, 

d 
—det(g(t))=0 
a (ol) 
Evaluating at ;=0, 
trace(A)=0 
Also, 

d ° 

<(e(0 o(1))=0 


Then, 


Hence, every skew-hermitian trace-zero nx nmatrix is a tangent vector to SU) at the 
identity — an element of its lie algebra. 


A 


(c) 
Consider the special unitary group O,,. 


If gis a path in O,,with g(0)=/and g (0)= A, then g'/, =, ,\dentically, 


And so, 
di. 
GP tue) =0 
Then, 
d dg’ d 
5 (Phu?) (2 nore, fe) 
oe Al, +1,,4 
=0 


Hence, every 4x 4matrix 4 such that 4'/,, =—/,, Ais a tangent vector to O, at the identity 
— an element of its lie algebra. 


(d) 

Consider the special unitary group SO, (C )- 

If gis a path in SO, (C)with g(0)=/ and g (0)= A, then g'g = / identically, 
And, 

det(o(1)) =! 

Therefore, 

< aet(0() =0 


Evaluating at ;=(), 


trace( A)=0 

Also, 

di. 

= =0 

= (?'@) 

Then, 

4ige) -(% sg % 

7 (?#),.0 (* rf dt a 
=A'+A 
=0 


Hence, every trace-zero nx matrix such that 4’ _ _ 4 is a tangent vector to SO, (C)at the 
identity — an element of its lie algebra. 


A|B 
Consider the Lie algebra of SP,, using block form w-| } 
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Consider the special unitary group SP,,. 
If gis a path in SP, with g(0)=/and g (0)=M, then g' Sg = S identically, 
Where, 
O07 

ln al 
And, 

det(g(r))=1 
Therefore, 

d 

ba =0 

= St(9(")) 

Evaluating at =0, 

trace(A+D)=0 
Also, 

d 

—|(@'Se)=0 

= \#'Se) 


Then, 
4 (ose)=(@ sores 
“(e's0)-( Fail da ie) 


= M'S+SM 
=0 


fad 


Thus, 
M'S =-SM 


A|C\ifo J 0 1) A|B 
BiD\\-1 o| |-1 ojjc|D 

-C|A -C|-D 

-D|B| | A|B 
As a result, 
A+D=0 
So obviously, 
trace( A+D)=0 

A|\B 

Hence, every 27x 2m block matrix C D | ten that 4+ D=0is a tangent vector to SP, 


at the identity — an element of its lie algebra. 
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Consider, the vector cross product in p*, SU,and SO,. 


Comment 


Step 20f3 “« 


L=R? 
Also, 
Define [,]:R*’ > R* 
The cross product of vectors: [x,y] =x y 
Now, 
The vector cross product satisfies Jacobi identity. 
Therefore, 
The vector cross product makes jinto Lie algebra L, . 
Hence, the vector cross product makes p'into Lie algebra /,. 


(b) 

Let, 
L, = Lie(SU,) 

And, 
L, = Lie(SO,) 

As, 

The Lie group isomorphism from SU,,to SO,: 
@:SU, > SO, 

Such that: 


ofex| -r/%]) = exp| Di, 

The conjugacy classes in $O, operate on pas rotations. 

And, 

The conjugation by an element of SU, rotate every latitude, 

Also, 

The spin homomorphism SU, -» SO, can be used to relate the conjugacy classes in the two 
groups. 

Hence, the three Lie algebras /,,/,and /, are isomorphic. 


10.a 


Classification of Complex Lie Algebras 


Let L be denote afinite dimensional Lie algebra over a field F. 
Note that the notation ad,, for z € L is given by the map from L to L assigning 


ad,(y) = [y,z], forally € L. 
Now the classical form of L is defined as the map 
():LxLoF 
by the assignment 
(x,y) = Tr(ad, . ad,). 


Let us now classify the Lie algebras of dimension one. 
Clearly we have 


L=Fx forsomea € L where [x, x] = 0. 
This follows that for all y and z in L 
y =az and z=be => [{y,z] = [az, br] = ablz, z] = 0. 


Hence L is an abelian and clearly unique up to isomorphism. 
This follows that L = F'—) is the only Complex Lie Algebra of dimension one (upto isomorphism). 


Let us now classify the Complex Lie Algebras of dimension two. 
Now we have 


L=Fxr+ Fy, for some linearly independent 2, y € L. 
In the above argument the 2, y satisfying 
[x, x] = [y,y] = 0. 
Therefore only the product (a, y] which needs to be considered are 


(1) If [x, y] = 0 then L is abelian. 
(2) If [a, y] A O then define z = ax + by, where a,b € F are not both zero. 


Without loss of generality let us assumed that a 4 0. 
Then note that 


[w,z] =z wherew=a'y. 
So it concludes that 
L= Fw+ Fz 
is a Lie algebra satisfying 


L' = Fz. 


By the above argument its follows that this is the only non-abelian two-dimensional Lie algebra up to isomorphism. 


And there exists another Lie algebra of type (b) above, name as Lo. 
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Let us now classify the Complex Lie Algebras of dimension three. 
Let us consider a basis of L as (@1, 22, @3).. Since we have [L, L] = L, 


(fi, fa, fa) = ([a2, x3], [ws, a1], [21, 22]) 


is also basis of L. 
Hence notice that f; as linear combinations of the 2j, that is, 


f= 5; a;;e;, with non-singular coefficient matrix A = (a_ij). 


Now notice that A must be symmetric, and that every invertible symmetric matrix A determines a Lie algebra L .. 
Then two such Lie algebras Ly and Lg are isomorphic if and only if there is a matrix M € GL3((C) such that 


B = det(M)(M~))‘AM~. 


In other words, L.4 and Lg are isomorphic if and only if A and B lie in the same G-orbit under the action of 
G := C* x GL3(C) given by 


(t,C)A =tCAC® onthe space of symmetric 3 «3 matrices. 


Recall the Principal axis theorem, the system of representatives is just the identity. Hence there is only one complex 
Lie algebra of dimension 3 (upto isomorphism). 


Result Ao. 


First we classify the dimension one complex Lie algebras L upto isomorphism then of dimensions two and three 
consecutively. 


1l.a 


Consider g be a real nx nmatrix and (,) be the bilinear form _y' py. 

And, 

The orthogonal group G of this form is defined to be the group of matrices psuch that: 
PBP=B- 


Since, 

ew" = dete“ 

Let, 

AeG 

So, 

A'B=BA" 

Thus, 

A'S+SA=0 

Therefore, 

The Lie algebra is: 
L={AeGL,(R): A'S +SA=0} 
Also, 

The one parameter group is: 
G={AeGL,(R):e", A'S +SA=0} 
Hence, the Lie algebra is 1 ={ Ae GL,(R): A'S +SA=0}and one parameter group will be 
G={AeGL,(R):e",A'S+SA=0}. 
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Section 7 


tia 


To Prove: The Unitary group U,, is path connected. 


Solution: Let us start with a statement of Spectral theorem. 

Spectral theorem states that if U isan n x n unitary matrix then there exists an another unitary matrix P and also 
P is invertible such that PU P-! is a diagonal matrix. 

We will propose to prove that the group U,, is path connected. 

In order to prove this, it is enough to show that there exists a continuous map joining PU P-! and the identity 
matrix, I. 

Let us now consider the diagonal matrix PU P—! by the way 


PUP? = diag(exp(ia;), exp(tag),....,exp(ia,)), where a; € R. 


Let f(z) be the continuous curve in the diagonal unitary matrices such that the diagonal entries of f(a) are exp 
(ixa;), where 1 < j < nandz € [0,1]. 
This follows that 


f(0)=I and f(1)= PUP". 
Let us now consider a function g from [0, 1] defined by the assignment 
g(x) = P“*f(x)P. 
Then f is a continuous curve in U;, such that 


g(0)=I and g(1)=U. 


So we construct a continuous curve g in U; such that 
g(0)=I and g(1)=U. 


Hence U), is path connected. 
This completes the proof. 


Result 20f2 


Choose an arbitrary element from U;, and shown that there exists a continuous path in U;, joining the element and 
the identity matrix. 


To determine the dimensions of the following groups: 


Comment 


Step 20f8 « 


(a) 
Consider the following group: 
U, 


Since it is known that it is a unitary matrix of subgroup of GL, (C). 
Suppose that we U, then different columns of w are orthogonal, that is 


Where, j#k 


Now to find the dimension of U,; 


From equation (1), for the first row, a complex constraint equation is »—1. 
For the second row, a complex constraint equation is »—2 and so on. 


This implies that, number of complex equation is ae} or real equation is n(n—1). 


From equation (2), number of real equations is 7. 
So, dimension of U,is: 
d =2n' -(n(n-1)+n) 

=2n? -(n? -n+n) 

=n 


Hence, dimension of U, is [n?]. 


(b) 
Consider the following group: 
SU. 


Since the special unitary group in nm dimensions and it is known that the SU_is subgroup of U,. 


Determinant of every matrix of SU, is 1. 
Suppose that w €U, then determinant of matrices of U, is ge where a is real number. 


So, number of equation is real matrix of determinant of w is 1 this implies that determinant of wu 
is 1. 


Hence, dimension of SU, is [? -1]- 
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(c) 

Consider the following group: 

SO, (C) 

Since it is known that $O,(C)is subgroup of O, (C)and O,. 


Suppose f €0,(C)this means that f’f =| where f is nxn matrixand det F =+1 


Now consider the part of O,(C) with det F = +1 
This is known as SO, (R) = SO(n) and dimension of $0,(R)'s =) 


Hence, dimension of SO, (C) is [n? —n] 


(d) 
Consider the following group: 
0(3,1) 
First consider the group O(p,q)and suppose that f € O( p,q)then 
Amatrix 4 is invariant under O( p,q), this means that 
SAS =A 
Itis the real subgroup of O( p,q). 


Here, p=3 and q=1 then O(3,1)is known as Lorentz group and dimension is 


ay 


Hence, dimension of O(3,1)is 


(e) 
Consider the following group: 
SP, 
This group is known as sympletic group. 
Suppose that matrix Ae SP,,(C)can be defined as, 


A'MA=M 


Comment 


Step 8of8 “ 


Where, matrix jy invariant in SP,, : 


ee 
ule 
Suppose Ae SP,,(R) then itis also a real. 


Hence, dimension of SP,, is n(2n-1) =[2n? —n- 


3.a 


n(n-1) : 
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Solution: We will find all solutions of the equation P? = I near I. 
Let us recall that for some A we have 


A At 
e = NE + >. Te 
k 
Now consider the exponential map @ defined by the assignment 


o(X) =e*. 


Then ¢ is a local diffeomorphism around X = 0. 
Then there exists a positive € such that @ is a diffeomorphism in the neighbourhood N,(0) of X = 0. 
Let us now choose 6 > 0 in such a way that 


Ns(e°) = Ns(I) € 9(N5(0)). 
Therefore we have if ||P — I|| <6 then there exists a unique X such that 


|X| <5 and eX =P. 


Let us now assume that the aforementioned P satisfied 


IP-I|| <6 and P? =I. 


Let us again assume that X be the unique one for which 
é € 
eX =I and ||X||< 3 


Then we have 


Now notice that since @ is a diffeomorphism in a neighbourhood N,(0) of X = 0 and ||2X|| < € we have 
2X =0. 
This follows that 
A= Vand: PI 


Therefore the only solution of the equation P? = I in the neighbourhood N;(I) is P = I. 
This completes the solution. 


Result 


Considering a map @ by @(.A) = e* and showed that the only solution of the equation P?=Tina 
neighbourhood of I is P = I. 


Consider a path-connected, non-abelian subgroup of GL, of dimension 2 . 


Comment 


Step 20f2 « 


b 
Consider, the group GL, of dimension 2 containing 2 x 2matrices such as ? i 
-b a 
Where, 
a+b 40 
And, 
The group SO, is a subgroup of GL, . 


Also, 


The group SO,has 2x 2matrices such as i A! 
-b a 


Where, 
a+h =i 
As, 
It is isomorphic to circle group. 
So, 
It is path-connected. 


Clearly, 
It is non-abelian. 


Hence, group SO, is a path-connected, non-abelian subgroup of GL, of dimension 2. 


Hermitian matrix is defined on any square matrix that is, the conjugate is equals to the given 
matrix itself. 


a. 

Consider the map; 

e:H(n)>H(n) 

Here, #7 denotes an hermitian matrix and which is bijective. 


For the case of complex invertible matrices the polar form which states that the non-zero 
complex number; 


z=a+ib 
This is given by; 
z=r(cos@+isin@) 


So, by the application of polar coordinates it can be said that there is a bijection between the 
topological space that is, GL (n,Q having invertible matrices of order nxn 


Also, GL(n, Ois a group 


Thus, from above information, for every complex invertible matrix .y there exists a unique unitary 
matrix L/ and unique hermitian matrix sy such that; 


X =Ue" 
Therefore, there is a bijection between GL(n,Q and H(n) 
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b. 

From the above part there is an exponential relation with hermitian matrix defined as; 
X =Ue" 

Since, U/ be some unitary matrix, so; 
|detU| =1 

As, U Is considered to be unitary, so from above and tr( H)is real and jy being hermitian, so; 
det(e”)>0 

Thus, if; 
det(X)=1 

So, this must obtain; 
det (e" )=1 

This implies that; 
HeH(n) 

Thus, there is a bijection between SL(n,Qand H(m)x H(n) 


Therefore, the topological structure or the map of GL, (using the polar decomposition 


will be defined as |SL(n,Q — H(n)x H(n) 


Tangent vector field is defined as the generalized vector field on the manifold with the derived 
tangent expression. 


Comment 


Step 20f2 « 


Consider the tangent vector field p4in ¢ 

Given that; 

A=\+i 

Suppose; 

P=(x,y) 

Then, the dot product will be; 

PA=(x,y).(1+i) 

=x+iy 

Now, ¢will be the group of complex number under multiplication 
Take the whole plane as the group ¢ 

So, appropriate graph for the tangent p4 on chas been shown below using MAPLE; 
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7.a 


Consider the subgroup 7 be a finite normal subgroup of a path connected group G . 


Comment 


Step 20f2 « 


Since, 

The subgroup // Is a finite normal subgroup of a path connected group G. 

As, 

The center of a path connected group Gis also path connected and normal subgroup. 
And it is connected to all the members of the path connected group G . 

So, 

The center of a path connected group G is maximal path connected normal subgroup. 
And, 

The subgroup #7 be a finite normal subgroup of a path connected group G , 
Therefore, 


If the subgroup #7 Is a finite normal subgroup of a path connected group G then y will be 
contained in the center of G . 


Because, 
The center of a path connected group G is maximal path connected normal subgroup. 
Hence, the subgroup // is contained in the center of G . 


Section 8 


lia 
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Groups are defined as an algebraic structure consisting of a set of elements combined with 
operations closure, associativity, identity and invertibility. 


Comment 


Step 20f4 « 


Let F be a field of order at least four 
This implies that only proper normal subgroup of SL, (F )is its centre Z = {+1} 
Claim: projective group PSL, (F)is a simple group 
Now, using the result that only proper normal subgroup of SL, (F’)is its centre Z = {+1} and 
using the correspondence theorem which states that; 
Let @:G —» @ be a surjective group homomorphism with kernel x . There is a bijective 
correspondence between subgroups of 7 and subgroup of G that contain x, that is; 
{subgroups of G that contain K } <> (subgroups of 7) 
Using the above result of correspondence theorem the projective groups PSL, (F will be a 
simple finite group where Fis a finite filed. 
Also, there is a result that the order of a finite field is always a power of a prime, that for every 
prime power q; 
q= Pp 


Here, the filed is of the form of F, . So; 

q=4 

=? 

This implies that; 

qz=4 

p=2 
Where, pis a prime 
And, also F, has a characteristic 2. It is known that finite fields of order >" have characteristic 2. 
That is in those fields the fields will be of the form of; 

l=-l 

J=-] 
Thus, for a filed / =F, the projective group PSL,(/') is a simple group with its centre 
Z={+1} 


Next, the filed is of the form of F,. So; 
q=5 
=5xl 
This implies that; 
q=5 
p=1,5 
Where, pis a prime 
And, also F, has a characteristic 2. It is known that finite fields of order odd multiples have 
characteristic 2. That is in those fields the fields will be of the form of; 
l=-l 
T=-I 
Thus, for a filed F =F, the projective group PSL,(/) is a simple group with its centre 
as Z={+/} 


Consider the isomorphism PSL, (F,) = S,and PSL, (F,) = A,. 


For PSL, (F,), consider six elements: 


buea eh 
a 


An isomorphism can be defined between the permutation group on the projective line elements 
and §,. 


Because, 
Both are groups of all permutations on three elements. 
Therefore, 
PSL, (F;)=S, 
Similarly, 


Every matrix in PSL, (F, )can be decomposed into an even number of transpositions on the four 
elements. 


Thus, 
PSL,(F,)= A 
Hence, the isomorphism PSL, (F,)~ S,and PSL, (F,)~ A,. 


3.a 


ASylow p subgroup of any group Gis defined as the maximal » ~ subgroup of G that is not a 
proper subgroup of any other p— subgroup of G . 


a 

Let p be some prime. 

Then the order of p — Sylow will be of the form of; 
|s,|=p! 

And, the highest power which divides |S, |will be p 


Thus, p~ subgroups are precisely the cyclic subgroup of order p , which is generated by p— 
cycle 
Thus, the number Sylow p— subgroup Is of the form of; 


p! 
P 
For, p =2, itwill be; 


=2 


=24 
Therefore, the number of Sylow p— subgroups of PSL,(F,) for p=2,3,5 willbe 
2,2,24 respectively. 


b. 
Next, to prove that the three subgroups A,,PSL,(F,)and PSL, (F,)are isomorphic 
Clearly, the order of A, is; 


5! _ 120 
2 2 
=60 


Also, the order of PSL(2,n) Is of the form of; 
(=n) 
2 


Now, for PSL, (F, ) the order will be; 


And, for PSL, (F,)the order will be; 


(s*-5) 125-5 
we 
_ 120 


2 
= 60 


Now, since A,is simple unique non-abelian group of smallest order. 

This means that A, is the simple non-abelian group of smallest order possible and is isomorphic 
to the simple order as of A,and or an divisible order 

Since, the projective special linear groups are simple. So, the groups PSL,(F,)and PSL, (F,) 
are simple 

Also, 6Qand 3Qare divisible 


Therefore, A,, PSL,(F,) and PSL,(F,) are isomorphic to each other. 
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Symplectic group is defined as the two different but closely related collections in the 
mathematical groups denoted by S$ (2n,F) 


a 
To construct a polynomial equation that defines the symplectic group. 
Take an example; 

100 0 

ot o:.4 
001 0 
000 -1 
This is defined as the Lorentz group which preserves each of the two connected components of 
the hyperboloid of the form; 


A= 


M +x} ¢x3 —xd =-1 

Asimilar construction can be done with taking any skew symmetric matrix of order nxn 
Say, this matrix is §, then; 

S’ =-S 

If det S +0 

Then it implies that m would be even 

That is, say; 

n=2k 

Take any example say y ; 


rt 


And, so get; 

A 0 0 
aia 

00 -- A 
The matrix group defined as; 
Symp,,.(R)={AeGL,, (RB): AX’ A=X,,} 


<GLy,(B) 
This is called the 2k x 2k real symplectic group 
Therefore, the polynomial in symplectic group can be of the form of; 


M+xp¢x3 —x2 =-1 
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b. 
Consider; 
X ={x,} 

eM,(9 
Then clearly; 
x" =(x)' 

=(x") 
This is defined as the Hermitian conjugate of _y , that is; 
(x), =3, 
Then, x nunitary group is the subgroup defined by; 
U(n)={X eGL,(Q: XX =1} 

<GL,(Q 


Now, the unitary condition states to ,? number of equations for »? number of complex number, 
say x, 


Hence, the unitary group LU’, can be defined by the real polynomial equations . 


5.a 


Consider the centers of the groups SL, (IR) and SL, (C). 


Comment 


Step 20f2 “ 


Since, 

The multiples of the identity follows commutative property with every element, so in the center. 
Thus, 

The center of SL, (R)is {/,-/}. 

And, 

The center of SL, (C) contains the matrices of the form xy, where 4" =|. 


Hence, the centers of S/, (R)is {/,—/} and centers of SL, (C) includes the matrices of the 
form J, where 4" —|. 


6.a 
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Consider the normal subgroups of GL, (R). 


Comment 


Step 20f2 “ 


Since, 

The normal subgroups of GL, (IR) that contain its center are: 

The special linear group SL,(R), 

The special orthogonal group SO, (R), 

And, 

The group SU,(R) 

Therefore, the normal subgroups of GL, (R)that contain its center are S/.,(R), SO,(R) 
and SU,(R)- 


Consider, the isomorphism between the groups PSL, (C)and GL, (C)/Z as well as PSL, (R) 
and GL,(R)/Z. 


Comment 


Step 20f2 “ 


Since, 

The groups PSL, (C)and GL, (C)/Z are not isomorphic because there is no isomorphism 
between PSL,(C)and GL,(C)/Z. 

Now, 

Consider the isomorphism ¢ between PSL, (R)and GL,(R)/Z. 

Then, 
Ker()=+1 

This is one coset of {+1} in SL, (R)and one member of PSL,(R)- 

And, center 7 of GL, (R)is {+/}. 

Therefore, the groups PSL, (C)and GL, (C)/Z are not isomorphic while the groups 
PSL,(R)and GL, (R)/Z are isomorphic. 


8.a 
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Matrix is defined as the representation of elements using the rows and columns with related 
orders. 


Comment 


Step 20f4 « 


Consider pto be a matrix in the centre of SO, 


Then phas a property, that it will remain unchanged even after applying the transpose property 
of a matrix 


To show: that p4= 4P 
Since, given that 4 is skew symmetric, then it can be defined as; 


Now, consider p4 , and then take transpose of this; 
(PA) =A'P’ 

=-AP’ 
Since, the matrix in SO, are commutative, then; 
-AP' =-P’A 

=P’ (-A) 

=(APY 
Therefore, it is clear that 


b. 

Use the method of mathematical induction for the proof. First consider without loss of generality; 
q=qn 

Where, qis in centre of SO, 

Now, for any » >] 

There will be smooth affine surface defined as; 
H={q=1} 

Clearly, this is irreducible. 

Then by using Witt's extension theorem which states that; 


Let (Y,a) be a finite-dimensional vector space over an arbitrary field K along with the 


nondegenerate symmetric or skew-symmetric bilinear form. If £/:U —» U'is an isometry between 
two subspaces of y then f extends to an isometry of 


Then by using the result of above stated theorem there exist a finite dimensional quadratic space 
over afield K 


This space acts transitively on the set K embedding into a field quadratic. 
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Now, for » >], take » =2 


Then the matrix will be of the form of say, 4g", where for » =| the matrix is defined below; 


So, clearly from the above explanation the assumption for , > 4is true 
First taking, » =2; 


=] 
Again for 7 =3; 
M’=M?xM 


Finally for n =5; 
M’=M*xM 


Therefore it is proved that the centre of SO, is trivial if n isandis {+/} if m is even for 
n24 


Find the order of the general case: 
SO, (F,) 
To compute the orders of the groups; 
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Consider the homomorphism det :GL,, (F) —» F*. This map is surjective. 
Whole space of jr is the image of GL, (F). 
Consider the mx» matrix: 


¥ Ge aed 
0 f .2+8 
O05. 1 


The above matrix is an invertible xn matrix of determinant x . 


It is known that SO, (F, )is kemel of the homomorphism, then form the first isomorphic theorem, 


eo es 


(a) 
Consider the following group: 
SO, (F,) 
Substitute =2,q =3 in equation (1), then 
(3 _3 \(3° -3) 
(3-1) 
= (3% -3')(3 -%) 
iene emma 


(9-3)(9-1) 
= 2-3)0-) 


6x8 


|SO, (F, | = 


=24 
Hence, order of SO, (F,) is [24]. 


(b) 
Consider the following group: 
$0,(F,) 

Substitute nm =3,q =3 in equation (1), then 
(3 -3 \(3° 3? \(> -3") 
G1) 

k (3 -3)( -3)(? -3') 

— 

F: (27-9)(27-3)(27-1) 
2 


|so,(¥,)|= 


a 18x 24x 26 
2 


= 5616 
Hence, order of SO,(F,) Is [5616] - 
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(c) 
Consider the following group: 
SO,(F,) 
Substitute = 2,q =5 in equation (1), then 
( -3'\( -5**) 
(5-1) 
_ (25-5)(25-1) 
7 4 
~ 20x24 


4 
=120 


Hence, order of SO, (F,) is [120]- 


|SO, (F,)|= 


(d) 
Consider the following group: 
SO,(F,) 
Substitute m=3,q =5 in equation (1), then 

“i (s° -§"* \(s -5*2 \(s -s**) 
ih — 
_(8-S)(8'-5)(8'-3') 
——— 
_ (125-25)(125-5)(125-1) 

4 


_ 100x120x124 
4 


= 372000 
Hence, order of SO,(F,) is [372000] - 


10.a 


{a) 
To write the matrix of conjugation by a-([? ‘| on in block form; 
c 


Let y bethe space y of complex 2x2 matrix, with the basis (e,,,¢,,,€),.€,)- 


[3 
me 
of] 
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b 
Then, conjugation by A= k ‘| on V as shown below, 
c 


rove IE 
[dl 
= ae, +0-¢,, +0e,, +0-e,, 
rove IE 
{ ¢] 


=0-e,, +a¢,, +0-e,, +ce,, 


a b|0 0 
ra? 31) ol 
[b 0 
“ld 0 
= be, +0-¢,, +de,, +0-e,, 
And, 


re)-[° ale 1] 
[0 6 
Te 4] 
=0-e,, +be,, +0-e,, +de,, 


The coefficients of the ¢, 's on the right is the columns of our matrix. Put it all together, the 
desired matrix is: 


Hence, matrix of conjugation by A = i ‘| on V in block forms as shown below: 
é 


{b) 
To prove that conjugation defines a homomorphism 9: SL, (C) ~ GL, (C) and that the image 
of @ isisomorphic to PSL, (C). 
Definea map g:SL,(C)-» GL,(C)by, 
a0b0 
ab ot 0aod0b 
¥ é.d ec Odo0 
0c Od 
To show that gis homomorphic. 


Let B aN £|es1,(c)nen, 


ale alle iDpelles ci) 


a+f 0 b+g 0 
0 at+f OO btg 
cth 0 d+i 0 


=o CO 
o=~ Oo8 
~ o8 S 


And, 


a biif g|\_ (laf+bh af+bh 
o{{? ali lof 7 sige 
af+bh 0 af+bh 0 
| 0 af +bh 0 af +bh 


of +dh 0 d+i 0 


Hence, map g: SL,(C)—> GL,(C) homomorphic. 

Define amap ¢:SL,(C)-—» PSL,(C)by, 
a b c 
le ah 
0 


Where, : 1 |est(C) a0 E | fe staroupo scat ranstoatons with nt 
c 


- 12 & 


determinant. 

Since is homomorphism from S$L,(C)to GL,(C) then from the isomorphic theorem: 
st,(©) 

SZ,(C) 

Hence, image of ¢ is isomorphic to PSL, (C). 


PSL,(C)= 
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(c) 
To prove that PSL, (C)is a complex algebraic group by finding polynomial equations in the 
entries y, ifa 44 matrix whose solutions are the matrices In the image of 9; 
Consider the following 4x 4 matrix: 
0b 0 
a 0 b 
0d 0 
c Od 
Now substitute y, in the above entries, then the matrix become, 
Mi oO Ys 0 
au 0 yn 0 Yu 
Ys O vy 0 
0 yu 9 Mu 
This can be written as polynomial equations in the entries y, as shown below: 
YX), +90) Om tu) etn +0 )x? +(Vn Vu )x” 
Or, 
V(X) =(ru tu)? (9 + Yy)e + (Va + Yq) ¥+(N +3) 


Hence, PSL, (C)is a complex algebraic group. 


Miscellaneous Problem 


lia 


Let G=SL,(R) and a-[* ” | bea matin G. 
zw 


Suppose that 1 be its trace. 
Substitute w=s— x in matrix 4, 


Determinant of 4 is det A= x(t—x)— yz and itis given that det A=1, SO 
x(t-x)-yz=1 

This implies that, 

xt-x’-yz=1 

This implies that, 

xt=x?+yz4+l 

This implies that, 


_ x +yz+l 
2 
So, here x,y and =z arein BR and fixed trace ; isin x,y and = terms. 


t 
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Decompose them into conjugacy classes: 
Suppose that matrix é 4 is in subgroup G . 


The conjugacy classes in G can be defined as, 
CL(A)={BXB" : BeG} 


x -bx+y 
z -bz+w 
x+bz -bx+y-b'z+bw 
z ~bz+w 


Suppose that y+bz = a,—bx+ y—b’z+bw=c,-bz+w=e 
And determinant of the above matrix is invertible. So it is form a conjugacy class of G 


Thus, conjugacy classes in G is i ‘)ceR . 
ze 


Consider the elements of SL, (R) lie on a one-parameter group. 


Comment 


Step 20f2 “ 


Since, 


The one-parameter groups in SL, (IR) are the homomorphisms ; _, ¢, where 4is areal 2x2 
matrix, whose trace is Zero. 


Hence, the elements of S/, (IR) lie on a one-parameter group consists of the form o, 
where 4 is areal 2x 2? matrix, whose trace is zero. 


3.a 


67 


Consider the conjugacy classes in a path connected group G . 


Comment 


Step 20f2 ~ 


Since, 
The group Gis a path connected group. 
As, 


The conjugacy classes in a path connected group can be considered as the equivalence classes 


of the free loops under the free homotopy. 

And, 

A free loop in G is the equivalence class of continuous functions from the circle to G. 
Also, 

The two loops are equivalent if they have difference by reparametrization of the circle. 
Therefore, it can be viewed as a string. 


In a string, all the points between two given points situated on that string only because string is 
path connected. 


Therefore, the conjucacy classes in a path connected group are path connected. 


4.a 


Consider, 
a =a+bi+cj+dk. 


Where a,b,c and dare real numbers. 


Comment 


Step 20f5 “ 


(a) 

Since, 

@ =a-bi-cj —dk. 

Now, 

aa =(a—bi-cj—dk)(a+bi+cj+dk) 
=a’ -b* (ii)-c* ( jj) -d* (kk) +(ab-ba)i+(ac-ca) j +(ad—da)k 
+{ -be( ij) -eb( ji) }+[-bd (ik) - db(ki) ]+[ -ed ( jk) - de(ki) | 

Then, 

aa = a* —b* (-1)—c? (-1)-d? (-1) +(0)i+(0) j+(0)k 
+[-be(k)-cb(-k)]+[-bd (~j)-db( j)]+[-ed (i) -de(-i)] 

So, 

aa =a +b? +c7 +d". 


Theo 
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(b) 
Consider, 


az. 

Then, 

+h +ce+d £0. 

Assume, 

oe a 
a+h+c+d- 


Since, 


: a 
a’a=| + |e 
awe | 


pee 5. 
e+ 44a? 
= a+h+e+d? 

a+b +e4+d? 
=| 


And, 
aa =a 7 
a+b +c+d* 
ie aa 
ath +c+d® 
_a@ tb +c+d 
ath +c+d® 
=] 
As, 
ee 
aa =aa=\. 
So, 


The multiplicative inverse of ais gq”. 
Therefore, every ~ + () have a multiplicative inverse. 


(c) 

Consider, 

The elements of SU, are complex 2x 2 matrices of the form, 
a-| a+bi ah 

-ce+di a-bi 

Where, 

det Asa? +h? +c? +d? =1. 

Therefore, this defines a bijective correspondence of SU, with the unit 3— sphere 
{a +b? +c? +d? =I}in Be. 
And, 
The 3—sphere {a® +6” +c* +d” =1}has a group structure. 


Now, 
a+bi c+di)) a,+bi c,+d,i| | xy+xi x, +x, 
-¢,+di a,-bji||-c,+d,i a,-bi} |-x,+xi x-xi]' 


Where, 
Xp = a,a, —b,b, - cc, -d,d,, 
x, =a,b, +ba, +¢,d,-dc,, 
X, = a,c, +a, —bd, +d,b,, 
x, =a, +d,a, +bhc, -c,b,. 
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Also, 
(4, +h ite j+d,k)(a, +b,it+c,j +d,k) =x) + xi +x, ) + xk. 


As, 


, : Xyot+xio Xx, +x,/ 
(x, +xyit+xjtxyklo =a 
=x, +x, x, - yi 


So, the map from quaternions g? + 5? +¢* +d? =|to SU, that sends a+ bi+cj +dkto 


bees <6 | someone 


-c+di a-bi 


Hence, the set of quaternions a@ such that ,? 4 4° + ¢? + ¢? =| forms a group under 
multiplication that is isomorphic to SU,. 


5. a 


Consider the affine group A, is the group of transformations of m” generated by GL, and the 
group 7, of translations 7, (x)=x+a. 


Since, 
The affine group A, is the group of transformations of "generated by GL, . 
And, 
The group 7, of translations ¢,(x)=x+a 
For Ae A,and TeT,, 
ATA" (x)= AT|A'(x)] 
= A\A"'(x) +a] 
= A\A'(x)]+ Aa 
= AA'(x)+Aa 
=I(x)+Aa 
=x+Aa 
So, 
ATA" €T, 
Therefore, the group 7, is normal subgroup of A, . 
Now, 


If A,is considered as n-manifold then 7, will be 1-manifold because 1, (x)= x +a, So the kernel 
of the mapping y: A, + GL, will be T, as Tis }-manifold « 


Thus, 
By first isomorphism theorem, A, /7, will be isomorphic to GL, - 
Hence, the group 7, is normal subgroup of 4, and 4, /7, is isomorphic to GL, . 


6.a 
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Let U denote the set of matrices 4 such that / + 4 Is invertible, and define 


A'=(1-A)(1+A)" 


Comment 


Step20f6 « 


(a) 

To prove thatif 4 isin Uthen 4’ inu. 

Since 4 canbe writtenas 4=(/+A)-J and /¥4 4is invertible then, 4 is invertible 
And J~A=(/+A)-2Athen 7 ~ 4 is invertible. 

Thus, (/—A)(1+4A)' 

To show that / + 4’ is invertible. 

1+A'=1+(1-A)(1+4)" 

Here, (/- A)(/ + A) ‘is invertible. 

Thus, /+ 4’ is invertible. 

Hence, 4’ inU 


(b) 
Prove that the rule 4 ~ U - A)(I + A)' defines a homomorphism from neighborhood of Oin V 
to a neighborhood of 7 in SO,. 


Let y denote the vector space of real skew-symmetric mx matrices. 
Define amap A:V — SO,_by, 
A(B)=(/-A)B 
Where, B is skew-symmetric nxn matrix and it is known that determinant in SO, is 1. 
To show that the map is homomorphism; 
Let gand Cin y 
A(B+C)=(1-A)(B+C) 
=(/-A)B+(I1-A)C 
=(1-(1-a)(1+ Ay") B+(1-(1-a)(1+ ay) 
Since (/-A)(/+ A)" is invertible LHS part provided in the above is irreducible. 
Thus, A(B+C)=A(B)+A(C) 
Hence, rule A~(1-A)(1+A)' defines a homomorphism from neighborhood of Oin vy toa 
neighborhood of 7 in SO,. 


(c) 
Yes, there is an analogous statement for the unitary group because / + 4is invertible and matrix 
A in U is sympletic that is determinant is 1 then this set of matrix forms a unitary group. 


(a) 
Suppose that a matrix 4 in U is sympletic. 
To show that (ay S=-Sf' 


0 
Suppose § -| 


1 4 and amatrix 4 In U is sympletic, thatis 4 has determinant 1. 


(4 s=(-ayireay’)| S 4 
=(1+4y"(1-4)| : 4 


-1 0 
4 0 (1+ A)‘ (1-4) 
“| -(1+ ay" (1-ay 0 
=-(1-ayteay'| i 
=-A'S 
=-SA' 


Hence, ( 4’) S=-SA’ 


Suppose that (Ay S=-SA'. 
To show that a matrix 4 in U is sympletic, that is to show that 4 has determinant 1. 
(A) S=-SA' 


OL ola olf 
iy “OL @ 
This implies that, 


| 0 ahd 


-(Ay +A 0 
This matrix has determinant |. 
Hence, a matrix 4 in U is sympletic. 


7.a 
Il 

8.a 
Il 


9.a 


Agroup is defined as the algebraic structure consisting of set of elements which is combined with 
operations to form a third element. 
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Consider the alternating group A, having index 2 of symmetric group; 

G, =S, 
Now, suppose the mapping be given as; 

9:SU, > SO, 
Here, G, be the inverse image of the icosahedral group 
Let yy be any subgroup of G which is generated by the rotations 
And, let be the normal subgroup of G generated by reflections and rotations 
Now, fix; 

H,=a,(H) 

F=a,(F) 

Then, H,is a rotation group, and both are considered to be the normal subgroup of G, 


Now, suppose the possible triplets be (G,,H/,, F,) 


i 


Here, G, is generated by Hand F 


Now, further by using the result that every irreducible rotation group occurs upto conjugation and 
every irreducible reflection rotation group either appears in conjugation or it contains reflection 


So, by above result consider the reflections to be /;,..., f, where its corresponding fixed points 
are defined as the hyper planes known as the walls of a chamber of a reflection group W’ . 


That is, (WF )is a system of reflections with; 


F={f,,..sf,} 
Also, it is given that G, is the inverse image of icosahedral group in SU, 
Therefore, any groups of the form of g, is isomorphicto //, or F 


10.a 
WI 
1i.a 
II 
12.a 
Il 


13. a 
Consider the adjoint representation of SL, (C). 


Comment 


Step 20f2 “ 


Since, 

The adjoint representation of SL, (C)is the representation by conjugation on SO,(C), 
SL, (C)x SO, (C) + SO, (C) 

As, 

P€SL,(C),A€SO,(C)— PAP" € SO,(C). 

The kernel of vis the center of SL, (C)thatis {+/}. 

So, 

By first isomorphism theorem, 

SL, (C)/{#1} = $0, (C) 


Therefore, [SL (C/{=1} = 50,(C) 
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10 


Chapter 10 


Section 1 


lia 


To Prove: The image of a representation of dimension one of a finite group is a cyclic. 
Proof: Consider the group G with all non-zero complex numbers, that is 
G := C — {0}. 


Then the image of a representation of dimension one of a finite group is a finite subgroup of G. 
So to prove the content, it is suffices to show that every finite subgroup of G is cyclic. 


Letz € G.Thenz £0andzeEc. 
Then z can be written in the form 


z=r(cos0+isin@), where r>0 and 0<@< 2r. 
Let us consider w be another element with the representation 
w = R(cos¢+isind). 
Then notice that 
zw = rR(cos(6 + d) +isin(@+ ¢)). 


Let us now assume H is a finite subgroup of G and z € H. Since H is finite, then there exists a natural number n 
such that 


akag U8 


This follows that 
r”(cos (nO) + isin (n@)) = 1. 
But by the above equation notice that if r" = 1 then clearly r = 1 and z is on the unit circle. 
We also have 
n@ = 2kr, where ke Z 
2kr 


=> d= —. 
n 


So it is left to prove that H is cyclic. 


Let ~ be the minimal angle among all z € H. And consider 
z=coswt+isiny. 
If z does not generate H, the consider w = cos d +7 sin 6 such that 
wet z* forallk € Z. 


This follows from the polar representation of z and w that 6 is not an integral multiple of w. 
Since wW is minimal, there exists an integer m > 0 such that 


v>d—mrv>0. 
It follows from the previous argument that 
wz ™ =cos(d — mv) +isin(d — my) € H. 


But this contradicts the minimality of x among all arguments in H. 
Thus our assumption is wrong, thence w is an integral multiple of z. Hence z generates the group H. 
This proves that HZ is cyclic. 


Hence every finite subgroup of G is cyclic. The image of a representation of dimension one of a finite group being 
a finite subgroup of G, it is cyclic. 
This completes the proof. 


Result Sof 5 


The image of a representation of dimension one of a finite group being a finite subgroup of (C — {0} is a cyclic 
group. 


(a) 


The octahedral group Q consists of rotational symmetries of a cube. These rotations are 
generated by three 99° rotations. 


First choose a standard basis for p>: 
B={(1,0,0),(0,1,0),(0,0,1)} 
Thus, to write a representation of Q, use the appropriate 2 matrices, then to get 


cos@ sing 0 
A, =|-sing cos@ 0 
0 0 1 
cos¢ 0 —sing 
4=| 0 1 0 
sing 0 cos¢ 
1 0 0 
A,=|0 cos¢ sing 
0 -sing cos¢ 
001 
4,=|1 1 1 
100 
And, 
010 
A,=|0 1 0 
001 


Thus, the above representation is a standard representation of the octahedral group Q. 


(b) 
Consider the dihedral group: 
D, 


Dihedral group defined by, 
b, = (syle =9*=(a)=1) 

First choose a standard basis for p?: 

B = {(1,0,0),(0,1,0),(0,0,1)} 

Relative to the standard basis of jp’, a linear map has the matrix of the form: 


1 0 0 
p(r)=|0 -1 0 
001 


Where, r act through reflection across the x-axis. 


Suppose ¢ acton p? through counterclockwise rotation by angle 2a and relative to the 
n 


standard basis of jp’, a linear map has the matrix of the form: 


~() =): 


p(c)= sin( 2) cos( 22) 0 


0 0 1 
cos( 22) 0 -sin( 2) 
p(c)= 0 1 0 


Thus, the above representation is a standard representation of dihedral group D, . 


Section 2 


lia 


Show that the standard three-dimensional representation of the tetrahedral group 7 is 
irreducible as a complex representation. 


Suppose that axes of coordinate passes through the mid-point of the three edges y,,y,,., are 
generator of the tetrahedral group 7. 


This is rotations by x the rotation by 22. around the front vertex and by x around the 


respective edge. 
The matrices in jg? of these operations are R, ,R, ,R, and R, as shown below; 


10 0 
R,=|0 -1 0 
0 0 -1 
-10 0 
R,=|0 1 0 
0 0-1 
-1 0 0 
R,=|0 -1 0 
001 
000 
R,=|1 0 0 
010 


If there is an invariant subspace then a reprentation is reducible. Eigenvectors are invariant 
subspaces for a single operator. Reprentation e,,e, and e, are standard unit vectors is similar 
as the eigenvectors of R, ‘i R,. ‘ R, . Here the standard unit vectors are not eigenvector of R, . It 
is know that this is in three-dimensional space, so there is at least one of the invariant subspaces 
has to be one dimensional. 

Thus, the reprentation of vis irreducible. 

So, the standard three-dimensional representation of the tetrahedral group 7 is irreducible as a 
complex representation. 


Hence proved 


Solution: Let us consider the standard two-dimensional representation of the dihedral group D,,. 

We will now find the value of n for which D,, is an irreducible complex representation. 

Now note that the aforesaid group D,, is generated by the rotation by angle oa and a reflection in a line passing 
through the origin. Let us named the line as L. 

Now there are two cases arise. 


Case-1: Let us take n = l andn = 2. 

It is easy to notice that the line L is invariant under the rotation by 7 and 27 and hence it an invariant subspace for 
the action of D,,. 

And follows that the representation is reducible. 

So case—1 is done. Now move to case—2. 


Case-2: Let us consider n > 3. 

We will propose to prove that Dy, is irreducible for n > 3. 

Notice that the only invariant subspaces for the reflection in L are L and L-. 

And note that for n > 3 the matrix of rotation has no real eigenvectors, so L and L~ are not invariant under 
rotation. 

Therefore there are no one-dimensional invariant subspaces, and hence the representation of Dp is irreducible. 
This completes the solution. 


Result 


For n > 3 Dy, is an irreducible complex representation. 


3.a 


Solution: Given that the vector space V which is a representation of S3. 
(a) We will first show that V contains a nonzero invariant subspace of dimension at most 2. 
By the given condition u € V such that u # 0. Let us now consider the vector 


r=u+(12)u+ (13)u+ (23)u+ (123)u+(213)u. 
This follows that 
gr=z Vge S3. 
Let us now consider the following cases: 


Case-1: Let us consider x 4 0. 
Then it spans a one-dimensional invariant subspace isomorphic to the trivial representation of S3. 


Case-2: Let us consider s # 0 and consider the vector 
v=u+(123)u+(132)u. 
Then we have 
(123)v = (132)v=v 
and 
(1 2)v = (13)v = (23)v = (12)u+ (13)u+ (23)u=z2—v=-v. 


Now if v + 0 then it spans a one-dimensional invariant subspace isomorphic to the sign representation of S3. 


Case-3: Let us consider v + 0 and consider the vector 
w=u+(12)u. 
Now same as above, if w # 0 then 
w+(123)w+(132)w=2=0. 
This shows that w and (1 2 3)w span one or two-dimensional representation of S3. 
Case-4; Let us take w = v = x = 0). Then we have 
(12)u = —u. 


This shows that u and (1 2 3)u span one or two-dimensional representation of $3. 
This completes the proof of (a). 


Now we will propose to prove that all two-dimensional representations of S3 are isomorphic. 

Let us assume V is irreducible. Then it follows that it should coincide with the invariant subspace constructed in 
(a). 

In above case—1 and case—2 we identified is with the trivial and sign representation respectively. 

If in case—3 we get a one-dimensional subspace, then we have 


(12)w=w 
and 
(123)w = kw 
=> kw = (12)(123)w 
=> kw = (23w) 
=> kw = (13 2)(12)w 
= kw = k’w. 


Therefore we have k = 1 and we get a trivial representation. 

If in case—4 we get a one-dimensional subspace, then we have 
(12)u = —-u 

and 


(123)u = ku. 


Similarly it follows that k = 1 and we get a sign representation.So now it is enough to prove that two-dimensional 
representations in cases 3 and 4 are isomorphic. 

This follows from the fact that both are isomorphic to the standard representation of D3, where we choose w to 
be parallel to the axis of one of the reflections in case-3 and we choose u to be perpendicular to this axis in case- 
4. 

This completes the proof. 


Result 5 of5 


First show that V contains a nonzero invariant subspace of dimension at most 2 and then we determine 
all irreducible representations of S3. 


Section 3 


lia 


Given: G is a cyclic order of order 3 and given a matrix A of order 3 as 
-1 -l 
‘= | | 
Now A defines a matrix representation of G. 
Solution: We will use the averaging process to produce a G—invariant form from the standard Hermitian product 


X*Y onC?, 
Let us consider the inner product (, ) on C? by the assignment 


CX Va XY: 
Now notice that 


(AX, AY) = (AX)*(AY) 
= (X * A)(AY). 
Now let us define a Harmitian product by the assignment 
(X,Y) = 3((X,¥) + (AX, AY) + (A?X, A’Y). 
So basically observe that the above equation may be expressed as 


(X,Y); =X*BY, where B= a + A*A+(A*)?A?). 


Let us now calculate them all. 


Therefore 


Hence we have 


B= git Ara + (4°74?) 
a(b +E d-f a) 
“(ff 


This completes the solution. 


Result Sof 


Considering the given harmitian product we have define a new harmitian product by using A and then find the 
required result by using some matrix operations. 


Solution: Given that p : G > GL(V) is arepresentation of a finite group on a real vector space V. 

(a) First we prove that there exists G— invariant, positive definite, symmetric form (,) on V. 

Without loss of generality let us consider a positive definite, symmetric bilinear form [, ] on V. Let us define the 
averaged form by considering 


(v,w) = a Llaae -p(g)w]. 


96G 


The form is symmetric, positive definite and G—invariant. Now we will show that the form is symmetric. 
Now we have 


(v,w 


“ii = Slo g)v, p(g)w] 


g96G 
= Gi = lA g)w, p(g)v] 
= (w,v). 


Now we will show that the form is positive definite. 
So it is enough to show that (v,v) > 0. 


Now notice that SY lo(g)v, p(g)v] is the sum of positive numbers we have 
g6G 


(v0) = + Slog) v, p(g)v] > 


gcG 


Now the verification of the G' invariance follows rearranging the summation, once one notices that for any element 
z in G and the right multiplication by x gives a permutation of G given by the assignment 


(o(z)v, p(x) “i; 5 Dn 9) p(x)v, p(g)o(«)w] 


== y (p(xg)v, p(xg)w] 
a er 
= (v,w). 


(b) We will now show that p is a direct sum of irreducible representations. 

Without loss of generality let us assume that p is not irreducible. 

Let us consider a subspace W of V such that W is p invariant. 

We will propose to prove that the orthogonal of W with respect to the form (,) defined in (a) also p-invariant. 
So in order to show the above, it is enough to show that 


ze€W+ and g€G = p(g)zeWw-. 
So we will assert that 
(p(g)z,w) =0 Vwe W. 
Therefore we have 


(o(9)z,w) = (o(g~*)(g)z,p(g-!)w), since pis invariant 
=z, pg 'w), since p is a representation 
=0, since p(g™!)w € W. 


This follows that p splits as a direct sum of two representations p; and po. 
Now if we use induction on the dimension of V, we will get the required result as mentioned above. 


Note: In our case V is a vector space of finite dimension. 


(c) Now we show that finite subgroup G of GL» (R) is conjugate to a subgroup of On. 
Now O) is defined by 


On = {A € GL(n,R) | A‘A = J}. 


Let's define 6 : R” x R" — R by the assignment 


o(v,w) = $> gu- gw 
acG 


where - is the usual dot product. 
Then note that @ is a bilinear symmetric form. 
Therefore look that 


$(v,v) =) > llgu? > 0, vo 40 


g6G 


and 
do(rv, rw) = SY gev -grw = oy kv - kw = $(v,w) 
geG keGz=G 


Hence @ is a G-invariant inner product and then G is a subgroup of a conjugate of On. 
This completes the proof. 


Result “of 4 


First we prove that there exists G— invariant, positive definite, symmetric form (,) on V then we prove the rest by 
using this representation. 


3.a 


(a) 
Let G bea finite group and R:G-» SL,(R) be a faithful representation of a finite group by 
real 2x2 matrices with determinant 1. 


Since every finite subgroup of GL, (R) is conjugate to a subgroup of Q,. 

So, there exists a representation R(G) which is equivalent representation such that 
R(G)<O, and it is known that is faithful. 

Thus, G Is isomorphic to R(G)and R(G)<0,. 

This means that G is isomorphic to a finite subgroup of OQ, . 

Hence, G is acyclic group. 


Comment 


Step 20f5 ~ 


(b) 

To determine the finite groups that has faithful real two dimensional representations. 

Since it is known that every finite subgroup of GL, (R) is conjugate to a subgroup of O,, 

Now suppose that G contained in Q,thatis, Gc O,and also suppose that jy is subgroup of 
G. 

Thus, H =GSO, 

lf #=G then y# is cyclic and it is done. 


'f HG then index of yy is2thatis [G:H]=2 and quotient group G/H contained in 
O,/S,. 

G/H <O,/SO, 

This consists of reflections. 

Thus, G is dihedral. 


Comment 
Step 40f5 « 
(c) 
To determine the finite groups that has faithful real three-dimensional representations with 
determinant 1. 


Since it is known that every finite subgroup of GL,(R) is conjugate to a subgroup of O, , 

Now suppose that G contained in O, that is, Gc O, and also suppose that jy is subgroup of 
G. 

Thus, H =GASO(3) 

lf H =G then # is cyclic and it is done. 


If HG thenindex of sy is 2 thatis [G:H]=2 and quotient group G/H contained in 
0,/SO,. 
G/H <O,/SO, 
And finite subgroup of SO(3) isomorphic to §, or A, and itis cyclic or dihedral group. 
Thus, G are cyclic or dihedral group and §, or 4,. 


4.a 


Suppose V has a skew symmetric bilinear form given by B: V x V — V. So, we have B(u, v) = —B(v, u), 


and B(u, u) = 0. Suppose p is a representation of G, that is, p: G + GL(V). We have to prodce a G—, 
Ul 
invariant skew symmetric bilinear form on V. Consider B : V x V — V, given by 


B' (u, v) = a 2 Bled) Pa(v)) 
ge 


(1) 


Itis clear that B’ is skew-symmetric bilinear form. We just check that it is G— invariant. To do so, let h € G. Now, 


B'(pr(u),P (v)) = dy Nyce B(Po(0n(w)), Po(Palv))) = ay Spee B(Pon(t), Pon tu) = 


oa Dice B(p,(u), p,(v)) = B (u,v). The penultimate equality is true because as g runs over G, gh also runs 


over G. 
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Now, we show that the new skew symmetric bilinear form B need not be non-degenerate. Suppose V is a vector 
space over (C, with dimension 2. Let S = {v.v»}, be a basis of V. Define B : V x V > V, by defining then on 
the basis elements, as B(v;, v;) = 0, fori = 1,2, and B(v;, ve) = 1, B(ve,v,) = —1. Observe that B is 
completely determined by these values, and it is clearly checked to be a non-degenerate bilinear form. To prove 
the non-degeneracy observe that if B’, be the matrix of B, with respect to the basis S, then, 


! 0 1 
a 
Clear B is invertible, and hence B is non-degenerate. Now, consider the the two-dimensional standard 


representation of 53. We write it explicitly, with V as the representation space, we define as follows: p : S3 > 
GL(V), as 


Pe = id, pig): V 4 Vv, + —v1, V2 + V1 + V9, 
P23) : V > V, uy +> vy + V9, Vg + —¥Q 

pis): V + V, v1 + —v2,02 + —v1 

P(123) * Vo Viv > U2, 02 +> —V] — V2 


P(i32)  V > Viv —v1 — 2,02 U1 


This completes the description of p. Now, Let B; be the G— invariant skew symmetric bilinear form that we have 
obtained in the previous part. We claim that B; = 0. This will prove that B, is degenerate. Now, observe that 
automatically Bi(v;, vi) = 0, fori = 1, 2. Now, we compute Bi(v1, v2). 


To do that as in the formula, we have to compute B(p(v1), g(v2)). We do that first: 
B(pe(v1), pe(v2)) = B(vi, v2) = 1 

B(p(12)(v1), pez) ((v2)) = B(—vi, v1 + v2) = -1 

B(p(23) (v1), p(23)((v2)) = B(vi + v2, -v2) = -1 

B(p113)(v1), p(s) ((v2)) = B(—ve, -v1) = -1 

B(p(123) (v1), P(123) ((v2)) = B(v2,—v1 — v2) = 1 

B(p(132)(v1), p(as2)((v2)) = B(—vi — v2,01) = 1 


So, By (v1, v2) = rea Voce Bla (1); Pg(v2)) = 2(1—1—1—1+1+41] =0.Henceforth, By(v2,v1) = 0, 
showing that B, is identically 0. Thus corresponding to a non-degenerate skew symmetric bilinear form, the G— 
invariant bilinear form so obtained by averaging process, need not be non-degenerate. 


Result Sof5 


For the first part we use the typical averaging process done in the text for hermitian forms. For the second part we 
construct a counter example by using the standard representation of $3. See the solution for more details. 
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G be an abelian group of order p. Let 2 be a generator of G. Define a representation @ : G + GLo(F,), given 


by 
$(z) = F i 


Therefore, 


o2')=| I] 


ll 


Now observe that ¢(2*)v = v. Therefore v is a common eigen-vector of o(g), for every g € G. Therefore (v) isa 
proper G-invariant subspace. Therefore, we conclude that @ is reducible. Now, we show that @ cannot be 
decomposed as the sum of two irreducible representation. Indeed, of one had founf another G-invariant proper 
subspace disjoint from the previous one, say (v1), then v; would have been a common eigen vector for @g. But, it 
is clesr to observe that each @, has eigen value 1, with multiplicity 2, but the eigen space corresponding to 1, is one 
dimension which is (v). Therefore, no further common eigen-vector exists and therfore, no further one-dimension 
G-invariant subspace is present. Therefore, G cannot be decomposed into two irreducible representation. 


Consider the vector 


Result 202 


The idea is to find the common eigen spaces of each dy, where @ is the given representation. See the solution for 
more details 


Section 4 


lia 
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We have to find the dimensions of the distinct irreducible representations of G, where G is the octahedral group 
or the quaternion group or the dihedral groups D4, D;, Dg. We will do this one group at a time. The main result 
we are going to use is as follows: 


Result: Let G be a finite group and p;,... p% are the non-isomorphic irreducible representation of G, then k is the 
number of conjugacy classes of G, and if d,, do,... d, denote the degrees respectively, then re d? = |G. 


With this result in hand, we proceed one by one. Let G be the octahedral group, but since the octahedral group is 
isomorphic to S4, we can assume G = S4. The conjugacy class of S,, in general is well known, and it is known that 
two elements are conjugate iff they have the same cycle type, and hence the number of conjugacy classes of S,, is 
equal to the partition of n. Therefore G has five conjugacy classes. Therefore it has five non-isomorphic 
representation with degrees say d;(1 < i < 5). Therefore, we have 


dj + d3 + dj+dj+d?=24 


Now, there are only two representation of S4, which are one-dimensional. One is the trivial map, and the other the 
sign map. See exercise 5.2 of section 5, which has an answer by me. So dy = d2 = 1. This further simplies the 
above equation as 


Now, observe that each of the remaining degrees must be less than 5. Now let one them is 4, say d3 = 4. That 
means di + d? = 6, but this equal doesn't have a positive integer solution. Therefore, we conclude that the 
remaining degrees d3, d4, ds have to all either 2 or 3. Now all of them cannot be equal to 3 as then d + d? + 

d? = 27, which is a contradiction. Similarly all of them cannot be 2. Also, observe that two of them being 2, and the 
other being 3, also is not equal 22. The only possibility that matches is one of them is 2, and the other remaining 2 
are 3. So, we conclude, without loss of generality, that d3 = 3, dy = ds = 3. Hence, we conclude finally that there 
are dy = dy = 1,d3 = 2,dy = ds = 3. 


Now, let G = Qs be the quaternion group. Now Qg = {+1,+i,+j, +k}, 
such that (—1).i = —i, (—1).j = —j,(—1).k = —k, and ij = k, jk =i, ki = 
j, ji = —k,kj = —i,ik = —j. The conjugacy class of Qs is well known and 


is as follows: 
{1}, {-1}. {+i}, {49}, {2h} 


. Therefore G has five conjugacy classes. Therefore it has five non-isomorphic 
representation with degrees say dj(1 <i <5). Therefore, we have 


dj + d3 + di +dj +d} =8 


Now, it is clear that none of them can be more than 3. So, each dj > 2 for 
every 1 <i < 5. Again, observe that two of them cannot be true as then the 
other remaining three has to be all zero, but degrees are positive integers. 
Also, all of them cannot be 1, as then it will contradict the above equation. 
Therefore, one of them is 2, and all others have to be 1. So, without loss of 
generality, we conclude d, = dz = d3 = dy = 1,d5 = 2. 


Now, let G = Dy. We know D, = {1,r, r?,r, 8, sr, sr?, sr}, Therefore, 
r! =1= s*,rs = sr~'. Now, again the conjugacy class is well known and 
is as follows 


{1}, {r?}, {r, r3}, {s, sr}, {sr?, sr3} 
We see that there are exactly 5 conjugacy classes, and therefore we get , 


dj + d3 +d} +dj+d?=8 


Now, we argue exactly as in the case of Qs, to conclude that dj = dy = d3 = 
da =1,d5 =2. 
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Next, we have G = Ds = {1,r,r?,r°, r+, s, sr, sr”, sr°, sr*}. Therefore, r° = 1 = s?, rs = sr~}. Now, again 
the conjugacy class is well known and is as follows 


{1}, {r,r*}, {r?, r3}, {s, sr, sr”, sr®, sr*} 
We see that there are exactly 4 conjugacy classes, and therefore we get, 
d} + dj +d3+d}=10 
Observe that d; < 4, for every 1 < i < 4. Observe that none of them can't be 3, because if they do, then, 
dj +d3+d3=1 


which is not possible, as each of then are positive integers. We conclude that the degrees are only | and 2. All of 
them can't be one, and all of them can't be 2. Therefore, there are 3 choices remaining, one of them is that 3 
representations have degree 1, and the other of 2, but squares of this combination add upto 6, which is 
contradiction. Also, three of them can't be 2 for the same reason. The last remaining choice is two of then are 
degree I, and the other two are of 2, and this combination indeed matches the equation. Therefore, we conclude, 


di =d=1,d, =a =2 


3 1 


Finally, let G = Dg = {1,7, r?, r rt r,s, sr, sr’, sr’, sr sr‘, sr°}. Therefore, re=1= s*\rs = sr. 


Now, again the conjugacy class is well known and is as follows 
{1}, {r?}, {r,r°}, {r?, 4}, {sr, sr®, sr°}, {s, sr*, sr*} 
We see that there are exactly 6 conjugacy classes, and therefore we get, 
dj + d3 + d}+dj+d?+d}=12 


Observe that d; < 4, for every 1 < i < 4. Observe that none of them can't be 3. We conclude that the degrees 
are only | and 2. All of them can't be one, and all of them can't be 2. There is a unique solution to this equation 
which is that there are four of them which have degree 1, and the remaining two have degree 2. Therefore, we 
conclude, 


d, = dy = 1 = d3 = dy, ds = dg = 2 


Result Sof5 


If G is octahedral group, G = S4, then the degrees of irreducible representations are 1,2,3. For G the quaternion 
group, it is 1,2. And finally for each of the dihedral groups, the degrees are | or, 2. See the solution for more details 
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Given: G is a non-abelian group of order 55. 


Solution: First we will find the Class equation of G. Now notice that there exists two elements z and y in G such 
that 


G := (2,y| ct! = y° =1, yey! = 2%). 


Now recall the Sylow’s theorem once. Then by Sylow’s theorem we have the 11-sylow subgroup (2) of G is 
normal and there are 11 conjugate 5-subgroups. 

Now notice that centralizer of x, denoted by Z(x), contains (a). And observe that Z(z) is not equals to G, so we 
have 


Z(x) = (2). 

Then the counting formula shows that |C(x)| = 5. This follows similarly that 
|C(y)| = 11. 

Now look at the conjugacy class C(x). Then observe that 


$ — 23 € C(z). 


the relation yay! = 
Similar;y we have 
z® € C(x) since 2° = (yy !)® = yr?yt. 
Continuing this process we have 


C(a) = {x, z°, x‘, 2°, z*}. 


Since a!! = 1, we have the conjugacy class for x” as 
C(a*) = {2’, 2°, 2’, x®, 2}. 


Now notice that there are 11 conjugate 5-subgroups, and any two of them intersects trivially. And each of those 
11 subgroups contains an element in the conjugacy class of y. Now we know from the previous argument that 
|\C(y)| = 11. Therefore the conjugacy classes of y”, y®, y? also have order 11 each. 

Hence the class equation of G is given by 


IG] =1454+54114+11411411. 


Now notice that there are 7 irreducible characters. 

Since (a) is anormal subgroup of G’, we can show the existence of the quotient group G’/ (x). Since G has 55 
elements and (a) has 11, then the quotient group G'/ (x) contains 5 elements. 

Then the quotient group G'/ (x) is cyclic, since 5 is prime. Hence generated by an element z + (x), and z ¢ (za). 


Let us now consider the canonical homomorphism as 
m:G—>G/(z). 
Now assume any representation of G'/ (a) by the assignment 
6:G/(z) > GL(V). 
Then notice that 
06=0on. 


Since G / (x) is cyclic, , its irreducible characters are one-dimensional, and there are five of them. And each 
irreducible characters corresponding to G’/ (x) determines the irreducible characters of G. Hence five irreducible 
characters out of seven have dimension 1 of G. 

Let d; be the dimension of the seven irreducible characters of G, where 1 < i < 7. 

Now note that 


7 
IGl= Dra. 
i=1 


15 


Since 
dj = dg = d3 = dy =d5 =1 


the dimension of other two irreducible characters of G must be five to satisfy the above argument. 
So there are 7 irreducible characters of G in which five have dimension 1 and the remaining two have dimension 5. 
This completes the solution. 


Result 3o0f3 


Class equation of Gis |G| = 55 = 1+5+5+11+11+11+11 and there are 7 irreducible characters of G 
in which five have dimension 1 and the remaining two have dimension 5. 


Character table for Klein four-group 


Let V denotes the Klein four-group. Now V is an abelian group of order 4. Therefore there are exactly 4 
irreducible representations, all of dimension have 1. 

Since every non-zero element of V has order 2, all values of characters are +1. Therefore the character table be 
look like as with characters x1, X2, X3 and X4: 


12 yy wy 
<a ee ee | 1 
Oe ame ol MA = col a | 
Xe. doch el ae 
Me 1. al 21. a1 


Now the only way to make all the rows of this table orthogonal, is by taking 


12 y wy 
Xe iL, Al 1 1 
x2 1 1 -1 -1 
xs 1 -1 1 -1 
x14 1 -1 -1 #1 


Character table for the quaternion group 


Let Q denotes the quaternion group. 
We begin by finding the number of irreducible characters of () and their degree. To do this, we note that if da is 
the degree of any irreducible character that da divides 8 and dg = 1,2, 4,8. Moreover, since 


a < 8 we may conclude that d, = 1,2. 


Hence the required table is 


1 =) "e.g" «lk 
“ma ee. oa a 
ee a ae ee es 
ie te ees ees ie | 
Said Ap otk)- Wy “wa 
x5 2 2 0 0 0 
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Character table for the dihedral group D, 
Now recall that 
Dy= ey) 2 = 9" = cyey= I 
The Class equation of Dy is given by 
|D4] =14+14+14144. 
So D4 can be represented as follows 
Ds = (1,2, 2”, 2°, y, zy, 27y, 2° y}. 


Now from the above mention statement it follows that D, has 5 classes. So have 5 characters. 
Among the 5 characters, the first 4 are one-dimensional. And we will find them. 
The center of Dy is the set of elements which are alone in their conjugacy class. Therefore we have 


Z(D4) — {1, 2°}. 


Hence center of D, is anormal subgroup of D4 with quotient isomorphic to Klein four-group. 
Hence the character table for D4 is 


Deel am ok 
Wis iit, ab a 
x2 1 1 -1 1 -1 
xx 1 1 -1-1 1 
ie a a Se ae 
Xe =2 0 0 «O 


Character table for the dihedral group Ds. 


Now recall that Dg is basically the nontrivial semidirect product of Z3 and Z4. 
Now one dimensional representation are given by 


(A,B,C) - {+1}, where Dg = (A, B,C). 


Now A acts by a diagonal scalar matrix, thus two dimensional representations 9, ...., 93 split into one-dimensional 
representations. On the other hand the representations po, 91 and pg are irreducible. 
Hence the character table for Dg is 


1 2A 2B 206 3 6 
De ie i Sr ye Ae 
6.49.0 =. <1 24 
Pr dom se (E> OP ey 
a Peet) Si Sy a 8 
~a22 0 0 =1 -1 
~e te A 
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Character table for the non-abellan group of order 12 
Let G be the non-abelian group of order 12. Notice that 
G = {a,b| a’ = b® =e, bab"! = a’}. 
Note that there are five classes of G. They are given by the class equation 
IG) =14+1+34+3+4+7+7. 


Now (a) is normal in G. Therefore the irreducible representations of 

G/(a) © Zz gives 3 irreducible representation of degree one. 

Let us assume p4 and ps are remaining irreducible representations of degree e and f. 
Then we have 


21=3+e7+ f?. 


By using the orthogonal properties, the character table for G is given by 


ead bd B 
Vic ah. is th et 
x2 114i1w w 
x3 111 w w 
Viv ose. aw 0 0 
Vinca see see OO Ot 
where w = aLtiv8 and z = alt 
Result of 


We have find the character tables for the group V, Q, D4, Dg and G, non-abelian group of order 12. 


4.a 


We have G = Ds given by the presentation 2° = 1 = y?, ya = 27!y, Ds = 
{1, #; x, x ; zx, YY, yr, yx, ya*}. Now, the conjugacy class is well known and is as follows 


{1}, {z,2*}, {a?, 2°}, {2, ry, zy”, zy*, cy*} 


We see that there are exactly 4 conjugacy classes, and therefore we get, there are four distinct irreducible 
characters of Ds. Let x; denote the characters of Ds,1 <i < 4. 


d; + d3 +d} +d} =10 
, where d;(1 <i < 4) are the degrees of x;. 
Observe that d; < 4, for every 1 < i < 4. Observe that none of them can't be 3, because if they do, then, 
dj +d3+d}=1 


which is not possible, as each of then are positive integers. We conclude that the degrees are only 1 and 2. All of 
them can't be one, and all of them can't be 2. Therefore, there are 3 choices remaining, one of them is that 3 
representations have degree 1, and the other of 2, but squares of this combination add upto 6, which is 
contradiction. Also, three of them can't be 2 for the same reason. The last remaining choice is two of then are 
degree I, and the other two are of 2, and this combination indeed matches the equation. Therefore, we conclude, 


d, = d) = 1,d3 = dy = 2 
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Now, we have information about the possible degrees of irreducible characters of D5. 


Now, we proceed to solve the problem. Let y be a character of degree 2. Now, 2 =1., Suppose p is the 
representation that affords x. Since p is a homomorphism, we have p(x)° = 1. This implies that the minimal 
polynomial of p(x) divides z° — 1, and hence the eigen values of p(x) are fifth roots of unity. Also, since gi —1 
has 5 distinct roots, this implies that p(x) has two distinct roots which are fifth root of unity. Since x(x) = 
trace(p(z)), which in turn is the sum of eigen values we conclude that x(a) is the sum of two distinct fifth roots of 
unity. This answers (a). 


We have that z and z~! = 24 are conjugate. Since X is aclass function we have x(x) = x(27} ). But we know 


that x(x~!) = x(z). This is proposition 10.4.8 (d). So, we have that x(x) = x(a). Hence we conclude that 
x(x) € R. This solves (b). 


Next, we have to determine the character table of D;. To do this, first we 
determine the linear characters. There are only two linear characters, which 
has been proved before. Let \; be the trivial character. Now, let y2 be 
another degree one character. Observe that y2(2) is a fifth root of unity. 
The reason being exactly same as proved in (a). Also since y2(x) = x2(«7!), 
we have X2(2) = 1. The exact same reasoning holds for x(a?) = x2(x*). 
Therefore y2(r?) = 1. Now. y2(y)? =1 => y2(y) = +1. But since x2 is 
not the trivial character we conclude that \y2(y) = —1. This determines the 
degree one characters. 


To determine the degree 2, characters we will again use (a) and (b). y3, X4 
be the characters of degree 2. Now observe that y3(y) is the sum of two 
distinct squares of unity. This follows from the proof of (a) along with 
the fact that y2 = 1. But +1 are the only squares of unity, and therefore 
x3(y) = 1—1=0. Now, from (b), we have y3(x) € R, and also from (a), 
we have that (2) is the sum of two distinct fifth roots of unity. Since, 
1, e'*/5, e2'7/5 @3'7/5 ett*/5 are the only fifth roots of unity, we have two 
possibilities of y3(x). y3(x) = e*/° + e'7/° = 2cos 7/5 or, x3(a?) = €?7/9 + 
e'™/5 — 2cos2n/5. Let y3(x) = 2cos7/5. Now, we have to determine 
X3(x?). Now, observe that (v1.3) = 1. This gives us the follows 


aa) all 4+ 2.2cos 1/5 + 2.x3(22) + 5.0) =1 


x3(a?) = 4 — 2cos 2/5 = 2cos 2/5 


This completely determines y3. Exactly similar reasoning for y4 will say 
that y4(x) = 2cos(27/5), y4(a?) = 2cos 7/5, x4(y) = 0. 
The following is the character table of Ds 


1 1 1 


x2} 1 1 1 -1 
x3 ]2 2cost/5 22cos2r/5 0 
X4]2 2cos2x/5 2cos7/5 0 


Now, we finish the problem by doing (d), which is easy. C5 = {1, 2, 2”, z*, 2}. Now x1 nad x2 is easily seen to 
restrict to the trivial character of C5 


Now x3(1) = 2, v3(x) = xa(x") = 2cos7/5, x3(x?) = x3(a*) = 2cos 27/5 

Define p; : Cs + C* defined by p;(a) = e”/°. Define po : Cs + C* defined by p;(a) = e77/°. 
Then it is clear that x3 = pi + po. 

Lastly, 

Now x4(1) = 2, x4(2) = xa(a!) = 2cos 2n/5, x4(22) = x4(2*) = 2cos(—2n/5) 
Define p; : C; — C* defined by p3(x) = e?"/5. Define py : Cs + C* defined by pa(x) = e7?7/5, 
Then it is clear that x3 = p3 + pa. 


This completely solves the problem. 


Result 
The following is the character table of Ds 
1 x 2? y 
; 1 1 1 1 
x2 | 1 1 1 -1 
Xs |2 2cos7/5 2cos2x/5 0 
x4 |2 2cos27/5 2cost/5 0 
See the solution for more details 
5. a 
Consider the group following group: 
G= (x.y 12°, 9",y09"'x*) 
Find the character table of G . 
Comment 


Step 20f5 “ 


The group G of order 2owith G=(x,y|x° = y* =e, yxy"! =x") 

It has the conjugacy classes as shown below, 

{e}.{x, xr,x, #T. {»x"}, {y?x" }. {y’x"} 

Since yxy"! = x*this implies that yxy! = 3°! 

So the commentator subgroup contains x that is, it equal to (x). 

It is know that the subgroup generated by (x) is normal and a quotient group G/(x) is 
isomorphic to Z/4. 

Therefore, there are 5 irreducible representations, 4 of which are 1-dimensional. 
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Suppose that the last one is_g-dimensional, 
Then, 
2=P4+P4+P4+P 4a? 
This implies that, 
2=1l+l+l+l+d° 
20=4+d° 
20-4=d° 
16=d* 
This implies that, 
d=4 


The representation of 4 one dimensional as shown below, 


x"y! > &* For m=0,1,2,3 


This gives the first 4 rows of the character table as shown below, 


OPS SF. 2 


Now find the last row by using the character orthogonally relations. 


(n\Zs)=4tatbtc+d 
=0 


(4:1%s)=44a+ib-cmid gy (til4s)=44a-bte-d 


=0 

(%4| Zs) =4+0-ib-c+id 
=0 

Find the a,b,c,d_by using four equation. 

Equation (1) and (3), to get 

8+2a+2c=0 -..-.- (5) 

Equation (2) and (4), to get 


Now, solve equation (5) and equation (6), to get 
16+4a=0 

4a=-16 

a=—4 
Substitute g = ~4 into equation (6), to get 
8+2(-4)-2c=0 

8-8-2c=0 

c=0 
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Substitute @ =—4,c =0 into equation (1) and equation (2), 
b+d=0 

And, 

ib-id =0 

Solve the above two equation, toget 4 and g 

b=0 

d=0 

Therefore, the character table of G as shown below, 


The group G of order 20 hx, y| x 5 = y 4 =e, yxy-1 = x 2 has the following conjugacy classes. 
We also have [y, x] = yxy-1x -1 = x, so the commutator subgroup contains x; in fact, it equals < x 
>. The subgroup generated by x is normal and the quotient G/ < x > is isomorphic to Z/4. 
Therefore, there are 5 irreducible representations, 4 of which are 1-dimensional. If the last one is 
d-dimensional, we must have 20 = 12+12+12+12+d2,sod=4. The four 1-dimensional 
representations are given by x n y m 7— e 2mikm/4 for k = 0, 1, 2, 3. This gives us the first 4 
rows of the character table. The last row we can cheat and get for free by using the character 
orthogonality relations. e x k yx ky 2x k y 3xkx111111x211i1-1-ix311-11-1y411-i 
-1i1x54-1000 


First we show that the columns of character table are orthogonal. Let G be the group, and let C),...C,, be the 
conjugacy classes of G. Therefore, there are k distinct characters x1, . . . ¥%. Observe that if A = (a;;) is the 
character table, then the i” column (ai; )1<i<k, is given by (xi(C;))1<i<x. Note that since each character is a 
class function, there is no harm in writing the notation y(C) for some conjugacy class C, and some character x. 


Now, Let C, Cc be two conjugacy classes. For a conjugacy class C,, let dc, denote the class function on G, 
defined as follows 


0 otherwise 


§c(g) = {0 wey 


Now, since the distinct irreducible characters x;(1 < i < k), forma set of orthogonal basis for the space of class 
function on G, we can write 


be = Di (6c, xi)xi = AOE xi(C)%.- 


eis k | ok 
Similarly, bgt = 3;_1 (Oe' Xi) Xi = _ Vins Xi(C)Xi- 
Now, observe that, 


0 itC4C 
osbe) = | #C=C 
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Now as, 


0 ,iftzj 
ana) = vee? 
sift=7 


we have that (5c,5,7) = US oF yi(E)xi(C’) 


Hence if aj, and aj are two columns of the character table A, then 
k ee 
(aj, ax) = Dj-1 xi(Cs)xi(Ch) , and we have 


hi 0 ifg Al 
(aj, a} = a ifj=1 


This proves that the columns of the character table are orthogonal 


This also proves that 


ie) 
Cl) 

IG 

AAt = Ica] 


Gi 
ro 
So, we can make the following adjustment to the matrix A. To each column a; of A, we can multiply the term 


Ci . 
ae In that way we observe that AA* = J, and hence A becomes unitary. 


Result Sof 


We first prove that the columns of the character table A of G, are orthogonal. From this fact, we mention the 
necessary adjustment the matrix A, need to have, so that it becomes a unitary matrix 


7.a 


Suppose G is a finite group and N, anormal subgroup of G. Let p : G/N — GL(V), be a irreducible 
’ 
representation of G/N. Let 7 : G + G/N, denote the canonical map. Consider now, the map p = p oT: 
/ 
G — GL(V). So, p(g) = p (gN), for every g € G. We prove that p, is an irreducible representation of G. 
Suppose W + 0, be a G— invariant subspace of V. So, for every g € G, and w € W, we have p(g)(w) € W. 
’ ' 
So, p (gN)(w) € W. We conclude that W is G/N invariant subspace of V. But, as p is irreducible W = V. So, 
pis irreducible. 


Now, we prove the same result using theorem 10.4.6. Let x be the character of p, and x the character of p. 
Observe that for g € G, x(9) = x (gN). So, if gi: N = goN, we have x(g1) = x(g2). Now, since p is 
irreducible, we have x’, x y= = 1. Expanding that we have, 


Now, we prove that (x, x) = 1. Indeed, we have (x, x) =o Logec x(g) (9). 
|| by ea 
Gi 2 x (9)x’(g) =1 (1) 
g¢G/N 
But, we observe that if g € aN, then x(g) = xX (aN ). 
N ' MR TY, 
al ¥& x(9)x(g) =1 (2) 
|G. 
g6G/N 


So, * ssrall 9)x(9) = |N|x (aN) x’(aN). Hence, we have Doce X(9)X(9) = Nyca/w NIX (9)x (9) = 


&. -. The last equality follows from equation (1). So, (x, x) = mw. im = = 1. Therefore, p, is irreducible. 


Result Sofs 


The idea is to compute the character x of the representation p of G/N. We actually determine (x, x). See the 
solution for more details. 


Solution: Given below the incomplete character table as 


(1) (3) (6) (6) (8) 
MoS, 44> 2 A 
yA). eh ek 
xs 3 -1 1 -1 0 
mn oo ee a 


Let the missing character be x5 and the values are a, b, c,d, e. 
Therefore we have to fill up the below table as 


(1) (3) 6) ©) (8) 
Ni dy fy ad, -e* 
x2 1 1 -1 -1 «1 
x3 3 —1 1 -—1 0 
x1 3 -1 -1 1 O 
Ve. 3G. 8 oth "ds 2 


Now notice that the group has five conjugacy classes. It has five different irreducible representations, so exactly 
one row is missing. 
Now notice that the group has 24 elements since 


14+34+64+64+8= 24. 
Therefore we have 
17+ 17+ 374 3?+a? =24 
> A— 7; 
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This follows that 
dimV; = 2. 
Similarly by orthogonality of characters we have 
a + 3b + 6c + 6d + 8e = a+ 3b — 6c — 6d + 8e = 0. 
This follows that 
a + 3b + 8e = 6c + 6d = 0. 
Hence it follows that 
3a — 3b + 6c — 6d = 3a — 3b — 6c + 6d = 0. 
Therefore note that 
3a — 3b = 6c — 6d = 0. 
Thus we have 
c=d=0, sinceec+d=c—d=0. 


Also we have 


Now for c look that 


Therefore the required solution is 
(a,b,c, d,e) = (2,2, —1,0,0). 


This completes the solution. 


Result 


The missing values a, b, c,d, e are 2,1, —1, 0, 0 respectively. 
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Below is a partial character table. One conjugacy class is missing. Hence, 
one irreducible character is also missing. So, after inserting the last column 
and last row, and replacing them by variables, we get the following, 


xe |b bz bs yobs ae 
We have that \; is the trivial character and hence the last entry of the first 
row is 1. The unknown conjugacy class has a representative z(say). We have 
to determine all the variables of the character table, along with the order of 
the conjugacy class of 2. 


We prove the following simple result which will be of use. Let y : G — C* 
be a one dimensional representation of G, and hence a character of degree 
1. Let R: G — GL(V) be any other representation of G. Let y, be its 
character. Define the following representation p: G — GL(V) as 


Pg = x(9)Ry 


It is clear that p is a homomorphism(routine check). Let yp» be its character. 
Then, 


Xe(g) = x(9)xR(9) 


Now, we claim the following, 


Claim: If R is irreducible then so is p. 


Now, (Xp: Xp) = ay Ngee Xrho(9)Xe(9) = rey Nyce X(9)xR(9)x(9)xR(9) = 


Ty Daca |X(9)/?xr(9)xR(9) = ey Nyce XR(9)XR(9) = (xR, XR) = 1. 


Observe that |x(g)| = 1, as x(g) is a root of unity in C*. Then last equality follows as R is irreducible. 


Now, we will apply this to our situation to find the remaining character. Consider the one dimensional character x4, 
and the two dimensional character v5. Then by the above the result that has been proved, we have that x = x4x5 
is an irreducible character of degree 2. Now, to say that x is actually x6, we need to see whether x is distinct from 
X5. But that is true as x(u) = x4(u)x5(g) = —2 # x5(u). So, we have now identified the remaining character 
x6 = x4X5. Therefore, 


xX6(1) = 2, be = x6(u) = —2, b3 = x6(v) = —1, 4 = xe(w) = 1, b5 = xe(z) = 0 


Observe that |G] = aad xi(1)? = 12. So, we have that |Cl(z)| = 3, where 
Cl(z) denote the conjugacy class of z. It remains to determines aj(2 <i < 
6). To determine that observe that (yj, i) = 1 for every 2 <i <6. We 
find each indeterminate one by one. 


(xa,X2) =1 => a(t +1.142.142143,-14+3.a)) =1 


=> l+a=4 => a=3 


(x1, x3) =1 => alll +1 -142142.-143443.45) =1 


=> t+a3=4 = azg=4-2 


(x1,x4) = 1 = lll +i-14+2142.- 1+3.—443.a4) =1 


= -t+ay=4 = ag=4+e 


(x1,Xs)=1 => Bll? +12+2.-142.-1430 4345) =1 
=> ag = 4 
isishied aad all 2+1.-24+2.-1421430 43.6) =1 
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We have now determined all the variable in the character table above. 
Therefore, we write the completed table as follows: 


(1) (1) (2) (2) (8) (3) 
u v w c 


ed 1 1 1 

x2} 1 1 it 1 -l 3 
x3 | 1 -l 1 -l t 4-t 
xa] 1 -l 1 -l1 -t 4+0 
Xs} 2 2 -1 -1 =O 4 
xe|/ 2 -2 -1 #1 0 4 


Now, we determine the order of the representatives of each conjugacy class. 
Observe that |Cl(u)| = 1. The sizes of all the other conjugacy classes are 
all more than 1. Therefore we conclude that Z(G) = {l,u} . This also 
says that o(u) = 2. Next consider Kery3 = 1U Cl(v). This is clearly a 
normal subgroup of G. But, |C/(v)| = 2, implies that Kerys has order 3, 
hence cyclic. This implies o(v) = 3. We have |Cl(x)| = 3 => |C(x)| = 4, 
where C(x) denote the centralizer of «. Now, observe that u € C(x), as 
u is in the center of G. So, ur € C(x), and ux 4 u # x. This implies 
C(x) = {l,u,r,ur} . Therefore, C(x) = C2 x Co, and hence o(xr) = 2. 
Using the exact same argument, we conclude that o(z) = 2. The only 
element that remain is w. Now, observe that o(u) = 2,0(v) = 3, and 
uv = vw, implies that o(uv) = o(u)o(v) = 6. This is a standard result 
in group theory. Now, since all the other conjugacy classes doesn't have 
element of order 6, we conclude that uv € Cl(z), and hence o(w) = 6. So, 
to conclude o(u) = o(x) = o(z) = 2, o(w) = 6, o(v) = 6. 
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Now, we determine all normal subgroup of G. To determine we use the 
following general principle that we have been using in other problems also. 
Given a finite group G, and its character table T, how can one find all 
normal subgroups of G. To do this we first prove the following claim: 


Claim 1 Suppose RF is a representation of R : G —» GL(V) of degree d, 
and yx denote the character of R. Define Ker(yr) = {g € G\yr(g) = d} . 
We claim that Ker(yr) = KerR, where KerR is the usual kernel of the 
homomorphism R. Indeed if g € KerR, then Ry = idy. Since degree of R 
is d, we get yr(g) = trace(idy) = d. Therefore g € Ker(yr). This proves 
KerR C Ker(xp). 


Conversely suppose g € Ker(xr). This implies yr(g) =d => |xr(g)| = d. 
Now, it is a standard observation that \”(g) is sum of d roots of unity. Also, 
it is a standard result that if (1, ...q are roots of unity then |¢,+...+Ca| < d, 
with equality iff ¢. = @ =... = G. so, from this we conclude that as 
Ixr(g)| = d, then yr = dC, where ¢ is a root of unity. But, yr”(g) = d 
implies that ¢ = 1. Hence, we get that all the eigen values of Ry is 1. But 
R, is diagonalizable(again standard observation, as minimal polynomial of 
R, divides X" — 1, where n is the order of g), and therefore we conclude 
that Ry = idy. Therefore, Ker(yr) C KerR. This completes the proof of 
the claim. 


Suppose now that y is any character(not necessarily irreducible) of G.Let 


x= bee niXi, Where X1, X2,-.- X« denote all the distinct irreducible characters, 


and nj;(1 <i < k) are non-negative integers. Let dj denote the degrees of 
the character \; for every 1 <i <k. 


Claim 2: Kery ={ Kery;\n; > 0}. 

Let A= N{ Keryi|n; > 0} . Let g € A. Then yi(g) = di, for every i such 
that n; = 0. If d is the degree of y, it is clear that y(g) = d. Therefore, 
g € Kery. This proves A C Kery. Conversely, suppose g € Kery, then 
x(g) = d. So |xi(g)| < dj, claim 1 forces yi(g) = dij, whenever nj > 0. 
Therefore, we have that g € A. Thus, we have proved our second claim. 


Now, we proceed towards the final claim, which tells us how to determine 
all normal subgroups of G, by the character table of G. Let, N; = Kery;. 
It is clear the Nj are normal subgroups. 


Claim 3: Any normal subgroup of G is a certain intersection of N;’s. 


Let N be any normal subgroup of G. Consider G/N. Let p denote the 
regular representation of G/N. Let  : G + G/N be the canonical surjection, 
with Kerz = N. Consider pg = po7. Observe that since p is injective, pg 
is a representation of G, with Kerpg = N. Let yg be the character of pg. 
Then, by claim 1, N = Keryg. Now, Let 


k 
xa = Do mini 
i=1 


. Then, from claim 2, we get N = Keryg ={ Keryi|ni > 0} =A{Nijni > 
0}. 


So, finally it is easy to determine the N;’s from the character table. To 
determine N;, just look at the i row, and find out all elements of G, whose 
character entry is dj, where dj = yi(1). Then to determine all normal 
subgroups, just take all possible intersection of these N/s, and list the new 
subgroups thus obtained. This gives you all the possible normal subgroups. 
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Now, we determine all normal subgroup of G. To determine we use the 
following general principle that we have been using in other problems also. 
Hence, using this, 
N, = Keryi =G 
N2 = Kery2 = 1UCl(u) UCl(v) UCl(w) 
N3 = Kery3 = {1,v, v?} 
N4 = Kerxa = {1, v, v*} 
Ns; = Kerys = {1, u} 
Ne = Kerxe = {1} 


So, taking all possible intersection of these Nj;’s doesn’t yield any new 
subgroup. Therefore the distinct normal subgroups are 1, G, Z(G) = {1, u}, 
{1,v,v?} and {1,u} UCl(v) UCl(w). 


(d) Next we have to determine the structure of the group. We observe that 
|G| = 12 = 27.3. Observe that there is a normal subgroup of order 3 say 
H = Kery3. Now. Consider a 2-sylow subgroup K of order 5. Observe that 
G = HK, and HN K = 1. Hence G = H x K. 


Result 
The following is the complete character table. See the answer for the 
remaining parts and the relevant explanations. 
(1) (1) (2) (3) (3) 
1 u v 
X1 1 1 
X2 
X3 
x4 
X5 
X6 
10. a 


We have a character table of a group G, with missing rows. There are five 
columns, which means there are five conjugacy classes and hence forth there 
are five distinct irreducible characters. There are four rows representing four 
distinct characters \1. ¥2. ¥3. X4- Therefore there is only one remaining row 
which needs to be determined. For, that we name the fifth character y5. We 
need to determine this character on representative of the conjugacy classes 
already written in the table. 

First we determine the degree of y;. Let d; denote the degree y;, for 1 <i < 
5. Observe that d) = dz = ds = dy = 1. Also,>>_,d? = 20 => ds =4. 
Now, Let xq denote the character of the regular representation of G. Then 


he i. ifg=e 


0, otherwise 
Now we also know yg = ))_, dixi = X1 + X2+X3+X4+4NS = XS => 
4 lve — x1 — x2 — x3 — x4] 
1 
xs(a) = 5[0-1-1-1-1]=-1 
1 Pr etd 
xs(b) = 7[(0-1+1+i-J =0 
1 sy 
xs(c) = 7[0+1-1+é- J =0 


xs(d) = F(0-1-14+141)=0 


Hence the final character table is as follows: 


— eo oT 


—t ot -l 
l - = -l 
0 0 0 


Next, we determine the order of a, b, c, d. Let C(a) denote the centralizer of a in G. Let Cl(a) denote the 
conjugacy class of a in G. We know, |Cl(a)| = cS = > |C(a)| = 5. Nowa € C(a), and since order of 
C(a) is prime, C(a) is cyclic and hence |a| = 5. 


Let C(b) denote the centralizer of b in G. Let Cl(b) denote the conjugacy class of b in G. We know, |C1(b)| = 
Cie => |C(b)| = 4. Since b € C(b), it is clear |b] = 2 or,4. But, if |b] = 2, then for any character y(b) = +1. 
But, x3(b) = —z, implies that |b] = 4. 


Exactly similar holds in case of c, and we have |c| = 4. Exact same argument as the case of b. 


Now, again as in case of b, we get |d| = 2 or,4. Observe that Kero is anormal subgroup of G, and d € Kerxo, 
with | Kerx2| = 10. Therefore |d| | 10, and hence |d| = 2. This solves (0). 


Next, we do (e) first then we go back to solve (c) and (d). 


For that we prove a general result which will be of use in many problems 
of this book. This result actually determines the following: Given a finite 
group G, and its character table T, how can one find all normal subgroups 
of G. To do this we first prove the following claim: 


Claim 1 Suppose RF is a representation of R : G —+ GL(V) of degree d, 
and yp denote the character of R. Define Ker(yr) = {9g € G\xr(g) = d} . 
We claim that Ker(yr) = KerR, where KerR is the usual kernel of the 
homomorphism R. Indeed if g € KerR, then Ry = idy. Since degree of R 
is d, we get yr(g) = trace(idy) = d. Therefore g € Ker(yp). This proves 
KerR C Ker(xr). 


Conversely suppose g € Ker(x). This implies yr(g) =d => |vr(g)| = d. 
Now, it is a standard observation that y(g) is sum of d roots of unity. Also, 
it is a standard result that if ¢),..., are roots of unity then |¢)+...+Ca| < d, 
with equality iff ¢ = @ =... = G. so, from this we conclude that as 
\xr(g)| = d, then yr = dc, where ¢ is a root of unity. But, yr(g) = d 
implies that ¢ = 1. Hence, we get that all the eigen values of R, is 1. But 
R, is diagonalizable(again standard observation, as minimal polynomial of 
R, divides X" — 1, where n is the order of g), and therefore we conclude 
that R, = idy. Therefore. Ker(yz) C KerR. This completes the proof of 
the claim. 


Suppose now that y is any character(not necessarily irreducible) of G.Let 

> es ee niXi, Where X1, X2,..- X« denote all the distinct irreducible characters, 
and nj(1 <i < k) are non-negative integers. Let dj denote the degrees of 
the character \; for every 1 <i < k. 
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Claim 2: Kery =M{ Kery;\nj > 0} . 

Let A=N{ Keryi|nj > 0} . Let g € A. Then yi(g) = dj, for every i such 
that n; = 0. If d is the degree of x, it is clear that y(g) = d. Therefore, 
g € Kery. This proves A Cc Kery. Conversely, suppose g € Kery, then 
x(g) = d. So |xi(g)| < dj, claim 1 forces yi(g) = dj, whenever nj > 0. 
Therefore, we have that g € A. Thus, we have proved our second claim. 


Now, we proceed towards the final claim, which tells us how to determine 
all normal subgroups of G, by the character table of G. Let, N; = Kery;. 
It is clear the N; are normal subgroups. 


Claim 3: Any normal subgroup of G is a certain intersection of N;’s. 


Let N be any normal subgroup of G. Consider G/N. Let p denote the 
regular representation of G/N. Let 7 : G -» G/N be the canonical surjection, 
with Kerz = N. Consider pg = po 7. Observe that since p is injective, pg 
is a representation of G, with Kerpg = N. Let yg be the character of pg. 
Then, by claim 1, N = Keryg. Now, Let 


k 
xa = So nix 
t=] 


. Then, from claim 2, we get N = Keryg = M{ Keryijni > 0} =O{Nilni > 
0}. 


So, finally it is easy to determine the Nj;’s from the character table. To 
determine Nj, just look at the i‘ row, and find out all elements of G, whose 
character entry is dj, where dj = y;(1). Then to determine all normal 
subgroups, just take all possible intersection of these N/s, and list the new 
subgroups thus obtained. This gives you all the possible normal subgroups. 


So, 
Mi = {9 € G\xu(g) = 1} =G 
No = {9 € G|x2(g) = 1} = {e} UCU(a) UCI(d) 
Nz = {g € G\x3(g) = 1} = {e} UCI(a) 
Ng = {9 € G\xa(g) = 1} = {e} UCI(a) 
Ns = {9 € G\xs(g) = 4} = {e} 


Therefore to get other normal subgroup, we take all possible intersection of these Nj's according to claim 3. 
Observe that there are no other are new normal subgroup occurring out of intersections. Hence N;(1 <i < 5) 
are the only normal subgroups of G. This solves (e) as well as (c), as we can take H = No. Therefore, H = {e} U 


Cl(a) U Cl(d) 


Now, we have to understand to what is H isomorphic to. We know that since |H| = 10, H = Cy or Ds. Now, 
a,d € H, and |a| = 5, |d| = 2. Suppose H = Cp, then there exists 2 € H such that |x| = 10. But, since we 
have seen that |a| = 5, |d| = 2, |b] = 4 = |e|, itis clear that any element of G has order 1, 2,4,or 5. Therefore, 
H = Ds. This solves (d). 


Result Gof6 


We have proved that H > Ds. To determine all normal subgroup of G from the character table, we have first 


explained a general method of doing so, and then applied the general case in our situation. See the solution for 


more details. 


1i.a 
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Let w = e?*'/3, Consider the following character table. 


(1) (6) (7) (7) (7) (7%) (%) 
a b c d 


| 1 1 1 1 1 1 
x2 | 1 1 1 w Go w @ 
x3 | 1 1 i Go w DGD w 
MEA iL 1 -l —-w DO w @ 
x5] 2 1 1 W-—w GD w 
Xe | 1 Loh al. sh 1 1 
Mr S vl « OD 0 0 0 0 


First counting the size of the conjugacy classes we see that |G| = 42. 


(a) We have to show that there is a normal subgroup N of G, such that 
G is isomorphic Dz. Observe that Kerys is a normal subgroup and N = 
Kerx3 = 1UCl(a)UCI(b), where Cl(x) denote the conjugacy class of x € G. 
Then, it is clear that |N|=14. We claim that N = D;. To prove this observe 
that K has elements of order m and n only, where o(a) = m,o(b) = n. So, 
all non-trivial elements of K has only two possible choices of order. Now, 
if K is cyclic of order 14, and hence it has elements of order 2, 7, 14. This 
is a contradiction. Therefore, N is cyclic. Since every group of order 14, 
is either the dihedral group, or cyclic group of order 14, we conclude that 
N = Dy. 


Now, first tet us write N = Dz; in the proper form. Observe that C(a) has order 7, as |Cl(a)| = 6. Here C(a) 
denote the centralizer of a € G. So C(a) is cyclic, since its order is prime, and therefore each non trivial element 
of C(a) has order 7. Therefore, we conclude that |a| = 7. Therefore, each element of Cl(a) has order 7. Now, Dz 
abstractly as a group, is 


Dz;= (a, y|a" == yy = y'2) 


.So, D; = {1, 2,27, 2°, 24,25, 2°, y, yx, yx”, yx*, yx", yx®, yx*}. Their conjugacy class is well known is as 
follows: 


{1}, {x, 2°}, {x?, 2°}, {2 24}, {y, yx, yx”, yo, yo? yo, yr*} 


So since, N = Dy, we observe that |b| = 2, and hence each element in Cl(b) must have order 2. Hence, N = 
(a, b|a” = 1 = b?, ab = b“!a). The conjugacy classes of N are therefore, exactly same as Dz, where a is 
replaced by a, and y by b. Therefore, the conjugacy class of N are 


C = {1}, C2 = {a, 0°}, Cs = {a, a*} 


C; = {a, a*}, Cs = {b, ba, ba?, ba*, ba’, ba®, ba®} = Cl(b) 


Now, we can solve (b). Observe that the restriction of x1, x2, X3 to N is trivial and hence is the trivial irreducible 
character of NV. 


Next take the character y4, which is also of degree 1. Then 
x4(Ci) = 1, x4(C2) = 1, x4(Cs) = 1, x4(Ca) = 1, x4(C5) = -1 


Hence, x4 on N is the "sign" (degree one) representation of N = D7. The same case also happens for x5, Xe. 
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Next we try to understand the restriction of yz on D7. Observe that 


X7(C1) = 6, x7(C2) = —1,x7(C3) = —1,x7(Ca) = -1,x7(Cs) = 0 


To understand how the above representation of N decomposes into irreducible 
representation of N, we need to understand the irreducible representations of 
N. We already know that N has two irreducible degree one representations 
namely, the trivial one, and the sign representation. Let their characters be 
01, 92 respectively. Let the other characters be 6;(3 < i <5). There are 5 
irreducible representations because there are 5 conjugacy classes. Let their 
degrees be dj(1 <i <5). It is clear that 


d? + d3 + d34+d3+d3=14 
d, = dz = 1. Now, we say that the only way d3 + d} + d? = 12 is if 


each of d3 = dy = ds; = 2. Hence,it follows that N has three irreducible 
representation of degree 2. Now, I will write the character table of N = D7. 


(2) (2) (7) 
a? a3 b 
1 1 1 
1 1 -l 


03 2cos27/7 2cosdr/5 2cos6r/7 0 
04 2cos4m/7 2cos6r/7 2cos2x/7 0 
05 2cos6m/7 2cos2x/7 2cos4x/7 0 


| mention here that | leave it to the reader to verify that 63, @4, 45 are indeed the remaining three irreducible 
characters of NV. The proof of this will be exactly the same as for the construction of the character table of Ds, 
which | have done myself, in the problem 4 of section 4. Mimic the exact same ideas to construct the character 
table of N = Dv. 


Now, observe that 


(x, 03) = zl62 + —2.2.(cos 27/7) + —2.2.(cos 4/7) + —2.2.(cos 67/7) + 7.0.0] 


giz — 4((cos 27/7) + (cos 27/7) + (cos 27/7))] =1 


This is because cos 27/7 + cos 47/7 + cos 6/7 = — 5. Similarly, 
(x70) = (x7",05) =1 
. So we finally get, 
x?) = 03 + 04 + 65 


This finishes (b). 
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Before doing (c) and (d), we will first do e. We will use the following general 
principle. This result actually determines the following: Given a finite group 
G, and its character table T, how can one find all normal subgroups of G. 
To do this we first prove the following claim: 


Claim 1 Suppose R is a representation of R : G - GL(V) of degree d, 
and yr denote the character of R. Define Ker(yr) = {9 € G\yr(g) = d} . 
We claim that Ker(yz) = KerR, where KerR is the usual kernel of the 
homomorphism R. Indeed if g € KerR, then R, = idy. Since degree of R 
is d, we get yr(g) = trace(idy) = d. Therefore g € Ker(yr). This proves 
KerR C Ker(xp). 


Conversely suppose g € Ker(yr). This implies yr(g) = d => |yr(g)| =d. 
Now, it is a standard observation that \2(g) is sum of d roots of unity. Also, 
it is a standard result that if ¢),... q are roots of unity then |¢:+...+¢a| < d, 
with equality iff ¢G) = G@ =... = Gi. so, from this we conclude that as 
Ivr(g)| = d, then yg = dC, where ¢ is a root of unity. But, yr(g) = d 
implies that ¢ = 1. Hence, we get that all the eigen values of Ry is 1. But 
R, is diagonalizable(again standard observation, as minimal polynomial of 
R, divides X" — 1, where n is the order of g), and therefore we conclude 
that R, = idy. Therefore, Ker(yr) C KerR. This completes the proof of 
the claim. 


Suppose now that y is any character(not necessarily irreducible) of G.Let 


ee Ee niXi, Where ¥1, X2,-.. X¢ denote all the distinct irreducible characters, 


and nj(1 <i < k) are non-negative integers. Let d; denote the degrees of 
the character yj for every 1 <i < k, 


Claim 2: Kery = M{ Kery;\nj > 0}. 

Let A=N{ Keryi|ni > 0} . Let g € A. Then yi(g) = dj, for every i such 
that nj = 0. If d is the degree of y, it is clear that y(g) = d. Therefore, 
g € Kery. This proves A C Kery. Conversely, suppose g € Kery, then 
x(g) = d. So |xi(g)| < dj, claim 1 forces yi(g) = di, whenever nj > 0. 
Therefore, we have that g € A. Thus, we have proved our second claim. 


Now, we proceed towards the final claim, which tells us how to determine 
all normal subgroups of G, by the character table of G. Let, N; = Kery;. 
It is clear the Nj are normal subgroups. 


Claim 3: Any normal subgroup of G is a certain intersection of Nj’s. 


Let N be any normal subgroup of G. Consider G/N. Let p denote the 
regular representation of G/N. Let x : G + G/N be the canonical surjection, 
with Kerz = N. Consider pg = pom. Observe that since p is injective, pg 
is a representation of G, with Kerpg = N. Let yg be the character of pg. 
Then, by claim 1, N = Keryg. Now, Let 


k 
XG = a MGXi 
i=l 


. Then, from claim 2, we get N = Keryg ={ Keryi\n; > 0} =A{Ni|ni > 


0}. 


So, finally it is easy to determine the N;’s from the character table. To 
determine Nj, just look at the i* row, and find out all elements of G, whose 
character entry is dj, where dj = yi(1). Then to determine all normal 
subgroups, just take all possible intersection of these N/s, and list the new 
subgroups thus obtained. This gives you all the possible normal subgroups. 
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Therefore, 
N, = Kerx, = G, No = Kerx2 = {1} UCl(a) U Cl(b) = N, N3 = Kerxy3 = No = N 
Ny = Kerxs = {1} UCl(a), Ns = Kerxs = Ny, Ne = Kerxe = {1} UCl(a) UCl(e) UCU) 
N; = Kerx7 = {1} 


So, we have got five distinct normal subgroups namely G, N, Ny, Ne{1}. Now, using the general principle we 
observe that any other normal subgroup is intersection of these subgroups. We observe thet we don't get any new 
normal subgroup, by intersecting them with each other in any way. So, we conclude that these are the only five 
normal subgroups of G. For clarity |N| = 14, |N4| = 7,|Ne| = 21. 


Now, we have to determine the Sylow-p subgroups of G. We will use the description of normal subgroups to our 
advantage. |G| = 42 = 2.3.7. First observe that the sylow-7 subgroup must have order 7. Now, N4 is a normal 
subgroup of G of order 7. We know that there is a unique sylow-p subgroup of order if and only if the subgroup is 


normal. This is precisely the Sylow second theorem. Therefore we conclude that there is a unique Sylow-7 
subgroup of order 7, which is N4. 


Next we try to determine the number of Sylow-3 subgroup which are of order 3. Let n3 be the number of Sylow-3 
subgroups. Then ng | 14. So n3 = 1 or 7. Now, observe that if m3 = 1, then that means there is a unique normal 
subgroup of order 3, and hence it must be normal. But, we see that in our complete list of normal subgroups there 
is such subgroup of order 3. Therefore, we conclude, that n3 = 7, and hence there are 7 Sylow-3 subgroups. 


Finally, we determine the number of Sylow-2 subgroups. Again any Sylow-2 subgroups has order 2. Let nz be the 
number of Sylow-2 subgroups. Then ng | 21, which means nz = 1 or 3 or 7 or, 21. Now, again by Sylow second 
theorem, and from our complete list of normal subgroups, we conclude that nz # 1. Also, observe that we have 
already seen that each element of conjugacy class of Cl(b) has order 2. So, we already have 6 sylow-2 subgroups 
namely {1, b} and its six distinct conjugates. So n2 4 3. so, now we have nz = 7 or,21. 

Now observe also that if m2 = 7, there are 7 elements of order 2, and if nz = 21, there are 21 elements of order 2. 
Now, we now know that there are 7 elements of order 2, that is, elements of Cl(b). 

Now, x2(c) = w, implies that 3||c|, as order of w in C* is 3. So, we conclude that no element of Cl(c) has order 2. 
Similarly, we conclude that no element of Cl(d), Cl(e), Cl( f) has order 2. Therefore there are only 7 elements of 
order 2, which forces ng to be 7. 


So, to summarize, there is exactly one Sylow-7 subgroup, 7 Sylow-3 subgroup and 21 Sylow 2-subgroup. This 
completes (c). 


Now, we finally answer (d) and finish the problem. Observe that e, f € Ng, and |.Ng| = 21. So, |e], | f| divides 21. 
Now, also observe that since |Cl(e)| = |Cl(f)| = 7, we conclude from the orbit-stabilizer theorem, that 

|C(e)| = |C(f)| = 6. Since e € C(e), we conclude that |e| | 6. Similarly, | f| | 6. So, we have that |e] = | f| = 3. 
Now, again for the same reason as above we have that |c|, |d| divides 6. In the discussion of the Sylow-2 
subgroups above we have already concluded that |c|, |d] 4 2. So, we have |c| is either 3 or 6. Similarly, |d| is 
either 3 or 6, But, since |e| = | f| = 3, so each element of conjugacy class of e and f has order 3. So, we get 14 
elements of order 3. Since the number of Sylow-3 subgroup is 7, we have that G has 14 elements of order 3. So, 
conjugacy class of e and f account for all the elements of order 3, and therefore |c| + 3, |d| + 3. Therefore, we 
conclude that |c| = |d| = 6. This completes the proof. 


Result 10 of 10 


There is exactly one Sylow-7 subgroup, 7 Sylow-3 subgroup and 21 Sylow 2-subgroup of G. Also |c| = |d| = 
6, |e| = | f| = 3. There are five distinct normal subgroups of G’, which has been clearly decribed in the answer. 
See the answer for more detailed explanations. 
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Let H be a subgroup of index 2 in G. Suppose o : H -+ GL(V), be arepresentation. Let a € G \ H. Define a 
representation o : H > GL(V), defined by o (h) = (aha), for every h € H. First we prove that o isa 
representation of H. Let hy, hy © H.Then o (hy hg) = 0(a-'hyhga) = o(a-'hyaahyga) = 
a(ath,a)o(a-!hga) = o (hy)o' (ha). This prove that o” , is a representation. 


Step 2 20f4 


Next, suppose @, is a restriction of a representation say, 8 of G. We want to prove that a, and a are equivalent 
representation. Let x, x, denote the characters of a, and o respectively. In fact, we can assume x to be the 
character of @ of G, and without loss of generality, we denote the restriction of x to H by x again. With these 
notations in hand, we will prove x = x, on H. Now, by definition y(h) = trace(a(h)) = trace(@(h)). But 

x (h) = trace(o(a~!ha)) = trace(@(a~tha)) = trace(@(a)~!0(h)O(a)) = trace(O(h)) = trace(o(h)) = 
x(h). The previous equalities follow from the fact that @ is defined on G. So, we get x = x, and hence o, o are 
isomorphic. 


Finally, let b € G\ H, and b # a. Define o” : H + GL(V), as o"(h) = 
a(b-'hb). We have to prove that o, and o” are isomorphic. Let y", be the 
character of a”. We again wish show that y’ = y". The major fact that we 
use here is that since [G : H] = 2, we have that Ha = aH = Hb = bH = 
G\H. Also, we use the fact that trace(AB) = trace(BA). Now, observe that 
x (h) = trace(a(a~'ha)). Now, as Ha = bH, we have that ha = bh,, for 
some h; € H. So, trace(a(a~tha)) = trace(a(a~!bh1)) = tr(a(a~!b)o(hy)). 
The last equality is possible because a~'b € H. From there we have that 
trace(o(a-'b)o(h,)) = trace(a(h; )o(a-'b)) = trace(a(hya~'b)) = trace(a(b-'hb)) = 
x’ (h). The last equality follows, because, ha = bhy => hya~! = bh. So, 
finally we have ,’ = \", and therefore o’ ,o”, are isomorphic. 


Result 40th 


We have proved that the representations are isomorphic by showing that their characters are equal. While showing 
that there characters are equal, we have heavily used the fact that IG :H ] = 2. See the solution for more details. 


Section 5 


lia 
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Let C,, be the cyclic group of order n. Suppose g is a generator of C,,. The two dimensional standard 
representation of C;,, can be given as follows: 


:C, + GLo(C), defined by, 


foreveyl <i<n-—1. 


2ni 2xi 


Let v be the character of ¢. Then, x(9') = 2cos a =en +e 7 .Wehave to decompose @, into two 
irreducible representation of dimension |. Consider the one-dimensional representations x1, x2, defined as, 


x1: Cn > C*, as x1(g') = et, and x2: G— C*,as x2(g') = et tis clearly seen that x1, x2, are 
representation of dimension I. We can clearly see that x = x1 + X2, and therefore, we have that @ is the direct 
sum of two one dimensional representations x1, and x2. 


Result 20f2 


If x the character of the standard representation of C,,, we have proved x = x1 + X2, where, x1: C, > C’, is 
defined as xi(g') = eu, and x2: G > C*,as xo(g') = en 


Consider G = S,,. n > 2. We will have to prove that S,, has only two 
one-dimensional representation, the trivial representation and the sign representation, 
p++ sign(p). 

For n = 2, So is cyclic group of order 2, and hence thee are only two 
representations as above. So, from now on we assume n > 3. 

Suppose @: S, — C*, be any representation. Now, it is clear that a Cc 
Ker@, where S;,, denote the derived subgroup of S,,. We claim that S$’, = An. 
For the time being assuming the claim, we observe that Ker, is either S,,, or 
A,,. Suppose Ker@ is S,, then it is clear that @ is trivial representation. On 
the other hand if Ker@ is Ay, then @ induces the map pA, ++ tod(p), from 
S,/An > C*. Since S,/A, = {An, pAn} , where p is any odd permutation, 
is a cuclic group of order 2, it is clear that ¢(p) = —1. Therefore, we 
conclude that if Ker@ = Ap, then @ is the sign map. Hence, there are only 
two one-dimensional representation of S,,. 


37 


Now, we prove the claim that a = A), forn > 3. Since S,,/ A, is of size 2, and hence abelian, we conclude that 
, 

S,, © An. Now, we prove that any 3-cycle is a commutator. Let (abc) be a 3-cycle. Observe that 

(ab)(ac)(ab)~!(ac)~+ = (ab)(ac)(ab)(ac) = (abe). So, indeed any 3-cycle is a commutator. 


Next we prove that A, is generated by 3-cycles. First observe that all 3-cycles are contained in Ay, since 

(abc) = (ab)(ac). For n = 3, A3, consists only of 3-cycles, and hence there is nothing to prove. So, we assume 
that n > 4. We know that if p € A, then pis a product of even number of transposition. So, it is enough to prove 
that a product of two transposition is a product of 3-cycle. So, suppose if there are two transposition, with one 
element in common, say (ab), and (ac), then (ab)(ac) = (acb). Hence, their product is a 3-cycle. Now, assume 
there are two transposition with distinct numbers, that is, (ab), and (cd), then (ab)(cd) = (dac) (abd). So, in this 
case also, we see that their product is a product of 3-cycles. So, any product of two transposition is a product of 3- 
cycles. Therefore, any permutation is A,,, being a product of even number of transposition, is also a product of 3- 
cycles. Hence, A,, is generated by 3-cycle. 


With this, now we see that since every 3-cycle is a commutator, we conclude that A,, C S. So, we get Ss. =A; 
thereby completing the proof of the claim. 


Result 5 ofS 


The main result that we use is that the commutator subgroup of S,, is A,. See the solution for more details. 


3.a 


Let G be a finite group, which has exactly two irreducible characters of degree |. Suppose @ denote the trivial one, 
that is, @(g) = 1 for every g € G. Suppose x denote the non-trivial character. Since x is a character of degree |, 
hence x is a homomorphism from G to (C*. Define the following map x? : G + C* defined by y?(g) = x(g)?. It 
is easy to check that x? is a group homomorphism. Indeed, y?(gh) = x(gh)? = (x(g)x(h))? = 

x(g)?x(h)? = x?(g)x?(h), for every g, h € G. Therefore, x? is a character of G of degree 1. Hence two 
possibilty arise: 


(1) x? = ¢. Then x(g)? = 1, for every g € G, which implies x(g) = £1, and we are done. 


(2) Suppose x? = x, whence, we have x(g)? = x(g) == x(g)(x(g) — 1) = 0, for every g © G. We 
conclude that x( g) = 1, for every g € G. This is a contradiction, as x is non-trivial. Therefore only (1) can happen, 
whence, x(g) = £1, for every g € G. This finishes the proof. 


Result 2 of 2 


The main idea of the proof is to observe that x” : G — C*, defined by y?(g) = x(g), isa group 
homomorphism. This along with the hypothesis of the problem yields the proof. See the solution for more details. 


4.a 
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Let x be a character of a finite group G, say of order n. Let g € G, andassume p: G + GL(V) is the 
representation of G affording v. Now, observe that g” = 1, and therefore, sine p is ahomomorphism of groups 
p(g)" = I. This shows that the polynomial X" — 1 annihilates p(g), and therefore if M, denote its minimal 
polynomial then M | X" — 1. But, the minimal polynomial is the product of distinct eigen values ,and therefore, 
we conclude that the eigen values are roots of unity. Now, by definition x(q), is the trace of p(g), and we know 
that the trace of a matrix is the sum of eigen values(with multiplicity). Therefore, we see that x( g) is the sum of d 
roots of unity say C1, Co... Cg (not necessarily distinct). Therefore 


Ix(g)l = lr +--+ Gal < [Gil +... + [Gal =a 
So, the first part of the problem has been proved. 


Now, we prove that if |x(g)| = d, then, o(g) = CJ, where ¢, is some root of unity. We use the following standard 
fact: 


Suppose C1, C2... Cq are roots of unity. Then, we have |) + Q2+...C4/=diffGi =Q@=...= Cu. 


Now, |x(g)| = d, implies that {Ci + C2 + ...Ca| = d, and therefore by the above fact,¢; =@=...=G=C. 
Now, another point to observe is the fact that each p( g) is a diagonalizable operator, or in other words their 
minimal polynomial have distinct roots. This is clear because the minimal polynomial divides X" — 1, which itself 
has distinct roots. Now, from above, we see that all eigen values are same , which is C, and therefore, p(g) = CI. 


Now, suppose x(g) = d, then |x(g)| = d, and therefore from above, we have p(g) = CI, for some root of unity 
¢. Therefore, x(g) = d¢ = d, and hence, ¢ = 1. Therefore, p(g) = I. 


Result 20f2 


The important fact to observe for this problem is that if x is a character of G, then x(g) is a sum of roots of unity. 
See the proof for more details. 


To prove that the one-dimensional characters of a group G form a group under multiplication of 
functions, that is, where the group operation is: 
(z-7)(g)=z(8)z'(g) 


This prove will be show if the product of any two non-zero real numbers Is itself a non-zero real 
number, so the set is closed under multiplication. 


Let geG,and y, 7’are a one-dimensional characters of a group G . 
(z:2'V(8)= P,P, 
=2x(s)z'(g) 


Hence, the one-dimensional characters of a group G form a group under multiplication of 
functions, 


To show that G ~ G and |G|=|G| if Gis abelian. 
Since a one-dimensional character z is a homomorphisms from G to GL, = C", because 
(z)(8h)= Py 
= P,P 
=2(8)z(*) 
Where, 
gheG 
G is abelian regardless of G being abelian, since G—¢" and ¢: is commutative. 
So, G Is abelian 
(z:2')(gh)=(x-2/)(hg With gh # hg 
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To show that G and G are isomorphic. 

Acharacter of a finite abelian group G isahomomorphism y:G -»§' where G = 5! 
because (x)(gh)= z(g)z(h)and z(1)=1- 

So, G and G areisomorphic, thatis G~G 

So, number of the element in group G and G have the same, G~G 

It can be written as cardinality of G and G have the same, \G|=|G| 


Hence proved 


Let G be acyclic group of order #, generated by an element x, and let C= * 


Comment 
Step20f3 “ 
{a) 
Arepresentation p, :G —» C"is defined by, 
yy (x)=¢" 


To show that the irreducible representation are p,,...,,.; 


Since p,,...,,, are all one dimensional representation and it is known that every irreducible 
character of G is one-dimensional. 


Thus, it is irreducible. 

Moreover, since G is cyclic of order n, that is |G =n and also every conjugacy class of group 
G has size 1. 

So, there are _n conjugacy classes of G and n irreducible representations. 

Hence, p,,...,p,_, are the irreducible representations of G . 


(b) 

To identify the character group of G ; 

The character group of Gis abelian, so apply the one-dimensional characters of a G forma 
group under multiplication of function, G is abelian then \6| =|G| and G=G- 


So, this implies that where Z, is group of order m and it is abelian and cyclic. 
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Given: G and G’ are abelian groups. and @ : G — G" is ahomomorphism. 
Solution: First we define an induced homomorphism 
¢:G' 3G 


where G and G' are respective Character groups. 
Let us define @ by the assignment 


(x) =xod, where yEG’. 
Clearly it is an homomorphism and satisfies the required conditions. 


Now we will show that if é is surjective then @ is injective and vice-versa. 
Let us now assume that @ is surjective. 
Let us now consider two distinct elements from G as g, h such that 


(9) = 9(h). 
let y € G. : 
Since @ is surjective there exists x € G" such that 
(x) =v 
This follows that 
xog=¥. 
Now notice that 


(9) = o(h) => (x0 4)(9) = (x0 o)(h) 
= x(9(9)) = x(o(h)) 
=> u(g) = v(h), by the definition of d 
=> g=h, since wis acharacter of G. 


But this is a contradiction, since we have taken g and h to be distinct. 
Therefore @ is injective clearly. 


Now we will propose to prove that é is injective if @ is surjective. 
To show the injectivity of @ let us assume x1, X2 € G’ such that 


(x1) = O(x2)- 


We will assert that x1 = x2. Thatis 


xi(g') = xo(g') Vg eG’ 


Let g’ be an arbitrary element of g’. Since ¢ is surjective there exists an element g € G' such that 


o(g9) =g'. 
Now notice that 


(x1) = (x2) = 10d = x26 
= (xi ° $)(9) = (x2 0 4)(9) 
= xi(9(9)) = x2((9)) 
= xilg’) = x29’). 
Since g’ is arbitrary and yi(g’) = x2(g’) it yields that 
xi(g') = x2(g’) forall g € G’. 


Therefore 


A 


Hence é is injective. 
This completes the proof. 


Result SoS 


The induced homomorphism d is defined as ( x) =xodtorx € G' and we prove that if é is surjective then @ 
is injective and vice-versa. 


Section 6 


lia 


Reg, denote the regular matrix representation of G.We have to compute the matrix 3 acG Ries . We will write 
Rg for Res, to keep things short. Suppose |G| = n. Then each Ry, isan x n matrix. Let us fix 1 < i,j <n. 
First we determine (R,);;. Observe that (R,)i; = 1, if gg; = gi, else the entry is 0. But as there exist a unique g 
such that gg; = gi, we conclude the following: 


For 1 < i,j <n, there exists a unique G such that (R,);; = 1, and for all other h € G, thei jth entry of the 
matrix Rp, is 0. Therefore, we have that (3> acG R,)ij = 1. Since i, j was chose arbitrarily, we see that the matrix 
> a<G Fg is a matrix all of whose entries are 1. 


Result 20f2 


The main idea is to calculate the 77 entry of RFs, for each g € G. See the solution for more details. 


Let p be the permutation representaton of 53, obtained from $3 actiong on 53 by conjugation. Observe that p is a 
representation of dimension 6, as |S3| = 6. Now, we have decompose 9, into irreducible representations. Now, Let 
x denote the character of p. From the book, table 10.4.12, we know the irreducible characters of S3. Let them me 
denoted by x1, x2, X3, just as in the book. 


Now, we first determine, the character x. It is enough determine on a representative of each conjugacy class. Now, 
if a group G acts on itself by conjugation, and g € G, then 


Fizx(g) = {a € G\grg-! = x} = Ce(g), where Cg(g) denote the centralizer of g in G. 


Now, x(g) = |Fix(g)| = |Ce(g)|. So x(e) = 6, x((12)) = 2, x((123)) = 3. Now, in each case we compute 
the inner products. 


(x, x1) = £(6 + 3.2 + 2.3) = 3. 
(x, x2) = §(6 — 3.24. 2.3) =1 
(x, x3) = $(6.2 + 2.0+ 2.0+ 2.0+3.-1+3.-1)=2 


So finally, we get x = 3.y1 + x2 + 2.x3. This is the decomposition of x. 
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Result 2 of 2 


We refer to table 10.4.12, for the character table of $3. We compute the character of the permutation 
representation of S3, and then compute inner products with each one of the irreducible characters, to see how 
they occur in its decomposition. 


To decompose character of tetrahedral group 7 on the six edges of the tetrahedron into 
irreducible characters; 


Suppose * denote the character of the representation of the tetrahedral group 7°. 
Consider the tetrahedron group 7,, it has six edges, four vertex and four faces. 


Since it is known that order of 7 is12 and three representations have dimension 1 and one 
representation has dimension 3. 


So this can be written as, 
\T| =d? +d} +d} +d} 
12=P+P4+P +3 


There is no normal subgroup of order 4, so index 3. 


Now, the factor group is the third order cyclic group and its characters representation as shown 


Thus, there are four conjugate classes and the dimension of four irreducible representations are 
1,1,1,3.and the relation between the characters of the tetrahedron group is 


Lt Hhtwhr+3ny- 
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(a) 
The objective is to identify the five conjugacy classes in the octahedral group O, and find the 
orders of its irreducible representations. 


Comment 


Step 20f9 “ 


Consider the octahedral group which is denoted by Q. 
Octahedral group has order 24 and 5 conjugacy classes and 5 irreducible representations. 
Degree 1 for 4 irreducible representations: 


l+1+1+l+x° =24 
This implies that, 


x =20 
This is not possible because 20 is not a square. 


Degree 1 for 3 irreducible representations: 
l+1l+l+x°+y? =24 
This implies that, 
rey =21 
This is not possible because 21 is not the sum of two squares. 


Comment 


Step 40f9 A 


Degree 1 for 2 irreducible representations: 

l+l4x? + y? +2? =24 

And suppose x< y<z 

For x=3 then y*? +z? >13 this is impossible. 

For x=2 then y?+2?=18 and y=3,z=3 is the only possibility. 
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Degree 1 for 1 irreducible representations: 
l+x+y? +27? +a° =24 

Here, x=2 then y? +z? +a" =19. 

This is impossible. 

Hence, orders of the irreducible representation of octahedral groups are [1,1,2,3,and 3] and 


conjugacy classes are |1,2,,2..4,3;,,.and4> 


Comment 


Step 60f9 “ 


(b) 
The objective is to decompose the provided characters into irreducible characters when group O 
operates the following sets: 


1. Six faces of the cube. 

2. Three pairs of opposite vertices. 
3. Eight vertices. 

4, Four pairs of opposite vertices. 
5. Six pairs of opposite edges. 

6. Two inscribed tetrahedral. 


To decompose the characters into irreducible characters; 
Decomposition of the characters into irreducible representation as shown below: 
The irreducible representation of octahedral group as shown below: 
Six faces of the cube: 
X= LO 7,0 7,8 x, O27, 
Three pairs of opposite vertices: 
X=LO2,87, 
Eight vertices: 
X= 4,8 7, O27, O27, O2z, 
Four pairs of opposite vertices: 
X=4,O7,07,87, 
Six pairs of opposite edges: 
X=LO 7,9 7,8 7, O2z, 
Two inscribed tetrahedral: 
X=H OX 
Hence, all these sets represents as characters into irreducible characters. 


(c) 
The objective is to determine the character table for Q; 
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Class length of © are 1,3,6,8,6 and element order are 1,2,2,3,4 


Number of character represented as y,, 7,, 7, Zs.Zs and since there are 5 conjugacy classes 
95 1,2, 2.09 3car04y- 


The character table of octahedral group as shown below: 


Solution: By the given condition the symmetric group S,, operates on C” by permuting the coordinates. We will 
decompose this representation explicitly into irreducible representations. 

Recall that the vector (1, 1, ..., 1), of dimension n, is invariant under the action of S,, and spans one-dimensional 
trivial representation. 

Let us consider the vector space 


r= {(e1s22,295 2h) | we? = of. 
k 


Then it follows that by the definition of V, V is invariant of S,,. 
Now we will propose to prove that V is an irreducible representation. 
If possible let us assume that it has a nontrivial invariant subspace X and 


@ = (21, 20,7, ,.::;2n) € X- 
Now notice that if z; = 2; forall 7, 7 then we have 


>= = 2=0 Vk. 


Otherwise note that 
xj #2; forsome i,j. 
Therefore we have 


z — (i,j)z 
= (0;.<.5 0,2; - 23,0, ..., 0,2; = #:,0;'..50) € X. 


And note that 
1 3 
——(z — (t,7)z) 
2j— 2; 
=(0,2;031,0;.2.,0;—1;0;.40)-€ 2X. 


Now by applying S;, to this vector, we can get all vectors of the form (0,..,0,1,0,...,0, —1,0,..,0), which span 
V 
This follows that 
REV, 
Hence we proved that V is an irreducible representation 
This completes the proof 


Result 


Considering the vector space V as the hyperplane passing through the origin and prove that V is an irreducible 
representation. 


To decompose the characters of the representations of the icosahedral group on the sets of 
faces, edges, and vertices into irreducible characters; 


It is known that the icosahedral group represent by A,. 
Let G=A, 


Order of A, is60 and G has § conjugacy classes with representatives as follows: 


Representative , (12)(34) (13452) 


order 12 


Centralizer order 


Here there are 5 irreducible characters. Obviously there is the trivial representation, with the 
trivial character y,(a@)=1 for all g eG. In order to find the other characters of §, and restrict 


them to A. 
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The character table of the icosahedral group A,as shown below: 


Th icosahedron has 12 vertices and 20 faces. Five edges originate from each vertex, but each 
edge is on two vertices. So there are 30 edges. 


Consider the group S, operates by conjugation on its normal subgroup A,. 
First find the character table for S,. 
Order of S, is 120- 
Find the conjugacy classes of §,. 

G=((}, 

C, = {(12)}. 

C, = {(1234)}, 

C, = {(12345)}, 

C, = {(12)(34)} 

C, = {(12)(34)} 


Therefore, the complete character table for S, is: 


5] ¢2)| can) cas) (254)| (12934) (129688 
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To find character table for A,; 
The conjugacy classes of 4, as shown below: 
C={(I)}; 

C, = {(123)}, 

C, = {(12)(34)}. 

C, ={(12345)}, 

C, ={(13482)} 


From the character table of §, it follows that 7, | H = 7,|H,z,|H = z,|H and 
%\H = z,\H are irreducible characters of A,. 


The character table of A, as shown below: 


|| ele 


Thus, It can be seen that the only irreducible character of S$, whose restriction to 4, which is 
not irreducible is y, and ¢,,,,@,are all obtained by restriction of the characters other than 7, . 
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To decompose the restriction to 7 of the irreducible character of 7 where T's tetrahedral 
group and sis icosahedral group; 


Consider the icosahedral group C, = / ; 

Let @ denote a primitive fifth root of unit in @* such that g* =1. 
There are five conjugacy classes in C, and five elements. 

Moreover, to determine a representation of C, ; 

Now, to describe the image of the generator that is a fifth root of unity. 
Hence, a power of 

The character table of icosahedral group 7 as shown below: 


Consider the tetrahedron group 7,, it has six edges, four vertex and four faces. 


Since it is known that order of 7 is12 and three representations have dimension 1 and one 
representation has dimension 3. 


So this can be written as, 

\T|=d? +d} +d} +d} 

12=P4+P4+P4+3 

There is no normal subgroup of order 4, so index 3. 


Now, the factor group is the third order cyclic group and its characters representation as shown 
below; 


So, use this and orthonormality conditions to obtain character table of tetrahedron group 7: 


OBES 


Hence, the restriction to 7 of the characters of y, and sign equal to the trivial character, the 
character of y, is equal to y,,, the character of y, is equal to y ,, and the character of y, Is 
sum of y,,y,and 7. . 


First we prove a general result which will be of use in many problems of this 
book. This result actually determines the following: Given a finite group G, 
and its character table T, how can one find all normal subgroups of G. To 
do this we first prove the following claim: 


Claim 1 Suppose RF is a representation of R : G — GL(V) of degree d, 
and yr denote the character of R. Define Ker(yr) = {g € G\yr(g) = d} . 
We claim that Ker(yr) = KerR, where KerR is the usual kernel of the 
homomorphism R. Indeed if g € KerR, then Ry = idy. Since degree of R 
is d, we get yr(g) = trace(idy) = d. Therefore g € Ker(y). This proves 
KerR C Ker(xpr). 


Conversely suppose g € Ker(xr). This implies yr(g) = d => |xr(g)| =d 
Now, it is a standard observation that yp(g) is sum of d roots of unity. Also, 
it is a standard result that if ¢1,...¢q are roots of unity then |¢i+...4+Cu| < d, 
with equality iff ¢) = @ =... = Gy. so, from this we conclude that as 
\xr(g)| = d, then yr = dC, where ¢ is a root of unity. But, yr(g) = d 
implies that ¢ = 1. Hence, we get that all the eigen values of Ry is 1. But 
R, is diagonalizable(again standard observation, as minimal polynomial of 
R, divides X”" — 1, where n is the order of g), and therefore we conclude 
that Ry, = idy. Therefore, Ker(yr) C KerR. This completes the proof of 
the claim. 


Suppose now that y is any character(not necessarily irreducible) of G.Let 


e— b bea niXi, Where X1, X2,... X4 denote all the distinct irreducible characters, 


and nj(1 <i < k) are non-negative integers. Let d; denote the degrees of 
the character \; for every 1 <i < k. 


Claim 2: Kery = M{ Kerxi\nj > 0}. 

Let A=n{ Keryi\n; > 0} . Let g € A. Then yi(g) = di, for every i such 
that n; = 0. If d is the degree of x, it is clear that y(g) = d. Therefore, 
g € Kery. This proves A Cc Kery. Conversely, suppose g € Kery, then 
x(g) = d. So |xi(g)| < dj, claim 1 forces yi(g) = di, whenever nj > 0. 
Therefore, we have that g € A. Thus, we have proved our second claim. 


Now, we proceed towards the final claim, which tells us how to determine 
all normal subgroups of G, by the character table of G. Let, N; = Kery;. 
It is clear the N; are normal subgroups. 
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Claim 3: Any normal subgroup of G is a certain intersection of N;’s. 


Let N be any normal subgroup of G. Consider G/N. Let p denote the 
regular representation of G/N. Let 7 : G + G/N be the canonical surjection, 
with Kerm = N. Consider pg = po 7. Observe that since p is injective, pg 
is a representation of G, with Kerpg = N. Let yg be the character of pg. 
Then, by claim 1, N = Keryg. Now, Let 


k 
XG = > NiXi 
i=l 


. Then, from claim 2, we get N = Keryg = N{ Keryi|ni > 0} = O{Ni|ni > 
0}. 


So, finally it is easy to determine the Nj;’s from the character table. To 
determine N;, just look at the i row, and find out all elements of G, whose 
character entry is dj, where dj = y;(1). Then to determine all normal 
subgroups, just take all possible intersection of these N/s, and list the new 
subgroups thus obtained. This gives you all the possible normal subgroups. 
Now, to determine whether a group is simple, Observe that these Nj’s must 
be either G or {e}. Since the other normal subgroups are intersections of 
these they are also G or {e}. Therefore, if all the N;’s are trivial , then the 
group is simple. 


The following is the character table of the icosahedral group. 


Here a = 1 + cos(27/5) Now, Nj = Keryi = {g € G\yi(g) = 1} =G 

Nz = Keryx2 = {9 € G|x2(9) = 3} = {e} 

Ns = Kerys = {g € G\xs(g) = 3} = {e} 

Ni = Keryxa = {9 € G\xa(g) = 4} = {e} 

Ns = Keri = {9 € Glxs(g) = 5} = {e}. 

Therefore, since each Ni(1 < i < 5) are trivial, we conclude that the 
icosahedral group J, is simple. 


Result Sof 5 


To understand how to determine from the character table, whether the group G is simple, we need to understand 
how to determine all normal subgroups from the character table. That is what we prove first and then as a simple 
application we explain how to determine whether the group G is simple. Click to see more details. 


10.a 


The conjugacy classes of A, are: 


The identity, 4 3-cycles represented by (123), 4 3-cycles represented by (132), 3 products of 
two disjoint transpositions, represented by (12)(34). 


Comment 


Step2o0f7 “ 


Now, 
Consider the representations of S$, and simply restrict them to A,. 
There are 4 irreducible representations, and the sum of the squares of their dimensions is 12. 
=(1, 1, 11) 
= tu, 
This means that, U,, and U’, are isomorphic. 
dn, =(3, 0, 0,-1) 
= Aver, 


This implies that, 


(Z.+2%,,)=! 


And, 

So, ¥,,, is irreducible, with dimension 3. It is know that missing 2 representations and their 
dimensions must be 1, since, 

12+32+12+12=12 

Now, continue restricting the irreducible representations of §, to A,: 

Xn, =(2,-1,-1,2) 

This implies that, 

(20,,+2",)=2 

This means that, W, =V, ®¥V, with V, irreducible representation. 


Comment 


Step 40f7 A 


Now find V, by using the projection formulas. 
(xa, 2a = B(le2t44-(-1)-44-(-1)-143-241) 
=0 


(2.01, )=yy(1-2-3+4-(-1)-044-(-1)-043-2-(-1)) 
=0 
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This conclude that neither U, nor V,, are sub representations of W, . 

Since still have 2 representations left and at least one of them is a sub representation of W, . 
Note that, 

A4/{1,(12)(34),(13)(24),(14)(23)} =Z, 


Comment 


Step 60f7 ~ 


Since Z,={0, 1, 2} is an abelian group, 

So, 

It is known those irreducible representations p:Z,—»C with q@=¢**"* : 
The trivial representation, which sends all elements into 1, 
Arepresentation which sends 0 +1, 1+, 230", 
Arepresentation which sends 0-1, 1» .2>@, 


Let this 3 representations be U, U’ and U" respectively, use them for A, . 
It is known that, 
% ((12)(34)) = x ((12)(34)) 
= Zy ((12)(34)) 
=| 
Thus, character table as shown below: 


1 (123) (132) (12)(34) 


Section 7 


lia 
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Let G be a finite group. Let p be a representation of G, say p : G + GL(V). It is given any G-invariant linear 
operator is a scalar multiple of identity. Now, Let us assume that p is reducible. So, by Mashke's theorem, pis a 
decomposable representation. In other words, there exists V > Vi, Vo 4 {0}, such that V = V, @ Vo, and 
V,, Vo, are both G-invariant. Now, define T : V — V, as follows: 


Suppose v € V, then there exists unique v; € Vj, v2 € Vo, such that v = vj + vo. Then we define T(v) = 
A1V1 + Agve, where A; # Ag, and both are non zero. Now, for g € G, we have, 


T(pg(v)) = T(pg(v1 + v2)) = T(pg(v1) + Pg(v2)) = T(aq(v1)) + T (Py (v2)). 
But, observe that, py(v1) € Vi, Pg(v2) € V2, and therefore, from the above relation we get that, 
T(Pg(v)) = Aipo(v1) + AzpPo(v2) = Pg(T(v1)) + Pg(T(v2)) = Pg(T (v1 + v2)) = pg(T(v)) 


Since v € V, was chose arbitrarily, T’ o pg = pg 0 T, for every g € G. So, T is G-invariant operator, but since 
Ai # Ag, it is clear that T is not a scalar operator. Therefore, we have arrived at a contradiction. So, p is 
irreducible. 


Result 2 0f2 


This is the converse of Schur's Lemma, and we have proved, by the method of contradiction. 


Let A denote the standard matrix representation of $3. Let 
Lk 
B= 
0 
Now, we have to use the operator "left multiplication by B" and the averaging process to find a S3— invariant 


operator. We first show a general construction of G— invariant operator from an arbitrary linear operator, and then 
we will use the construction to find the desired result. 


Suppose G is a finite group and R: G + GL,,(C) and, S : G + GL,,((C) denote two matrix representation of 
G. Suppose M : C" — C™ be a linear operator and let M (using the same notation) denote its matrix with 
respect to the standard basis. In other words, M is given by “left multiplication by M". Clearly M isam x n 
matrix. Now, we construct M , which is G— invariant matrix. Consequently the linear operator, given by “left 
multiplication by M° will be the G— invariant operator. Define the following: 


~ 1 
M=— S,1MR 
rp» g g 


Now, Let h € G. Then, 


Sh (Leo $p-1MRy) Ri = Deo Sh tg 1M Roh = 
Yoce S(hg) 1 MRhrg = 0cG S,-1.M Rg. The last line is true because left multiplication by an element of the 
group, actually permutes all the elements of the group. This proves that M is G-invariant. 
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Now, we come to our scenario. In our case G = 53, R = S = A. First we explicitly write down A. A: S3 4 


GL4(C). Let ec = cos(27/3), s = sin(27/3). 


LY 40 
A(i23) = s “| »A(i2) = k a 


We also get, 


c 8 c 8 c —s 
A(i32) = ¥ ‘ »A(i3) = |: sf » A(23) = be = 


Now, we find A = ry Yycg Ag 1BAg. So, AeBA = B. 


1 -1 
A(19) BA(9) sd i 0 


c? +s8c cs — 
sc+s? s* —cs 


A(13)BA(13) = 


2 9 
c—cs —c?—cs 
s*—se s*+8c 


A(23) BA(23) = 
C+ics ccs 
~s?~sce s*—sc 


fod —' SE food +cs 
A123) BA(132) = | 2 


A(132B A193) = | 


sc—s* s?+5s¢ 


Therefore. 


- 1f4c?+2 0 1 0 
A=; | 0 Pavel a: 4 


Therefore, Ais the required $3 — invariant matrix. In other words, the required S3— invariant operator is given by 


“left multiplication by 4" 


Result Sof 


We have first proved a general way to find a G— invariant operator using any arbitrary operator. Then we have 
used that general result to find the linear operator in the case of the standard representation of $3, and the 
arbitrary linear operator given by the matrix B. See the solution for more details. 


3.a 
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Let R denote the matrix representation of S3, given by 


11 -1 0 -1 -l 
Rag =}0 0 1),Ra=)]-1 O 1 
10 -1 0 0 -1 
Let, 
1 
B= 0 
0 


Consider the operator @ : (C —+ C3, given by "left multiplication by B". 

Now, we have to use the operator ¢ and the averaging process to find a S3— invariant operator. We first show a 
general construction of G— invariant operator from an arbitrary linear operator, and then we will use the 
construction to find the desired result. 


Suppose G is a finite group and S : G + GL,,(C) and, R: G - GLm(C) denote two matrix representation of 
G. Suppose M : C" — C™ bea linear operator and let M (using the same notation) denote its matrix with 
respect to the standard basis. In other words, M is given by "left multiplication by M". Clearly M isam x n 
matrix. Now, we construct M , which is G'— invariant matrix. Consequently the linear operator, given by "left 
multiplication by M' will be the G— invariant operator. Define the following: 
~ 1 
M Gl »y R,1MS, 


Now, Let h € G. Then, 


Ry MSp = ApRrt (Nyce Ro 1MSy) Ra = Ngee Rntg 1M Son = 
a ace R(hg)-1M Shg = ial Doce Ro-1 MS, = M. The last line is true because left multiplication by an 
element of the group, actually permutes all the elements of the group. This proves that M is G-invariant. 


Now, with this general construction in mind, in our case we have, 


G = $3, R: S3 + GL3(C), as described at the beginning of the problem. Also, S : $3 —- GLi(C), be the sign 
map, that is, 


S(e) = 1,.5((12)) = $((23)) = $((13)) = —1, $((123)) = $((132)) = 1, 


Also, we have M = B, where B is described in the beginning. Now, we calculate M, according to the above 
general construction. Observe that M will be 3 x 1 matrix. We first R explicitly. We already have 


1 1 -1l 0 -1 -1l 
Ri93) =|0 0 1 » Ra) = —1 0 1 
10 -1 0 oO -1 
Also, we have the following 
-1 -1 1 -1 0 0 Qa 2 
Ras) = 0 0 -1 » R23) = 0 -1 0 » R32) = 10 -1 
0 -1 O -—1 0 1 1 0 


Now, we can use our general theory. So, 


(1 0 1 
RBS, = |0} ,Ra2)BSa2) = {1| , ResyBSiea) = |0 
0 0 1 
1 0 1 
Riiz)BS(13) = |9] , Rize) BS(i23) = }1} , Ri23)BS(i32) = | 0 
0 0 1 
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M= § Doce R,-1BS,. Therefore, 


4 
2 
2 


M= 


- 
6 


Wi-col- alo 


Therefore the required G— invariant operator constructed ¢, say uv : C + C3, is given by 


left multiplication by 7 


Result ans 
The G— invariant linear operator 7 : C —> (C3, constructed from ¢ is given by 
left multiplication by 7 


, where, 


M= 


Colecolecolho 


The solution is exactly same as the previous problem. See the solution for more details. 


4.a 


Let G be a finite group and p: G + GL(V), be a representation. Let C' be a conjugacy class. Define the 
following operator: 


T:V >V,asT = Yoyce Po- 


We have to prove that T is G— invariant. Let h € G. Observe that PhPoP;,* = PhPgPh- = Phgh-). Now, if g € 
C, then hgh"! € C. So, 


ph oT © py" = Pho (Yigce Po) © Ph = Lage Phgh-1- 


Therefore as hgh! € C, and the fact that hg,;h~! = hggh™!, implies g; = go, says that the above sum 
ne 9<C Phgh-1, actually runs over all the elements of the conjugacy class C’. Therefore, we conclude that 
> 9eC Phgh) = Dy gC Pa: Hence from the above calculation we have that 


ProT opi! = Doce Py =T. 


Hence, pn Tl’ = T py, for every h € G. Therefore, T is G— invariant. 


Result 2 0f2 


We have just used the definition of G-invariant operator, to obtain a proof. See the solution for more details 


5. a 
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Let G be a finite group and p: G + GL(V), be a representation. Let 1 be a character of G not necessarily the 
character of p. Define the following operator: 


T:V >V,asT => x(9) Po: 


We have to prove that T is G— invariant. Leth € G. 


proT op’ = pno(>_ x(9)Po) ° Pr? = >. X(9)Phgh-? (1) 
g6G g6G 


We observe here that as x(q), is a scalar, it comes out in the above calculation. 


Let C), Co,...C, be the conjugacy classes of G, and let g, go, ... gk, be their respective representatives. Now, 
we first rewrite the operator T as follows: 


T= ¥ x(9) Pg = 2 x(9:)( >> Py) (2) 


g6G gECj 


This rewriting must be clear because of the fact that x is a class function, and therefore on each conjugacy class it 
is constant. What we have done is that we have clubbed all the terms with the same coefficient. 


Now, from equation (1), observe that the term x(q) is attached to the operator Ppgh-1. This show that x(gj) is 
attached to Pjg;,-1. But, as g runs over C;, hgh}, also runs over C;, with constant coefficient x(g;), for each 
1 <i< k.Then we have that eqn (1), can be rewritten as 


prT p;,' = S~ x(9)Phoht = Sie) (S> po) (3) 


geG gECj 


Therefore, from eqn (2), and egn (3), we get Tp, = prT, for every h € G, and therefore T is G-invariant. 


Result 20f2 
To prove this one uses the definition of G-invariant , and the fact that a character of G is a class function. See the 
proof more details. 


Let M denote the linear space of m x n matrices. Dim(M) = mn. Let A, B are matrices of orders m x m, and 
n X n respectively. Define the linear operator F : M — M, defined by F(M) = AMB. In lemma 1081, it has 
been proved that trace(F’) = trace(A)trace(B). We will reprove this lemma, now by explicitly calculating aa 
matrix of F’. For that we fix a basis B of M which consists of the matrices (Ej; )1<i<m.i<j<n, where the matrix Ej; 
has the standard definition that (7, 7) position is 1, others have entry 0. Let A = (a;;), B = (jz). Now, we will find 
the matrix of F’, with respect to B. For fix i, j, F(Bi;) = AEB. 


Observe that X = AEj;, can be described as follows, the j*” column of X, same as the i** column of A. All the 
other columns are zero columns. Then (XB),s = (a,ibjs). Therefore if Fg denote the matrix of F’, then 

(Fs) ij = @i(a+1)btj, where j = nd + t. Here, we assume that if ¢ = 0, we actually take t = n andd = d—1. 
Now, observe that trace(F’) = 377") (Fis);; = S27") a(a+1y(a+1)bet, where i = nd + t, and if t = 0, we replace 
t = n,andd =d — 1. Observe that, trace(Fis) = (S0j", aii)(S0j_1 633) = trace( A)trace(B) 


20f 2 


Result 


This is an alternative proof of Lemma 10.8.1. We write the matrix F’, by suitable choosing an order basis B, which has 
been defined in the answer. See the solution for more details 
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Section 8 
lia 
Consider the following locus: 


Meets 


To calculate the four-dimensional volume of the 4-ball_ g* of radius r in p*; 


Use x, =rcos@,x,=rsin@ and x, =0,x, =0 to parameterize the slices of the 4-ball p+. 


Integration by slicing provided a recursive formula for the volume of the ball: 
22 
vol, (r)=2 f vol,_, (rcos@)rcos 0d0 
0 


The zero balls consist of one point. 


So, 
vol, (r)=1 
For n=1, 


vol, (7) = 2 f vol, (rcos)rcosada 


For n=2, 


2/2 
vol, (r)=2 j vol, (rcos@)rcos0d0 
o 


a2 


2 2] 2rcos Or cos0d0 
o 
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For » =3: 


22 
vol, (r)=2[ vol, (rcos@)rcosAd0 
oO 
a2 
=2 j ar cos® Or cosOd0 
° 
a2 
=2ar' j cos’ 0d0 
o 


=2zr’ (sino - <sin! 0) 


=2eP x 
3 


= on) 
3 


For n=4; 


a/2 
vol, (r)=2 J vol, (rcos@)rcos0d0 
o 


2/2 
=2 f far’ cos! Or cos0d0 
o 


al2 
aor! 30{ + )sin20+ 1 sing 
8‘ \4 2 


Therefore, four-dimensional volume of the 4-ball gg* of radius r in mis: 


1 
—2zr* 
2 


Now, to check answer by the differentiating with respect to ,, to get 
Suppose that volume of the 4-ball g* of radius r in m+denoted by vol, (y) then, 


vol, (r) = 1 ey 
2 
Differentiate with respect to r, 
evol, (r) 4 
=277/' 


Thus, for a 4-dimesional ball the answer Is that the boundary of three dimensional balls has an 
area of 27?,'. 


Hence, answer is correct. 


Operation 10.9.3 as shown below; 
[Pf](u.v) = f (ua—vb ub + va) 


Step 20f4 “~ 


To verify the associative law [o[Pr}] = [(QP) A for the operation 10.9.3; 


Suppose that matrix p and Q as shown below, 


4 
| 


Suppose that the elements of the matrices are in complex number. 
Now apply operation in [ O[ Pf]: 
[O[P/]\(u.»)=[Q] / (ua vb ub + va) 
-|5 2] (ue vb ub + va) 
= f (e(ua—vb)-d (ub +va),d(ua-vb )+é (ub +va)) 
= { ((ca-db)u—(ch +ad)v,(ad + bz )u+(-bd +ae)v) 
Since elements in the complex number, so 
[O[Pr]](u,v) =f ((ca+db)u—(-cb +ad)v,(ad -be)u+(bd +ac)v) 


1 2 


Determine OP: 


ol els al 


_[ac-db — be+ad 
-da-be -bd +a 


Again apply operation in [(OP) f'}: 
[rorystmrd=|| oh Lrlinsy 


= f ((ac-db )u-(da+be)v,(be+ aid ju +(-bd +a)v) 
Since elements in the complex number so, 
[(OP) f](u.v) =f ((ac+db)u-(da-be)v,(-be +ad )u+(bd +ac)v) 
= f ((ca+db)u—(-cb + ad)v,(ad —be)u +(bd +ac)v) 
Hence, verified the associative property [ O[ Pf] ]=[(QP) /]. 
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Theorem: 


Define a surjective homomorphism p: SU, — SO,, the spin homomorphism. Its kernel is the 
center {+1} of SU,. 


Comment 


Step 20f3 “ 


Show that the orthogonal representation SU, — SO, is irreducible. 
Define an orthogonal representation : SU, — SO,. 
Suppose that f © SU, on the lie algebra by the representation of adjoint. 
Suppose that adjoint representation denoted by 7. 
Then, 
r(f)v= ff" 
It is known that inner product on SU, is: 
(vw) =-tr(me) 
Because, inner product ( fi, fir) =(v,w). 
(fi, fir) = -tr( fit fof) 
=-tr(vw) 
=(v,w) 


So, the orthogonal representation »: SU, — SO, is holomorphic. 


It is easy to see that +) are in kernel of pin SU, and also it is commute with all 2x2 matrix 
in SO, and only scalar multiples of the identity operator can commute with every matrix in SU,. 


So, the kemel of p is exactly {+1}. 
Thus, is irreducible. 
Hence, the orthogonal representation SU, — SO, is irreducible. 


To decompose the associated complex representation into irreducible representation; 
Left multiplication defines a representation of SU, onthe space jR* with coordinates x,,...,x,. 
Defines a bijective correspondence of SU, with the unit 3-sphere {xj +x; +x} +4; =I} in Re 
as shown below, 

SU,-S’ 
This is defined by, 


Xtxyi x,+%/ 
: | > (09%, .%25%) 
=x, +%i x) —xi 
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There is exactly one irreducible representation of SU), because number of linearly independent 
in matrix p is one. 


Define a representation »:SU,— S? by, 
P(P)=(%.%).4.%)) 


To show that this representation is irreducible, so prove that this Is closed under addition and 
multiplication. 


Define amap g:V —V commuted with all p( P)thatis, 
9(p(P)v)=p(P)o(») 

Forall Pe SU, and veV. 

Then, g=Axidentity, forsome 2 ¢C and p(P)=Axidentity, . 

Hence, the representation is irreducible. 


Theorem 10.9.14: 
The characters of SU, that are orthonormal (7,,7,)=0 if m#0,and (y,,7,)=1 


(as) = sr | 400) x. (0) vol (sind) a0 


Comment 


Step2o0f4 “ 


To determine the irreducible representations of the rotation group SO, ; 


Consider the irreducible representation of the group G of rotations in @*. These are orthogonal 
transformations of determinant |. 


The character of such a representation as shown below: 
%n(9)= > exp[i 19] 
il 


Where } and »*” are the eigenvalues. 
The rotation fy around x-axis is calculated as, 


The polynomial are harmonic in two and therefore three variables. This representation has 
dimension (2m-—1) or less. In fact its dimension is only (2m +1). 


Apply theorem 10.9.14: 


(Zm>Ln) “on 


(Seo Je 


a-a' 


=- alle" -a "a4 alle" -a"")d0 


=l 
This representation forms the orthogonally of the sine functions over (0,7), the characters y, 
are orthonormal and the representation of rotation group SO,is irreducible. 
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Suppose Gis the circle group {e”} and assume that all representation to be differentiable 
functions of @. 


Comment 


Step 20f10 “~ 


{a) 
To show that there exists a positive definite G invariant Hermitian form on V . 
Let a positive definite, symmetric bilinear form { , } ony. 


To find such a form it is enough to fix an isomorphism of V with @* and consider the standard 
positive definite symmetric bilinear form on @. 


Now define an averaging form: 
1 
(vw ja t7(s)»-0(8)} 


To check the above form is symmetric, positive definite and G -invariant. 
That is, symmetric follows from the fact that { , } is symmetric: 


(v0) =D lole)».0(8)) 


=jgLlele)"ole) 


Hence, the form of averaging is symmetric: 


Now to check the form of averaging is positive: 
To show that (v,v) is positive so, 


(v0)= GE lole)noley 


>0 
Hence, the form of averaging is positive. 


Comment 


Step4o0f 10 “ 


To check the form of averaging is G -invariant: 


Since the expression is a sum of positive numbers, rearranging the summation to verify the G 
invariant, for any element / « G , the right multiplication by 4 gives a permutation of G : 


(o(H)».0(h)) = ¥lols)oli)ro(s)o(h)™} 
= gL lo(eh)»-a( eh») 
(v0) 


Hence, the form of averaging is G -invariant. 
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(b) 
Maschke’s theorem: 


Every representation of a finite group G on a nonzero, finite dimensional complex vector space 
is a direct sum of irreducible representations. 


Comment 


Step 6of 10 “ 


To show that Maschke’s theorem for G; 
Suppose that 9 is irreducible, then there is nothing to prove. 


Suppose that is not irreducible and let 4’ <y a /- invariant subspace. 
Claim: is orthogonal vector with respect to the form ( , ). 

In part (a), the reprentation of arranged form is  -invariant. 

To check that zw and geG, then p(g)zeW* orforevery weW, 
(p(g)=.m)=0 

This true when, 

(p(g)z.w) =(o(g")o(g)z,0(g")) 


Because ( , )is p-invariantand pis a representation 


(p(g)2.")=(2.0(2")) 


Since p(g"')weW because W is -invariant subspace and 2 <W’*, So 


(e(g)z.w) =0 

Since V is finite dimensional complex vector space, so 

This implies that splits as a direct sum of two representations of irreducible. 

Hence, finite dimensional complex vector space is a direct sum of irreducible representations. 


(c) 
To describe the representations of G in terms of one-parameter groups; 
Suppose that , be irreducible representation of G such that, 
w\_|eosn? —sinnO 
p.(e ) bese cos n@ 
Where, ne Z* 


To prove that the irreducible representations are one-dimensional; 
Let , be an irreducible complex representation of G . 
Since G is abelian, it is know that 
P.(8)P,(h)v = p,(gh)v 
= p, (hg )v 
=p,(h)p,(g)v 
For all ye V 
Apply Schur's Lemma, 
p.(g)v=av 
For any g eG, where a is some complex scalar. 
Therefore, all subspace of Vis G-invariant, 


Irreducibility of implies that the G-invariant are the trivial spaces {o} and y itself. Since 
dim V >| requires VY having a non-trivial subspace, but this contradicts the statement. 
Therefore, y is 1-dimensional. 


Hence, the irreducible representations are one-dimensional. 


(d) 
To verify the orthognality relation, using an analogue of the Hermitian product orthogonal. 
The Hermitian product as shown below: 


1 a 
(ara) = (Gy Za )ee (8) 


Since it is known that, 


(ras n)=s[( %4(0)x,(8)+ vol, (sin ))d0 


o 
17 mene mene 1 a _—- 
“3,1 (@ 2444 )ao+s ella +a"")d0 
If m#n then, 
(Zu+2n)=0 


Hence, the orthognality relation verified. 


To determine the irreducible representations of the orthogonal group O, ; 


Comment 


Step 20f4 A 


Since It is known that the group SO, is abelian. 
So it can be written as the group Q, is a semi-direct product of two abelian groups. 


0, -50,{(4 A 


Now identify SO, with C ={e” :@eR}; 


bi cos? sind 
n= sin? cos@ 


This implies that, 
A,>e” 


Now identify the dual of the Abelian group SO, with the group z of integers n « Z, this tends to 


Where, 
6,:e° He” 


Consider the matrix Ee 


| it is conjugative on group SO,which is SO, = C and taking 
inverse, thatis e” -4e”. 


Hence, dual map n from —m, thatis ni —n. 


Now define orbit of ¢, and stabilizer of «, by, 


{e,,€,} n#0 
oratot «=| ‘1} pa 
And, 

{1} nz0 


Stabilizer of ¢, = {(? ‘} awe 


For n > Othe representation p, is irreducible, and for »=Qthat p, splits into two one- 
dimensional representations, that is, det O, = +1 and the trivial representation. p, =1@detO, 


Hence, p, = p_,and p, =1@detO, , these are isomorphic to all irreducible representations of 
the orthogonal group Q, . 


Miscellaneous Problem 


lia 
WI 


2.a 


Suppose G is a finite group, with exactly three irreducible representations of degree |, 2, 3 resp. Now, by main 
theorem 10.4.6, we have that |G| = 17 + 2? + 3? = 14. But also by the main theorem, we know that degree of a 
irreducible character must divide the order of the group. Now, observe that G has a irreducible representation of 
degree 3, but 3 { |G| = 14. Therefore, we conclude that such a group G doesn't exist. 


Result 2 0f2 


We have shown that a finite group doesn't exists with the given hypothesis. The main ingredient is to use the main 
theorem 10.4.6. 


Let p be arepresentation of G. So, p: G + GL(V). 


(a) Suppose x € G, and define p: G + GL(V), as p(g) = p(agz—'). We claim that p is a representation. This 
is easy to see. Let gi, go € G. Then p (9192) = = p(rgigor) = p(agir—zgor-!) = p(zgiz*)p(xgoa- = 

p ‘(n)e (g2). Therefore, we have proved that p isa representation of G. Next, we claim that p and p are 
isomorphic. For this purpose, Let x, x’, be the characters of p, p respectively. Suppose g € G. Now x ‘(g) = 
trace(p(agx~')) = trace(p(x)p(g)p(x)~') = trace(p(g)) = x(g). So, we have x = x, and hence the two 
representations are isomorphic. 


Step 2 20f4 


(b) Suppose ¢ is a automorphism of G. Define p (9) = p(O(g)). We first claim that p is arepresentation of G. Let 
91,92, € G. Now p (9192) = p((9192)) = (4(91)0(92)) = (4(g1))(O(92)) = P (91)P (g2)- This proves 
that p is a representation of G. Now, consider p : Zg — (C*, given by 1 +> e’7/®, Here Ze is the residue class of 
integers modulo 6, which is a cyclic group, under the operation of usual addition. Now, let d : Ze — Ze denote 
the automorphism @ ++ 5a. Then, observe that p: Ze — C*, is given by 1+ e°"/6 tis clear that p 4 p. Since 
Ps p are one-dimensional representation, we conclude that p and p are not isomorphic. 


(Leta: G4 ce is a one-dimensional representation. Define p: G + GL(V), as p (g) = o(g)p(g). We 
claim again that p is arepresentation. Let gi, g2 € G. Now p ‘(gig2) = = o(g9192)p(g192) = 
o(91)o(92)p(91)p(92) = 7(91)e(91)o(92)e(g2) = P (91)p (g2). Thus our claim is proved. Now, we show that p 
and p need not be isomorphic. Let 7 and x, be the characters of the representation of p, and p respectively. 
Observe that x ‘(g) = = 0(g)x(g). Now, take G = Sy. Suppose pis the standard representation of S4. Let the 
representatives of the conjugacy classes of S4 be given by e, (12), (123), (1234), (12)(34). Then, y(e) = 
3, x((12)) = 1, x((123)) = 0, x((1234)) = —1, x((12)(34)) = —1. Let o denote the sign map of S4. Then, 
observe that x ((1234)) = 1. Therefore, in this case x + x, and hence p and p are non-isomorphic. 


Result 4of'4 


In (a), we have proved that p and 2: are isomorphic. In the other two cases, we have provided counterexample to 
’ 
show that p and p are non-isomorphic. See the solution for more details. 


Let G be a finite group and p: G + GL(V), be an irreducible representation. Suppose z € Z(G). Then, zg = 
gz, for every g € G. Consider p, : V — V, the image of z under p. We claim that p. is G-invariant. Indeed, for 
9g © G, pgp: = Pgz = Pzg = P=Pg- Now, applying Schur's lemma, as p, is irreducible, we conclude that p: = AI, 
for some A € C*. 


Conversely, assume that z € G’, and p, is scalar multiple of identity for every irreducible representation p of G. 
We have to show that z € Z 33 Now, first observe that if g € G, then p.p, = Pgpz, as p: is scalar. This implies 
that pg = Pgz, and hence p.,.-1g-1 = I. If x is the character of p and p has degree d, then x(zgz1g) =a. 


Suppose /}, p2,... Pk be the irreducible representation of G, with degree d), da... d,, and characters 
X15 X25+++Xk- Kod the discussion, we have x;(zgz~!g~!) = d;, for every 1 < i < k. Now, let Xreg, be the 
character of the regular representation of G. Then we can say, 


k 
Xreg(t) = YS dixi(t) ea (2) 
i=] 


Now, taking t = zgz7 ot, in equation (1), we see that 


k 
Xreg(292-1g™") = 9d? = |G| (2) 


i=l 
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So, from the above equation, we see that Xreg(zgz~!g~!) = |G]. But we know that 


IG| g=1 
Xrea(g) = {\ , otherwise 
This implies that zgz} a = 1, implies that zg = gz. Since, g was chosen arbitrarily, we conclude that z € 
Z(G). This completes the proof. 
Result ao6 


For the first part, we show that p- is a G-invariant operator, and use Schur's lemma, and for the second, we use the 
regular representation of G. 


5. a 


Given: A and B are two matrices such that some positive power of each matrix is the identity and satisfying 
AB = BA. 
To Prove: There exists an invertible matrix P such that both of PAP! and PBP™! are diagonal matrices. 


Proof: First we show that both of A and B are diagonalizable. 
By the given condition there exists a natural number n such that 


A" =I, where [is the identity matrix. 


We know that a linear operator is diagonalizable if and only if its minimal polynomial splits into distinct linear 
factors. 
Since each entries of A are in C and the minimal polynomial is given by 


f(z)=2"-1 
which splits in the field of complex numbers, so by the above theory A is diagonalizable. 


By the similar thought of argument B is also diagonalizable. 
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Lemma: Let A and B are two linear operators of a vector space V such that AB = BA and A, B are 
diagonalizable, then A and B are simultaneously diagonalizable. 


Proof of the Lemma: Since A, B are both diagonalizable, V is the direct sum of the eigenspaces for A and B. 
Let A be an eigenvalue for B and E) be the A-eigenspace of B in V. 
Since A commutes with B we have 


A(Ey) C Ey. 


Therefore each A and B restricts to a linear operator on the subspace F) and the linear operators A| E, and 
B| gz, commutes. 

Now notice that A| x, is diagonalizable on Ey. Then there exists a basis vector for Ey consisting of the 
eigenvectors for A|F,. 


Now note that the elements of this basis for By are eigenvectors for Bi E, also, since all non-zero vectors of Ey 
are eigenvectors for B. 

Therefore B|~, and A|,, are diagonalizable. 

Recall that the vector space V is the direct sum of the eigenspaces Ey of A nad B, so stringing together 
simultaneous eigenbases of B|-, and A|,, as A runs over the eigenvalues of B gives a simultaneous eigenbasis 
of V for Aand B. 

This completes the proof of the Lemma. 


Now from the lemma it is obvious that A and B are simultaneously diagonalizable, since AB = BA and A, B are 
both diagonalizable. 

In others words, there exists an invertible matrix P such that both of PAP~! and PBP™! are diagonal matrices. 
This completes the proof. 


Result Sofs 


Considering A and B as linear operators of a vector space V we have shown that A and B are simultaneously 
diagonalizable. 


Let p be a irreducible representation of G. Suppose @),¢2 : V x V — C, be two G—invariant positive definite 
Hermitian form on V. Now let V*, denote the dual space of V, that is the set of all linear functionals on V. Define 
the following map 


w:V — V*, defined by for any v € V,¢(v) : V > C, is given by o(v)(w) = o(w, v). Observe that w is a 
bijective linear map from V to V*. The map is bijection because the Hermitian form is positive definite, and 
therefore necessarily non-degenerate. One can define another map 6: V — V’*, exactly as before, but know 
using do, instead of d;. Again, by the same reason @ is a bijective linear map. Now, with the above setup consider, 


6-!ow: V > V. Suppose v € V. Then, ¥(v) : V — V*, is given by o(v)(w) = ¢1(w, v). Now, w(v) € V*. 
Suppose w € V, be such that 0(w) = w(v). Then, we have 0-!(w(v)) = w. So, we get, givenv € V,@-!o 
w(v) = w. Observe that 6(w)(x) = ¢o(x, w) = W(v)(x) = (zx, v). So, from the relation 0(w) = y(v), we 
obtain that for any x € V, do(a, w) = o1(z, v). 
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Now, with these information we have collected, we claim that 6 = 0! o wv is G— invariant operator on V. For 

g € G, consider the linear map pg : V —> V.Then, 6 0 pg(v) = 6(pg(v)) = wi(say). Then, by above, we have that 
for each x € V, do(x, w) = o1(2, pg(v)). Now, observe that G2(p9(~g1(x), Po(Pg-1(w)) = 

$1(P9(Pq-1(x), Pg(v)). Since, 1, d2, are G— invariant, we get from the above equality that 

$2(pg-1(x), pg 1(w)) = b2(pg-1(x), v). Since, we pg-1, is invertible, we can easily deduce that for every y € V 
, we have the equality, @2(y, Pg-1(w)) = d1(y, v). This again yields that d(v) = pg-1(w). Now, we get pg o 

5(v) = po(5(v)) = pg(pg-1(w)) = w. So, finally we have the equality, 


5 © po = pg 0d 


, for every g € G. So, we have that 6 = 07! o w is G— invariant operator. Now, since p is irreducible, by Schur's 
Lemma, we have that any G— invariant operator on V, is a scalar multiple of identity. So, we conclude that there 
exists A € C, such that 0-! o & = AI. So, W = X6. This shows, for v,w € V, we have 61(v, w) = Ado(v, w). 
Hence, w have proved that the G— invariant Hermitian form uis unique upto scalars. 


Result Sots 


The idea is to use schur's lemma. We start with two G'— invariant Hermitian form @1 and @o, and we prove that 
2 = Adj, for some scalar A. So, the final answer is that the G— invariant Hermitian form is unique upto scalars. 
See the solution for more details. 


7.a 


Solution: We will now explain the commutator subgroup of a group G in terms of the character table. The 
commutator subgroup of a group G is defined by 


[G] = {aly zy | z,y € G}. 


We claim that the rows in the character table of G with 1 in the first column are precisely the characters lifted from 
[G], anormal subgroup of G. 
Let us assume x is a character of G, is lifted from x’ a character of G/[G] then we have 


X=x'on. 
This shows that x is one dimensional and y(1) = 1. 
Conversely, if we assume that x(1) = 1 then we have to find a map 

x’: G/[G] + C — {0} 

by the assignment 

x= x’ OT. 
This provides us 

x'(x[G}) = x(z). 


Since our definition of x’ involves a choice of coset representative, we have to show that this is a well-defined 
map. 
So we will propose to show that the image is independent of the coset representative we choose 


x(z) = x(zg) Vg EG. 
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This follows that 
x(g)=1 Vg EG. 


So basically we have [G] is a subgroup of Ker(x’). 
This is obvious since G/Ker(x’) is a subgroup of C — {0} and so is abelian and it yields that [G] is a subgroup of 


Ker(x’). 


Now observe that the characters lifted from the irreducible character of G/[G] and all distinct and so the 
character table of G contains exactly order of G/[G] rows of dimension one. 


Now we claim that 
[G] = Ny(z)=1ker(x). 


So we have proved that [G] is a subgroup of ker(x) for all one-dimensional character x. 
Now we will prove the other part. 
Now note that all irreducible characters of G/[G] are of the form x’ where 


xX om=X 


is a one-dimensional character of G. 
Now if z € G satisfies x(a) = 1 for every irreducible character of G then z = 1. Therefore we have 


9 © Ayay-rker(x) => x(g) =1, _ for all one-dimensional character x 
= x'(9|G]) = x0 m(9) = x(g) =1 
= x(IG]) = [¢] 
=— ge [G}. 
This follows that 


Ay(a)=1ker (x) z |G). 


Step 3 Sot 4 
Consequently we have 
Ay(a)=1ker (x) = |G). 


This completes the solution. 


Result 4of4 


Considering the commutator group [G] we have prove that xi z)=1ker( x) = [G] where x is a character of G. 


8.a 
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Solution: Let G be a finite, non-abelian simple group not of prime order. 
We will propose to prove that G' has no nontrivial representation of 
dimension 2. 

Let us consider a non-trivial representation 


p:G—> GLC). 


Now notice that by the given condition since G is simple and the representation p is nontrivial, we must have 


ker p = ker x = (e), 


where x represents the character of p. 
Now recall the Feit-Thompson Theorem. 
The Feit-Thompson Theorem states that every finite group of odd order Is solvable. 


Thus by the Feit-Thompson Theorem |G| is even. 
Therefore 


|G| =2n, where n € Z. 
So by Cauchy's Theorem, G must have an element of order 2. 


Now let us define a map 


p:G—C- {0} 


by the assignment 


P(g) = det(p(g)). 


It is clear to observe that p is ahomomorphism, hence it gives a degree 1 representation of G. 


And basically degree 1 representation is a trivial one. 
It follows that 


det(p(g)) =1 ¥gEG. 
Since p is a representation of dimension 2 we have 
p(x)? = Id. 


Therefore the possible set of eigenvalues of p(x) are {1,1}, {1, —1}, and {—1, —1}. 
Now {1, 1} can not be set of eigenvalues of p(x) since kery = (e). 
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Now we know that determinant is equals to the product of all its eigenvalue. 
If {1, —1} is the set of eigenvalues of p(x) then we must have 


det(p(x)) = —1. 


Which is an impossibility. Therefore {1, —1} can not be set of eigenvalues of p(z). 
Thus, the eigenvalues of p(a) are {—1, —1}. 


Therefore the characteristic polynomial of p(x) is given by (X + 1), and p(x) also satisfies X? — 1. Since the 
minimal polynomial of (2) must divide both of these, it follows p(x) satisfies X + 1. 
It follows that 


p(x) = —identity. 


Now p(x) commutes with any matrix, since p(x) is a scalar multiple of the identity. 
Therefore for any g € G, we have 


P(g)p() = p(x) pg) 
=> p(grg-'x~') = identity. 


Therefore kernel of p is trivial. 
This yield's that 
gegtat!=e forall geG 
= re Z(G). 


This shows that Z(G) is non-trivial. 


But recall that Z(G), the center of the group G,, is always a normal subgroup of G. 
But by the given condition G is simple, and since Z(G) is non-trivial, we must have 


G=2Z(6). 


Which contradicts the fact that G is non-abelian. 
This proves that p is trivial. 
This completes the proof. 


Result Sots 


Considering a non-trivial representation p of G we contradicts the fact that G is non-abelian, which follows the 
result. 
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Let G be a finite group and H be a subgroup of index 2 in G. Suppose a ¢ H. Then H and aH are two distinct 
cosets of H in G. Also, H is necessarily normal in G(This is a standard result in group theory, which is very easy to 
prove, by using the definition). Now, S : H — GL,, be a matrix representation of H. The induced representation 
indS : G — GL, is defined as 


y _ [Sh 0 . Cate Spe 
ia a i Se al shied) 5= le tg iq 


where, h € H,g € aH. Observe that as H is normala~!ha € H. First we prove that indS is indeed a matrix 
representation of G. To do that we will consider cases. Suppose x, y € G. 


Case 1: Suppose z, y € H. In this case ry € H 


° = Sey 
(indS) ry = 0 S&S, al 


Now, 


? , _ {Sz 0 Sy 0 | _{S.8, 0 
(indS),.(indS)y = (j S. a k dec = O°? Pein se 


eer ae eee 
i 0 Sa ae Z (ria ag 


We have, $;Sy = Szy, since S is a matrix representation. 


Case 2: Suppose z, y € aH. Let z = ahj, y = ahyg. Therefore, ry = ahiah2 = a7hgho, where hia = ah3, for 
some h3 € H. This is because aH = Ha = G \ H. Since G/H is a group of order 2, we have aH? = 
H = a? € Hi Therefore, we finally get zy = a*h3he € H. Also, observe that ra, ya € H. 


[Sey 0 
Gnd )oy = | 0 S, al 


Now, 


; ‘ po 0 Sra 0 Sya = SraSq ly 0 
(indS),.(indS)y = ls =, 0 B 1, O - 0 S.17Sya 


_ | Sxaa-ty 0 _ |Szy 0 ae 

7 | 0 SaA(zya} | 9 Sa-r(zyja} (indS) xy 
Since, ra,a~!y € H, we have Szq5q ly = Sraa-ly = Sry. Similarly, as ya, a'z € H, wehave S, 12Syq = 
S, l(zy)a- 
Case 3: Let € H,y € aH. Let y = ah. Therefore, ry = rah, = ahh, € aH. Since aH = Ha, we can write 
za = ah, for some h € H. Also, observe that ya € H, as ya = ahya = aahg = a*hy € H.We have hia = 
ahg, for some hg € H,asaH = Ha. 


(indS) 2 = : | 


Sa-lzy 0 
Now, 
; se a 0 Be 
a eae ie S. a fi y 0 = Ls tesSe-ly 0 
= Sraa ly 0 = 0 Szya _fs 
= f° -s an = & i (indS) zy 


This is because as ya € H,x € H,S,Sya = Srya. Also, as a~!za,a~!y € H, we have, Sq-1zqSq-ly = 
Sa-lraa~1y = Sa-1zy- SO, finally, considering all the cases together we conclude that (indS),.(indS),y = 
(indS)zy, for every zy € G, and hence indS is a matrix representation of G. 
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(b) Next we calculate the character of indS. Let ys be the character of S on H. Let yinas be the character of 
indS. Suppose h € H. Then, xinas(h) = trace(Sp) + trace(Sa-1ha) = xs(h) + xs(a~'ha). Let g € aH, 
then Xinas(g) = 0. So, we get 


Xinds(g) = ee ba ; ‘ 


Now, suppose R is a representation of G, R : G + GL,. We can restrict R to H, which is a representation of H. 
We call it res.R. Observe that the character of resR is same as R, evaluated on H. Now, indS : G — G Lon, has 
already been described. We restrict this representation to H, we call it res(indS). Let Xres(indS): denote the 
character of res(indS). Denote by §:H-3 GL,, the conjugate representation of S, defined by 5, = = 9 ,~1ha: 
Let x,’ denote the character of S' Then, forh € H, X¢'(h) = xs(a-tha). 


Observe that res(indS)(h) = (indS));, , and 


So, it is clear that res(indS) = S @ Ss. 


(c) We start with a representation R : G -+ GL» of G. Let xr denote its character. Now we have to prove 
Frobenius reciprocity, that is (xinds, XR) = (Xs; XresR)- Now, 


(Xinds, XR) = yo] Doce Xinds(g)xR(9) = ey Crew (xs(h) + xs(a-*ha)) xe(h). 


Now, Let a~!ha = hy. Then h = sp Therefore, continuing from the above equation, we can write 


(Xinds: XR) = Xs(h 
|G a 


igs aT 2 Xs hy)xr(ahya~') 
heH 


=a 7 2 Xs (h)xr(h) + — iq sy 2 Xsan - Gis By 2 X(t) + a2 aT 2 Xs h)xr(h) 


ial a sth xe) = Gp ¥ xs()xRCA) = (x9: xa 


This is because as R is a representation of G, yp is a class function in G, and hence even xr(ahia~!) = yr(h1) 
. Also, we can replace hy by h once more, because, hy = a~'ha, and hence as h varies over H, hy, also varies 
over H. 


Hence we have proved (Xinds, XR) = (Xs; XresR)- 


(d) Now, suppose we assume that S is irreducible representation of H. Therefore, we have (xs, xs) = 1. We first 
| 

assume that S, and its conjugate representation S are not isomorphic. We are required to prove that indS is 

irreducible representation on G. 


Claim: S' is irreducible. To, prove this we will use that S is irreducible. We have, for h € H, Xs! (h) = xs(a7 tha). 
Now, we compute (X¢/, 7 


(xs'sX9") > xs(a-*ha)xs(a-"ha) = = S> xs(h)xs(h) = (xs,xs) =1 
1 heH Hi heH 


The reason for going from the second expression to the third expression is that as A varies over distinct elements 
of H, a~'ha also varies over distinct elements of H. 


Now, we have proved our claim. 
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Now we prove that ind is irreducible. For that, 


(XindS: Xinds) = (Xs+Xres(inds)) = (Xs: Xs + Xs) 


The last equality is because of the fact that in (b), we have proved that res(indS) = S @ Z. and therefore, 
Xres(inds) = Xs + Xg'. So, continuing from the last equation, we have 


(Xindss Xinds) = (Xs,Xs) + (xs,Xs’) =1 


This is because, we know that (ys, ¥s) = L, and since S' is irreducible and we have assumed that S is not 
/ 
isomorphic S , we have (X5,X¢/) = 0. 


Therefore, we have proved that indS is irreducible representation of G. 
Now, we assume that S and S' are isomorphic. Therefore, ¥s = Xg'. SO, 


(XindS; Xinds) = (Xs, Xs) + (xs,Xg') = 2 
. If we write indS as sum of the irreducible representation of G, say 
k 
Xinds = D> xi 
i=1 


where, xi are distinct irreducible characters of G, and nj, their multiplicities occuring in indS, for1 <i < k. 
Observe n; are nonOnegative integers. Then 


k 
(XindS:Xinas) = >> nj = 2 
i=l 


. This shows that there exists 1 < i # j < k, such that n; = nj; = 1, and the rest are all 0. This further shows that, 
Xinds = Xi + Xj 


. Hence, we have proved that ind is the sum of two non-isomorphic representations of G. 


Result 70t7 


This problem is about the induced representation. Given a representation S : H + GL, and |G : H| = 2, one 

can construct a representation indS of G. This is a standard way of constructing a representation on a subgroup 

to a representation of the bigger group. This problem explores the behaviour of induced representation. Click to 
see detailed solution. 


10. a 
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Let G be a finite group, and H a subgroup of index 2. We have already proved the properties of induced 
representation of a representation of H. We will refer to the previous problem when needed. 


(a) Observe that G = H UaH, where a ¢ H. Let R be a matrix representation of G. Define another 
‘ 
representation R , as follows: 


' R if gE H 
Righe<-* 
(9) { —R, _,otherwise 


U 
Let xR, Xp’ be the character of R and R . Now, 


_)xr(g)  ifgeH 
Xx (9) = ee otherwise 


Suppose R, R’ are isomorphic. Then XR = XR’. This implies xr(g) = 0, for g € aH. Hence the character of R is 

zero on aH, which is not equal to H. Conversely suppose that, xr(g) = 0 for every g € aH. Then it is clear from 
Ul 

the definition of yp’ above that, yx = Xp’. This proves that R, R are isomorphic. Hence (a) is proved. 


Let us now prove (b). Recall from the previous problem, that if R : G — GL, is arepresentation and S : H > 
GL pm is another representation, then Frobenius reciprocity say that (yinds; XR) = (Xs; XresR)- The notations are 
same as in previous problem. 


Now, we have to prove that ind(resR) = R@ R. Now, 
(Xind(resR)s XR) = (XresR; XresR) 


. This shows that R is a constituent of ind(resR). Again, by using the previous problem , one can write down 
Xind(resR) xplicitly. We will do that now. Observe Yresr(h) = xr(h), for every h € H. Then by using previous 
problem 


xr(g)+xr(a-'ga) geH 


Xind(resr) (9) = a g ¢ H 


Now, let, ¥ = Xind(resk) — XR- Then, observe that 


_ Jxr(a'ga) goH 
xr = a a¢H 


But since, 


Xr(a~'ga) = trace(R, 1ga) = trace(R,) = xr(g) 


We conclude that, ¥ = Xp’ = Xind(resk) — XR- This proves that ind(resR) = R® R’ This completes (b). 
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Now, we prove (c). Assume R is irreducible. First we claim that R’ is also irreducible. Indeed, 


(eg sxw) = a >> xe (9)X%@ = “s YS xa(g)xelg) + S> (—xa(g9))(—xalg)) 
|G| 96G iG| g¢H gcaH 


= & ¥- xalg)xao) = (xe. xe) =1 
IG| gcG 


. Therefore, our claim is true. 


Assume now, that R and R’ are non-isomorphic. So, (XR; Xp’) = 0 Now, 


(XresRs XresR) = (Xind(resR)s XR) = (xr a XR’ XR) 


(xR. XR) + (XpsXR) =1 


. Therefore, we have Yresp is irreducible. Observe that we have used Frobenius reciprocity in the first step of the 
Ul 
previous equation. We have also used the fact that ind(resR) = R @ R, to conclude that Xind(resk) = XR + 


XR: 
Next, suppose R, R' are isomorphic. Then, we have (XR, Xp’) = 1. From the previous paragraph, 
(XreaR: XresR) = (XR: XR) + (Xp's XR) =2 


. Again by the argument in the end of the previous problem, that is, miscellaneous problem number 9, we conclude 
that Xind(resR) iS a sum of two non-isomorphic irreducible representations of G. 


Result 4of4 


We have used the properties of induced representation on a group G from the previous problem, to solve this 
problem. In this the property called Frobenius reciprocity is the key. Click to see the solution. 


Tica 


To derive the character table of S, using induced representations from A,, when 


Comment 


Step 2 of 18 A 


(a) 

Consider the following number: 

n=2 

Order of S, is 6 

It is known that S, has two one dimensional representations, identify this by characters y, and 
Z»: Namely the one-dimensional representation and the homomorphism of $, onto the group 
{-1,1} whose kemel is the alternating group A, . 
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There are three classes in $, as shown below: 
C, = {(1)}.C, = {(12),(23),(13)} CG, = {(123),(132)} 


Therefore, S$, has three irreducible character and the sum of squares of their degrees must be 


[S,:1]=6. 
The third character y, has degree 2. 


Comment 


Step 4 of 18 ~ 


The character table as shown below: 


Now determine @ and #7, using the orthogonally relations for columns, to have 
1-1+1-142-f8=0 

1-1+1-(-1)+2-@=0 

Simplify the above equation, to get @ and #: 


(b) 
Consider the following number: 

n=4 
Order of S, is 24 
The conjugate classes of S$, are: 

cq ={(1)}. 

C, ={2-cyeles}, 

C, = {3-eveles}, 

C, = {4-cycles}, 

C, = {(12)(34),(13)(24),(14)(23)} 
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Since, [S,,5,]= A, 

There are two one dimensional representation y, and y,,where y,maps the elements of A, 
onto +1 and the elements of (12) A, onto —1. 

Then 


H ={(1),(12)(34),(14)(23),(13)(24)} 
This is a normal subgroup of §,, and since §,/H isnon abelian, so $,/H = S,is the only 
nonabelian group of order 6. 


The character 7, , upon composition with the natural homomorphism of S$, —» S,/H and Third 
character of degree 2, by evaluate the sum of squares of the degrees to 24, the remaining 
characters y,and y, both have degree 3. 


Then, 
AU+ADGtADGtLG+tLsL =0 
Where, i=2,3,4,5 

This implies that, 

Kt H=0 

Where, i =2,3,4 

And, 


LitH=-2 


Now count the number of elements in the different conjugate classes, then 
h, =\,h, = 6h, =8,h, = 6h, =3 
And, 
1-1-346-1-@+8-1-B+6-1-y4+3-1-5=0 
1-1-346-(-1)-@+8-1-8+6-(-1)-74+3-1-5=0 
1-2-3+6-(0)-a@+8-(-1):8+6-0-7+3-2-5=0 
Adding the first two equations, 
6+168+66 =0 
The last equation written as, 
6+-88 +65 =0 
Simplify the above two equation, to get 
B=0,5=-1 
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Now using the orthognality relations for column 2 and 4, 
ay=-l 

The equation is: 

a+y=0 

Then, a=l,y=-l 

Therefore, the complete table for S, as shown below: 


stslststs 


{c) 
Consider the following number: 
n=5 
Order of S, is 120 

Find the conjugacy classes of S, . 
G={()}. 

C, ={(12)}, 

C, = {(1234)}, 

C, = {(12345)}, 

C, = {(12)(34)} 

C, = {(12)(34)} 


The table as shown below: 


“Tefen es[oe| sn em 
bp be 
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Now, find 3 more representations. 

The tensor products of two of the reprentation are: 
MON 

But, 7, ® x, = 7, ®sym’z, 

So, there are two possibilities. 


Let's compute the first, using 9, (g)= $(3, (s) -9,,(s° )) 


Then, 


In, (¢)=3((4.2410,-1.4,1) ~(4,4,1,0,-1.4,1)) 
=(6,0,0,0,1,-2,0) 


To compute 9, (g*): 
P=l 
(12)° =1 
(123) =(132) 
(1234)° =(13)(24) 
(12345)° = (13524) 
((12)(34))' =1 
((12)(345))° = (354) 
The above representation is irreducible. 


(4,,(s’)-%, (8°) =755(36+ 24-1+15-4) 


There are only two reprentation left. 
Find the dimensions: 
1200=P4+P 444446 40° +h? 
a+b =50 
So, either one of them has dimension 1 or they both have dimension 5. 
There cannot be any reprentation with dimension 1, the only abelian quotient of S, are: 
S,/ A, ={+} and S,/S, ={1} 
So, a representation y, , with character, 
9, =(5,0,,@,,@,,0,,0,,@,) 
Now, 7, @ 7, = z, with character 


9, =(5,-@,,@,,-@,,@,,,,-,) 


Check y, and y, are orthogonal. 
Since y Pi 4 

This implies that, 

a, =0,a, =0,a, =0 


Now itis known that @,-a@,-@, #0 andso y, # 7, 
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Therefore, the complete character table for S, is: 


(12345) 


To drive the character table of the dihedral group D,, using induced representations form C, ; 


Comment 


Step20f5 “« 


Dihedral group D, defined as, 
D, =(a,b\a" =1,b* = 1,ba = a"'b) 


Degree of rotation of element a is 360 and all elements p, ab,a*h,...a""'b are reflections. 
n 


There is two different pair of conjugacy class, 


fae} o".a"4) 


If » is odd, then the last conjugacy class is {a *a" and all the reflections are in the 
same conjugacy class. 
So, number of elements in the leading row as shown below, 


1-22!) 2733 
2 


2 
If 1 is even, the pairs of elements {a,a*"},{a?,a"},...{a"? ar”? } {a" *}are in different 
conjugacy classes. The reflections are conjugate either with or with ab. 
So, number of elements in the leading row as shown below, 
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Consider the case 1: when » is odd. 
Dihedral group PD, has two on dimensional representations that map to all 1 for all 
i=0,1,...,2-Ll and 4 eltherto | orto —}. 


ei" ” 0 


Then, irreducible representations that map a to the matrix po 
ellen 


i £08.22) 
2 


has “= two dimensional and b ef) ol 


Thus the traces of these matrices are ¢”*"" + ¢°*"" = 20s 2k% and 0 respectively. 
n 


The images of other elements are determined by the image of the generator. 
The character tables for D, are shown below, 
Dla b 


Consider the case2: when n is even. 


Dihedral group D, has four one dimensional representations that map a to +] and 4 to +] in 
all four possible combinations. 


ria 
Then, representations that map a to # 
01 
dimensional and f to i of 


The tables for D, and D, are shown below, 
D,1 a b ab 


13. a 


Given: G is a finite subgroup of GL,,((C) such that 


>» tr(g) = 0. 


g96G 
To Prove: 5) .-¢ 9 = 0. 


Proof: Let us consider 


X= >" ¢ 


9G 
We will propose to show that X is a zero matrix. Let us consider G has n elements and assume that 
G = {91, 92, .--,9n}- 
Now consider n bijections p;, where 1 < i < n from G to itself by the assignment 


pi(X) = giX. 
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Now notice that 


i= j=l 
n n 
= 7% 93 
i=l j=l 
n 
= pat x 
i=1 
=n. 
Now consider the matrix 
M= ly ; 
n 
Then note that 
1 1 i 
2 2 = 
M = 7X = 7a(nX)="X=M 


Therefore M is an idempotent matrix. 


Now notice that GL, ((C) is a group of characteristic zero and we know that in a characteristic zero matrix the rank 
of an idempotent equals its trace. 
Therefore we have 


rank(M) = tace(=X) 


I 

=| 
: 
3 
oO 
o 
& 
S 


ll 
ai 
iM: 
es 

zt 

» 

fa) 

@ 
=~ 
$ 
= 


Therefore M = 0. 
Since 


it follows that 


This completes the proof. 


Result 30f3 


Considering X = }° gg and using the given criterion }°,-¢ trace(g) = 0 we have proved that X is a zero 
matrix. 


14. a 


Let p: G + GL(V) be arepesentation of G. Assume that x is its character. Let 1g denote the trivial 
representation. It is given that p(g) has one eigen-value 1, for every g € G. Suppose, |G| = n. Now, Let A; be the 
other eigen-value of p(g;) for every 1 < i < n. Then, we have, x(g;) = 1+ Xi. 


Now, suppose that the trivial representatio occurs in p. Then, it is clear that p is not irreducible, and hence it is the 
sum of two irreducible representation. We are done in this case. 


Now, assume that the trivial representation doesn't occur in p. The, we have, 


$\langle \chi, 1G \rangle = \frac{1} {'G|}\sum_{i=1}  {n} \chi(g_i)=0$ 


Now, as x(g;) = 1 + 2j, we conclude that 


YL Ai = —7, which means | }>/'_, Ai] = n. Now, see that ); are roots of unity, and therefore, from that above 
equation , we conclude that Ay = Ap = ... An = C. So, now we have that x(g;) = 1+ ¢, foreach <i<n. 
But, then x(1) = 2, and therefore, we conclude that € = 1. So x(g) = 2, for every g € G. Then (x, x) = 4, and 
therefore, we see that x is reducible, and hence the sum of two irreducible representation. This completes the 
proof. 


Result 20f4 


We break the problem in two cases, and then solve it in each case. We show that if x is the character of p, then 
(x: x) # 1, and hence is reducible. 


15.a 


Let p:G-—> GL, (C) be an irreducible representation of a finite group G . 
Consider the representation :GL, + GL,(V)of GL, and also consider the representation of 
G \s composition g°p. 


Comment 


Step 20f4 “« 


(a) 
To determine the character of the representation of @° when a is left multiplication of GL, 
on the space y of nxn matrices; 


Suppose that oe pis representation of Gthen define yore p(g) is trace of g on oop 
where geGL,(C). 

It is known that a matrix in Jordon canonical form is conjugate to every matrix in GL, (C). 
So, character zo ° p defined in Jordon canonical form. 

Thus, yo p has diagonal matrix as shown below, 


x, 


x, 


This is denoted by yore p(x,,...,x,), 80 this is called the character of op. 
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To decompose op into irreducible representations; 
Suppose that y =", the standard representation of GL, (C)and this acts on direct product of 
V (@e) defined by, 


g(v,@---@v,)=g¢(v,)@---@g(v,) 


And from the right, oo p(v, ®---®v, )=v,, .,, @---@v,_v.) 


Thus, the above two actions are commute, so V (@e)is a representation of GL, (C)x S, 


Therefore, oo p(v,@---@v,)=v, » @---@v, 


‘eepte) |S irreducible representation of GL, (C). 


vt) 


(b) 
To determine the character of @° when a is the operation of conjugation on qv"; 
Suppose that 7 be a character of o°p. 
Define yoo p(g) is trace of g on ae pwhere geGL,(C) and a is the operation of 
conjugation on @w". So 
xa° p(g)=tt(o°p(g)) 
= tr(o(x,,....x,)) 
= tr(o(x,),...0(x,)) 
Where, o(x,),...o(x, )is the operation of conjugation on @**. 
This can be represented as, 
a(x) 
xo p(g)= 
o(x,) 


Thus, representation yore p(g) is the character of o° p. 
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11 


Chapter 11 


Section 1 
lia 
\underline7 + 2 
Let 
y= 7+ V2 
Then 
y-T= v2 
This is equivalent to 
(y—7)? =2 


Expanding, 
y® — 2ly” + 147y — 343 = 2 
This is equivalent to 
y® — 2ly” + 147y — 345 = 0 
Thus, if we define 
f(x) = 2? — 21x? + 1472 — 345 


we conclude that f(7 + 4/2) = 0, s0 7 + 3/2 is algebraic. 


\underline\/3 - J/-5 
Let y = /3+ J/-5 
Then 

y =3-—5+2/-15 
Thus, 

y? +2=2V/-15 

Square it: 

y' +4y? +4 = -60 
Thus, 


y' + 4y? + 64=0 
Therefore, if we define 
f(x) = 21+ 427 + 64 
we conclude that f(/3 + /—5) = 0, so V3 + V—5 is algebraic. 


Result 
(a) f(x) = 2° — 21x? + 1472 — 345 
(b) f(z) = 21 + 42? + 64 


By De Moivre's formula, 


(cosz +isin«)" = cosnz +isinn« 
? Qn 
With z = —, we get 
n 


(cos(27/n) + isin(27/n))" = 1 


Using the Binomial Theorem, 


(cos(27/n) +isin(27/n))" = ; (;) cos(27/n)"—*(i)* sin(2x/n)* () 


=0 


Co 


Now recall the following: for 1 € Z, 


peo 1 
jst =< 
je =—] 

4143 


Thus, we separate the sum in (1) into a sum which has no 7 and a sum which has 2: 


; Gr 0s(2m/n)"-*(i)* sin(2x/n)* 


k= 

- a a(7) cos(27/n)"~ in(27/n)* + ba im (7 ») cost (27 /n)"~ * sin(2a/n)* 
O<k<n 0<ks 
k even odd 


Here aj, = Lif k = 4l and a; = —1if k = 4l + 2, for some integer I. Also, b, = Lif k = 41 + 1, and bj = —1 
ifk = 41+ 3. 


So, we have that 


x ay, (2) cos(2a/n)"~* sin(2a/n)* +i p» (j ) cos(2/n)"- ¥ sin(2a/n)* =1+i-0 
keven Koad 

Therefore, we have that 

a ay, (7) cos(2z/n)"~* sin(2x/n)* = 1 (2) 


O<k< 
k even 


Now we can use the fact that k is even in the above sum to conclude that 
sin(2/n)* = (sin(2m/n)*)*/? = (1 — cos(2x/n)*)*/? 


Thus, plugging this into (2), and moving | to the left-hand side, 


> ak 4 cos(2x/n)"—*(1 — cos(24/n)?) —1=0 


O<k<n 
k even 


If we set = cos(27-/n), then 
Finally, now it is clear that 


is a polynomial with integer coefficients (recall that Binomial Coefficients are integers!), and f(cos(27/n)) = 0. 


Result 
First of all 
(cos(27/n) + isin(27/n))" = 1 
(Why?) 
Now use the Binomial Theorem. 
3. a 


First notice that 
Qc Qv2, v3) 
and, since V2 and V3 are in Q[ v2, V3] which is closed under addition, 
V¥2+ V3 € Q[v2, V3] 


So, Q[/2, V3] is a subring of C which contains Q and /2 + V3. Since Q[/2 + 1/3] is the smallest such 
subring, we must have that 


Q[v2 + v3] C Q[v2, v3] (i) 
On the other hand, notice that 
(V2 + V3)3 = 2V2 + 3V3 + 6V3 + 9V2 = 11V2 + 9V3 


Therefore, 
sfx 5 ((v2+ V3)? — 9(V2 + V3) 


Since Q[ V2 + V3] is closed under addition and multiplication, and > (V2 + V3) € O[V2 + V3], we get that 
V2 € Q[v2+ v3}. 


Similarly, 


i= —3((v2 + v3) ~ 11(v2 + V3)) 


and /3 € Q[V2 + V3]. 


Thus, Q[V/2 + V3] is a subring of C which contains Q, V2, and V3. Since Q[/2, V3] is the smallest such 
subring, we conclude that 


Q[Vv2, v3] C Q[v2 + v3] (2) 


From (1) and (2) we now conclude that 


Q[v2, v3] = Q[v2 + v3] 


First of all, 
Z[y] = {any" +... + ary + a0 | n € NU {0}, a; € Z} 
by discussion on page 323 of the book. Furthermore, 
y= v2+v3 
7 = (v2 + V3)? =5+2V6 
7 = (v2 + V3)? = 11V2 + 9v3 
7! = 49 + 20V6 

Now we notice that y4 = 107? — 1, so 

vy! € {agy* + aay” + ayy + ao | a; € Z} 
Similarly, y° = y - 74 = 107° — y © {agy? + aay? + ay7 + ao | a; € Z}, and by induction we conclude that 

y" € {azy* + any? + ayy + a | a; € Z} 
for allm > 4. Thus, 

Z[y] = {asy* + aay? + ary + ao | a; € Z} 
Now we will first prove that the set (1, V2, V3, V6) is independent over Q. Take any linear relation 
a+bV¥2+cv3+dv6=0 


with a, b,c, d € Q. We must prove that a = b = c = d = 0. Suppose that it is not true; that is, that at least one of 
them is nonzero. First of all, we can without loss of generality assume that a, b, c, d are relatively prime integers. 


Write the linear relation as 
a+dvV6 = —by2 - ev3 
Square both sides: 
a” + 6d? + 2adV6 = 2b + 3c? + 2bevV6 
Thus, 
(2ad — 2bc)/6 = 2b? + 3c? — a? — 6d? 
Suppose that 2ad — 2bce = 0, then 


2b? + 3c? — a? — 6d? 
VE = 2ad — 2be 


Since a, b, c, d are rational, we conclude that v6 € Q, which is a contradiction since it is not rational. Thus, 
2ad — 2be = 0 => ad = be 
With that we also obtain that 
2b? + 3c? — a? — 6d? = 0 
If b = 0, then ad = 0, which means that either a = 0 or d = 0. Suppose that d = 0. Then 


8c? — a? =0 = a? = 3c 


This means that 3 divides a”, so it also divides a since 3 is prime. Thus, a = 3k, for some integer k, and 
9k? = 3c? => c* = 3k* 


This also means that 3 divides c” and 3 divides c. Since 3 trivially divides 0, it also divides b and d. Thus, 3 isa 
common divisor of a, b, c, d which is impossible since we assumed that they are relatively prime. 


Therefore, d £ 0. If we suppose that a = 0, we get 3c? — 6d? = 0, or c? = 2d?. Now we show that 2 is a 
common divisor of a, b, c, d which is impossible. 


Therefore, b 4 0. Similar conclusion follows if we assume c = 0. Therefore, c + 0. 


So, ad # 0, so d #0. Now ad = be can be written as 


Now observe the equation 
2b? + 3c” — a® — 6d” = 0 => a? + 6d? = 2b? + 3c” 

Since b = dt and a = ct, this equation becomes 

ct? + 6d? = 2d°t? + 3c? 
This can be simplified: 

t?(c? — 2d”) = 3(c* — 2d”), 
or 
(#? — 3)(c* — 2d?) = 0 

So, t? — 3 = 0 orc? — 2d? = 0. However, 

#-3=0=>t=+v3, 


which is impossible since t € Q, and +V3 g /3. Thus, we would have 


2-28 =0— VI= 1 


This is also impossible, since lel € Qand V2 Eg 


\d| 
Finally, we obtained a contradiction, which means that we must have that 


a=b=c=d=0 


Now to complete our exercise. Suppose that 
V2 € Za] 
Then there exist some integers a, b, c, d such that 
V2 =a4+b(V2+ V3) + (5 + 2V6) + d(11V2 + 9V3) 
That is, 
a+(b+ 11d —1)V¥2 + (b+ 9d)V3 + 2cV¥6 = 0 


Since (1, 2, V3, V6) is independent over Q, the above equation is equivalent to the system 


a =0 
b+ lld=1 
b+ 9d =0 

2c =0 


Now subtract the third equation from the second: 


24=1 


a ; 1 
However, this is impossible, since we would have d = 3 ¢ Z. Thus, 


v2 ¢ Zhi, 
and 
Z[V2, V3] 4 Z[V2 + V6] 
Result © 


The first equality holds, the second does not. 
Hint for the first equality: show that y € Qla, 8], and a, 3 € Q|y]. Why does the equality hold from this? 


Hint for the second part: First show that Z[y] = {a + by + cy” + dy’ | a,b,c, d € Z}. Then show that 
(1, V2, V3, V6) is independent over Q. From this, show that /2 ¢ Z[y]. 


4.a 


First of all, by discussion on the page 323, 
Zia] = {a,a" +...+a;a+a9|ne€ NU {0}, a; € Z} 


Furthermore, recall that, for any l € Z, 


i# =1 
ju —; 
i+? — 4 
iW = 5 


Therefore, 


where a, b are of the form 


Be eal 
ae hee Pee 
or 
Ca, Cand cy 
an + gn-2 haget 2? 
with c; € Z. Furthermore, by writing c, = 2d,_; + dy, for k > 1, we get that a, b are of the form 
dn | dn-1 dy 
Qn + 9n-1 + wee + Q + dy 
This means that 
a,b € Z[1/2| 
Now to solve the exercise. Let z = x + yi € Cande > 0 be arbitrarily taken. Then x,y € R. Since Z[1/2] is 
E 
dense in R, there exist a, b € Z[1/2] which are ; Saas to x and y, respectively. This means that |a — x] < 
E E ‘ 
Aa and |b — y| < om Now, by digression from the start of the proof, we conclude that a + bi € Zia. 


Furthermore, now we conclude that 


2 2 
lz - (a+ bi)| = Vle—aP + ly OP < WS +5 = 


2 


Since € and z were taken arbitrarily, we conclude that Z[a] is dense in the complex plane. 


Result 
Hint: you can show that 
Za] = Z[1/2] + iZ[1/2] 


That is, that 8 € Zlal if and only if 8 = a + bi, where a,b € Z[1/2]. 


5. a 


Let S C R be a subring of R. Then, by definition, 1 € S. This also means that, for every n € N, 


n=1+4+1+...4+1€S, 


n times 
since S is closed under addition. 
Furthermore, S is closed under subtraction, so 
0=1-1eES 
and 
-1=0-1e€S 
Thus, 
—n =(-1)+(-1)+...+(-1l) ES 
——— 
Therefore, 
ZCS, 


and Z is clearly discrete subset of R. 


Now suppose that some noninteger a € S. We can write 
a=m+8, 
where m € Zand0 < 8 < 1.Since S is closed under multiplication, 


"= 8-8---BES, 
ee 


n times 
for everyn € N. 
Since |8| < 1, we conclude that 
lim 8" = 0 
n00 


Therefore, for every € > 0, there exists some s € S such that |s| < €, so S is not a discrete subset of R. 


Thus, there cannot be any noninteger element in S. 


Result 


Only Z. 


(a) 

We will prove that this subset is closed under addition, subtraction, and multiplication, and that it contains 1. 
Closed under addition? 

Let a/b, c/d € S. Then band dare not divisible by 3. By definition, 


d b 
a: embay + °° temo 


SE reas icm(b, d) 


where |cm is the least common multiple. Suppose that 3 divides \cm(b, d). Since bd is acommon multiple of b and 
d, by definition of tcm we have that \cm(b, d) divides bd. Thus, 3 divides bd. Since 3 is prime, this means that 3 
divides either b or d. This is a contradiction, since b and d are not divisible by 3. Thus, 3 does not divide Icm(b, d), 
soa/b+c/de S. 


Closed under subtraction? 
Let a/b,c/d € S. Since 
a/b —c/d =a/b+ (—c)/d, 


and clearly (—c)/d € S, closure under subtraction follows from the fact that S is closed under addition. 


Closed under multiplication? 
Let a/b,c/d € S.Then 
ac 

(a/b) - (e/d) =F 
Suppose that 3 divides bd. Then 3 divides either b or d. Both is a contradiction since a/b, c/d € S. Thus, 3 does 
not divide bd, and (a/b) - (c/d) € S. 
\underlinel € S? 
We write 

11/1; 


so 1 € S, since 3 does not divide 1. 


(b) 


We will prove that S is not closed under multiplication. To prove that, we will first prove that S is linearly 
independent over R. 


First of all, since cos(—nt) = cos nt and sin(—nt) = — sin nt, S is the set of all linear combinations with 
integer coefficients of the functions {1, sin nt, cos nt | n € N}. 


Take any linear relation 
CnUn + Cn-1Un-1 +... + C101 + Covp = 0, (1) 


where uv; € {1, sin nt, cos nt | n € N}, c; € R. Using the trigonometric identity sin z sin y = 
—y)- ~ 
cele uy) cool F 9), forn #= m we have that 


2a l 2a 1 2a 
[ sin nt sin mtdt = — | cos(n — m)tdt + = / cos(n + m)tdt 
0 2 Jo rs 0 ‘ 
7 us 


_ fee sin(n + m)t 
0 24n+m) 0 


sin(n — m)t 


~ 2(n—m) 
=0 
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Similarly, 


Qn 
i cos nt cos mtdt = 0 
0 


21 
sin nt cos mtdt = 0 


=~ 


Qn 
| cos nt sin mtdt = 0 
0 


Also, 
Pais 1 2n 
[ cosntdt = —sinnt| =0 
0 n 0 
and 
21 1 Qn 
[ sinntdt = ——cosnt| =0 
0 ” 0 
However, 


27 
| ldt = 27 
0 


Qn yi = 2x 2x 
[ (sin nt)*dt = i (Ss) dt = S - ; cos 2ntdt = 7 
0 0 0 0 


2n Qn Qn 2x 
7 (cos nt)*dt = [ (=) dt = ad + - | cos 2ntdt = 7 
0 0 2 0 2 2 0 


Now we return to (1). Fix some i € {0,1,...,n}. We multiply (1) by v; to get 


2x 
Use i dt: 
0 


CaUn¥j +... + GU? +... + cgUoY; = 0 


2n 2x Qn 
ee mnvidt +... +6; f tfdt+...+0 f upv;dt = 0 
0 0 0 


2a 
Now we conclude that [ vju;dt = 0, for 7 # 7. Thus, the above equality becomes 
0 


2a 
af vidt — | 
0 


Qn 
However, | v7dt 4 0,so 
0 


Since i € {0,1,...,m} was taken arbitrarily, 


Thus, the set {1, cos nt, sin nt | n € N} is linearly independent over R. 


This gives us a powerful tool. If 7 = Ca¥, +... +¢,0; andz =d,v, +... + d,v}, for vj € 
{1,cos nt, sinnt | n € N} andc;,d; € R, then 


(Cn — dn)Un +... + (c1 — di)v1 = 0, 


and c; — d; = 0; thatis, ce; = dj, for alla = 1,..., 7. This means that every vector from the span of 
{1, cos nt, sin nt | n € N} can be written as a linear combination of elements of {1, cos nt, sin nt | n € N} in 
only one way. 


Finally, we see that 


1 
sint cost = = sin 2t 


2 
By the digression from before, this is the only way to write sin t cos t as a linear combination of elements of 


: 1 F F 
{1, cos nt, sin nt | n € N}. However, 3 ¢ Z,sosintcost ¢ S, while sint and cost are from S! This means 


that S is not closed under multiplication, so it cannot be a subring. 


Result 
(a) Yes. 
(b) No. Hint: cost sin t is not in S. 
7.a 
(a) 


This is a ring. We check all properties from Definition 11.1.3. 


+ makes R into an abelian group. 


1. The fact that A+ B € R is trivial. 
2. We need to check that + is associative. By S’ we denote the set U —S. 


(A+B)+C 

= ((A+ B)UC)-((A+B)NC) 

= (((AU B) — (AN B)) UC) — (((AU B) —-(AN B))NC) 

= (((AU B)N(A’U B’)) UC) A ((AUB)N(A’UB) NC) 

= (((AN A‘))U (AN B’)U (BN A!) U(BN B’)) UC) N((A' NB’) U(ANB) UC’) 
= ((ANB’)U(BN A‘) UC)N((A‘N B’) U(AN B) UC’) 
=(ANBNC)U(ANB'NC’)U(A'NBNC)uU(A'N BNC) 


Similarly, 
A+(B+C) = (ANBNC)U(ANB'NC')U(A'N BNC’) U(A‘N BNC) 


Thus, 
(A+ B)+C=A+4+(B+C) 


3. The empty set @ will be the additive inverse: 
A+ @=(AU@) -—(AN0)=A-O=A 
0+A=(0UA)—(@NA)=A-O=A 

4. Let A be some subset of VU. Then 

A+A=(AUA)-—(ANA)=A-A=0=0 
Thus, each element has an additive inverse; itself. 
5. To prove that + is commutative, let A,B be two subsets of U. Then, 
A+B=(AUB)-(ANB)=(BUA)-(BNA)=B+A 


since U and 9 are commutative operations. 


- is associative, commutative, and has an identity 1. 


1. For A,B e R, A- Be R is trivial. 
2. Let A,B,C € R. Then 
(A- B)-C =(ANB)-C =(ANB)NC=AN(BNC)=A-(B-C) 
since / is an associative operation. 
3. Notice that, for every A € R, 
A-U=ANU=A 
U-A=UNA=A 
since A C U. Thus, U is a multiplicative identity. 


4. Let A, B be two subsets of U. Then 
A-B=ANB=BNA=B-A 


since / is a commutative operation. 


Distributive law. 
Let A, B,C € R. Then 


(A+ B)-C =((AUB) —(ANB))nNC 
= ((AUB)N(A'UB))nC 
= ((AN B’)u(A'NB))NC 
= (ANB’NC)u(A'NBNC) 


On the other hand, 


(A-C)+(B-C) =(ANC)+(BNC) 
= ((ANC)U(BNC)) - ((ANC)N(BNC)) 
= ((AUB)N(AUC)N(BUC)NC)N(ANBNCY 
= ((AUB)N(AUC)N(BUC)NC)N(A'UB' UC’) 
=(ANB'NC)uU(A’N BNC) 


Therefore, the distributive law holds. 


13 


(b) 
This is not a ring. We still check all properties from Definition 11.1.3. 
+ makes FR into an abelian group. 


1. The fact that f + g € R is trivial, since the sum of two continuous 
functions is a continuous function. 
2. Let f,g,h € R. Then 
(If +9] + Al(x) = [Ff + 9)(x) + h(x) = f(x) + g(x) + h(x) 


[f + [g + Al](x) = f(x) + [9 + h(x) = f(z) + g(x) + A(z) 
Therefore, |[f + 9] + h]() = [f + [g + h]](a) for every x € R, so 
[f+g)+h=f+[g+h), as required. 


3. Let n: RR, n(x) = 0. Then 
[f +n](x) = f(x) + n(x) = f(x) 
in + f(z) = n(x) + f(x) = f(a) 
Therefore, for every x € R we have that 


[f + n](x) = [n+ f(z) = f(z), 


fin=n+f=f 


Therefore, n is an additive identity. 


4. Let f € R. Define g(x) = —f(x). g is continuous, and 
(f + 9\(z) = |g + f\(x) = 0 = n(z) 


for every x € R, so 
f+g=gtf=n 
and g = —f is the additive inverse of f in R. 


5. Let f,g € R, then 
[f + 9](z) = f(z) + 9(x) = g(x) + f(z) = [9 + f(x), 


since the addition of real numbers is commutative. Thus f+g = 9+f. 


- is associative, and has an identity 1, but is not commutative. 


1. The fact that f-g € Fis trivial, since the composition of two continuous 
functions is a continuous function. 


2. Let f,g,h € R. Then 
(fog)oh=fo(goh) 
by properties of composition. Thus, - is associative. 
3. Let id: R > R, id(x) = 2. Then 
(f -id)(x) = f(id(x)) = f(x) 
(id - f)(x) = id(f(x)) = f(x) 
Therefore, for every x € IR we have that 


(f -id)(x) = (id - f)(x) = f(z), 


f-id=id- f=f 


Therefore, id is a multiplicative identity. 
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4. This is not a commutative law of composition! For example, let f(x) = 
x, g(x) =x+1. Then 


(f -9)(2) = f(g(z)) = f(e@ +1) = (+1)? = 27 +2241 


(9: f)(2) = 9(f(2)) = 9(2”) = 27 +1 


However, 
a? +2e4+1427 +41, 


sof-g#g-f. 


Distributive law. 
This also does not hold in its entirety. The right distributive law holds. Let f,g,h € R.Then 
[(f +9) -h](x) = [f + g](A(z)) = F(A(z)) + g(h(x)) = [f - h](x) + [g- A\(z) = [(F -h) + (9- A)|(z) 
Thus, 
(f +g)-h=(f-h)+(9-h) 

On the other hand, the left distributive law does not hold. Let f(z) = 2”, g(x) = h(x) = z. Then 

[f(g +h)\(@) = F (Ig + A\(2)) = F(g(z) + h(@)) = f(e +2) = f (2x) = (22)? = 42” 
On the other hand, 

(f -9) + (fF A(z) = [f - ol (@) + [F -Al(@) = F(g(@)) + f(A(e)) = F(@) + f(x) = 20? 
Since 2a” 4 4a, we conclude that 


f-(g+h) 4 (f-9) + (fF -h) 


Result 
(a) This is a ring. 


(b) This is not a ring. The multiplication is not commutative, and the distributive law does not hold. 


We will first prove that following statement which will help us greatly: if z is a unit, then the equality zy = 0 implies 
that y = 0. This is seen almost immediately; just multiply the equality zy = 0 by a~! to get y = 0. 
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(a) 

First of all, 0 is clearly not a unit. 

1-1 =1,s01is aunit. 

-6 = 12 = 0, and 6 $ 0, so 2 cannot be unit. 
-4=12=0,and4 + 0, so3 cannot be unit. 
-3 = 12 = 0, and3 $ 0, so 4 cannot be unit. 
+5 = 25 = 1, so 5is aunit. 

-2 = 12 = 0,and 2 + 0, so 6 cannot be a unit. 
-7 = 49 = 1,so7isaunit. 


-3 = 24 = 0, and3 + 0, so 8 cannot be a unit. 


conannrieovouae —*»§ Wo WS 


-4 = 36 = 0, and 4 + 0, so 9 cannot be a unit. 
10 - 6 = 60 = 0, and 6 = 0, so 10 cannot be a unit. 
11-11 = 121 = 1, sollisaunit. 


So, all units are 


(b) 

First of all, 0 is clearly not a unit. 
1-1=1,s01isaunit. 

-4=8=0,and 4 £0, so2 cannot be unit. 
-3=9 =1,so3 is aunit. 

-2=8 = 0, and 2 # 0, so 4 cannot be unit 
-5 = 25 = 1, so 5isa unit. 


-4= 24 = 0, and4 $ 0, so 6 cannot be a unit. 


Aa ao ono &- WC WD 


-7 = 49 = 1, so7isaunit. 


So, all units are 
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() 
We will prove that a is a unit if and only if a and n are relatively prime. 
Suppose that a is a unit. Then there exists some b € Z/nZ such that 
ab=1 

This means that 

ab = 1 modulo n 
Thus, 

ab —1=nk, 

for some integer k. Furthermore, we now have that 

ab+n(—k) =1 


Since the greatest common divisor is the smallest positive integer which can be written in the above way, and 1 is 
the smallest positive integer of them all, we conclude that the greatest common divisor of a and n is 1; that is, a 
and n are relatively prime. 


The converse is analogous; suppose that a and 7 are relatively prime. Then there exist integers k, 1 such that 


ak+nl=1 


That is, we have that 
ak —1=nl, 


so ak = 1 modulo n, or ak = 1 in Z/nZ. So, k = a“, and ais aunit. 


Result 
(a)1,5,7,11 
(b) 1,5, 5,7 
(©) ais a unit if and only if a and n are relatively prime. 
9a 
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We first prove the following statement: 
—z = (-1)2, 

for alla € R. Truly, 

(-l)ja+2=(-1)r+1-r=|(-1)+1]r=0r =0 

r+(-l)r=1-2+(-1)r=[1+(-1)|t =0r =0 
Therefore, 

(-l)jt+e2=2+(-l1)r=0 

Thus, (—1)2 = —2, the additive inverse of x. 


Now leta,b € R.Thena+b6 € R,and —(b+ a) € R. Moreover, 


~(b+ a) = (-1)(6+a) © (-1)b + (-1)a = —b + (-a), 
where we used the distributive law in (*). Now, 


(a+b) + (—(b+a)) = (a+b) + (—b+ (-a)) 


= a+ (b+ (-b)) + (-a) 


=a+0+(-a) 
=a+(-—a) 
=); 


where we used the associative property of addition in (**). Similarly, excluding the details here, 


—(b+a)+ (a+b) = —b+(-a)+a+b=0 


Therefore, 
(a+b) +(—(b+a)) = —(b+a) + (a+b) =0, 
hence 
—(a+b) = —(b+a), 
that is, 


(—1)(a +b) = (-1)(6+ a) 


Multiplying the above equality by —1 yields 


a+b=b+a, 
as required. 
Result 
Hint: show that —(b + a) = (—1)(b + a) and that —(b+ a) = —(a +B). 
Section 2 
lia 
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By definition, this means that there exists a polynomial g(a) such that 


z+ 32° 42° +724+5=(2?+2+41)q(z) 


(I) 


Notice that the product of z? + 2 + 1 and q(z) will be of degree 2 + deg q(x), where degq(z) is the degree of 


q(a). Since the polynomial on the left-hand side is of degree 4, we conclude that q(x) is of degree 4. Thus, 
q(x) = az? + br +c 
Plugging this into (1), we obtain the equality 
ai +327 +27+72+5 = (2?+2+1)(az?+br+c) 
Furthermore, 
(a? + 2+ 1)(az? + br +c) = az! + (a+b)2*+ (a+b+c)27+(b+c)r+ce 
So we obtain a polynomial equation 
a! +327 +274 72+5=az'+(a+b)2>+(a+b+c)z?+(b+c)r+e 


The corresponding coefficients must be equal, so we obtain a system of equations 


a =1 
a+b =3 
a+b+c=1 
b+c=7 
c=5 


Thus, we immediately get a = 1, c = 5. Furthermore, from the second and fourth equation we get that b = 2. 


Plugging all this into the third equation: 
1+2+5=1<>7=0 


This means that in Z/nZ, the equality 7 = 0 must hold, which means that 


Result 


We define the operations the same way as with polynomials. Let 
f(t) = ap +ayt+agt? +... 
g(t) = bo + byt + bot? +... 


Then 


F(t) + g(t) = (ao + bo) + (ay + bi)t + (ay + bo)t? +... = $7 (an + bn )t 


F(t)a(t) = So cat™, cn = Do andar 
k=0 


n=0 


2 0f 2 
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+ makes F[[¢]] into an abelian group. 


Closure. If f(t), g(t) € F'{[é]], then clearly f(t) + g(t) € FI [dl]. 


Associativity. Let f(t), g(t), h(t) € Fi[t]], 


= sai g(t) = J bat h(t) = eat" 
n=0 n=0 


n=0 


Then 


(F(t) + g(t)) + A(t) = (St + be") + h(t) 


3 
Il 
So 


© (an + bn + Cn)t” 


n=0 


(In (x) we used that F is a field, so the addition of elements of F' is associative.) 


Similarly, 


F(t) + (g(t) + A) = FH) + (se, + ct") 


n=0 


= So (an + (bn + en))t” 
n=0 


oo 
2 Yo (an + bn + en)t” 
n=0 


(Again, in (+) we used that F’ is a field, so the addition of elements of F is associative.) 
Finally, we conclude that 
(f(t) + g(t)) + A(t) = F(t) + (g(t) + A) 


Identity. Define 
oo 
n(t) =0= 00-2" € Fi[t]] 
n=0 


(0 € F since F isa field). 


Then, for every f(t) € Fi{t]], f(t) = 3p ant”, we have that 


f(t) +n(t) = ae +0)" = Yi aat" = = f(t) 


n=0 


n(t) + f(t) = Y(0-+ a)" = Yr ant” = F(t) 


n=0 


Thus, 


f(t) + n(t) = n(t) + F() = FO) 
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for every f(t) € F'|(t]]. Therefore, n(t) is the additive identity. 


Additive inverse. Let f(t) = 37° , ant”. Define 


a(t) = So(-an)t" € FIle) 


n= 


So 


(—dpy exists because F is a field). 


Then 


F(t) + g(t) = S\(an + (—an))t” = $7 0-#" = nit) 
n=0 n=0 


a(t) + £(t) = S-(-an + a9)t" = S20-t" = n(t) 
n=0 n=0 


Thus, g(t) is the additive inverse of f(t). 


Commutativity. Let f(t), g(t) € F(t}. 


F(t) = Slant", g(t) = So but” 
n=0 


n=0 
Then 
F(0) + 9(t) = Solan + bn)t” 2 Sb + an)t = git) + F(t) 
n=0 n=0 


(In (**) we used that F is a field so the addition of elements of F is 
commutative.) 


- is associative, commutative, and has an identity 1. 


Closure. For every f(t). g(t) € Fl[t]]. we trivially have that f(t)g(t) € F{[é]]. 


Associativity. Let f(t). g(t), h(t) € Fi[d]]. 


F(t) = Yoant™, g(t) = Sout", h(t) = Sent” 
n=0 n=0 n=0 


Then fk a4 
(f(O9(t))h(t) = (> it") h(t) = So ent”, 
n=0 n=0 
where 4 
d, = r* anbn_k 
k=0 
and 


n n l 
En = Ye dient = a ( oun) Cn-l 
=o k=0 


i=0 
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On the other hand, 


F(t)(g(t)h(t)) = 10 (35 Ent 


where 


n 
In = ~ beCn—-k 
kao 
n n 
tn =) itn = > tian = > 
10 10 


l=0 


Now we rearrange sums a bit: 


*) = Some 


n=0 


(= bye ) On—I 


=> (>: byci- ; An-| 
I 
= SOY an-rbeeci-t 


= abp_-1Cn—k 


“E (ze) 
( 


Therefore, 


Cn-k 


ah] Cnt 
k—0 


(F(E)g(t))h(t) = F(E)(g(E)A(E)) 


Commutativity. Let f(t), g(t) € Fi[d]], 


x 2° 
= > a,t", g(t) = pe b,t” 
n=0 n=0 


Then 


oo 


f(t)g(t) = >> 


n=0 


Identity. Define 
id(t) =1=1+0-t+0-t?+ 


Now it is easy to check that it is the multiplicative identity. 


Soh ‘ $ 


.. € Fit] 
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Distributive law. 


Let f(t), g(t), A(t) € F|{t]], 
f(t)}=Troant”, g(t) = Lo bnt™, h(t) = Dro ent” 


Then 
(10 + (00H) = (Son +m) (t) 
n=0 
=>. (So + be) en- ) e 
n=0 
=>> (=: (akCn—k + hers) 
n=0 
On the other hand 


(F(t)h(t)) + (g(t)h(t)) = S> 


n=0 


aise. ; rays (Soc ie 


Therefore, the distributive law holds. 


Units. 


Let f(t) € Fi[el], 


f(t) = > ant” 


n=0 


be a unit. Then there exists some g(t) € F((t]], 


g(t) = So bnt” 
n=0 


such that 
f(t)g(t) =id(t) =1+0-t+0-+ 
On the other hand, 
oo n 
f(t)g t=; (x: apby— Je 
n=0 
Therefore, 
~ n 
>, (Soa) #7 =1+0-t+0-+ 
n=0 \k=0 


Comparing the free coefficients, we get 


agbp = 1 


From this we get that ag has a multiplicative inverse (bp). Since F is a field, this is equivalent to ap + 0. 
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So, all units must have ap + 0. Now suppose that f(t) € F'[[t]] is a formal power series such that ag 4 0. We 
want to prove that it is a unit. 


From before, we now that we want to solve the equation 


n 


¥ (Sats) ?9=14+0-t+0-#?4... 
n=0 


k=0 


for b;. We build the sequence (b,,) inductively. 
First of all, agbo = 1, so, since ao 4 0, bp = ag?. 
Now suppose that we know all bp, form < m, where m is a positive integer. We want to find bm. 


To do this, compare the coefficients along t™: 


m 
x apbm—-- = 0 
k=0 


From this, 


m 
aod, == ie Abn _k 
kel. 


Therefore, since ao + 0, 


m 
bm = —ag! YS anbm—% 
kal 


Now, if we define 


we conclude that 
F(t)g(t) = g(t) f(t) = id(t), 
so f (£) is a unit. 


To conclude, f(t) € F[[t]] is a unit if and only if it has a nonzero free coefficient. 


Result sare 
Check properties from Definition 11.1.3. 


For the second part, f(t) € F'[¢]] is a unit if and only if it has a nonzero free coefficient. 


Section 3 


lia 


Let I be some ideal in R. We check a few properties. 
Subset? 

I C R? is trivial from the definition of ideals. 

Closure? 

Letz,y € I.Thena + y € I by the definition of an ideal. 
Inverse? 


Leta € I. Since —1 € R, by the definition of an ideal, 


(-1)z el 
Now, 
z2+(-l)tr=1-2+(-1)z (Identity) 

=(1+(-1))z (Distributive law) 

= 0x 

=0 
Similarly, (—1)a + x = 0. Thus, 

—z = (—1)z, 

so—z eI. 
Conclusion. 


Now we conclude that I~ is a subgroup of R*. 


Result 
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Hint: subset and closure is trivial. To check that I is closed with regard to inverses, prove that —r = (—1)z. 
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Let J be some nonzero ideal. Then there exists some z € Z{i], z 4 0 such 
that z € J. We know that z = a + bi, for some a,b € Z. We consider three 
CASES: 


1. If b= 0, then z =a, so z € ZN I, and z £0, so the statement of the 
exercise holds. 


2. Ifa =0, then z = ib. Since z 4 0, we conclude that b 4 0. Since J is 
an ideal in Z{i], and i € Z{i], we conclude that iz € J. Furthermore, 
iz = —b € Z. Thus, iz is a nonzero integer which is in J. 


3. Let a #0 and b ¥ 0. Since J is an ideal and z € J, we conclude that 
2? € I; that is, 
(a + bi)? = a? —b? + abi € I 


Furthermore, since —2a € Z{i], and z € I and J is an ideal, —2az € J; 
that is, 
—2az = —2a(a + bi) = —2a” — 2abi € I 


Since I is closed under addition, 
(a? — b? + 2abi) + (—2a” — 2abi) € I => -a? —P El 
Notice that —a? — b? 4 0 since a? > 0 and b? > 0, so —a? — b? < 0. 
Furthermore, it is an integer. Thus, we have found a nonzero integer 
in I. 
Result 


HINT: try to find “good enough" elements of Z{i| to multiply with nonzero elements of I. 


3.a 


In all cases, we denote the defined homomorphism as y. 
(a) 
We need to find all polynomials f(x, y) € Rix, y] such that p(f(a,y)) = f(0,0) = 0. 
The first question is how to write a polynomial in two variables. We will write it as 
f(x,y) = ago + ayox + any + anor” + ayyry + aggy* +... 
So, we have a sum 
x 
fl2.y) = >> > aye'y’ 
n=0 i+j=n 
Of course, we implicitly assume that only finitely many aj; are nonzero. 
Thus, now 
e(f(z,y)) = f(0,0) = aoo 
This means that f(0, 0) is in kery if any only if ao9 = 0, which is if and only if 
f(x,y) = ayox + agyy + agox” + ayyry + agoy”? +... = xp(a,y) + yq(z,y), 


where p(x, y), q(x, y) € R{z, y]. Therefore, 


kerp = (x,y) 


(b) 
Here we must find all polynomials f(a) € R[z] such that y(f(x)) = f(2+%) = 0. 


This means that f(z) is in the kernel of ¢ if and only if 2 + cis aroot of f(a, y). Since f(a) has real coefficients, 
by the complex conjugate root theorem we know that 2 — 7 is also a root of f (a). This means that (x — (2 +7)) 
and (a — (2 — i)) divide f(a); hence, 


(2 — (2+ %))(x — (2 —i)) = ((x@ — 2) —i)((2 — 2) +1) = (e@ - 2)? —P@ = 2? -— 4745 


also divides f(a). Since f(x) and a? — 4x + 5arein R{z], this means precisely that there exists a polynomial 
p(x) € R[a] such that 


f(x) = (a — 4x + 5)p(z) 
Therefore, f(z) is in the kernel of if any only if 
f(x) = (a? — 4a + 5)p(zx) 


for some polynomial p(2) € R[z]. From this we conclude that 


ker = (2? — 42 + 5) 


(c) 
Here we must find all polynomials f(x) € Z[z] such that p(f(x)) = f(1+ V2) =0. 


This means that f (2) is in the kernel of ¢ if and only if 1 + /2 isa root of f(z). Since f(a) has integer 
coefficients, by the irrational conjugate root theorem we know that 1 — V2 is also a root of f(a). This means that 
(a — (1+ V2)) and (2 — (1 — V2)) divide f(z); hence, 


(a — (1+ V2))(a — (1 — V2)) = ((x — 1) — V2)((x — 1) + V2) = (x -1)? -2= 2? -2r-1 


also divides f(a). Since f(x) and x? — 4x + 5 are in Z[z], this means precisely that there exists a polynomial 
p(x) € Z|z] such that 


f(x) = (a* — 2x — 1)p(z) 
Therefore, f(z) is in the kernel of if any only if 
f(x) = (a* — 2x — 1)p(z) 


for some polynomial p(x) € Z[a']. From this we conclude that 


kerp = (x? — 2z — 1) 
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(d) 
Here we must find all polynomials f(a) € Z[a] such that o(f(x)) = f(V2 + V3) = 0. 


This means that f(z) is in the kernel of ¢ if and only if /2 + V/3 is a root of f(a). As in (6) and (€), we want to 
find all other similar roots of f(z). 


To lighten notation a bit, 
f(x) =an,2" +...+ a,x + ag 
Fort =a+b/2+cvV/3+ dV, with a,b, c,d € Z, define 
t=a+bv2—cv3-dv6 
(so, we imitate the conjugation of complex numbers somewhat) 


We easily check that it satisfies the following properties: 


hit+h=th+h 
hh = -b 
=f, 


where t] = a) +)1/2 +73 +d) V6, to = ay + boV/2 + V3 + doV6, aj, bj, c;, d; € Z (notice that we 
need "+d+/6" because of the product). 


Also, we can now confirm that /2 — /3 is aroot of f(z)! 


f (v2 — V3) = f(v2+ v3) 
ER Ra, ee Pe a, em 
= a,(V2+ V3)" +...40V24+V34+0 
= an(V2 + V3)" + a;(V2 + V3) + a0 


= f(v¥2+ v3) 
=0 
=0 


Therefore, 1/2 — V3 is aroot of f(z). 
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Similarly, by defining 
t=a~-bvV2+cv3—dv6 

we prove that —1/2 + /3 is aroot of f(z). 

Similarly, by defining 
t=a—bvV2-—cV¥3+dv6 

we prove that —/2 — Vis aroot of f(z). 

Therefore, all of the following polynomials divide f(x): 

(2 —(V2+ V3)), («—(v2—¥3)), (e-(-v2+ V3), (x-(-v2- v3)) 
Therefore, 
(x — (V2 + V3))(2 — (v2 — V3))(z — (—v2 + v3))(2 — (—v2 — v3)) 
divides f(a). Furthermore, 


(x — (v2 + V3))(« — (v2 — V3))(a — (- V2 + V3))(« — (-v2 - v3)) 
((x — V2) — V3)((2 — V2) + V3)((a + V2) — V3)((x + V2) + V3) 
((x — V2)? — 3)((a + V2)? — 3) 


Il 


= (2? — 2722 — 1)(2? + 2V22 — 1) 
= ((z? — 1) — 2V2z)((z? — 1) + 2V22) 
= (x? — 1)? - 82” 


xz! — 1027 +1 


Therefore, there exists some polynomial p(x) € Z[a] such that 
f(x) = (2* — 10x? + 1)p(z) 
and 


kery = (x? — 102” + 1) 
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(e) 
Let f(z, y, z) € Cla, y, z]. By using the division theorem, 


3 — z)qi(x,y,z) + (2? — y)qo(z,y) + p(z) 


3 


f(x,y, 2) = (x 


In the first division we "eliminate" the variable z since x” — z is of degree | in z, so the remainder of the division 
will be constant (of degree 0) in z. In the second division we repeat the process for y. 


Now, f(z, y, z) is in kernel of ¢ if and only if 
o(f(z,y,2)) =0 
which is if and only if 
f(t,t?,t?) =0 
Using (1), this holds if and only if 
p(t) =0 
Therefore, using (1) again, f(x, y, z) © kery if any only if 
f (x,y,z) = (2° — z)qi(a,y, 2) + (@? — y)qo(#,y) 


Thus, 


kerp = (2° — z,2? — y) 


Result 
kerp = 
(a) (x, y) 
(b) (a? — 4a + 5) 
(©) (2? — 22 — 1) 
(@) 24 — 1027 +1 


fe) (a3 —z,2? — y) 


4.a 
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We will first find a relation between such z and y. Firstly, 
z=t+1=—t=2-1 
Therefore, 
y=@+1=(2-1)8+1=2' - 3274+ 32 


Now let f(a, y) € C[x, y]. Since x3 — 3x2? + 3x — y can be considered a polynomial of first degree in y, we 
can divide f (2, y) by it to get 


f(a,y) = (a* — 32? + 3 — y)q(x,y) + (2) 
(the remainder will be of degree 0 in y; thus, it will be a polynomial only of variable 2). 
Now we find the kernel. Notice that f(z, y) is in kernel if and only if 
f(t+1,8 -1) =0, 


which is if and only if 


p(t+1)=0 
Now let 
p(x) = ana" +ani12"!+...+a12 +40 
Then 
0 = p(t +1) = an(t +1)" + an-i(t +1)" 1 4+...+a1(t +1) +40 
Since 


(¢+1)'= 3 (ie, 


i=0 
from (1), since coefficient along each power must be equal, we get the system of equations 


én,=0 


n 
(7 )an + an-1=0 
n n-—1 
an + Qn_1+...+a,=0 
aa) (ome 


Qn +Qn-1+...+a1+a9=0 
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From this we see that 


Therefore, f(a, y) is in the kernel if and only if 


Therefore, f(a, y) is in the kernel if and only if 


f(x,y) = (a* — 3a? + 3x — y)q(x,y) 


for some polynomial q(x, y) € C[a, y]. Thus, 


Now let I be an ideal which contains K’. Then, for every f(z, y) € I, we can write 
f(x,y) = («* — 3x? + 3a — y)q(x,y) + r(x) 
for some polynomial r(x) € C[z]. This motivates us to define the following set: 
J = {r(z) | r(x) = f(x,y) — (e* — 32? + 3x — y)a(z,y), f(x,y) € 1, a(a,y) € Cle, yl} 


We will prove that J is an ideal in C[a]. (A good thing to notice now, which we will use later, is that r(x) € I since 
Tis an ideal, and f(a, y),2° — 3x7 + 32 —y eI) 


Subset? J C C[z] is trivial. 
Closed under addition? 
Let r)(x), r(x) € J. Then 
r(x) = file,y) — (a? — 3a? + 3x —y)qi(z,y), r2(x) = fo(w,y) — (2* — 32” + 3a — y)qo(zx,y) 
for some fi(z,y), fo(x,y) € I, q(x, y), g2(2, y) € Cla, y]. Furthermore, 
r1(x) + ro(a) = (filw,y) + fo(z,y)) — (a* — 32° + 3x — y)(qu(a,y) + (2, y)) 
Since I is an ideal, f;(z,y) + fo(x, y) € I. Therefore, ry(x) + re(x) € I. 
Closed under subtraction? 
Letr;(x), ro(x) € J. Then 
r(x) = fi(z,y) — (w* — 3x? + 3a —y)qi(z,y), 72(2) = fo(z,y) — (2° — 32° + 32 — y)q2(z,y) 
for some fi (a, y), fo(a,y) € I, qi(z, y), q2(x, y) € Cla, y]. Furthermore, 
r(x) — ro(x) = (filz,y) — fo(z,y)) — (a* — 32” + 32 — y)(qu(a, y) — (2,9) 


Since I is an ideal, f;(x,y) — fo(a, y) € I. Therefore, r}(x) — ro(x) € I. 
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Closed under multiplication? 
Let r(x) € J. Then 
r(x) = f(x,y) — (a* — 3a? + 3x — y)q(a,y) 
for some f(z,y) € I, q(z,y) € C[a, y]. Let p(x) € Cla]. Then 
r(x)p(x) = f(x,y)p(z) — (2° — 30 + 3a — y)(q(@, y)p(@)) 


Since IJ is an ideal in C[z, y], and p(x) can be considered a polynomial in C[z, y], we conclude that 
f(x, y)p(x) € I. Moreover, trivially q(x, y)p(x) € C[a, y]. Therefore, r(x)p(x) € J. 


Conclusion. 
J is an ideal in C[a}. By Proposition 11.3.22, we conclude that 
J = (p(z)), 


for some polynomial p(x) € C[a]. 


Finally, now we see that f(x, y) € J if any only if 
f(x,y) = (2° — 3a? + 3a — y)q(z,y) + r(z) 


for some q(x, y) € C{a, y] and r(x) € J. Thus, r(x) = p(x)g(z), for some g(x) € Cla]. Finally, f(z, y) € J if 
and only if 


f(x,y) = (x? — 3a? + 32 — y)q(x,y) + p(x) g(z) 


Now we prove that J is generated by z* — 327 + 32 — y and p(z). By the above equality, J C (23 — 3x7 + 
3a — y, p(z)) is shown. On the other hand, let h(x, y) € (x? — 3a? + 32 — y, p(z)). Then 


h(x, y) = (2* — 3x? + 32 — y)q(x, y) + p(x) g(x,y) 
for some q(x, y), g(a, y) € C. Now we divide g(a, y) by (x? — 3x? + 3x — y): 
g(x,y) = (2° — 32° + 3x — y)qo(x,y) + r(x) 
Therefore, 
h(z,y) = (x? — 32? + 3x — y)(q(z, y) + p(x)a2(x, y)) + p(a)r (a) 


First of all, p(x)r(a) € J; notice that, by definition of J (using the fact that I is an ideal), we actually get that 
J CI,so p(x)r(x) € I. Furthermore, x? — 32? + 3x — y € I, so, once again, because I is an ideal, (2? — 
3x? + 3a — y)(q(x.y) + p(x)qo(a, y)) € I. Finally, we now conclude that h(a, y) € I. 


Thus, we have proven that (x? — 32? + 32 — y, p(x)) C Iso 


I = (a* — 327 + 32 — y,p(z)) 


Result Jof> 


Hint: let f(z, y) € K, and divide it by z® — 3x? + 3x — y (this polynomial is obtained using the relation 
between z, y, and ft). 
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(a) 
Let 
oo oo 
f(x) = +s a,2", g(x) = >: b,x” 
n=0 n=0 
(we implicitly assume that only finitely many an, by, are nonzero). 
Then 
oo n 
f(z)g(z) = > (>: aut] 2” 
n=0 \k=0 


Using the formula provided (written using a summation notation), 


oo oo oo 
f(z)= >> nanz** = Yi(n +1)aniiz" = >> ena” 
n=1 n=0 n=0 
oo oo oo 
g(z) = Sy nh i Yi(n +1)b,.12" = be 
n=1 n=0 n=0 
oo n 
(f(z)g(x))’ = Son ey oh] ie 
n=1 k=0 
0° n+l 
=Son+)) bs au] 2" 
n=0 k=0 
oo 
= Do a 
n=0 
where 
n+1 
Cn =(N+1)dnv1, dr=(N+1)bnii, en =(n+ 1) S> apbnst-k 
k=0 
Now, 


f'(x)g(z) = 0 (>: ahs) z=)> ( (k+ dant) z" 
k 


n=0 \k=0 n=0 k=0 
ROMO E DSI b 5316) . 
marie) =, adn | 2” = >> ay(n —k+1)bn-ky1 | & 
n=0 \k=0 n=0 \k=0 
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Thus, 


f'(2)g(x) + f(@)g'() = Sona”, 
n=0 


with 
n n 
Yn = So(k + Vaperdnn + So ae(n — b+ Uber 
k=0 k=0 
Now notice that, since k + 1 is O when k = —1, we can write 
= n n+1 
Sok + Vag sib = SO (b+ Dag srbn-e = $0 kagbnsie 
k=0 k=-1 k=0 


Similarly, n — k + 1isOwhenk = n+1,s0 


n n+1 
So a(n —k+1)bp-p41 = Yi(n —k+ 1)apbyiiz 
k=0 k=0 
Finally, now we get that 
n+1 n+l 
Yn = So [kanbni1- +(n—k+ 1)agbnyi-k] = Yi(n + 1L)akbnsi-k = en 
k=0 k=0 


From this we conclude that 
f'(x) g(x) + f(x)g'(x) = (F(z) g(2))’, 


as required. 


(b) 
a is a multiple root of f. 


By definition, since a is a multiple root of f(x), (x — a)? divides f(x); that is, there exists some polynomial g(x) 
such that 


f(z) = 9(x)(z — a)? 
By (a), 


f'(z) = g'(x)(x — a)? + g(2)(x* — 2az + a*)’ 
= g'(x)(x — a)? + g(x)(2x — 2a) 
= (x — a)|g'(z)(x — a) + 2g(z)] 


Thus, f’(a) = 0, so ais a common root of f and f’. 
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ais acommon root of f and f. 
This means that 
f'(a) = f(a) =0 

Since f(a) = 0, we know that 2 — a divides f(a); that is, there exists some polynomial h(a) such that 

f(x) = h(a)(x — a) () 
From (a), 

f'(x) = h'(x)(« — a) + h(x)(2 — a)! = h'(2)(x — a) + h(z) 
Now, since f’(a) = 0, 
0 = f'(a) = h'(a)(a — a) + h(a) 
From this we get that 
h(a) = 0 

Thus, 2 — a divides h(z), so there exists some polynomial p(a) such that 

A(x) = p(x)(x — a) 
Plugging this into (1), we get 

f(x) = p(x)(x — a)? 


Therefore, a is a multiple root of f. 


Result 
(a) Hint: this is the equality of polynomials; check that corresponding coefficients are equal. 
(b) Use (a) and that a is a root of f(z) if and only if 2 — a divides f(z). 
6.a 
Denote this map by yp. 


Homomorphism? 
The fact that 9 is ahomomorphism is trivial from its definition. 
Injective? 
Let p(x, y), q(x, y) € C{a, y]. We will write p(a, y) in the following way: 
P(x, y) = ao(y) + ai(y)e +... + an(y)2” 
where a;(y) € Cly] (this form is easily obtained when distributing various powers of x in p(x, y)). Similarly, 
q(x, y) = bo(y) + bily)a +... + bm(y)a™ 
Now suppose that y(p(x, y)) = y(q(a, y)). Then 
ao(y) + ai(y)(z + f(y)) +-.- + @n(y)(x + F(y))” = bo(y) + bi(y)(@ + F(y)) +... + bm(y)(@ + F(y))” 


First of all, the degrees of the polynomials (in variable x) on the left and the right side must be equal; hence, n = 
m. Furthermore, we consider p(x, y) and g(a, y) as polynomials in variable x with coefficients which are 
polynomials in variable y. Using the binomial theorem 
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Therefore, the polynomial equality, using the fact that corresponding coefficients must be equal, yields the system 
of equations 


an(y) = bn(y) 
analy) + (‘)an(u)f(v) = Pm-atu) + (1) bow) a) 


aly) +. +(,,"  Janlu)stuy = iv) +... + (,," )eatanscuy"™ 
ao(y) + ai(y) f(y) +... +an(y) f(y)” = bo(y) + bily) f(y) + --- + On(y) f(y)” 


From this we easily see that 


ai(y) =bi(y), *=0,1,...,n 


Therefore, 
P(z,y) = (2,9), 


SO ¥ is injective. 


Surjective? 
Let g(x,y) € C[z, yj, 
q(x, y) = bo(y) + bi(y)a +... + bn(y)a” 


We want to find p(x, y) € C{a, y] such that p(p(a, y)) = q(x, y). Since y(p(z, y)) and p(x, y) have the same 
degree, we conclude that p(z, y) is of degree n. Thus, 


P(x, y) = ao(y) + ay(y)@ +... +an(y)2” 
and 


p(p(x, y)) = ao(y) + ai(y)(2@ + f(y)) +... + an(y)(x + f(y))” 


If we want (p(x, y)) = q(x, y), we get the system (the process is the same as when we proved injectivity): 
an(y) = bay) 
n 
an-a(y) + (7) an(u) fu) = bra) 
ai(y) +--+ ("5 )anatu) + (,, , )antu) = dtu) 
ao(y) + ai(y) +... + @n-1(y) + an(y) = bo(y) 
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Therefore, we have a solution! 
a,(y) = bn(y) 
n 
an-i(y) =br-atu) ~ (7 )antw) lw 


aa(y) = bi(v) ~ ({)antarstv)...— (0 9 )anatv)stu? + (,,"  Jantwnrcoy™ 
ao(y) = bo(y) — ai(y) f(y) — --- — an-1(y) f(y)" * — an(y) f(y)” 


Thus, with such defined coefficients a;(y), we have that y(p(a, y)) = q(x, y), which proves that is surjective. 


Result £09 
Hint: here itis better to write each polynomial p(z, y) € C[a, y] as 


P(x, y) = ao(y) + ai(y)e +... + an(y)a” 


(so, as a polynomial in variable z with coefficients which are polynomials in variable y). 


Let y be an automorphism. Then it is a homomorphism, and it is bijective; denote its inverse by gol. We know that 
yg} is also an automorphism. 


Now let p(x) € Z[z], 
p(x) = agp +ayr+...+a,2" 
Since y is ahomomorphism, 


y(p(x)) = y(ao + air +...+anz") 
(ao) + p(aiz) +... + p(anz") 
(ao) + p(ai)p(z) +... + P(an) ele)” 


ll 


? 
9? 


Moreover, y(1) = 1, so 


g(m) = o(1+...+1) 
m times 
= (1) +...+ (1) 
m times 
=1+...4+1 
m times 
=m 
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for allm © N. Furthermore, 
(0) = (0 + 0) = (0) + (0), 
which, after adding —y(0) to both sides, yields ~(0) = 0. Therefore, 
0 = (0) = o(m + (—m)) = o(m) + o(—m) 
Therefore, 
y(—m) = —~(m) = —m 
Thus, to get back at our polynomial p(z), for each a; we have that p(a;) = a;, hence 
o(p(x)) = a9 + p(x) +... + any(x)” 
So, the only question which remains is: p(a2) = ? 
First of all, p(x) € Za]; thus, 


p(x) = bb +bir+...+bn2™ 


However, notice that y(p(z)) is then of degree nm; thus, if m > 1, y cannot be an automorphism! For example, 
we cannot possible find a polynomial p(x) such that y(p(x)) = z, since p(z) is of degree mn, which is not | for 
anyn € NU {0}. 


Therefore, 

p(x) = bo + biz, 
for some bp, by © Z. 
Similarly, 

g '(k) =k 

fork € Z, and 

g'(z) =a +ex 
for some cg, c) © Z. 
Moreover, 

g(p(x)) =2 

and 


go '(p(x)) = e'(bo + biz) = bo + bi(eo + crx) = bp + bico + bicix 


Therefore, since 
bo + bico + biciz = 2, 

we conclude that 

bic} = 1 
Since bi, c; are integers, we get that 

by =41 
Now we want to prove that all homomorphisms such that 

p(x) =b=2, 


for some b € Z, are automorphisms. 


39 


Homomorphism? 
This is trivial because we defined yy as ahomomorphic extension of the map k +> k, k € Z,andz+> b+z. 
Injective? 
Let p(x), q(x) € Z, 
p(x) = a9 + ajr+...+anx” 
q(x) = bo + bir +... + bgz™ 
be such that y(p(x)) = y(q(zx)). Then 
ag +ai(btz)+...+a,(btz)" =bo +bi(btz)+...+bn(btzx)™ 


Since the degrees of both sides must be equal, we get that n = m. Furthermore, recall the binomial theorem 


Suppose that y(2) = b + 2. Using the binomial theorem and the fact that corresponding coefficients must be 
equal, we obtain the system of equations 


Qn = bn 


ani + ( i ) axb = bya + ( i ) oat 
n-1 n-1 

2 1) pn-1 2 N\ pn-1 
a,+ 1 dob+...+ 1 ba, = by + 1 bob +... + 1 aia 18 


dg tay t+... +@n_1 +p = bp +b, +... + bp_1 + by 


From this we see that}a; = 6;, t=0,1,...,n 


Similarly, if g(a) = b — 2, then the system is 
Gy = Ob; 


(-1)""an-1 + (-1)"7 @ 7 ant = (-1)""6,-1 + (-1)""! @ ie 1 bab 


=e 2 fo _ (%\yn-1 
by (i)m sie (t)s b, 


—dp — G1 — ... — Gn-1 — Gn = — bp — by — ... — Dn-1 — Dn 


| 
[=] 
= 
| 
Ye 
— 
ES 
[=] 
it~] 
> 
| 
| 
a 
- 3 
Wea” 
S 
i 
2 
3 
i} 


which becomes the same system as before! 


Therefore, p(x) = q(x), and y is injective. 
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Surjective? 
Let q(x) € Z[a], 
q(x) = bo + bia +... + bn” 
We want to find p(x) € Z[a] such that 
o(p(x)) = a(x) 


Suppose that p(x) = b + @. Since the degree of y(p(a)) equals the degree of p(x), we get that p(x) is of 
degree n; thus, 


p(x) =ap+ayrz+...+anz" 
Thus, y(p(x)) = g(x) becomes 
a9 +a;(b+a2)+...+a,(b+ 2)" =bo + bir+...+b,2” 


As when proving injectivity, this yields the system 


an = by 


n 
anit ("4 )aab = Oy-1 


a, + (;)axb-+ weet (7) or tan = b; 


ap +a, +...+4n-1 + a, = bp 


This system has a solution! 


An = bn 


n 
Qn—1 = bn-1 — ( ) ab 
n—1 


a; = b; — ({) axb- Leet (7) orton 


ao = bp — ay —... — Gn_-1 — Gy 


Similarly, if ¢(a) = b — a, then the system is 
Gn = by 


(1) tona + (1), Joab = bo 


—a, — (jax —...- (7 )ertan =bh 


—dp — Qj —...— Gn_-1 — Gn = by 


This can also be seen that it has a solution. 


A 


Therefore, we can pick a;,i = 0,1,...,m, such that 


¢(p(x)) = q(x), 


so is surjective. 


Step 6 60f7 
CONCLUSION! 


From the beginning, for yp to even have a chance to be an automorphism, it must be a mapping for which v(x) = 
b + 2, for some integer b, y(1) = 1, and we must extend it to be a homomorphism. 


On the other hand, all mappings defined by this way are automorphisms. 


Result TOT 


All mappings of the form y(1) = 1, and for some integer b y(x) = b + z, which we then extend on the whole 
ring Z[z]. 


Denote this map by yy. We must check that, for every z, y € R, we have that 
g(z@+y)=9(z)+ ely), (zy) =9(e)p(y), ~)=1 
Multiplicative identity? 
Since 
g(1) = =1, 
y maps the multiplicative identity to itself. 
Multiplication? 
Since multiplication on R is commutative by definition, 


p(zy) = (zy)? = (xy)(zy) --- (zy) = zy’ = v(x) p(y) 
p times 


42 


Addition? 


Letz,y € R.Then 


By the binomial theorem, 
P * . 
(e+y)?= -s (") gPty 
i=0 


Furthermore, all numbers 4 ) are integers! We have that 


(() = apa 


Let i # 0,7 ¥ p. Then all numbers which form products 7! and (p — 7)! are less than p, so none can divide it 
(because p is prime). Therefore, 
(jr 


for some integer k > 0. Therefore, since R is of characteristic p, 


@ ) aP'y! = pka?'y' = k(pa?~'y’) = 0 
1 Nees oe 
0 


For i = 0 ori = pwe have that (° ) = 1. Finally, with all this, we conclude that 
i 


Pp 
p(z+y)?=>> (") a? ty! = 2? + y? = o(z) + oly) 


i=0 
Conclusion. 


We checked all properties from the definition of a ring homomorphism, thus now we conclude that 9 is a 
homomorphism. 


Result Sats 


Hint: Denote this map by y. The multiplicative identity and multiplication property follow from the definition of yp 
and ring, respectively. To prove the remaining property, use the binomial theorem. 


9.a 
(a) 
Suppose that 2” = 0. Then 
(1+2a)(1—2+2?—...+(-1)" 12") =14 (-1)"1 2" =14+0=1 
Ka 
Therefore, 
(1+2))=1-24+2?-...+(-1)"'2"" 
so it is a unit. 
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(b) 


We first prove that 


By the binomial theorem, 


(r+y)?= 3 (")2 ty’ 


i=0 


Furthermore, all numbers (*) are integers! We have that 
1 


(() - m7 


Let i + 0,7 # p Then all numbers which form products i! and (p — 7)! are less than p, so none can divide it 


() =p-k, 
2 


for some integer k > 0. Therefore, since R is of characteristic p, 


(because p is prime). Therefore, 


(Ge iy! = pka? iy! = k(pa? ‘y') =0 
z Naan pee 
0 


For i = 0 ori = p we have that (") = 1. Finally, 


(t+ap= So (Pataise? 


i=0 


Inductively, for all positive integers m, 
m-1 1 
(1+a)” =((1+a)")"  =(1+a")" =...=1+a" 


Now let n be such positive integer such that a” = 0. Then, multiplying this equality by a, we get a”*! = 0. 
Inductively, we see that aé = 0, forallk > n. 


Now we observe numbers of the form p™, where m is a positive integer. For a sufficiently large m, we have that 
p™ > n; that is, a” = 0. From before, 


(1+a)?" =1+a"" =14+0=1 


Therefore, 1 + a is unipotent. 


Result Sofs 


(a) Show that (1+ 2)! = (1—a2+2?—...+(-1)""!2"") 


(b) Hint: prove that (1 + a)?” =1+a". 


10. a 
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First notice that (¢™), for any nonegative (possibly 0) integer m is an ideal in F'[[t]]. We will prove that those are all 
nonzero ideals in F'|[t]]. 


Let I be some nonzero ideal of F'|[t]]. Suppose that all f(t) in F'[[é]] are of the form 
F(t) =ant™ + amyit™* +..., 


for some nonnegative integer m, and that there is some element of J such that a,, + 0 (such exists because we 
assumed that J is a nonzero ideal). First of all, we can write 


F(t) =t" (Qn + Qmyit+...) 

which proves that f(t) € (t™). Therefore, 
Tc (t") 
Now let g(t) € J, 
g(t) = bmt™ + Omit”! +..., 

with bm + 0. We write 

g(t) = t"(bm + Omit +...) 
Since b,, 4 0, the power series 

bm + bmit +... 


is a unit in F'{[t]|! (Check Exercise 2.2) 


Thus, there exists some u(t) such that 
(bm + bmiit +...)u(t) =1 
This means that 
t™ = g(t)u(t) 
Since I is an ideal and g(t) € I, we conclude that ¢” € J. Furthermore, let h(t) € (t’). Then 
h(t) = tha(t), 
for some ho(t) € F'{[t]]. Finally, since t” € I and I is an ideal, we conclude that h(t) € I. Finally, 
(t") CT 


Now we conclude that J = (t™). Since I was an arbitrary taken nonzero ideal, all nonzero ideals in F'[[t]] are of 
this form. 


Result 


Zero ideal and principal ideals (t™), where m is a nonnegative integer (possibly 0). 
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This statement is false. 
Take the ring Z[a]. Consider the ideal 
I = (2) 
First of all, 
T = {2p(x) | p(x) € Z[a]} 


Clearly, the smallest degree among nonzero polynomials is 0. We will prove that 1 ¢ I, which is the only monic 
polynomial of degree 0. 


Suppose that 

lel 
Then there exists some polynomial p(x) € Z{z] such that 

= 2p(z) 


Since 2p(z) is of degree deg p, where deg p is the degree of p, we conclude that we must have deg p = 0. 
Therefore, p(x) = c, for some c € Z, c $ 0. Therefore, 


2c=1 
which is absurd. 


Therefore, I does not contain a monic polynomial of degree 0. 


Result 


The statement is false. Take Z{a] and the ideal (2). 


12. a 


Nonempty subset? 


Since I 4 @ and J $ 0) (they are also ideals of R), we conclude that J + J # 0). This is because we have some 
zélandycJ,sor+yel+J. 


The fact that J + J C Ris trivial; J C Rand J C R means that for each x € I we have that x € Rand for each 
y € J we have that y € R. Therefore, for every r + y € I + J we have that z + y € R since R is closed under 
addition. 


losed under ition? 

Let 21, z2 € I + J. Then there exist some 71, 22 € I, y1, y2 € J such that 
aA=M17Ty1 
22=%2+y 

Now, 

z+ z= (a1 + 22) + (yi + yo) 


since addition in the ring is commutative. Furthermore, since I, J are ideals, 71 + 2 € Tandy: + yw € J. 
Therefore, z1 + 22 €1+ J. 
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Closed under multiplication? 


Letr € R,s € I+ J. Then there exist some x € I, y € J such that s = x + y. Furthermore, because of the 
distributive law, 


rs=r(z+y)=ra+ry 


Since I is an ideal in R and € I, ra € I. Similarly, ry € J. Thus, rs € I + J, as required. 


Result 2of2 


Check the properties from the Definition 11.3.13. 


13. a 


Intersection. 
We check the properties from the definition of an ideal. 
Nonempty subset? 


Since I C Rand J C R, we know that 11 J C R. Moreover, it is easy to see that each ideal contains 0, so 0 € 
I and 0 € J, which in turn means thatO0 € TN JandI OJ #0. 


Closed under addition? 


Letz,y€IOJ.thena,y € I,sor+y € I since J is an ideal. Similarly, since 2, y € J, and J is an ideal, x + 
y € J. Finally, this means thata + y © TN J. 


Closed under multiplication? 


Letz EIN J,r € R. Since x € I, and IJ is an ideal, rz € I. Similarly, z € J, and J is an ideal, sorz € J. 
Finally, we conclude thatra € IQ J. 


Conclusion. 


We conclude that J) J is an ideal in R. 


Set of products is not an ideal. 
Consider the ring R{z, y], and ideals J = (x, y), J = (x,y). Then 
T= J = {zxp(z,y) + yq(x,y) | p(z,y), 4(2,y) € Rix, yl} 
Denote by K the set of products: 
K = {ab|acI,be J} 


Then it is clear that 7 € K,y? € K, but 2? + y* ¢ K, so K is not closed under addition, and hence it is not an 
ideal. 
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Product ideal. 
To prove that IJ is an ideal, we check the properties from the definition of an ideal. 
Nonempty subset? 


IJ C Ris trivial from the definition, since all products zy € R, and R is closed under addition. Since I, J are 
ideals, they are nonempty. Thus there exist some z € I,y € J.Nowzy € IJ,solJ 40. 


Closed under addition? 


n n~m n+m 
Leta,b€ IJ.Thena = >. TiYyi, y = b> zjyi, for some a; € I, y; € J. Thus, t+ y = p% xjyj. Finally, this 
i=l i=n+1 i=] 


means that a + y € IJ. 


Closed under multiplication? 


n 
Leta € IJ,r € R.Thenz = eB ziyi, for some x; € I, y; € J. Using the distributive law and the associativity of 
multiplication, 


n n 
re=r am = Do (rey 
i=1 i=1 
Since I is an ideal, we conclude that ra; € I. Finally, we conclude that rae € IJ. 


Conclusion. 


We conclude that IJ is an ideal in R. 


Relation between JN J and JJ. 
We will prove that IJ CIN J. 


Leta € IJ.Then 


n 
“= a TiYi, 
i=1 


for some 2; € I, y; € J. Since J is an ideal, we conclude that x;y; € J, fori = 1,2,...,n. Thus, 


n 
a= > xziyi € J 
i=1 
since J is closed under addition. 


On the other hand, since J is an ideal, we conclude that ajy; € I, fori = 1,2,...,m. Thus, 


n 
a= yy ay ET 
i=l 
since I is closed under addition. 


Finally, this means that a € I J. Since a was arbitrarily picked, we conclude that 
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The equality (and the other inclusion with it) need not hold. Consider R = Z, I = J = 2Z (so, the sets of even 
integers). Then 9 J = 22. 


On the other hand, leta € I.J.Then 


n 
a=) 2% 
i=l 
Since x;y; will be divisible by 4, a will also be divisible by 4. Thus, a € 4Z. Therefore, IJ C 4Z (the equality also 
holds but we do not need to show it here). 
Since 2 ¢ 4Z, we have 4Z C 2Z (a proper subset). Thus, 
IJ C4Zc ®Z=INJ, 


which shows that JJ #4 IO J. 


Result Sot 4 
To show that J + J and J.J are ideals, check properties from the definition of an ideal. 


To show that the set of products of elements of J and J is not ideal, consider the ring R[a, y] with J = J = 
(x,y). 


For the final question, show that JJ C I'M J, and that the equality need not hold. 


Section 4 


lia 
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We will first find the kernel of this homomorphism, which we will denote by y. 
First of all, clearly 

e(m) =m, 
for allm € Z, because y is closed under addition and multiplication by —1. 


Let f(x) & kery. Since y(f(x)) = 0, from the definition of y we get that f(1) = 0. Thus, 1 is a root of f(x)! 
Therefore, x — 1 divides f(x); that is, 


f(x) = (« — 1)g(z) 
for some polynomial g(a) € Z[z]. This means that 
kerp C (x — 1) 


To prove the other inclusion, let h(a) € (a — 1). Then there exists some polynomial p(x) such that h(x) = 
p(x)(a — 1). Now it is clear that h(1) = 0, so p(h(x)) = 0, and h(z) € kery. 


Finally, 
kerp = (x — 1) 


Now denote K = ker. Using the Correspondence Theorem, we can see what ideals I which contain K are. Let 
I be some ideal of Z[a] which contains K. By the Correspondence Theorem, there exists some ideal J in Z such 
that 


g(J)=I 


Since J is an ideal in Z, we know that J is a principle ideal; that is, there exists some m € Z such that J = (m). 


Now, 
J ={km|k €Z}, 
so 
g (J) = {f(e) | o(f(2)) = km, k € Z} 
Now let 


f(z) = Saiz! 
i=0 
be some polynomial in Z[z]. Then 
elf(z)) = Dai 
i=0 


Therefore, y maps f(a) to the sum of its coefficients! 
Therefore, 
e(f(x)) =n 
if and only if the sum of coefficients of f(a) is equal to n. Now we conclude that 
{p(z) | o(p(x)) = km, k € Z} 
is the set of all polynomials whose sum of coefficients is a multiple of m. 


Therefore, I is a set of polynomials whose sum of coefficients is a multiple of m. Since I was an arbitrarily taken 
ideal which contains K, all ideals which contain K are of this form (for some, maybe other, integer m). 
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Result S05 


Show that the kernel of this map is K = (a2 — 1). Then we can show that all ideals which contain K are the sets of 
polynomials with the sum of coefficients equal to some multiple of m, where m is some integer. 


Consider the homomorphism y : Z[a] — Z[i] defined by x ~~» i. First we prove that kerp = (x? + 1). 


Let f(x) € Z[x] be such that f(x) € kery. Then y(f(x)) = 0. This is equivalent to f (i) = 0. Thus, 7 is a root of 
f (x). By the complex conjugate theorem, we know that —7 is also a root of f(x). Thus, the polynomial 


(a +i)(z —i) = 2? 41 
divides f(z). This means that 
f(x) = 9(x)(2” +1) 
for some g(x) € Z[z]. Thus, 
ker(p) C (2 + 1) 


Now let h(a) € (x? + 1). Then there exists some h(a) such that h(x) = ho(x)(a? + 1). Thus, h(i) = 0, which 
means that y(h(x)) = 0, and h(x) € ker(y). Thus, 


(2? +1) C ker(y) 
Finally, we conclude that 

ker(y) = (2” +1) 
which we wanted to show. 


Now, by the Correspondence Theorem, the ideals which contain (x? + 1) correspond to ideals in Zii}. 


Result 


They correspond to ideals in Z [i]. 


3.a 
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(a) 


Let I = (x? — 3, 2x + 4). Then f(x) € I if and only if there exist polynomials p(x) € Z[z], q(x) € Z[z] such 
that 


f(x) = p(x)(x? — 3) + q(x)(2zx + 4) 
Now if we take p(x) = 2, q(x) = 2 — a, we get 
2(x? — 3) + (2—a)(2a +4) = 2a” —6+ 4a + 8 — 2a” — 42 = 2 
Thus, 2 € J. 
Now 4=2-2€1I,so 
(2? -3)+4=2?+1eI 
We will prove that 
I = (2? +1,2) 
First of all, clearly 
(2? + 1,2) CJ, 
since (2? + 1), 2 € I, and (x + 1, 2) is the smallest ideal which contains those two elements. 
On the other hand, 
2? +1+(-2)2=2? -3, 


so x? — 3 € (2? + 1,2). 


Also, 
(2 + 2)2 = 22 +4 € (2? + 1,2) 
Using the same argument as before, 
I = (2? — 3,22 +4) C (2? + 1,2) 
Therefore, 
I = (2? +1,2) 
So, what we will identify is 


Zz] /(x? + 1,2) 
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From Example 11.4.5., we know that 

Za] /(x? + 1) Zi] 
Since the image of 2 by homomorphism 2 ~» 7 is 2, we get that 

Zz) /(x? + 1,2) = Z[i]/(2) 

Now it is easy to see that 

Zt] /(2) + (Z/2Z)ft] 
Truly, define a homomorphism 

f(a+ bi) =a+ bi, 


where a,b € Z, a,b € Z/2Z. This is a surjective homomorphism with kernel (2), because both a and b must be 
even for a + bi to be in the kernel. Thus, by the First lsomorphism Theorem, 


Zi] /(2) + (Z/2Z)ft] 


Finally, we now get that 


Z/ (x? — 3,22 + 4) = (Z/2Z) fi] 


(b) 
This is similar to Example 11.4.5. First of all, 
Z/(z* +1) = Z[i] 
Since the image of 2 + 2 by the function x ~» iis 2 + i, we conclude that 
Z/(z? + 1,2 +2)  Z[i](2 +4) 


Now the homomorphism Z[z] — Z x ~» —2 has the kernel (2 + 2). On the other hand, this homomorphism is 
clearly surjective, so 


Z[a]/(2 +2) + Z 
by the First lsomorphism Theorem. 


The residue of x? + 1 is 5, so we now kill 5 in Z, meaning that 


Z{i]/(i + 2) © Zla]/(z? +1, 2 +2) x Z/5Z 
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() 
Let I = (6, 2” — 1). Since 
3 = 6-2 + (2x2 — 1)(-3), 
we conclude that 3 € I. Furthermore, 
(2a —1)-(-1)+3-t7=2+1€], 
since I is an ideal, so 32, —(2a — 1), and their sum is in I. 
Now we prove that 
I= (3,2 +1) 


First of all, since 3, (a + 1) € I, and (3, x + 1) is the smallest ideal which contains these elements, we get 


(3,a2+1)Ee] 

Similarly, 
6=3-2€ (3,2 +1) 
and 
22 —1=(r+1)-2+3-(-1) € (3,7 +1) 
Thus, 
I = (6, 2x — 1) C (3,2 +1) 

and 

Ir=(3,2+1) 
Thus, 


Z{a](6, 2x — 1) = Z[x](3,2 +1) 


Now we consider a homomorphism Z[x] —> Z which sends x ~» —1. Its kernel is (2 + 1) and itis clearly 
surjective. Thus, by the First lsomorphism Theorem, 


Z[x]/(e + 1) + Z 
The image of 3 under this homomorphism is 3, so we kill 3 in Z, from which we get 
Za] /(a + 1,3) + Z/3Z 


Finally, 


Z[x]/(6,22 — 1) = Z/3Z 
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(d) 
Let I = (2x27 — 4, 4x — 5). First of all, 
(2x? — 4) -2+ (4x — 5)(—w — 1) = 42” -8 —427 +2+5=2-3 
So, x — 3 € I. Now, 
(a — 3) - (—4) + (42 — 5) =7, 
so 7 € I, since J is an ideal, so it is closed under addition and ring multiplication. 


Now we will prove that I = (a — 3, 7). Since (x — 3),7 € I, and (x — 3, 7) is the smallest ideal which contains 
these elements, we conclude that 


(« -— 3,7) CT 
On the other hand, 
Qn? — 4 = (x — 3)(—5a — 1) + 7(x? — 22 — 1) 
and 
42 —5 = (aq — 3) -4+7 
so 
I = (22 — 4, 42 — 5) C (x — 3,7) 
Thus, 
I= (a —-3,7) 

and 


Z[z]/(2x? — 4,42 — 5) = Z[z]/(z — 3,7) 


We now consider the homomorphism Z[z] — Z which sends x ~» 3. Its kernel is (2 — 3), and it is clearly 
surjective. Thus, by the First lsomorphism Theorem, 


Z{z]/(z - 3) = Z 
Moreover, the residue of 7 is 7, so we kill 7 in Z, obtaining 
Z[2]/(x — 3,7) = Z/7Z 


Finally, this means that 


Zz] /(22? — 4,42 — 5) = Z/TZ 
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(e) 


Consider the homomorphism f : Z[z] + Z[/—3] given by z ~» /—3 = iV3. It is clearly surjective. We will 
find its kernel. 


By definition p(z) is in kerf if and only if f(p(a)) = 0. By definition of f, this is if and only if p(i/3) = 0. Thus, 
p(2) is in the kernel if and only if i+/3 is its root. By the complex conjugate theorem, —iV/3 is also a root of p(z). 
Thus, the polynomial 


(a — i¥3)(a +iv3) = 2? +3 

divides p(x), so 
p(x) = (2” + 3)q(z) 
By all of the above, p(z) is in the kernel of f if and only if it is of the above form; thus, 
kerf = (x? + 3) 
By the First lsomorphism Theorem, 
Z/(x? + 3) = Z[V—3] 

Moreover, since the residue of 5 by f is 5, 

Z/(x* + 3,5) = Z[v—3}/(5) 
Now define a homomorphism g : Z[/—3] — (Z/5Z)[/—3] by 

g(a + b—3) =a+bV-3 


It is clearly a surjective homomorphism, with the kernel (5) (because for a + by/—3 to be in the kernel, both a 
and b must be divisible by 5). Thus, by the First lsomorphism Theorem, 


Z|v-3]/(5) © (Z/5Z)[V—3] 


Finally, 


Z (x? + 3,5) = (Z/5Z)[V—3] 


Result 
(a) (Z/2Z) {i 
(b) Z/5Z 
(©) Z/3Z 
(A) Z/7Z 
) (Z/5Z)|v—3} 


Suppose that they are isomorphic. We will first inspect some properties of these rings. 


First of all, if we define a homomorphism with f(x) : Z[a] + Z[/—7], « ~» /—7. itis clearly surjective, 
because f(a + br) = a + by/—7, for all integers a, b. 


Now let us find its kernel. Suppose that p(a) € kerf. Then f(p(x)) = 0, so p(\/—7) = 0, which means that 
V—T7 = iv7 isa root of p(z). By the complex conjugate theorem, —iy/’7 is also a root of p(a). Thus, the 
polynomial 


(x —iV7)(a +iV7) = 27 +7 
divides p(a); that is, 
p(x) = (x? + 7)q(z) 
Thus, p(x) € (2? + 7), sokerf C (x? + 7). 


For the other inclusion, let h(x) € (a? + 7). Then h(x) = (x? + 7)g(z) for some Z[a]. Clearly h(i/7) = 0, so 
f(h(x)) = 0, and h(w) € kerf. 


Now we conclude that 
kerf = (2? +7), 


so, by the First lsomorphism Theorem, Z[z]/(x? + 7) is isomorphic to Z[/—7]. 


Now we conclude that Z[]/(2z? + 7) is isomorphic to Z{./—7]. We will prove that this is impossible. 
First of all, 

(2+ (Qa? + 7))((x? + 4) + (227 + 7)) = 1+ (227 +7), 
so 2 + (2x? + 7) is invertible in Z[x]/(2z? + 7). 


On the other hand, we will prove that 2 is not invertible in ZV —7]. Suppose that it is. Then there exists some a + 
b/—7 € Z[/—7], with a, b integers, such that 


2(a + b/—7) =1 
This means that 
2a + VTi =1 
and 
Ja=1, 


which is absurd. Thus, 2 is not invertible in Z[./—7]. 


Now let g : Z[a]/(2x? + 7) + Z[./—7] be some isomorphism. First of all, by definition of homomorphisms, 
y(1 + (22? +7)) = 1and 


(2 + (2a? + 7)) = (1 + (227 + 7)) + o(1 + (227 +7)) =14+1=2 
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Now let u = (2 + (22? + 7))~!. Then 
1 = y(1 + (227 + 7)) = o((2 + (22” + 7))u) = o(2 + (22? + 7))p(u) = 29(u) 
However, this means that ¢(u) = 2-} in Z[,/—7], which is impossible (as proven before). 


Thus, Z[ax]/(2x? + 7) and Z[,/—7] are not isomorphic. With this, we conclude that Z[z] /(2x? + 7) and 
Zz] /(x? + 7) are not isomorphic. 


Result 


They are not isomorphic. 


Section 5 


lia 


We use the result of Proposition 11.5.5 (c). 


Let 3; = a3 +a? +a, By = 0° +1. Then g(x) = 23 +2? +2, go(x) = 2° +1, 
and 
n(2)go(2) = 28 +a +28 4 a3 42% +2 


Now we need to divide g;(x)go(x) by f(x). 


r -—2 
at+a3 +a? +41) 28 +27+28 +23 +2? +2 


-a—7? — 76-27-24 
-2—gi+23 +2? +2 
e+a2'+a2% +27 +2 


2x* + 2x? + 2x 
Thus, 
(x) g2(x) = f(x)(at — 2) + 2x? + 22? + 2r 
Thus, 
B, Bq = 20° + 2a? + 2a 
Result 
2a° + 2a? + 2a 
2.a 


3of3 
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The relation is 


Thus, what we really need to show is that 
R{z|/(c —a) +R 


Observe the homomorphism R[x] —+ R which sends x ~» a. Then its kernel is (x — a), and it is clearly 
isomorphic (for any r € R, we have that z + (r — a) ~» r). Thus, by the First lsomorphism Theorem, 


R{z|/(cx-—a)~R 


as required. 
Result 
What we really need to show is 
R{a|/(t#-—a)~R 
(Hint: use the First lsomorphism Theorem.) 
3. a 


The inverse of 2 is anumber @ such that 


Thus, we get the relation 
2a—-1=0 

Therefore, we need to identify the ring 

(Z/12Z)[x]/(2a — 1) 
Let J = (2% — 1). Since 12 = 0 in Z/122Z, we get that 

6 = 6 — 12x = (—6)(2z — 1) 

Therefore, 6 € I. Now, 

6z — 3 = 3(2z — 1) 
is in I. Furthermore, 

3 = 62 — 3(2z — 1) 
Thus, 3 € I. 
Furthermore, 


z—2=—(2z2 —1) + 3(z-1) 
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Thus, z —2€ I. 
Finally, 2 — 2 is monic in (Z/12Z)|z], so we can divide f(x) € (Z/12Z)|{z] by it: 


f(z) = 4(x)(@ — 2) +m, 


where m € Z/12Z. Furthermore, we can write m = 3k + l, for some! € {0, 1,2}. We conclude that 


f(x) = q(x)(x — 2) + 3k +1 => f(x) —l =q(x)(x — 2) + 3k 


The right side is in I, so f(x) — 1 € I. This means that every element of the quotient ring (Z/12Z)|z]/T is equal 


tol +I, where l € {0, 1,2}. This precisely means that 


(Z/12Z)|[x]/(2x — 1) + Z/3Z 


Result 


We get aring isomorphic to Z/3Z. 


(a) 
We need to identify the ring 
Z{a|/(2x — 6, 6a — 15) 
Let J = (22 — 6, 62 — 15). Notice that 
3 = (2x — 6)(—3) + (6z — 15), 
so 3 € I. Moreover, 
x = 3(x — 2) + (22 — 6) - (-1) 
Thus, z € I. 
Now we will show that 
f=(3,2) 
Since 3, x € I, and (3, z) is the smallest ideal containing these elements, we conclude that 
(3,2) CI 
On the other hand, 2a — 6 and 62 — 15 are clearly in (3, x), so we have that 
I = (2x — 6,62 — 15) C (3,2) 
Finally, 
I = (3,2) 


Thus, we identify the ring Z[a] /(3, x). 


20f 2 


First of all, consider the homomorphism Z{z] —+ Z which sends x ~» 0. Clearly it is surjective and its kernel is (2). 


Thus, by the First lsomorphism Theorem, 
Z[z]/(x) = Z 


The residue of 3 is 3, so we kill 3 in Z and get 


Z[z]/(z, 3) = Z/3Z 
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(b) 
We need to identify the ring 
Z[z]/(22 — 6, x — 10) 
Let I = (2x — 6, x — 10). Notice that 
14 = (2x7 — 6) + (x — 10)(—2), 

sol4e I. 
Now we will show that 

I = (14,2 — 10) 
Since 14, (2 — 10) € I, and (14, 2 — 10) is the smallest ideal containing these elements, we conclude that 

(14,2-—10) CI 
On the other hand, 

22 —6 = (x — 10)-2+14 
which means that 2x — 6 € I. Thus, 
I = (2x —6,x — 10) C (14,2 — 10) 

Finally, 

I = (14,2 — 10) 


Thus, we identify the ring Z[z] /(14, 2 — 10). 


First of all, consider the homomorphism Z[2] —> Z which sends x ~» 10. Clearly it is surjective and its kernel is 
(a — 10). Thus, by the First lsomorphism Theorem, 


Z[z]/(z2 — 10) + Z 
The residue of 14 is 14, so we kill 14 in Z and get 


Z|x}/(14, 2 — 10) = Z/14Z 


(NOTE: since we already had a monic polynomial, we could immediately use the homomorphism VAE — Z which 
sends x ~» 10 and confirm that the residue of 2x — 6 is 14.) 
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(c) 
We need to identify the ring 
Za) /(a* + 2? +. 1,27 + 2) 
let I = (2° + a? +1,27 +2). Then 
1 = (a? 4+ 2? +1) 4+ (a? + 2)(—2) 
So, 1 € I. But this means that J = Z[z]! Moreover, this means that 


2{a]/I = (0) 


(the zero ring). 


Result 
(a) Z/3Z 
(b) Z/14Z 
(©) (0) (the zero ring) 
5. a 


Let I = (a), J = (x? — 1). If F is of characteristic 2, then 
(2 —1)? = 2? -22+1=2?+1=27-1 


(the last equality follows from 1 = —1 because of characteristic 2). Now define a homomorphism F’ [z] > 
F[z]/((x — 1)?) which sends z ~» 2 — 1. Then this ring is clearly surjective and its kernel is (x?). Thus, by the 
First lsomorphism Theorem, 


F[z]/(x*) = F[z}((x — 1)°) 


Now suppose that F is not of characteristic 2 (that is, its characteristic is more than 2). Here we have that —1 4 1 
(because this would imply that 2 = 0 in F, and 2r = 0 for every r € F, so F would be of characteristic 2). 


Now we see that 
(2+ (1))(z2+ (1) =2?7+1=1, 
since x? € I. 
On the other hand, we now suppose that there exists some polynomial f(x) € F [z] such that 
(f(x) + J)(F(2) + J) =J 
This means that 
f(2e+J=J, 
so f(a)? € J. Since J = (x? — 1), this means that 
f(x)? = (2” — 1)9(z) 
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for some polynomial g(x) € Fz]. From this we get that 
f(1)? = (1 1)g(1) = 0 
and 
f(-1)? =0 


Now let f(1) = a, for some a € F. Then a” = 0, and, after multiplying this equality by a~ 
f (1) = 0. Similarly we get that f(—1) = 0. 


1 we get a = 0. Thus, 


So, 1 and —1 are roots of f(x), meaning that z — 1 and z + 1 divide f(z). Thus, 
f(x) = (w+ 1)(@ — 1)p(a) = (x? — 1)p(z) 
for some polynomial p(x) € F'[z]. But this means that f(a) € J, so 
f(z) +J=J 
This means that F'[x]/.J does not have any nonzero nilpotent elements. 


Suppose that F[ax]/I and F[x]/J are isomorphic, and let p be some isomorphism. Let p(x) + J = p(x +1). 
Then 


p(t)? + J = 9(2? +1) = 91) =J 


Thus, p(x)? + J = J, which means that p(x) + J = J. But this means that x + J is in the kernel of ¢ (since J is 
zero in F[]/J). Thus, the kernel of y contains something other then a zero (here the zero is I), which is 
impossible since yp is an isomorphism so it must be injective and have a trivial kernel! 


Thus, if F’ has a characteristic of more than 2, the rings are not isomorphic. 


Result Sof 


They are isomorphic if and only if F’ is of characteristic 2. 


6. a 


(a) 
Since 8 € R’ itis of the form 
B=by+bia+...+ hak 
where bo, bi,..., bd. € R. 
Since aa = aa = 1, we can write 
B = a*(a*by + a* 1b, +... + by) 


Since a*by + a*-1b; +... +b, € R, we have proven the statement. 
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(b) 
Denote the map by y. Suppose that a"b = 0. Then 
p(a"b) = (0) = 0 
Moreover, 
g(a"b) = p(a)"e(b) = a" (db) 
Thus, 
a"p(b) =0 
Since a has an inverse a (in the ring R’ of course), we multiply this equality by a” to get 
y(b) =0 
Thus, b is in the kernel of y. 


On the other hand, we use the fact that R’ = R[x] /(az — 1) to conclude that if bis in the kernel of y, then b € 
(ax — 1) (because the kernel of the whole projective mapping 7 is (az — 1)). From this, 


b= (ax — 1)p(z) 


for some polynomial p(x) € Riz]. 
Now we write 


p(x) = cna” +... +c1@ +09 
Thus, 


b = (ax — 1)p(x) = (acn)2"*! + (acen_1 — en)2" +... + (aco — c1)2 + (—cp) 


This is a polynomial equation, so 


b=—-c 
acy — cc; = 0 
ACn_1 — Cn = 0 
ac, = 0 
Now we get equalities: 
b=—co 


Thus, a”*!b = 0, so the statement is proven. 
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(c) 


Suppose that a is nilpotent; thus is, there exists some positive integer n such that a” = 0. Now we have that 
a"b = 0, for allb € R, so all elements of R are in the kernel of y! This means that R’ must be a zero ring. 
(Otherwise, by the definition of a homomorphism, we would have (1) = 1, which is impossible here.) 


On the other hand, suppose that R’ is a zero ring. Then we must have that ¢(b) = 0 for allb € R (since y(b) € 
R' = {0}). Specially, 1 is in the kernel of y. This means that there exists some positive integer n such that a” - 1 = 
0. However, a” - 1 = a”, so a” = 0, meaning that a is nilpotent. 


Result 4of4 
(a) Use the fact that 6 = bp + ba +... +b,” for some b; € Rand thataa = aa = 1. 
(b) It is easier when you write R’ = R{x]/(ax — 1). 


(c) Use (b). 


7.a 


By definition, Laurent polynomials are polynomials of the form 
n 
f(t) = So ait apt ™ +... 409+... + aqt” 
i=—m 


for some nonnegative integers m,n and a; € F. 


Now we denote by L the set of Laurent polynomials, and observe a homomorphism R [a] — L which sends 
x ~» t7!. Since g(x) € Riz] (because R = F{t}) is of the form 


g(x) = ao(t) + ai (t)a +... + an(t)x” 
(so coefficients are polynomials in variable t), we will prove that this homomorphism is surjective. Let f (t) EL, 
n 
F(t) = Oo ait 
i=-—m 
and 
g(x) = (am + G_miit +... + ant™™)2™ 
Now we see that g(a) ~» f(t), so the homomorphism is really surjective. 


Now we find its kernel. Suppose that g(z) is in the kernel. Divide g(x) by (ta — 1): 


g(x) = 4(z)(tz — 1) + r(x) 


Thus, r(x) is a constant polynomial. Moreover, g(t~?) yields 
r(t“!) =0. 
so r(x) is a zero polynomial. Finally, 
g(x) = q(z)(tx — 1) 
This means that the kernel is the set (ta — 1). 
Finally, be the First lsomorphism Theorem, 
R{z|/(t2 —1) = L 


as required. 
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Result 
Prove that 
Riz|/(tz —1) = L 


by defining ahomomorphism Rix] — L which sends x ~» t~. 


Section 6 


lia 


First of all, by the definition of y, we get that 
o(f(x)) = (F(), F(®)) 
Now let f (2) be in the kernel of y. Then 
(0,0) = o(F(x)) = (F(1), F(a) 


This means that f(1) = f(z) = 0, sol and i are roots of f(x). Furthermore, by the complex conjugate theorem 
we conclude that —? is also a root of f(a). This means that polynomials z — 1, x — i, and x + i divide f(z). 
Since 


(x — 1)(x — i)(x +i) = (x — 1)(z +1), 
so (x — 1)(x? + 1) divides f(z). This means that 
f(x) = (@ — 1)(a* + 1)q(z) 
for some polynomial g(a) € R{z]. This means that f(a) € ((z — 1)(x? + 1)), so 
ker C (x — 1)(x? + 1)) 


For the other inclusion, let g(a) € ((a — 1)(x? + 1)). Then g(x) = h(x)(a — 1)(x? + 1) for some h(x) € 
R[a]. Now g(1) = g(t) = 0, so y(g(x)) = (0,0), and g(x) € kery. Therefore, 


((z — 1)(z? +1)) C kery 
and 


kerp = ((x — 1)(z” + 1)) 
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Now to find the image. First of all, f(1) € R, for every polynomial f(x) € R{z], so 
imp CRxC 
We will prove that the other inclusion also holds. Let 
(a,b+ci)ERxC 
Now we need to find a polynomial f(x) € R{z] such that 
o(f(x)) = (a,b + et) 
That is, 
(f(1), f(®)) = (a,b + ct) 


Since coefficients of f(a) are real, this will become a system of three equations. Thus, we need three variables to 
solve it. Let f(a) = dy + dja + dx. Then 


o(F(x)) = (F(1), F(@)) = (do + dy + da, do + di — dy) 


Thus, 
dg+d,+d,=a 
dj = —d)=b 
d; =c 


Thus, Now the system becomes (ignoring the third equation because we do not need it anymore) 


dy +dy)=a-—c 
dy —d, =b 


Adding these equations together, we get 


a+b-—c a-—b-c 
[a= tte 8] Similarly, by subtracting the second equation from the first, we get 


Thus, when we set f(a) = do + dyx + doa? with these d;, we get 


o(f(x)) = (a,b + ct) 


So, every point of R x C gets hit, so 


Rx CC imp 
and 
Result 
kerp = ((2—1)(z?+1)), imp =RxC 
2.a 
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Z/(6) and Z/(2) « Z/(3) 
We will prove that the statement holds. First, Z/(2) x Z/(3) is equal to the set 
{((2), (3), ((2),1 + (3)), ((2),2 + (3)), (1 + (2), (3)), (1 + (2), 1 + (3)), (1 + (2),2 + (3))} 
Define a mapping 
gy: Z-—+Z/(2) x Z/(3), y(m) = (m+ (2),m + (3)) 
Now we prove that ¢ is surjective. Truly, 
(0) = ((2), (3)) 
y(1) = (1 + (2),1 + (3)) 
p(2) = (2 + (2),2 + (3)) = ((2),2 + (3) 
9(3) = (3 + (2),3 + (3)) = (1 + (2), (3) 
p(4) = (4+ (2),4 + (3)) = ((2),1 + (3) 
(5) = (5 + (2),5 + (3)) = (1 + (2),2 + (3)) 


) 
) 
) 


Now we need to find a kernel of y. Suppose that m is in the kernel of yy. Then, because (2) is the zero in Z/(2) 
and (3) is the zero in Z/(3), 


((2), (3)) = e(m) = (m + (2),m + (3)) 


Thus, m + (2) = (2), which means that m € (2), so there exists some integer k such that m = 2k. Furthermore, 
m + (3) = (3), som € (3). This means that 2k € (3), so 2k = 31, for some integer I. This means that 3 divides 
2k. Moreover, 3 is prime, so it must divide either 2 or k. Since it does not divide 2, it divides k; thus, k = 3n, for 
some integer n. Finally, 


m=2k=6n 
for some integer n, so 
m € (6) 
This means that 
kery C (6) 


To prove the other inclusion, let a € (6). Then a = 68, for some integer b. Thus, 
(a) = (6b) = (6b + (2), 6b + (3)) = ((2), (3)) 
since 6b € (2) and 6b € (3), so 6b + (2) = (2) and 6b + (3) = (3). So, a Ekery. Finally, this means that 
(6) C kerp 
and 
kerp = (6) 
By the First lsomorphism Theorem, we conclude that 


Z/(6) ~ Z/(2) x Z/(3) 
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Z/(8) and Z/(2) x Z/(8) 


Let y : Z/(8) + Z/(2) x Z/(8) be some homomorphism. Then we must have that y(1 + (8)) = (1+ 
(2), 1 + (4)) (because homomorphism sends the multiplicative identity to the multiplicative identity). Now, 
because ¢ is ahomomorphism 


(4 + (8)) = o((1 + (8)) + (1 + (8)) + (1 + (8)) + (1 + (8) + (1 + (8))) 
= p(1 + (8)) + e(1 + (8)) + e(1 + (8)) + e(1 + (8)) 
= (1+ (2),1+ (4)) + (1+ (2),1+ (4)) + (1+ (2),1+ (4)) + (1+ (2),1+ (4)) 
= (4+ (2),4+ (4)) 
= ((2), (4)) 
(the last equality holds because 4 € (2) and 4 € (4), so4 + (2) = (2) and4 + (4) = (4)). 


Thus, 4 + (8) & ker. However, 4 + (8) is not a zero in Z/(8)! Thus, y has a kernel which contains a nonzero 
element, so it cannot be injective. Neither can it be isomorphism. Since 9 was arbitrarily taken homomorphism, we 
conclude that there exists no isomorphism between these two rings, so they are not isomorphic. 


eouu 
First: yes 


Second: no 


Let R be the ring of order 10. Let R~™ be the additive group (R, +). 


Since 10 = 2 - 5, by the First Sylow Theorem, there exists a p-subgroup of order 5 in R™. By the Third Sylow 
Theorem, the number of such subgroup is 5k + 1, where k is a nonnegative integer and it divides the order of the 
group Rt: 10. This means that we must have only one p-group; by the Corollary of the Second Sylow Theorem, we 
conclude that it is a normal subgroup of R™, so we denote it by NV. 


Since it is normal, it makes sense to observe a quotient group R™ /.N; since 


pel 


2 
|N| 


|R*/N|= 
Thus, 
R*/N ={N,aN} 
for some a € R*,a ¢ N. This means that 
R* =NUaN 
so 
R* = {0,b, 2b, 3b, 4b, ab, 2ab, 3ab, 4ab} 


(here we write the elements using the additive notation; thus b* = kb). 


Moreover, now it is clear that 
R =H+N, 


where H = {0, a}. Furthermore, since R* is commutative, both H and N are normal in R*. Finally, HN = 
{0}. This means that 


R7xHxWN 
Now we easily see that H + Z/2Z and N = Z/5Z. Furthermore, a function 
f : (Z/2Z) x (Z/5Z) — Z/10Z 
given by 
f(a,b) = (5a) +6 


is easily seen to be an isomorphism (of additive groups). 


Thus, 
R* = H x N = (Z/2Z) x (Z/5Z) = Z/10Z 
Since R* is isomorphic to Z/10Z, we will prove that our ring R is also isomorphic to Z/10Z. 


Let bea multiplicative identity in R. We will prove that it is of order 10 in R™. If it is of order less than 10, say n, 
then 


nr =(n-1)r=0 


Thus, all elements of R* are of order less than 10, which is impossible since R™ is isomorphic to Z/10Z, so it must 
have an element of order 10 (since Z/10Z has an element of order 10). 


So, 1 is of order 10, and since R also has 10 elements, we conclude that 
R={0,1,3,3,::.,5), 
where 2 = 1 + 1 andso on. Nowitis easily seen that 


y:R—-Z/10Z, y(a)=a 


is an isomorphism (of rings!). 


The fact that y(1) = 1 is clear from the definition. Moreover, y(a@ + b) = y(@) + y(b) follows because 1 is of 
order 10 (so, the same as 1 in Z/10Z), and 


@=1+...4+1 
—_—— 
a times 


Similarly, because of the distributive law, the product of @ and bis the sum of ab I's, which proves that 


y(ab) = 9(a)p(b) 


Result 4ot4 


Allof them are isomorphic to Z/10Z. 


4.a 
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(a) 


This relation is given by a monic polynomial f(x) = z?+2+1,s0 {i, a} is a basis for Fy Cy) (see Proposition 
11.5.5 (a)). Thus, 


Ria] = {a + ba | a,b € Fy} = {0,1,a,1+ a} 
Furthermore, 
a(l+a)=a+a?=-1=1 


(from relation, and —1 = 1 in Fy), so a and 1 + aare invertible in R[a]. This means that R{a] is a field of four 
elements! (1 is clearly invertible.) 


(b) 
The same as in (a), 
Ria} = {0,1,a,1+ a} 


Since 


avis invertible (recall that —1 = 1 in F9). Furthermore, 
(1+a)?=1+2a+a7=1+a?=0 


Thus, it cannot be invertible. If it was invertible, multiplying the above equation by (1 + a) would yield 1 + 
a = 0 which is impossible. 


Thus, in this case, this set is not a field. Also, we cannot say anything more which would be interesting. 


() 
As before, 
Ria] = {0,1,a,1+ a} 
Here 
a® = -a=a 


(since —a@ = ain F9), so a is idempotent. By Proposition 11.6.2, we get that 
Rial ~ (aR) x ((1— a)R) 
First of all, 
aR = {0,a,a", a? + a} = {0,a} 
after using that a? = a. Moreover, 1 — a = 1 +a, and 
(1+a)R = {0,1+a,a+a’,(1+a)*} = {0,a} 
since (1 +a)? =1+2a+a?=1+a. 


Thus, since a 


= a, so it will serve as an identity, 
aR x= Fo 
(l—a)R Fy 


Finally, 


Rio] = Fp x Fe 
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Result 
All sets are Ria] = {0,1,a,1+ a}. 
(a) Here R{a] is a field. 
(b) Here R{a] is nota field, but a is invertible (1 + a is not). 


(©) Here R{a] is isomorphic to Fo x Fo. 


The relation is 
a®?-1=0 
Thus, we must identify the ring 
R[z|/(z* — 1) 
Define J = (2? — 1) = ((a — 1)(x + 1)) (since 2? — 1 = (x — 1)(x + 1)). Now we will define a function 
f:Riz]>RxR, f(p(z)) = (p(1),p(—1)) 
This is clearly a homomorphism. Now we will find its kernel and image. 
Suppose that p(x) € R[z] is in the kernel of f. Then 
(0,0) = f(p(z)) = (p(), p(—1)) 
Thus, 
p(1) = p(—1) = 0, 
so p(x) has roots | and —1. This means that polynomials (2 — 1) and (a + 1) divide p(x). Moreover, 
(2 —1)(2 +1) = 2? -1, 
so (x* — 1) divides p(z); that is, 


p(x) = (2” — 1)q(z) 


for some polynomial g(a) € R[z]. Thus, p(a) € (x? — 1) = I, and 
kerf CI 
To prove the other inclusion, let p(x) € I. Then p(x) = (x? — 1)q(x), so p(1) = p(—1) = 0. Now 
f(p(z)) = (PQ), p(—-1)) = (0,0), 
so p(x) € kerf. Thus 
I Ckerf 


and 


kerf =I 
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Now we want to prove that the image of f is R x R. Let (a,b) € R x R. We want to find a polynomial p(x) € 
R{z] such that 


f(p(x)) = (a, 6) 
Since f(p(x)) = (p(1), p(—1)), this yields a system 


p(1) =a 


So, we have two equations, so it would be great if we had two variables. Thus, p(a) would be of the first degree: 


p(t) =a+ Be 
Now our system becomes 
a+B=a 
a—B=b 


Thus, 
F(p(x)) = (a, 6) 
when we set these coefficients, so (a, b) is in the image of f. Thus, f is surjective. 


Now by the First Isomorphism Theorem we conclude that 


R[z]/(z? -1)+Rx R, 


as required. 
Result 
Hint: define the homomorphism 
f:Riz] > RxR, f(p(z)) = (p(1),p(-1)) 
and use the First lsomorphism Theorem. 
6.a 
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Aset pis defined as the ring which shows the binary functions with respect to addition and 
multiplication and also satisfies the statement that the set is abelian under addition, monoid 
under multiplication and is distributive under multiplication with respect to addition. 


Comment 


Step 20f5 « 


To find: The ring obtained from the product ring R x R by inverting the elements (2,0) 


For the above poof first prove that the any adjoin element « which satisfies the relation ,* — | to 
the real number R then the resulting ring is isomorphic to the product ring R x R 


The proof is as follows; 
For the proving the result first consider the resulting ring to be R such that; 
R= R[x|/(x -1) 
Now, consider the map; 
a:R{x| —RxR 
Defined as, 
f->(F().F(-1) 
So, from the above mapping the kernel will be; 
ker =(x? =1) 
= ((x+1)(x-1) 


Now, by first isomorphism theorem which states that; 

Let f:R— R'be a ring homomorphism with kernel x and let 7 be another ideal. Let x. R—. R 
be the canonical map from Rto R = R/J and consider #:R— R’such that fx =f. If fis 
surjective and 7 — K then fis an isomorphism 

Hence, by the above theorem als surjective. 

Thus, R — Rx Ris an isomorphism 


Comment 


Step 40f5 “ 


Now, let; 
f=ar+b 
€ R[x] 
Consider / to be of degree }, then; 
O(ax+b)=(a+b,a—b) 
And, finally consider; 
(a+b,a—b) =(x,y) 
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Hence, from the above proved isomorphism; 
x+1— (2,0) 
Such that the ring is given as shown below: 
Rix,y _Rls(r+)'} 
(x°=L(x+I)y-1)  (x*=1) 
zs R{x,(x+1)'| 
((x+1)(x-1)) 
7 R|x(x+1)'] 


(x-1) 
=R 
Here, since x + has residue 2 in R= R[x|/(x* —1) 


Rix,y 
Therefore, the required ring is mae 


(2x) and (2) N (x) 
Let f(x) € (2a). Then there exists some polynomial g(x) € Z such that 
f(z) = 2xg(z) 


But this means that f(x) € (2) (because rg(z) is a polynomial), and f(a) € (a) (because 29(z) isa 
polynomial). Thus, f(x) € (2) 9 (x), and 


(2x) C (2) 9 (2) 


On the other hand, let p(x) € (2) M (x). Since p(x) € (2), there exists some polynomial h(x) € Z[z] such that 


p(x) = 2h(zx) 

Furthermore, p(x) € (2x), so 
p(x) = rh2(x) 

So, 2h(x) = rho(z), for some h(x) € Z[z]. This means that h(0) = 0, so x divides h(z); thatis, 
h(x) = xq(x) 


for some q(x) € Z[a], and 


p(x) = 2xq(zx) 
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Thus, p(x) € (2x), and 

(2) (x) C (2x) 
Finally, 

(2) (x) = (22), 
as required. 
lsomorphism. 
Define a map 

f : Zia] > Fa[z] x Z,  f(p(x)) = (p(x), p(0)), 

where p(z) is obtained from p(x) by modding all coefficients by 2. Moreover, f is clearly a homomorphism. 
Now we find its kernel. Let p(a) be such that f(p(x)) = (0,0). Then 


(p(x), p(0)) = (0,0) 
Let 


n 
nla) = So ae 
i=0 
Then p(0) = ap, so we must have ag = 0. Moreover, 


p(x) =0 


means that @; = 0, where @; is obtained by modding a; by 2. Thus, a; must be even; finally, 


n n-1 
p(x) = an Qbjx' = 2x 7 ba! 
i=l i=0 


for b; such that a; = 2b;. Thus, p(x) € (2x), and 
kerf C (22) 


To prove the other inclusion, let g(x) € (2a). Then g(x) = 2xh(z), for some polynomial h(x) € Z[z]. Thus, 
g(0) = 0, and g(x) = 0, since all coefficients of g(a) are even. Finally, f(g(xz)) = 0, so g(x) € kerf and 


(2x) C kerf 
Finally, 


kerf = (22) 
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Now we want to find the image of f. First of all, if 


f(p(z)) = (P(x), n), 


then p(0) = n. Now let 


m 
p(2) = Sac! 
i=0 
Then p(0) = ap = n, and 
m 
Pz) = So aia’ 
i=0 
This means that 
p(0) = a =7 


This means precisely that p(0) = n modulo 2. Thus, the image of f is contained inside the set described in the 
exercise. On the other hand, let (p(a),) be such that p(0) = n modulo 2. Let 


P(z) = So cia, 
i=0 


where c; € Fo, and cg = n modulo 2 (this must hold since p(0) = cg). Now define 


i-0 
where 
n ift=0 
@a=<0 if¢=0,¢51 
I tea =Lasi 
Now clearly 


(p(x) = (Pz), n), 
so the set described in the exercise is contained in the image of f. 
Now we use the First lsomorphism Theorem to conclude that 
Z[x]/(2x) = S, 


where S is the set described in the exercise. 


Result 
To prove that (2) M (2) = (22), show that the two inclusions hold. 


For isomorphism, use the First lsomorphism Theorem. 


(a) 
\underlineI J CIN J 


Letr € IJ. Then 


n 
+ = TiYi 
i=1 
for some a; € I, y; € J,n € N. Since 2; € I and J is an ideal, we conclude that z;y; € I. Since I is closed 


under addition, we conclude that r € J. 


Similarly, since y; € J and J is an ideal, we conclude that x;y; € J. Since J is closed under addition, we 
conclude that r € J. 


Thus,r € IN J,so 
IJ CING 
\underlineJ 9 J C IJ 
Since [ + J = R, specially we can finda € I, b € J such thata + b= 1. Nowletr € IM J.Then 
r=r-l=r(a+b)=ra+rb=ar+rb 
Sincer € IO J,a € I,b€ JJ, the above equality means that r € IJ. Thus 


InJCIJ 


Conclusion. 


Finally, we conclude that 


IJ=InJd 


(b) 
We observe b — a. Sinceb ~a € Rand] + J = R, there exist some m € I, n € J such that 
b-a=m+n 
Now notice that m +n = m — (—n), so we can set n’ = —n to get 
b—-a=m-n’ 
From this, we also get 
a+m=b4n’ 
Thus, if we define z ast = a+m=b+n',we get: 
z-a=mel 
z—-b=n'eJ 


Thus, we have proven the statement. 
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() 
We define a map 

f{:R-(R/I)x(R/J), f(r) =(r4+I,r4+J) 
To prove that f is a homomorphism, let z, y © R. Then 


f(z+y) =((e@+y) +I, (e+y) +) 
= ((e+ J) +(y+J),(2@+J) + (y+J)) 
=(r@+J,r+J)+(y+I,y+J) 
= f(x) + f(y) 


f(xy) = (xy) + I, (wy) + J) 
= ((x7+I)(y+ J), (e+ J)(y+J)) 
=(r+J,r+J)(y+I,y+J) 
= f(r) f(y) 


Also, 1 + J is the multiplicative identity in R/I and 1+ J is the multiplicative in R/ J, and 
f(1) =(14+/,1+4+ J) 

So, f is truly a homomorphism. 

Now we want to prove that it is also a bijection. We find its kernel. Let r € R be such that 


f(r) = UJ) 


(we put (I,J) on the RHS because (J, J) is the additive inverse in (R/I) x (R/.J)), then 
(r+JI,r+J)=(I,J) 


This means that r + J = I andr + J = J. It follows thatr € J andr € J, respectively. Thus, r € I'M J. 
Furthermore, 


kerf CINJ 


However, J) J = IJ = 0, s0 kerf = 0, which means that the kernel is trivial and f is injective. 


Now we want to prove that f is also surjective. Let (a+ J,b+ J) € (R/I) x (R/.J). By (b), there exists zr € R 
such that — a € I, x — b € J. But this means precisely that + J =a+Jandx+J=b+J!\Thus, 


f(z) =(@+J,2+J)=(a+I,b+J), 
so f is surjective. 
Thus, f is bijective. Since it is also a homomorphism, we conclude that f is an isomorphism; that is, 
R= (R/I) x (R/J), 
as required. 
(d) 
Let (e + I,e’ + J) be some idempotent element in (R/I) x (R/.J). Then 
(e+ Ie'+J)=(e+1e'+J)? =(e + Ie" +J) 
Thus, 
e+I=e+I = e’-eel 


ee+Jalk+J3J Se? -eecJ 
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Result Soft 
HINTS: 


(a) IJ C IMJ follows almost immediately from the definition of I,J. On the other hand, 1 = a + b for some 
aéI,beJ,and 


2=2-l=azr+2b 
(b) Observe b — a. 
(c) Observe amap f : R > (R/T) x (R/J), f(r) = (r+J1,r+ J). 


(d) Such elements (e + I, e’ + J), where e? —e € Ie” —e' € J. 


Section 7 


lia 


Notice that we only need to prove that each nonzero element of R is invertible, since all other axioms of a field 
are satisfied. 


Let z © R be some nonzero element. Define a function 
f:R>R, fly)=zy 
(So, we just multiply y by z. Also, it is worth mentioning that this is not a homomorphism.) 
We will prove that f is injective. Let y1, yo € R be such that f(y) = f(y). Then 
Ty, = Ty, => zy — yo) =0 
Since R is adomain and x + 0, we conclude that y; — yo = 0; thatis, y, = yo. 


Thus, f is an injective function from a finite set to itself. This means that f is also a bijection, so there exists some 
z € Rsuch that f(z) = 1. Thus, 


Fe I 
which means that z is invertible! (With z = a!) 


Since x was arbitrarily taken nonzero element of R, it follows that all of them are invertible. Thus, P is a field. 


Result 
It is sufficient to prove that each nonzero element of R is invertible. (Why?) 
Fix some x € R, x + 0, and define 
f:R->R, fly)=zy 
What can you tell about f? 
2.a 
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Suppose that R[2] is not a domain. Let p(x), q(x) € R[a] be nonzero polynomials that such p(x)q(x) = 0. Let 
p(x) = ag +ayr+...+a,2" 
and 
q(x) = bo + bia+...+bn2”™, 
where b,, # 0 and a, + 0. Then 
p(x)q(x) = (aobo) + (abo + agbi)a +... + (Gn bm)2"™™ 


Since p(x)gq(x) = 0, we must have that a,b, = 0. However this is impossible since R is a domain, a, 4 0, and 
bm ~ 0. 


Thus, R{a] must be a domain. 


Result 2012 


Suppose that p(x)q(a) = 0 for some p(x) + 0, g(x) + 0. Analyze the highest nonzero coefficients of p(x) and 
q(z). 


3.a 


Take any ring R with 15 element. We begin by inspecting the additive abelian group R~ = (R, +). 


Since 15 = 3 - 5, by the First Sylow Theorem, we conclude that there exists a p-subgroup H of R* of order 3. By 
the Third Sylow Theorem, the number of such subgroups is 3k + 1, with k anonnegative integer, and 3k + 1 
divides |R*| = 15. So, there is only one such subgroup. By the Corollary of the Second Sylow Theorem, we now 
conclude that H is normal in R*. 


Similarly, there exists a p-subgroup K of R™ of order 5. By the Third Sylow Theorem, the number of such 
subgroups is 5k + 1, with k a nonnegative integer, and 5k + 1 divides |R~| = 15. So, there is only one such 
subgroup. By the Corollary of the Second Sylow Theorem, we now conclude that K is normalin R~. 


Now let © HK. Since H is of order 3, we must have 32 = 0. Since K is of order 5, we must have 5a = 0. 
(These equalities are written additively!) Furthermore, 3 and 5 are relatively prime, so there exist integers m,n 
such that 1 = 3m + 5n. Thus, 


xv = la = (3m + 5n)x = m(32) + n(5x) = 0 
So, H M K = {0}. This means that 
HxK~HK 


Furthermore, |H x K| = 15, so |HK| = 15, and we must have that HK = R™ (since HK C R* and they 
have the same number of elements). Thus, 


R*zxHxK 


Since H is of order 3, which is a prime number, there exists some a € H such that H = {0, a, 2a} (in other 
words, H is cyclic). Now the mapping na ~» n forms an isomorphism H — Z/3Z. Thus, 


H = Z/3Z 
Similarly, 

K = Z/5Z 
Therefore, 


Rt = Z/3Z x Z/5Z 
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Furthermore, since 3 and 5 are relatively prime, 
Z/3Z x Z/5Z = Z/15Z 
Thus, 
R® = Z/15Z 
Since Z/15Z is cyclic, R* must also be cyclic, so 
Rt = {0,1,3,...,14}, 


where =1+...+1. 
z times 


Since R* and R are under the same set, 
Ra(h 


We will prove that the multiplicative identity can generate R™. It suffices to show that nl + 0, for alln < 15. 
Suppose that nl = 0, forn < 15.Then nr = nlr = 0, for allr € R, so none of them can generate R™. 


Thus, we can take that 1 is the multiplicative identity in R. 


Now it is clear that R, as aring, is isomorphic to the ring (Z/15Z, +, -). The mapping R + Z/15Z, Z ~» zisan 
isomorphism.) However, in Z/15Z we have that 3 - 5 = 0, and 3 4 0,5 4 0, so Z/15Z is not a domain. Since R 
is isomorphic to it, it also cannot be a domain. 


Result IHS 


No such domains exist. HINT: Prove that all ring of order 15 are isomorphic to Z/15Z and that it is not an integral 
domain. 


4.a 


What we really need to prove is that for every f(x), g(x) € F{[z]], g(x) 4 0 there exist some h(x) € F'|[z]] 
and n nonnegative integer such that 


f(x)/g(x) = h(x)/x" 
Since g(x) 4 0, 


a 
g(z) = S> ya", 
ik 


where ax + 0, for some k nonnegative integer (possibly zero). By Exercise 11.2.2, we conclude that 
G(x) = a + ageizt+... 

is invertible. So there exists some g~!(a) € F[|zx]] such that 

G(x)g (x) =1 
Now we first see that 

g(x) = e*G(z), 
so 

f(x)/g(x) = f(«)/(e*g(z)) 


Now we want to "multiply the numerator and denominator by g~!(x)". Since clearly g~!(x) 4 0 (otherwise, 
g(x)g~!(x) = 1 would be impossible), the fraction 


(f(x) (a) /(2*5(a)G- (z)) 
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makes sense. Furthermore, by cross-multiplying we check that 
f(x)/(2*9(z)) = (F(x)9*(a))/(w*G(2) 9" (z)) 
Now all that is left to conclude is that 
(f(x)9*(2))/(x*G(x)g- (x) = (F(2)G-(@))/a* 
Thus, if we set h(x) = f(x)g7!(z), we have that 
f(z)/g(a) = h(z)/e*, 
as required. 


Notice that if we formally divide a series h(a) by zk, we get an expression of the form 


co 


Le 


for some m. 


Result 2of; 


We need to check that, for all f(x), g(x) € Fi[z]], g(x) 4 0, there exist some h(x) € Fi[z]] andn 
nonnegative integer such that 


f(a)/g(x) = h(x)/z" 
Furthermore, one easily sees that, after formally dividing h(x) by x", we get expression of the form 
oo 
> ai 
i=-—m 


for some m. 


Denote this set by R. We check properties from the definition of a ring. 
\underline(R, +)isacommutativegroup. 


Closure. 
Let a; /b1,a2/bz € R. Then 
a/b, + a2/b2 = (aybz + agb;)/bib2 


Since by, bo € S, we have that b; + 0, bo # 0. Since R is a domain, b1b2 # 0. Thus, bi, b2 € S, which means that 
a;/b; + a2/b. © R. 


Associativity. 
Let a, /b,, a2 /bo,a3/b3 © R.Then 


(a/b, + a2/b2) + a3/bz = (aib2 + agb1)/bibe + a3/b3 
= ((a1by + aby )b3 + agby by) /((bib2)b3) 
= (ay bob3 + ayb)b3 + a3bjb2) /(b,b2b3) 


(Notice that we used that multiplying in R is associative and commutative in the last equality. We also used the 
distributive law.) 
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On the other hand, 


ay, /b; + (a2/be + a3/b3) = a; /b; + (agb3 + a3b2) / bobs 
= (ai (beb3) + (a2b3 + agb2)bi)/(bi(b2b3)) 
= (aj bgb3 + agbybz + a3b,b2) / (bi bob3) 


Thus, 
(a; /b, + a2/b2) + ag/bz = a;/b; + (a2/by + a3/bs) 
which we needed to show. 
Identity 
We will prove that 0/1 is the additive identity. First, 0/1 € R since 1 4 0,so1 € S. Leta/b € R. Then 


a/b+0/1=(a-1+0-6)/(b-1) =a/b 


Inverse. 
Leta/b € R. Then (—a)/b € R, and 
a/b + (—a)/b = (ab — ab) /b? = 0/6? = 0/1 


(the last equality is checked by cross-multiplying, which yields 0 = 0). Thus, each element of R has an additive 
inverse. 


Commutativity. 


Let a; /b;,a2/be € R.Then 


a; /by + a2/by = (ayby + ayby)/bib. © (ayby + aby) /byb, = a2/by + a4 /bi, 


where in (1) we used the commutativity of addition and multiplication in R. 


\underline(R, -)isassociative, commutative, andhasanidentity. 
Closure. 
Let a, /bj,a2/b2 € R.Then 

a;/by - a2/b2 = (aib2 + agb;)/bi be 


Since b;, bo € S, we have that b} 4 0, by $ 0. Since R is a domain, bjb2 # 0. Thus, bj, b2 € S, which means that 
a/b; - a2/bo € R. 


Associativity. 
Let a, /b), a@2/b2,a3/b3 © R.Then 


(ai /bi - a2/b2) - a3/b3 = aia2/bibe - a3/b3 
= ((a)42)a3) /((b1b2)b3) 
= (a, a2a3) /(bjb2b3) 
(Notice that we used that multiplying in R is associative in the last equality.) 


On the other hand, 


a1/by - (a2/b2 - a3/b3) = a1 /by - aza3/beb; 
= (a;(a2a3)) /(b; (b2b3)) 
= (a) 4243) / (bi b2b3) 
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Thus, 
(a/b; - a2/bz) - a3 /b3 = ay/b - (a2/b2 - a3/b3) 


which we needed to show. 


Identity 
We will prove that 1/1 is the additive identity. First, 1/1 € R since 1 4 0,s01 € S.Leta/b € R.Then 
a/b-1/1=(a-1)/(b-1) =a/b 
Commutativity. 
Let a, /b,,a2/by € R.Then 
a /by - a2/by = a402/byby © aya; /bob, = a2/bs - a/b, 
where in (1) we used the commutativity of multiplication in R. 
Distributive law. 


Let a; /b1, a2/b2, a3/b3 € R. Then 


(a; /by + a2/bz) - a3/b3 = (a bz + agb,)/ (by be) - a3/bg 
= ((a,b2 + agb; az) /((bi1b2)b3) 
= (a1a3b2 + a2a3b;) /(bib2b3) 


(We used the associativity and commutativity of multiplication, and the distributive law in the last equality.) 


On the other hand, 


a;/b, - a3/b3 + a2/by - a3/bz = (a,43)/(b1b3) + (a2a3)/(b2b3) 
= (a;a3b2b3 + a2a3b1b3) /(b1b2b3) 
= (ajazby + aga3b,)/(bib2b3) 


(The last equality is checked by cross-multiplying.) 


Thus, even the distributive law holds. 


Result 


Check properties from the definition of a ring. 


Section 8 


lia 


4o0f 4 
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We prove that there are no principal ideal is also a maximal ideal. We first rule out ideals generated by a constant 
polynomial, and then by other polynomials. 


Constant polynomials. 
Let n © Z, and observe the ideal (7m). If n = +1, then clearly (n) = Z{z], so (m) is not maximal. 


Ifn A +1, then z ¢ (n). To prove this, suppose that x € (n). Then there exists a polynomial f(z) € Z[z] such 
that 


x =nf(z) 


The degrees of polynomials on both sides must match, so deg f(a) = 1, and f(x) = ap + a,x for some 
ao, a, € Z. Now the equality z = nf (x) becomes 


@ = nag + naz 
So, 
na, = 1 


However, this is impossible since n + +1, so it is not a unit in Z (the above equality actually tells us that a; = n~! 
). Thus, z ¢ (7). 


Now define I = (n, x). We will prove that 1 ¢ I. Suppose that 1 € J. Then we have that there exist polynomials 
f(x), g(x) € Zz] such that 


1=nf(zx)+29(z) 


The degrees of both sides must match, so f (x) is of degree 0 (constant polynomial), and we must have g(x) —i 1 
Thus, f(x) = a, and 


na=1 
Similarly to before, this is impossible since n is not a unit in Z. 
Thus, 1 ¢ I, so I # Z{a]. 
Now we have that 
(n) C (n, a) C Za], 


so (7) is not maximal. 


Nonconstant polynomials. 


Now observe (f(x)), for some nonconstant polynomial f(x) € Z{z]. First of all, 
(f(z) = {f(x)g(z) | g(x) € Z[z}}, 


so there are no nonzero constant polynomials in (f(a)). Now let p € Z be a prime integer which does not divide 
the leading coefficient of f(x). We will prove that 


(f(z) C (p, f(x) C Z[2] 


The first strict inclusion follows from the fact that g(a) = pis a constant polynomial, so it cannot be contained in 


(f(z). 


To prove that the other inclusion is also strict, suppose that 1 € (p, f(a)). Then there exist polynomials 
g(x), h(x) such that 


1 = pg(x) + f(x)h(z) 
We write this equation as 


pg(x) = 1— f(x)h(z) (I) 
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Now suppose that 

f(x) =agp + aya +...+a,2" 

h(x) =co+cya+...+¢mz™ 
Thus, 

f(x)h(x) = agco + (apc; + ac9)a +... + (An—16m + OnCm—1)2"°"! + ancmaz”*™ 
Since in (1) both sides are of the same degree, we get that 
g(x) = bop +r t+... + bayma™™ 

Now we write (1) as 


AnCm = Pbnsm 
Qn-1Cm + AnCm-1 = Pbnim-1 


agcy + a)Co = phy 
agco — 1 = pho 


From the first equality we have that p divides an¢m. Since p is prime, it divides either an or Cm. Since it does not 
divide ay (the leading coefficient of f(2x)), it divides em. 


From the second equation, we now get that 
QnCm—1 = Pbnim-1 — An—1em 


Since p divides the right side, it must also divide the left side. Thus, p divides anCm-—1. Since it does not divide dy, it 
divides Cm-1. 


Inductively, we now see that we can conclude that p divides all coefficients of g(a). Now look at the last equation 
of the system: 


1 = aoco — pbo 
Since p divides the right side, we get that p divides 1, which is impossible. 
Thus, 1 ¢ (p, f(z)), so (p, f(x)) # Z[z). 
To conclude, we now have that 
(f(x) C (p, F(z)) C Z[z], 


so (f(x)) is not a maximal ideal. 


Result 


There are no maximal ideals in Z|] which are also principal ideals. 
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(a) 
We first observe 
Ty = ((1,0)) = {(x,0) | « € R} 


This is obviously an ideal in R x R. Now suppose that J; ¢ I for some ideal J. Then I must contain an element of 
the form (a, b), where b # 0. Ifa = 0, then (a + 1,6) € I, since (1,0) € 4; C I and (a,b) € I. Thus, I 
contains an element of the form (a’, b’) with a’ 4 0, b’ + 0. Furthermore, it must now contain (1, 1), since 

(1,1) = (a, b)(a~!, b-). But now J = R x R, since (1, 1) is the multiplicative identity in R x R! 


Thus, I; is a maximal ideal. 
Similarly we can show that 
Iz = ((0,1)) 
is a maximal ideal. 
Now it is clear that the zero ideal is not maximal. 


Take any any I in R x R. If itis the zero ideal, then it is not maximal. If it contains an element (a, 0), a + 0, then it 
clearly contains the entire [;, so it is either J, or R x R (because of the maximality of 4). If it contains an element 
(0, b), b + 0, then itis either Ig or R x R. 


Thus, J; and Jo are the only maximal ideals in R x R. 


(b) 
Let f(x) € Ra]. Then we can divide f(x) by x” to get 
f(x) = g(x)x” + (ax + b) 
for some polynomial g(x) € R{z] and a,b € R. This means that 
f(x) — (ax +b) = g(x)2” € (2”) 
Thus, 
f(x) + (x?) = (ax + b) + (2?) 
Now we get that 
R{z]/(x?) = {az +b +(x”) | a,b€ R} 


Let I be some maximal ideal in R{a]/(a). If I contains c + (x), for some c 4 0, then I contains 1 + (x”), 
because 1 + (x2?) = (c + (a”))(c~! + (x”)). Furthermore, 1 + (x?) is a multiplicative identity in R[x] /(x?), so 
I = R{a]/(2?). Thus, I cannot be maximal. 


If I contains some (az + b) + (x?), with a # 0, b 4 0, then again J = R[x] /(a). First of all, ((az +b) + 
(x?))(a + (x?)) = (ax? + ba) + (x?) = ba + (x). Thus, ba + (x?) € I. 


This also means that ax + (a) € I, since (ba + (x?))(ab-! + (x?)) = ax + (z”). 


But now b + (2?) = (az + b) + (x?) — (ax + (27)), sob + (x?) € I. From before we now know that J = 


R{e]/(z°). 


Notice that we ruled out all ideals except J = (a + (a”)). First of all, 
I = {(a + (2))(az +6 + (2*)) | a,b € R} = {br + (2?) | be R} 


Thus, I # R[z]/ (x). Now suppose that J is some ideal such that J C J. Then J must contain some element 
az + b+ (27), with a,b € R, b 4 0. But from before we know that J = R[z]/(z?). 


Thus, the only maximal ideal is (a + (x”)). 
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(c) 
Define a mapping 


g:R[z]>RxR, 9(f(z)) = (F(1), F(2)) 


This is clearly a homomorphism. Now let f(a) Ekery. Then f(1) = f(2) = 0, soz — 1 and az — 2 divide f(z). 


This means that 
f(x) = (w — 1)(x — 2)g(x) = (a? — 32 + 2)g(zx) 


for some polynomial g(x) € R{z]. Thus, kery C (a? — 3a + 2). Furthermore, (2? — 3x + 2) C kery is trivial. 
Thus, 


kery = (x? — 32 + 2) 
Now to prove that is surjective. Let (a,b) € R x R. Then 


o(f(z)) = (a,b) 


yields the equation 
(f(1), f(2)) = (a,6), 
which yields the system 
f(l)=a 
f(2)=6 


So, we need to unknowns. We set f (x) = Cp + Cz. Then the system becomes 

q+ cy=a 

co + 2c} =b 
The solution is c} = b — a, co = 2a — b. Thus, the solution exists, so y( f(x)) = (a,b), and ¢ is surjective. 
By the First lsomorphism Theorem, 

R[z]/(z? -32+2)+RxR 
By (a), the only maximal ideals in R x R are 
TK ={(a,0)|aeR} and Ig ={(0,b)| be R} 


Now notice that y(f(x)) € hh if and only if f(2) = 0, which is if and only if f(z) € (a — 2). Thus, p-'(h) = 
(a — 2). This also means that R[a] /(a — 2) is a maximal ideal in R[a]/(x? — 3x + 2). 


Similarly, p~!(I2) = (2 — 1), so the other maximal ideal is R[x]/(z — 1). 
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(d) 


We will prove that 2” + a + 1 is irreducible. Suppose that it is not. Then there exist nonconstant polynomials 
f(z), g(x) € R{z] such that 


r+aeti= f(x)g(x) 


Since degrees must be equal, we conclude that f(a) and g(x) are of degree |. Thus, f(x) = ag + ayx and 
g(x) = bo + biz. The above equality now becomes 


a? +a+1= (ao +a,2)(bp + bx) = (a,b)? + (agb; + aybo)x + agbo 


From this, 
aby = 1 => ap = = 
bo 
and 
ah) = 1=> a; = LS 
b 
Furthermore, 
b 
agb; + aybp = 1 = head 
Multiplying by bob, 


2bob; = bob; => bob; = 0 
Thus, either bp = 0, or b} = 0. However, both are impossible, since agbp = 1 and a,b, = 1. 


Thus, 2? + x + 1is irreducible, so, by Proposition 11.8.4 (a), (x +2 +1) isamaximal ideal in R{z], hence by 
Proposition 11.8.2 (b) R[x]/(x? + x + 1) isa field. Now we know that the only ideals in R{z]/(2” + 2 + 1) are 
the zero ideal (0) and R{z]/(a? + 2 + 1) itself. Thus, the zero ideal (0) is the only maximal ideal. 


Result nas 
(a) ((1,0)) and ((0, 1)). 
(b) (x + («")) 
(© R[z]/(x — 2) and R{[z]/(x — 1). 


(d) Only the zero ideal (0). 


First case 


By Proposition 11.8.2 (6), the statement is equivalent to the statement that (2? +a +1) isamaximal ideal in Fo[z}. 
By Proposition 11.8.4 (a), this is equivalent to x® + 2 + 1 being irreducible in Fo{z]. 


Suppose that 
e+getl= f(x)g(z), 


for some nonconstant polynomials f(x), g(x) € Fa{z]. Thus, both f(x) and g(x) are of degree | or more. 
Furthermore, f (a)g(a) must be of degree 3, so it means that one of them is of degree 2, while the other is of 
degree |. Without loss of generality we assume that deg f(a) = 2, deg g(x) = 1. Thus, 


f(x) = a9 + az + ap2* 
g(x) = bo + ix 
where aj, b; € Fo. Since a2, b; 4 0, we conclude that az = b; = 1. Thus, 
f(z) =an+az+2" 
g(x) = bo +x 
Now the equation 


e+rt+1l= f(x)g(x) 


becomes 
ae+2+1=(a9+a,r+27)(b) +2), 
or, with full details, 
ze +at+1=a2*+ (bp +a;)2* + (abo + ag)x + agbo 


This yields the system in Fo: 


agby = 1 
ajbp + ag = 1 
a; +bp =0 


From the first equation we get that ag = bp = 1 (if either of them were 0, we get agbp = 0). 
Plugging this into the second equation, 
a,+1=1—>a,=0 
Plugging a; = 0, bp = 1 into the third: 
140 
Thus, the system has no solution! This means that nonconstant polynomials f(x), g(x) € Fe[a] such that 
o+2+1= f(zx)g(z) 


do not exist! Therefore, 2° + 2 + 1 is irreducible. The statement now follows from the discussion from the 
beginning. 


Second case. 
Notice that 
(a? +242)(2+2) =2% +241, 


with 2? + @+2,2+2 € F3{a]. Thus, 2° + x + 1 is not irreducible in F3(a], so the given quotient ring is not a 
field. 


(NOTE: Notice that | is a root of 2 + 2 + 1. This means that z — 1 divides x? + x + 1. Since —1 = 2 in Fs, we 
get that x + 2 divides 2® + a + 1. This is one way how you can find divisors of polynomials above fields.) 
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Result 
(a) Show that 2° + a + Lis irreducible in Fo|z]. 


(b) Notice that (2? + 2 + 2)(a + 2) = 2° + x + 1. Conclude the rest. 


4.a 


The maximal ideals are precisely the principal ideals generated by some nonconstant irreducible polynomial. 
First of all, polynomials of the first degree are clearly irreducible. 


If a polynomial is of the second degree, then it is reducible if and only if it has a real root. Thus, irreducible 
polynomials will be such that 


f(z) =(2#-bP +2 
for some c $ 0, since those polynomials are the only of the second degree which have no real roots. 


If a polynomial is of higher degree, then it is reducible. Truly, it has a complex root. If that root is also real, then 
x — a, where a is that root, divides f(x). If it is complex, then @ is also a root of f(a) by complex-conjugate 
theorem, and (x — a)(x — @) divides f(a). Since f(a) is of degree 3 or more, we know get that f(z) is 
reducible. 


Now we find a bijective correspondence: 
(x — a) ~» (a,0) 
((z— b)? c’) ~ (b,c) 


Result 
(x — a) ~ (a,0) 


(a — b)? +c? ~» (b,c) 
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(a) 


Notice that 
y? + 2° —17 = (y” — 16) + (2* — 1) = (y— 4)(y + 4) + (x — 1)(2? +2 +1) 
Therefore, 
y+2°-17€ (y—4,2-1) 
Thus, 


(y? + 2° —17,y—4,2 -—1) = (y—4,2-1) 
Now let R = C[a, y]. Then 
R/(y — 4,2 —- 1) od Cla, y]/(y? + 2° - 17,y— 4,2 —- 1) = C[z,y]/(y — 4,2 - 1) 


(just consider the homomorphism Cla, y] + R/(y — 4,2 — 1) defined by p(x, y) ~» p(x, y) + (y? + 2° — 
17) +(y— 4,2 — 1)). 


If we define 
p:Clz,y]>+C, (f(z,y)) = f(1,4), 


we easily see that it is a surjective homomorphism. Now we need to find its kernel. 


Let f(z, y) be such that y( f(z, y)) = 0; that is, (1,4) = 0. By the division algorithm, 
f(z, y) = q(x, y)(x = 4) + r(y), 


because x — 4 is a polynomial in variable z of the first order, so r(y) will be constant with respect to a. 
Furthermore, 


r(y) =a(y)(y—1) +e, 
so 
f(z,y) = a(x, y)(e@— 4) +u(y)(y—1) +e 
Since cis constant and f (1,4) = 0, we conclude that c = 0. Thus, 
f(x,y) = a(x, y)(x — 4) + ai(y)(y — 1) € (@ — 4,y — 1) 
Thus, 
ker C (x — 4,y — 1) 


The other inclusion is trivial, since clearly z — 4 € kery and y — 4 € kery, so (ax — 4, y — 1) C kery since (2 — 
4, y — 1) is the smallest ideal which contains them. 


Thus 
kerp = (x —4,y—1) 
Finally, by the First lsomorphism Theorem, 
C[z, y|/(z — 4,y —1) = C, 


so C{a,y]/(a — 4, y — 1) isa field! This also means that R/(2 — 4, y — 1) isa field, meaning that (2 — 4, y — 
1) is a maximal ideal in R by Proposition 11.8.2 (b). 


(b) 
Similarly to (a), we conclude that 
R/(2+1,y+4) = Cla, yl/(y? + 2° —17,2+1,y+4) 


Now notice thatz +1=042=-—landy+4=0¢ y= —4,buty? + 2° — 17 isnot zero at z = —1, 


y = —4. This means that these polynomials have no common zeros, so, by Corollary 11.9.4 we conclude that (a + 


4,y+4,y? +2 — 17) = C[z, y]. But this means that 
Clz, yl/(y? +23 —17,2+1,y+4) =0 


(the zero ideal), so R/(x + 1, y + 4) = 0. Thus, we must have that (2 + 1, y + 4) = R, meaning that (2 + 
1, y + 4) is not a maximal ideal in R. 


As in (a), 
R/(y?, 2° — 17) = C[x,y]/(y’ + 2° — 17,y’, 2° — 17) 
However, y® + 2° — 17 € (y*,a* — 17), so 
(y? + 2° —17,y",2° — 17) = (y’,2* — 17) 


Now notice that y ¢ (y?, 2° — 17). Truly, suppose that y € (y?, 2? — 17). Then we can find polynomials 
a(x, y), b(x, y) € C[x, y] such that 


y =a(z,y)y” + B(x, y)(x* — 17) 
Now we evaluate these polynomials with y ~» 0 to get 
b(a,0)(a* — 17) =0 
But this means that b(2, 0) = 0 (since x? — 17 is not a zero polynomial). By Lemma 11.97, y divides b(z, y), so 
b(x, y) = ye(x,y), 
for some polynomial c(z, y) € C[z, y]. Thus, 


y = a(z, y)y? + e(x,y)(2* — 17)y => y(1 — a(x, y)y — (x, y)(x* — 17)) =0 


From this, since C{2, y] is an integral domain, 
a(x, y)y + e(x,y)(a* — 17) =1 
But this is impossible! Just consider the mapping z ~» V7, y ~» 0, from which we get 
0=1, 


which is absurd. 
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Thus, we consider the ideal I = (y, y?, z® — 17), for which we have (y”, 2° — 17) C I. Suppose that J = 
C{a,y].Then 1 € I, so 


1 = a(z, y)y + W(x, y)y? + e(x, y)(x* — 17) 


Using the same mapping as before (2 ~» V/17, y ~» 0), we conclude that this is impossible. Thus, 1 ¢ I, sol # 
Cla, y}. 


So, there exists an ideal J such that 
(y?, 2° — 17) CI Cc C[z,y], 
so (y*, 2? — 17) is not maximal in C[z, y]. 


Now we conclude by Proposition 11.8.2 (b) that C[z, y]/(y*, 2° — 17) is nota field. But this implies that 
R/(y*, 2? — 17) is also nota field (since they are isomorphic)! Hence, again by Proposition 11.8.2. (b), (y?, a? — 
17) is not a maximal ideal in R. 


Result 
(a) Yes. 
(b) No. 
(c) No. 
2.a 


Every polynomial with n variables and complex coefficients can be considered a continuous function C” — CC. 
We can also restrict its domain to V! Denote C = V - C for better visibility. So we first define a mapping 


yp: C[z,...,2n] 3 C 


given by y(f(21,...,2n)) = f. Itis clearly a homomorphism. Now we want to prove that J C K, where K = 
kery. 


Let f(x1,...,@n) € I. Then for every (yj,.--,Yn) € V we have that f(y1,.-., Yn) = 0 by the definition of V. 
But this means that 


(the null function)! Therefore, f(21,...,%,) € K,so 
ICK 


By the Theorem 11.4.2 (a) we conclude that there exists a (unique) homomorphism @ : C[a1, oe Za] i I-C. 


Hint: Theorem 11.4.2 (a) may prove useful. 
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Denote this set by S. We prove two inclusions. 

\underlineS C U x V 

Let (x,y) € S. Then f(x) = 0, so x € U. Similarly, g;(y) = 0, so y € V. Thus, (2, y) EU x V. 
\underlineU x V CS 


Let (a, y) € U x V.Then a € U andy € V. This means that f;(a) = 0 and g;(y) = 0. Thus, (z,y) € S. 


Result 


Prove two inclusions. This follows from the definition of a product set. 


LetU = {f;(x) = 0}, V = {g;(x) = 0}. 
Union. 
We will prove that 
UUV = {fi(x)g;(x) = 0} 
Denote § = {fi(x)9;(x) = O}. 


letz2 CU UV.Thenz CU orze€ V.Ifx € U, then f;(x) = 0, for alli, so fi(x)g;(z) = 0 for alli, 7. Ifa € 
V, then g(x) = 0, for all j, so once again f;(x)gj(x) for alli, 7. Thus, € S,andU UV CS. 


Let z € S. Suppose that 2 ¢ U UV.Thenax ¢ U anda ¢ V. So, there exist some i, j such that fi(2) # 0 and 
gj (x) + 0. But this means that f;(a)g;(a) + 0, which contradicts the fact that 2 € S. Thus, we must have that 
zEUUV,soSCUUYV. 


For conclusion, S = U UV. 


Intersection. 
We will prove that 

UNV = {fi(x) = 0, 9;() = 0} 
Denote T = { f;(x) = 0, g;(x) = 0}. 


Letz © UNM V.Thenz € U andz € V. This means that f;(z) = 0 and g;(x) = 0, for all 7, 7. But this means that 
zéTiThs,UNV CT. 


Let x € T. Then specially f;(2) = 0 for all z, so x € U. Similarly, g;(x) = 0, for all j, so a € V. Thus, 2 UN 
V,andT CUNV. 


For conclusion, T = UNV. 
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Statements. 
UV + 0 means that there is no solution to the equation 
fila) =... = fm(@) = (2) =-.-)gn(x) = 0 


U UV = C" means that each point in (C” is either the root of every fj, or of every gj. 


Result 
UUV = {fi(x)g;(x) = 0} 
UNV = {fi(x) = 0, 9;(x) = 0} 
UV + 0 means that there is no solution to the equation 
fiz) =... = fm(z) = gi(z) = -.-)gn(x) = 0 
U UV =C" means that each point in C” is either the root of every fj, or of every gj. 
5. a 


Let J = (f,,..., f,-).Then 
T= {fi(z)gi(x) +... + f-(x)gr(@) | gi(x) € C"[z]} 

We will prove that 

V ={r eC" | h(x) =0 forall h(x) € I} 
Denote W = {x € C" | h(x) = 0 forall h(x) € T}. 
Let zg € V.Then f;(xo) = 0, fort = 1,..., 7. Nowleth € I. Thus, 

h(xo) = fi(xo)gi(zo) + --. + fr(@0)gr(a0) = 0 

Thus, h(a) = 0 for every h € I, hence zp € W. This also means that V C W. 
Now let ao € W.Then h(x) = 0 for all hh € J. But f; € I, so f;(a9) = 0! This means that zg € V,soW CV. 


Thus, V = W, as required. 


Result 20f2 
Prove that 


V ={reEC" | h(x) = 0 forall h(x) € I} 
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Let the variety V be 
{h=0,.<:,3= 0) 
We will prove the statement by induction on r. 
When r = 1, then 
V = {fi = 0}, 
which is an algebraic curve. 
For illustration, let r = 2. Then 
V = {fi =0, fo = 0} = {fi = 0} N {fe = 0} 

Now let h(t, 2) be the greatest common divisor of f(t, x) and fo(t, z). Then 

filt,z) = A(t, x) q(t, z) 

a(t, x) = h(t, x) go(t, 2) 
Thus, (to, 20) € V if and only if 

h(to, vo)gi(to,z0) =O and h(to,x0)g2(to,z0) = 0 


Thus, either h(to, xo) = 0, or gi(to, zo) = 0 = go(to, xo). Since gi, g2 do not have a common nonconstant 
factor, this can, by Theorem 119.10 happen in only finitely many points. Thus, 


V ={h=0}UP, 


where P is the set of finitely many points. Also, notice that {h = 0} is an algebraic curve. 


Now suppose that the statement holds for 7 = k, and we must prove it for r = k + 1. Let 
V={fi =0,..., fe = 0, frrr = 0} 
Then 
V={fi=0,..., fr =O} N {fers = 0} 


By the induction hypothesis, {f; = 0,..., fk = 0} = {g = 0} U P, where P is a set consisting of finitely many 
points, and {g = 0} is an algebraic curve. Therefore, 


V = ({g =O} UP) NO {far = 0} = ({9 = 0F 9 {firs = OF) U (PN {firs = OF) 
By our discussion when r = 2, we know that 
{9 =0} 9 {fer1 = 0} = {h =O} UP’ 
Furthermore, PM {f;+1 = 0} is also clearly a set consisting of finitely many points. Thus, 
V ={h=0}UQ, 


where {h = 0} is an algebraic curve, while Q is a set consisting of finitely many points. This completes the proof 
by induction. 


Result 
Let 
V ={f, =0,..., f- =0} 
Prove this by induction on r. 
7.a 


98 


(a) 


We need to solve the given system. From the second equation we get that y = 1 — z. Plugging this into the first 


equation: 


y? — 22427 =1 => (1-2)? — 23 4-2? =1 = 1-22 4-2? - 23 42? =1 


This reduces to 


az — 22? + 22 = 0 => 2(z” — 22 +2) =0 


One solution is [x1 = 0} The other we obtain from the quadratic equation 


2+V4-8 
2 


az? —22+2=0=> m3= 


Now we find y; = 1 — 2;: 


Thus, all points are 


(0,1), (1+i,-i), (1-i,i) 


(b) 
Subtract the second equation from the first: 


ay—y’ =0= > (x—y)y=0 


So, z — y = Dory = 0. If y = 0, then both equations become x” = 1. Thus, z = +1. So, we have two solutions 


for now:| (x1y1) = (1,0) }and| (x2, yo) = (—1,0) 


Now suppose that z — y = 0; thatis, z = y. Plugging these into either starting equation yields 


3y? =1 


3 
Thus, y= + sl So, we have to more solutions: 


Thus, all points are 


(1,0), (—1,0), (4.4) : (- 
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(c) 


1 
From the second equation we get that z + 0 and y + 0. Also, y = = Plugging this into first equation yields 


Thus, we have five solutions for z: 


aj=e?/5 §—=0,1,2,3,4 


1 
Now, y = = so 


Kew, -§=0,1,953;4 


Thus, all points are 


(ews, etn) , #=0,1,2,3,4 


(d) 


From the first equation we get 
Plugging this into the second equation we get 


Thus, the only point is 


(0, 0) 


Result 
(a) (0,1),  (1+%,-i), (1—%,2) 
v3 v3 v3 v3 
(b) (1,0), (—1,0), (4 ? o MgiN = a. 
(c) (erenle, e-ee*) , +=0,1,2, 3,4 
(d) (0,0) 
8.a 
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An ideal is defined as the subset of a ring that generalizes certain subsets of the Integers like the 
even numbers. 


Comment 


Step 20f3 « 


To determine: the ideals in the polynomial ring qx, y] contain x? + y?-$and xy-2 
For determining this first consider the theorem which states that; 


Suppose Ris a commutative ring with unity and 7 is an ideal. Then there is a bijection between 
the prime ideals of R// and the prime ideals of R// which contain 7 . This bijection is as follows 
where; 


m:R>R/I 

This is the canonical surjective 

If Pc Ris prime contains Js, then z(P) < R// Is also prime. Likewise if O < R// is prime, then 
a '(Q)is prime. 

Hence, by using the result of above stated theorem, consider; 


K [x, ey -2,x+y'?- 5) 


Now, let the first generator of the ideal will be; 
xy=2 
zed 
2 


This means that .xis evaluated at z. Hence, the ring is isomorphic to; 


coy (3) -7-s)s0y ("5") 


Further; 


4 - 2 
pA te =0 
¥ 
y'-Sy?+4=0 
Further by suing the completing the squares method; 


‘f-rny$(3) -(3) 
-2 -_ _ -|— =0 
(y*)'-2xy <34(3 ; 


y=t5 


So, the prime quotient ring will be considered as; 
(v+V5)(y-v5) 
Hence, the ideals are; 


(V5,xy-2,7 +y¥ ~$)and (—V5,xy-2,x° +y -5) 
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of of 


First note that g = az andh = dy are polynomials. 


Now suppose that the curve C’ has infinitely many singular points. This means that there are infinitely many points 
(x, y) such that f(x,y) = g(x,y) = h(x, y) = 0. 


From Theorem 11.9.10. we now get that f(z, y) = g(x, y)9(zx, y), where g is nonconstant. But f is irreducible, so g 
must be constant, meaning that g(a, y) = 0 for all (a, y) € C?. 


Similarly, we get that h(a, y) = 0, for all (x,y) € C?. 


However, f is now constant (since both partial derivatives of f are zero), which is impossible since f must be 
irreducible, and we do not consider constant polynomials as irreducible. 


Therefore, there must be only finitely many points (a, y) € (C? such that f(z, y) = g(x,y) = h(z,y) = 0, 
hence there are only finitely many singular points. 


Result aR 


Assume there are infinitely many. Notice that partial derivatives are also polynomials. Use Theorem 11.9.10 and 
conclude that f must be constant. Argue that this is a contradiction. 


10. a 


Suppose that C + L. This means that there exists some point (29, yo) which is on line L, while it is not on C. 


Now assume that a + 0 (if a = 0, then we must have b + 0 to have a line, so we proceed accordingly). We can 
write 


b c 
ax +by+ce=0 <> 2r=--y- - 
wt ee 


Plugging this into f(a, y) we get 
b c 
f(x,y) =0 <= f (-2y = a) =0 
Since (29, yo) ¢ C, we see that 
b c 
f (—2m nnd <.w) #0 
a a 


b c 
This means that g(y) = f (- -y-—-, s) is a polynomial with complex coefficients and with only one variable 
a a 


which is not a zero polynomial. Also, it is of degree d. Therefore, g(y) = 0 only for d points y. But this also means 
that 
b c 
—-y—-,y)=0 
fl ( = ale v) 


also for only d points! 


b c 
Since (2, y) € LO C if and only if f (- =¥ == v) = 0, we conclude that Z  C consists of only d points. 


Result 2012 


b c 
Write z = — a! - r% from the equation of the line, plug it into f. Conclude the rest. 
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Tica 


(a) 


Let r be some other point on L, which we further consider fixed. Now we pick constants c), C2 such that not both 
are zero, and 


exfilr) + e2fo(r) =0 


We can do this the following way: if f(r) = 0, take c) = 1, cp = 0. If f,(r) 4 0, take 


Now look at 
g=cafi + cefe 


Since clearly g(p) = g(q) = g(r) = 0, and g must be at most a quadratic polynomial (as a linear combination of 
quadratic polynomials), it follows that g = 0 on L. Truly, by Exercise 9.10, we have that 


{o(z,y) =O} =L 


(since d = 2). 


Now we want to prove that g is a product of linear polynomials. Let the equation of the line be y = az + b (if itis 
of the form z = c, we switch the roles of x and y in the below proof). 


Since g = 0 on L, we can divide g by y — ax — bto get 
g(x,y) = h(x, y)(y — ax — b) 
Since g is a quadratic polynomial, we get that h(a, y) is a linear polynomial. This follows from the fact that 
deg(pq) = deg pdeg q, 


where deg is a degree, while p and q are polynomials with complex coefficients. Thus, if h(x, y) would have a 
degree of 2 or more, g(x, y) would have to be a polynomial of degree 3 or more, which is a contradiction. 


Thus, g is truly a product of two linear polynomials. 


(b) 
First recall that 
g9= afi + efe 

Now write g = gig, where gj, g2 are linear polynomials. Thus, 

992 = afi + e2fe 
If (2, y) is a point such that f)(z, y) = fo(z, y) = 0, we get that 

g(x, y)g2(z,y) = 0 
Thus, either g)(x, y) = 0, or go(x, y) = 0. 


Now we define 


S,= {(z,y) | fi(z,y), fo(z,y), gi(z,y) a 0} Sy= {(z,y) | fi(z, y); fo(z, y)s g2(x, y) = 0} 
If we define S = Cy M Co, then it becomes clear that 


S=S,US2 


Now we will prove that S$; and So contain at most 2 points. 
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Since gj is linear, it cannot divide both f; and fo (by the assumption of this exercise). Without loss of generality, 
assume that g; does not divide f;. This means that for the Une (g; is linear!) L = {g;(x, y) = 0} and the curve 
C = {fi(x,y) = 0} we have that L 4 C. Once again, by Exercise 119.10 we have that L 1 C' consists of at most 
2 points. But 


In C= {(a,y) | filz,y) = 0, g(x,y) = 0} 2 Si, 
so Sj also consists of at most 2 points! 


Similarly, Sp consists of at most 2 points. It follows that S = S$; U S» consists of at most 4 points. 


Result sara 
(a) Find c;, c2 by taking some other point r of the line L and setting c; f(r) + co fo(r) = 0. 


(b) Notice that (a) is a hint for this part. Also, use Exercise 11.9.10. 


12. a 


Linear combination is an expression constructed from a set of terms by multiplying each term by 
a constant and adding the result. 


To prove: In three ways that the three polynomials; 
fil +x7-2 

f,=t-l 

fat +50 +1 
Generate the unit ideal in qr, x] 
Clearly there are no common zeroes 
If; 

f(t) =0 
Then; 

x,t40 
And; 

t=x' 

Thus; 

A(xx')=x -2+x° 

=x? (x*-2x7 +1) 


ax?(x -1) 
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Hence, if; 
f(x,1)=0 
Then; 
(x,4)=+(1,1) 
But; 
A (LM) =7 
A(-1L-l)=-5 
Hence; f\, /,,f, have no common zeroes and by the result which states that; 


Let U and V be varieties in ¢*. Then the union L/ UV and the intersection U/ 1) V are varieties. 
So from the result; 


(fi firh)=(l) 


Comment 


Step4o0f4 “ 


Now, write 1 as a linear combination of /,, f,, f,. Here 1 can be expressed as; 
(-61°x- 2400? - 1420? -352tx + 531 - 36x) f, 

i +(120°-x-24ex* ~36x° + 254° - S68ex +12x° + 361+ 1140x1278) f, 
+ (60x +12x? +1421 + 68x53) f, 


13. a 


A principal ideal is an ideal | in a ring R that is generated by only one element of the ring through 
multiplication by each element of R . 


Comment 


Step 20f4 “ 


Consider ~: C[x, y] =p C{r]be a homomorphism that is the identity on @and sends; 
x— x(t) 

y— y(t) 
And, such that x(s)and y(s)are not both constant. 
To prove: The kernel of pis a principal ideal 
Claim: ker vis principal. 

If not, then ker pcontains two elements /,g that do not have a common factor. 

It is enough to show that they do not have a common factor in C(x)[y]. 
For the proof suppose that; 

heC(x)ly| 

It is a common factor, then: 

h=a"'h,for some a € C[x],h, € C[x, y]by clearing denominator. 
Now, assuming without loss of generality that nothing of the form x —acdivides h, then h, divides 
f.gin C(x)[y] 
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By proposition which states that; 
Let h(t,x)and_f(r,x)be non-zero elements of C{r, x]. 


Suppose that / is not divisible by any polynomial of the form ¢—«.. If pdivides fin F[x}then 
divides fin C[r,x] 


So, from the above result, this divides also in C[x, y] 
This contradicts that f,g do not have a common factor. 
Thus, there exist a,b, € C(x)|y] such that; 


af +hg =I 


And, clearing denominators then; 


af +bg=q 
€C[x] 


For some; a,b € C[x] 

This implies; 
ker pNC|x] 

This is non-trivial but this is a contradiction for any g € ker p()C|x|must satisfy; 
g(x(1))=0 

For all ¢ 

Hence, g=0 

Therefore, the kernel of pis a principal ideal 


Miscellaneous Problem 


lia 


We first observe the multiplicative identity 1: 
(1+ 1)? =1+1 => (1+1)(1+1) =1+4+1 


Now use the distributive law: 


(1+1)(14+1) = (1+1)1+(1+1)1=1+14+141 


Thus, 
bee i+la=1t+1 
and 
1+1=0 
Now let r € R. Then 
rtr=Irtir® (14+1)r=0r=0, 
where in (+) we used the distributive law. Thus for every r € R we have that 
2r = 0, 


so R has characteristic 2. 
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Result 


The statement holds: HINT: show that 1 + 1 = 0. 


We define a relation on S x S: 
(a,b) ~ (c,d) if and only if ad = be 
We first need to prove that this is an equivalence relation. 
Reflexive? 
Let (a,b) € S x S.Then clearly (a,b) ~ (a,b), since ab = ba because S is a commutative semigroup. 
Symmetric? 


Let (a,b), (c,d) € S x S be such that (a,b) ~ (c,d). Then ad = bc. But now cb = da, since S is a commutative 
semigroup. Thus, (c,d) ~ (a,b). 


Transitive? 


Let (a,b), (c,d), (e, f) € S x S be such that (a,b) ~ (c,d) and (c,d) ~ (e, f). We need to prove that 
(a,b) ~ (e, f). 


First, (a,b) ~ (c,d) means that ad = be. Furthermore, (c,d) ~ (e, f) means that cf = de. 
Now ad = bc implies ade f = bce f. Now we use the associativity and commutativity of S to get 
(de)(af) = ade f = beef 
Similarly, 
(cf)(be) = bce f = (de) (af) 
Thus, 
(cf)(be) = (de)(af) 

Furthermore, cf = de, so we can use the cancellation law: 

be = af, 
or 

af = be 


From this, (a,b) ~ (e, f), as required. 
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Now we define G as a set of equivalence relations. We will identify an equivalence class (a, b)] with its 
representant (a, b). On them, we define a law of composition - with 


(a, b) mi (ce, d) = (ac, bd) 


To prove that it is well-defined, let (a’, b’) ~ (a,b), (c’,d’) ~ (c,d). We need to prove that (a’c’, b'd’) ~ 
(ac, bd). For now, we have that 


ab=Va and cd=dc 

From the first equality, 
a'be'd = biac'd 

Now we use the second equality 

blac'd = (b'a)(e'd) = b'ad'c 
Thus, 

a'be'd = b'ad'c => (a'c')(bd) = (b'd’) (ac) 
(we use the associativity and commutativity of law of composition on S)., But this precisely means that 
(a’c',b'd') ~ (ac, bd), 


so our law of composition on G is well-defined. Furthermore, we want to prove that (G, -) is a group. 


Closure? 

Let (a,b), (c,d) € G. Then (a,b) - (c,d) € Gis trivial, since (a, b) - (c,d) = (ac, bd) and ac, bd € S. 
Associativity. 

Let (a,b), (c,d), (e, f) € G.Then 


((a, b) (c, d)) -(e,f) = (ac, bd) : (e, f) 
= ((ac)e, (bd) f) 


1 
= (a(ce),b(df)) 
= (a,b) - (ce, df) 
= (a,b) - (c,d) - (e, f)) 
(in (1) we used the associativity of S). Thus, G is associative. 
Identity. 
We will prove that (1, 1) is an identity. Let (a,b) € G. Then 
(1,1) - (a,b) = (1a, 1b) = (a,b) 
(a,b) - (1,1) = (a1, 61) = (a,b) 


because 1 is an identity in S. Thus, (1, 1) is an identity in G. 


Inverse. 
Let (a,b) € G. Then (b,a) € G, and 
(a,b) - (b,a) = (ab, ba) = (ab, ab) = (1,1) 
(the last equality holds since ab = ab). The second to last equality holds because S is commutative. 
Similarly we get 
(b,a) - (a,b) = (1,1) 


Thus, every element of G is invertible. 
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Therefore, G is a group. We can further prove that it is also a commutative group, but it does not ask of us to do 
that here. 


Now we want to find an embedding of S into G. Consider the mapping 
g:S4G, (s)=(s,1) 
To prove that it is ahomomorphism, let s,t € S, and 
p(st) = (st, 1) = (8,1) - (t,1) = 9(s) - p(t) 
Thus, it truly is ahomomorphism. Furthermore, it is injective! Assume that s,¢ € S are such that y(s) = y(t). Then 
(s,1) = (¢,1), 


which means that s = t by definition of equivalence classes and relation. Thus, y is an injective homomorphism; an 
embedding. 


Result Sof 


Define a relation ~ on S x S with (a,b) ~ (c,d) if and only if ad = be. Prove that it is an equivalence relation. 
What can you do with its equivalence classes? 


3.a 


We first prove that R is a ring by checking all properties from the definition. 
\undertine( 2, +)isanabeliangroup 


Closure. 
The fact that 

(a1, a2,...) + (b1, b2,...) = (a1 + bi,ag+b2,...)ER 
is clear. 
Associativity. 
Let 

(a1, @9,...), (b1,bo,..-), (C1,¢2,-..) ER 

Then 


(a1, a@9,...) + ((bi, bo, ...) + (c1,¢2,...)) = (a1, a2,...) + (by + c,b2 + vita) 
= (a; + (by +1), a2 + (bo +2),...) 
w ((a1 + by) + c1, (ag + be) + €2,...) 
= (a, + by, a2 + bo,...) + (e1, €2,...) 
= ((a),a2,...) + (by, bo,...)) + (c1,¢2,...) 


(In (1) we used the associativity of addition on R.) Thus, (R, +) is associative. 
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Notice that 

(a1, @9,...) + (0,0,...) = (a1, a2,...) 
and 

(0,0,...) + (a1, @0,...) = (a), @2,...) 


for every (a1, @2,...) € R. Thus, (0,0, ...) is the additive identity. 


Inverse. 
Let (a,,@9,...) € R. Then (—a,, —ao,...) € R, and 
(a, @9,...) + (—a1, —a,...) = (0,0,...) 
(—a,, —do,...) + (a1, a2,...) = (0,0,...) 
Thus, every element of R has the additive inverse. 
Commutativity. 
Let (a1, a2,...), (bi, b2,...) € R. Then 
(ay, @9,...) + (by, bo,...) = (ay + by, aq + bo,...) 


© (b, + a1, b> +.a,...) 


= (b;, bo, .) ae (a, aQ,-- ) 
(In (2) we used the commutativity of addition in R.) Thus, (R, +) is commutative. 
Conclusion. 


Now we can conclude that (R, +) is an abelian group. 


\undertine( 2, -)isclosed, associativeandcommutative, andhasanidentity 


Closure. 
The fact that 

(a1, a2,...) + (bi, b9,...) = (aibi,agbo,...) ER 
is clear. 
Associativity. 
Let 

(a1, a,...), (by, b2,...), (c1,€2,...) ER 

Then 


(ay, @2,..-) + (bi, b2,.+.) + (C1, €2,-+-)) = (a1, @2,---) » (bier, bee, -. -) 

(a;(bic1), a2(bgc2),...) 
(ab; )c1, (agbz)eo, . . .) 

= (a1b1, aybo,...) + (C1, €2,--.) 


((ay, a2,. ie} , (by, bo,...)) F (cy, €9,..-) 


Cc 


) 


(In (3) we used the associativity of multiplication on R.) Thus, (R, +) is associative. 
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Identity 
Notice that 

(ai; 0335.52)>\(1S1, 53) = (any 02} 2%) 
and 

(1; 15.2): (ax, an; 35.) = (G1,093; <3) 


for every (a;,@2,...) € R. Thus, (1,1,...) is the multiplicative identity. 


Commutativity. 
Let (a1, @9,...), (bi, bo,...) € R.Then 
(a1,@2,...) > (bi, b2,...) = (arbi, azbe,...) 


@) (bj a1, boa, oe .) 
= (bi, bo,...) + (ai, a2,---) 


(In (4) we used the commutativity of multiplication in RB.) Thus, (R, -) is commutative. 


Conclusion. 


Now we can conclude that (R, -) is closed, associative, and commutative, and it has an identity. 


Distributive Law. 
Let 


(a, @9,...), (bj, bo,...), (C1,€2,...) ER 
Then 
((a1,a2,...) + (bi, bo,...)) + (cr, €9,...) 
= (a; + bi, a9 + b,...) > (cis¢9,222) 
= ((a; + ber, (a2 + be)eo,...) 
5 
© (aye, + bye, a2¢2 + boca) 
= (ajcj, a2c2,...) + (bier, bece,...) 
= (a1, a9,...) + (ci, c2,...) + (b1, bo, ...) + (C1, €2,---) 


(In (5) we used the distributive law of field of real numbers.) Thus, the distributive law holds. 


Conclusion. 


Now we conclude that (R, +, -) is a ring. 
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Maximal ideals. 
Fori € N, define R; as 

R; = {(a1, a2,...) € R| a; = 0} 
To check that it is an ideal, take (a,,@2,...), (bj, bo,...) € Rj and (cy, c2,...) € R.Then 

(a1, @o,...) + (b), bo, ...) = (ay + bj, a2 + bo...) € Rj 
(since a; + b; = 0), and 
(c1,c2,..-) + (a1, @2,...) = (c1a1, c2a2,...) € Ri 

(since cja; = 0). 
Now define a mapping 

yi: R—R, ;i(ai,a2,...) =a; 
It is a homomorphism, since 


yi((a1, ae, . P .) + (b;, be, we -)) = gi(ay + by, aa + bo, Se ) 
=a; +b; 


= yi(ai, a2, or >) + gi(bi, be, AP 4) 


and 
yi((a1,@2,...) - (bi, b2,..-)) = yi(aibi, agbe, ...) 
= ajbj 
= 9i(a1,a2,...) > pi(bi, be, ...) 
Also, 


gi(15 1; .53):=1 


Notice that it is also surjective (since we can choose a; to be any real number). 


To find its kernel, we must find all (a), @2,...) € R such that y;(a), @2,...) = 0. But this means that a; = 0, so 


(a1, a2,...) € Rj. Thus, 

kery; C Rj 
The other inclusion is trivial. Thus, kerp; = Ri. 
By the First lsomorphism Theorem, 

R/Ri ~R 


Thus, R/ R; is a field (since R is a field), so, by Proposition 11.8.2 (b) we conclude that R; is a maximal ideal in R. 


Now define 


Ro = {(a1,a2,...) ER| Jim an = 0} 


(alternatively, because of the definition of R, we can define it as a set of all (a1, a2,...) € R such that there exists 


m € N such that a, = 0 for alln > m). 
To check that it is an ideal, take (a1,a@2,...), (bi, bo,...) € Roo and (c1,¢2,...) € R. Then 


(a1, a2,...) + (b1, bg,...) = (a; + bi, a2 + be,...) € Rx 
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(since lim (a, + bp) = lim a, + lim bp = 0), and 
n-ooO n-0o n-oo 
(c1,¢2, oita .) : (a1, a2, + .) = (cia), C2a2, os .) E Rx 
(since lim cpa, = lim en lim an = 0). 
no n-oo n-oo 
Thus, R.. is an ideal. Define a mapping 


Yoo ? Rx > R, Poo(ai,a2,...) = lim a, 


nx 


It is a homomorphism, since 
Poo( (1, @2,...) + (b1, bo, ..-)) = Poo(ay + by, ag + bo,...) 
= lim (a, + b,) 
n-oo 


= lim a, + lim by 


no noo 


= Poo (41, 42, o* ) oo Poo(b1, bo, vee 


and 


Yoo((a1, a2,...) + (bi, b2,...)) = Goo (aib1, agbo, ...) 
= lim a,b, 


n-oco 


= lim a, lim b, 


n-oco n—0o 


= Poo(a1,a2,.-.) 7 Poo(b1, be, . +. 


Also, 


Notice that it is also surjective; for 2 € IR we have 


Dig (BL; 000) = 2 


Also it is easy to see that 

kerYng = Ro 
Therefore, by the First lsomorphism Theorem, 

R/Rx = R, 


and, by Proposition 11.8.2 (b) we conclude that R., is a maximal ideal in R. 
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All that is left to prove is that there are no other maximal ideals. 


Let I be some ideal in R. If lim a, = 0 for all (a), a9,...) € I, then I C R,. Thus, either J = Rx, oritis nota 
n-0co 


maximal ideal. 


Now assume that there exists some (aj, a@2,...) € J such that lim a, = x + 0. Then 
n-—o 


(a1, @9,...) = (@1,@2,...,Am,Z,Z,...) 
for some m € N. (Because every element of R becomes constant at some point) 


Now suppose that a; 4 0, a2 + 0, \ldots, a,, + 0. Then all entries of (a), a9, ...) are nonzero, so it is a unit, 
because a; ! exist and 


(ay, do, oe ja as", a. . = (1, i Be oe :) 
But this means that (1,1,...) € I, so J = R! Thus, I is not a maximal ideal. 
(i) 


Now suppose that for every i € {1,2,...,m} there exists some b(!) = (bi), bs ,-++) € I such that \ +0. 


Then 


(b'))? = ((B)2, (Bh), ...) ET 


Also, 


Now notice that 
a® + (b'))? +... + (b'™) 


has all entries strictly positive, so it is a unit. Once again, we conclude that J = R, so it is not a maximal ideal. 


Thus, there exists some i such that aj = 0 for all (a1, a2,...) € J. But this means that J C R;. Thus, I = Ri, or I 


is not maximal. 


This completes the exercise, because we conclude that Rj, i € N, and Rx are all maximal ideals. 


Result 
To prove that it is a ring, check properties from the definition. 
All maximal ideals are: 
R; = {(a1,a2,...)€ R|a;=0}, ieN 
and 
Rx = {(a1,a2,...)€ R| Jim an = 0} 
4.a 


Aset Ris defined as the ring which shows the binary functions with respect to addition and 
multiplication and also satisfies the statement that the set is abelian under addition, monoid 
under multiplication and is distributive under multiplication with respect to addition. 
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a. 
To classify: The rings R that contain Cand have dimension 2 as vector space over C 
Let {1,r} be a basis for p and let the mapping; 

g:qx]>R 
Be defined as; 

I>1 

xr 
Here, is then surjection and; 

kerg=(f); f ex] 
Since, C{x]is a principal ideal domain giving; 

R= qa(s) 
Then by the first isomorphic theorem; 

deg(/)>! 
Since otherwise {1,1} would be linearly independent and since; 

r=ar+b 

ER 

For some a,be C 
Now; 

f=x -ax-b 


=(x-9,)(x-93)361.6 €C 


If; 
o =o 
=¢ 
Then; 
R= qs\/(/) 
= qx//() 
By composing with the isomorphism defined by; 
XOX 
If 
oe, 
Then; 
(x-¢,)+(x-¢,)= Ras ideals, 
Hence; 
R=Qx}/(/) 
= Gx]/(x-6,)*Qx]/(x-¢,) 
=&C 
Hence, the two possibilities are; 


R= qx}/(x’) 
Or; 
Cc 
Therefore, the rings is CC 
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b. 

To classify: The rings that contain cand have dimension 3 as vector space over ¢ 
Suppose there exists » ¢ R such that {I,r,r?} is a basis for R.. Then, define the map; 
g:Qx]>R 

Such that; 

x—r 

Again; 

kerg=(f) 

For deg f <2 

Since, if, 

deg f s2 

Then {I.r,r7} would not be linearly independent 

Also; 

r sar’ +br+c,a,b,ceC 

And so; 


f=x'-av -bs-c 


If fhas one triple root ¢ , then; 
R= qx]/((x-¢)) 
= x(x) 
If fhas a double root ¢ and a simple root ¢“ then since; 
((x-¢) )+(x-o")=R 


As ideals, that is; 
R= Qx]/((x-¢) \x-¢") 
= Qx]/((x-5)))«x/(x-¢") 
= qx]/(x)«c 
By the same argument as before, finally, if f has three distinct roots then; 


R= Qx)/((x-S,)(x-6)(x-4)) 


= x}/(x-6,)x Gx]/(x-¢,)* Qa]/(x- 6) 
=axac 


Now, suppose no ; « R exists such that {1,1,r*} is a basis for R . Thus, if {I,r,s}is a basis for 
Rthen; 

r=arte, 

Sv =hs+e, 

rs=artbs+c, 
For some a,,b,,c, €C 
Now assume that; 

c Fc, 


=0 
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For changing coordinates  — r + a, this gives; 


(r+a) =a,(r+a)+e, 
This implies; 
r =(a,-2a)r-(a’ +a,a-c,) 
And, so letting @ be such that; 
a@ =aa-c, 
=0 
Then; 
rear 
Similarly for » ; 
s=bs 
Then; 


(r-zs) =r? +2zrst2°8" 


= (a, +2a,z)r+(b,2° +2b,z)s +2c,z 


=(A)(r+s)+B, 


For some 4.,B. €C 


Since; 
{lr+ zs,(r+ zs)'} 
This is linearly dependent. Thus; 
A, =a, +2a,z 
=b,z* +2b,z 
And; 
B, =2c,z 


Since, the first equation must hold for all z , then; 


a, =b, 

=0 
Hence; 
Pas 

=0 
And also; 
a, =b, 
This implies; 
(rs) =r?s? 

=0 

But since; 
(rs)! =(ar+as+e,) 


=2¢? 2 
= 2a; + 2a,cyr + 2a,c,s +c; 


= 2a, (a; +¢,)r+2a, (aj +c, )+c, (2a; +¢;) 


That is; 
a, (a; +c,) =¢,(2a; +e,) 


=0 


If one of @,,c, is nonzero, then the other is also. But this is impossible and so; 
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Finally, let; 
9:qxy]>R 
This be defined by; 


lol 
xr 
yous 


That is, gis then surjective, giving R = qx, y]/kerg by the first isomorphic theorem 
Now, 
J= (x? i yay) 
ckerg 
And the reverse inclusion holds since for any; 


fe qxy] 
f =ar+ fs+ymodl;a,B,yeC 


And f —» Qin the composition; 
x, y]/1 > qx, y]/kerg 


>R 
If and only if; 


a=, 
na’ 
=0 
Since, {I,r,s}Is a basis for Rthat Is if and only if fe/ 


This in this case; 
R= Qx,y/(x’.y° ay) 
Thus there are four possibilities for R ; 


GMO FO) EV OO) GVO CoO 


Image. 


Let f(x,y) € C[z, y}, 


(of course, we consider that only finitely many aj; are nonzero). Now, 


f (2,0) = S> ajor' 
i=0 

f(0,y) = S> any’ 
j=0 


F(t,t) => Yo at! 


k=0 i+j=k 


Thus, from the above, if the tuple (P(x), Q(y), R(t)) is in the image of y, then pp = go = To and p; + qi = 11. 
We will prove that the other inclusion also holds. 


Let P(x) € C[z], Q(y) € Cly], R(t) € C[E] be such that pp = go = To and p; + qi = 71. (So, P(x) has 
coefficients p; and so on, Q(y) has g;, R(t) has rj.) We must find a polynomial f(z, y) € C[zx, y] such that 


o(f(z,y)) = (P(x), Q(y), R(t) 
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This means that 
f(x, 0) = P(2) 
f(0,y) = Q(y) 
f(t,t) = R(t) 


We first consider 
= - 
folz,y) = >> pia! 
i=0 


Clearly, fo(z, y) = P(z). 


We now want to somewhat extend fo. We must also take care not to "ruin" our equality fo(z, y) = P(x). So we 


define 
ox : ~ P oo ‘ 
filz,y) = fo(z.y) + > ay’ = po + D> pia’ + So aiy' 
i=1 i=1 i=] 


Notice that f,(2,0) = fo(x,0) = P(z). Also, because po = qo, f1(0, y) = Q(y). 
Now we want to extend f) further. So, we want to write 


fo(z,y) = filz,y) + (2, y), 


for some g(x,y) € Clz, y}, to get the final equality, while also making sure that we do not ruin previous 


equalities. 


The easiest way to do this is to write g(x, y) = xyh(z, y), for some h(x, y) € C[zx, y], because then 


fa(x,y) = fi(z,y) + zyh(z,y), 
so 
fo(x,0) = fi(x,0) = P(z) 
f2:(0,y) = fi(0,y) = Q(y) 


Of course, the only problem with this line of thinking is: can we even find appropriate h(x, y)? 


Let us try with 


h(z,y) = 9_ (rise — pis — gis2)2" 
i=0 


(the reason why we picked 7 + 2 for indices will be made apparent below). 
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Then 
a . = . a! . 
a(x, y) = po + ya J oa gy’ + Yi (rise — pire — giro)" ty 
i=1 i=1 i=0 
Thus, 
folt,t) = po + D> pit + D> ait’ + D0 (risa — visa — giv2)t**? 
i=1 i=1 i=0 
(now we see why we picked 7 + 2 for indices). 
Now notice that we can write the above expression a bit differently: 
falt,t) = po+pit+at+ > piti+ > ati + Sori — pi — ait! 
i=2 i=2 i=2 


Thus, 


folt,t) = po + (pi + ai)t + > rit! 


i=2 
All that is left is to use that 79 = pp and ry = py + qi. Thus, 
fo(t,t) = R(t) 


Finally, 
9(fo(x, y)) = (P(x), Q(y), R(t)), 


so we have proven the other inclusion (regarding the image). 


Kernel. 
Let f(a, y) € kery. Set 

oo oo og 

f(z.y) => DY ayr'y’ 

i=0 j=0 
(Again, recall that we consider that only finitely many aj; are nonzero.) 
Then 

(0, 0,0) = p(f(z, y)) = (f(z, 0), f(0, y); f(t,t) 
From f(x,0) = 0 we get 
ago + ayoz + ana? +... =0 


Thus, ajo = 0 for alli € N. This means that 


f(z,y) => > aya'y => Do ayz'y 
i=0 j=l i=0 j=1 


Now set 


g(z,y) = > . ajay’ * 


i=0 j=1 
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Therefore, 


f(x,y) = yo(z,y) 


For simplicity, 


From f(0,y) = 0, we get 


yg(0,y) =0 


Notice that y, (0, y) € ‘C[y]. This C[y] is an integral domain, and y + 0, we must have that g(0, y) = 0. Similarly 
to before, we now get that g(x, y) = xh(z, y), for some polynomial h(x, y) € C{a, y]. Thus, 


f(x,y) = zyh(z, y) 


Because of 
f(t,t) =0 
and 
f(t,t) = Ph(t, t), 
we get that 


th(t,t) =0 
Because (C[t] is an integral domain, we must have that 
h(t,t) = 0 
Now we perform the division algorithm; divide h(x, y) by x — y to get 
A(x,y) = (w — y)q(z,y) + r(y) 


(notice that 2 — y can be considered a polynomial in variable x with coefficients from (C[y], so r will be constant 
with regard to x). Now, 


0 = A(t, t) = r(t), 
which means that r(y) = 0 (it does not matter what we call the variable, so y = t in some sense). Thus, 


h(x, y) = (x — y)q(z, y) 


Finally, 
f(z,y) = xy(a — y)q(x,y), 
which means that 
f(x,y) € (wy(x — y)) 
Thus, 


kerp C (xy(x — y)) 
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For the other inclusion, let p(x, y) € (xy(x — y)). Then p(x, y) = zy(x — y)q(z, y), for some q(x, y) € 
Cia, y]. We immediately get that 


p(x,0) =0 
p(0,y) =0 
p(t, t) = 0, 
so 
9(p(z,y)) = (p(x, 0), p(0, y), p(t, t)) = (0,0, 0), 
and 


p(x, y) € kerp 


Finally, (zy(a — y)) C kery, and 


kerp = (xy(x — y)) 


Result 7Ot7 


The image consists of all tuples (P(x), Q(y), R(t)), where P(x) € C{z], Q(y) € Cy], and R(t) € C[t], P(x) 
with coefficients p;, Q(y) with coefficients gi, and R(t) with coefficients r;, such that po = go = To, 71 = pi + 
q1. 


The kernel is equal to the principal ideal (xy(x — y)). 


6. a 


Suppose that it lies on some algebraic curve. This means that there exists some polynomial f(x,y) € Cz, y] such 
that f(z,sin x) = 0, for every z € R. 


Now take some c € [—1, 1]. Since sin x = c for infinitely many z © RR, we have that the polynomials f(a, y) and 
x — chave infinitely many common zeros. By Theorem 11.9.10, this means that f(a, y) = (x — c)g(a, y) for some 
nonconstant polynomial g(a, y) € Cz, y]. But now we can repeat this process with different é € [—1, 1] to 
conclude that g(a, y) = (x — é)h(a, y)! (This is because f(a, y) has infinitely many common zeros with a — é, 
and (a — c) does not have a zero at é; thus, g(x, y) must have infinitely many common zeros with a — &) We can 
repeat this process infinitely many times (for every real number between —1 and 1), and we get that f(a, y) is of 
infinite degree! This is clearly a contradiction. 


Result 20f2 


Assume that it lies on some algebraic curve. HINT: Theorem 11.9.10. 


7.a 
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(a) 
Let I = (fi, fo,..., fn). Then f; € I, so f; € I, fori = 1,2,...,n. Furthermore, now we can conclude that 
2 2 
g=fjt...t+f,El 


since I is closed under addition. 
Let x € (0, 1]. Since f; have no common zeros, there exists some j € {1,...,n} such that f;(x) 4 0. Then we 
have that f;(a)? > 0. Finally, 


g(x) = fila)? +... + fi(z)? +... + fa(z)? > F(a)? > 0 
Thus, g(x) 4 0. From this it follows that g(x) > 0 for alle € [0, 1]. 


Now we can define 


h: [0,1] > R, h(a) = 5 


(we can define it because g(x) + 0). Note that h is continuous. Furthermore, 
(hg)(x) = h(x)g(x) = 1, 


forallz € (0, 1). Thus, g is a unit, which is in the ideal I, so we have I = R, as required. 


(b) 
For y € X, define 
I, ={f ¢ R| f(y) =0} 
First of all, we check that this is an ideal. Let f,g € I,, h € R.Then 
(f+ 9)(y) = f(y)+9(y) =9 = f+gel, 
(hf)(y) = h(y) f(y) =0 = hf cI, 


Thus, I, is an ideal in R. 


Now we define a mapping 
vy: RR, 9,(f) = fly) 
We check that this is a homomorphism: 
vu f + 9) = (Ff + 9)(y) = f(y) + 9(y) = Sul fF) + Fu(9) 
vulfg) = (Ff +9)(y) = F(y)o(y) = u(f)eu(9) 
¥y(1) = 1(y) =1 
(we denote by 1 the function 1: X + R, 1(x) = 1). 


Thus, Yy is ahomomorphism. Furthermore, it is surjective! Let c € R. Define a function f : X > R, f-(x) =c. 
Then f- is continuous, and 


gu(fe) = fely) =e 


We will find the kernel of yy; f is in the kernel if and only if gy(f) = 0, which is if and only if f(y) = 0, which 
holds if and only if f € Iy. Thus, kerp = Iy. 


By the First lsomorphism Theorem, we now conclude that 
R/Iy=R 


This means that R/Iy is a field, so by Proposition 11.8.2 (b) we concluse that I, is a maximal ideal in R 
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Now we want to prove that these are all maximal ideal in R. Let J be some ideal in R. Suppose that it is not 
contained in any I. This means that, for every y € X, there exists some function f, € J such that fy(y) + 0. 


Now we use the fact that f, are continuous to conclude that for every y € X, there exists some open set Sy 
around y such that fy(s) + 0 for alls € Sy. Clearly 


OE 


yeX 
Since X is a compact set, and S,, are open, we conclude that there exist some S,,,..., Sy, such that 

m 

| J5,,=x 

i=1 
Now we conclude that fy, ,.-+ 5 fym have no common zeros in X. Truly, let 2 € X. Then x € Sy; for some j € 
{1,...,m}, and fy;(x) 4 0. 
Finally, we now use (a) to conclude that 

(fyy> ++ Fon) =F 
Furthermore, 
J 2 Syiss 2s Son) = FB 

Thus, 


which means that .J is not a maximal ideal. 


Finally, this means that for every ideal J we have that either J C I, for some y € X, or J = R, so I, are the only 
maximal ideals. Now we define a bijection by 


@:{Il,|yeX}oX, O(1,)=y 


Result fats 
(a) Use the hint provided in the exercise. Show that g is a unit in R. 


(b) Prove that I, = {f € R| f(y) = 0} are all maximal ideals in R. 
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Chapter 12 


Section 1 


lia 


Suppose that n is not a square of an integer. Now we will prove that n is not a square of any rational number. 


a 
Suppose that there exists g = — such that ¢ = n, and suppose without loss of generality that a, b are integers 
such that gcd(a, b) = 1. 1f b = +1, then q is an integer, contradicting our assumption from the beginning. Thus, 
bf, 


Use the prime decomposition to write b = +p) --- pz, where p,..., pk are prime. Since gcd(a, b) = 1, p; does 
not divide a (neither do any other p;). Now we observe 


es. 
T ~ Rep 


Since ¢ =n, ¢ must be an integer. Specially, we get that p; must divide a? (since it is in the denominator of q°). 
But pj is prime, so p; must divide a. However, this is a clear contradiction. 


Thus, there exists no g € Q such that ¢ = Nn, as required. 


Result 20f2 


Suppose that ¢ = n. Let q = a/b, where a, b are relatively prime integers. Then ¢ must be an integer (why?). 
Why is this impossible? 


2.a 

(a) 

We start with 
Lote? 
24 8 3 

Multiply the equation by 24: 
3a+8b=7 

Thus, 
3a = 7 — 8b 


By trying various b until we get an integer divisible by 3 on the right side, we get that we can take and 


mice 


(b) 
Since u, v are relatively prime, there exist integer k, | such that 
uk+vl=1 
Multiply this equality by m to get 
u(km) + v(lm) =m 


Divide the equality by n = uv: 


m Im km 
— = — + — 
n u v 
So, we setlm = a, km = b. 
Result 
5 -l 
ast 


3of3 


(b) There exist integers k, 1 such that uk + vl = 1 (why?). Multiply this equality by m and conclude the rest. 


3.a 


(a) 


We will first solve two equations: 

nz, = amodulom 

Mz = bmodulon 
To prove that such 2 exists, we use the fact that there exist integers k,l such that 

km+In=1 

(this is because m and n are relatively prime). Multiplying the equality by a yields 

m(ka) + n(la) =a 
Now, 

a= m(ka) + n(la) = n(la) modulo m 

Thus, 

n(la) = amodulo m 
so we can take 2; = la. 
Similarly, starting from km + In = 1 and multiplying it by b we obtain 

m(kb) + n(lb) = b 


Again, 
b = m(kb) + n(lb) = m(kb) modulo n 
Thus, 
m(kb) = b modulo n 


so we can take x2 = kb. 


(b) 
Now suppose that y also satisfies 
y = amodulom 
y = bmodulon 
But from this we get that 
zr =ymodulom 
z= ymodulon 


Thus, there exist some integer k and I such that 


z—y=km 

z—y=lIn 
Thus, 

km = In 


This means that n divides km. Since m and n are relatively prime, there exist integers c, d such that 
em +dn=1 
Multiply this equality by k: 
c(km) + (dk)n=k 
Plugging in km = In, we get 
(cl+dk)n=k 
Thus, n divides k. For simplicity, let e = cl + dk, so k = en. 
Finally, now 
z—y=km=e(mn) 
This means that 
xz = ymodulo mn 
Thus, for every solution y of the system of congruence relations we have that 


xz = ymodulo mn 


Result Sof 4 


(a) Hint: write 2 = nz, + mx, where nz, = a modulo m, Mx» = b modulo n (of course, first prove that such 
1,22 exist). 


(b) For every other solution y we have 


xz =ymodulomn 


Preliminaries 


We solve (a) using the same technique used in the solution of Exercise 12.1.3. Also, we first prove the following: 
Lemma. |f m and 7 are relatively prime, then from mz = ma modulo 7 it follows that r = a modulo n. 


Proof From maz = ma modulo n we get that there exists an integer k such that 
mz —ma= kn => m(x—a)=kn 
Since m and n are relatively prime, there exist integers c, d such that 
cm+dn=1 
Multiply the equation by x — a: 
cm(x —a)+dn(x—-a)=2-—a 
Use the fact that m(a — a) = nk to get 
(ck + d(z —a))n=2-—a 


Thus, n divides z — a, which means that zr = a modulo n. 


(a) 

Here a = 3,b = 2, m = 8, n = 5, so we solve 
521 = 3 modulo 8 
829 = 2 modulo 5 


So, we first start with 5a, = 3 modulo 8. The idea is to "increase" 3 to the multiple of 5 so we can use the Lemma 
proven in the Preliminaries. Notice that 


3 = —5 modulo 8 


Thus, 
521 = —5 modulo 8 
Dividing by 5 we get 


2; = —1 modulo 8 


So, we can take 


m=-1 


Similarly, 
2 = 32 modulo 5 
Thus, 
829 = 32 modulo 5 
Dividing by 8 we get 
az = 4 modulo 5 
So, we can take 
Now we define 
qo = nz, + Mag = (5)(—1) + (8)(4) = 27 
So, all solutions z are given by 
Z = Zp modulo mn; 


that is, 


xz = 27 modulo 40 


(b) 
Here we have three congruence relations, so we solve them one by one. 


From x = 3 modulo 15, we get that there exists an integer k such that 


z—3= 15k, 
so 

z=3+15k 
Onto the next, we have 

z = 5 modulo 8 
On the other hand, 
z=3+15k =3+ 7k modulo 8 

Thus, 


3+ 7k = 5 modulo 8 => 7k = 2 modulo 8 


Since 7 and 8 are relatively prime, we can use Lemma. But first, we “increase” 2 to the multiple of 7: 


= —14 modulo 8 


Thus, 

7k = —14 modulo 8 
Dividing by 7 we get 
Thus, there exists an integer I such that k + 2 = 81; that is, k = 81 — 2. 


From this, 


z=3+15k =3+ 15(8l — 2) = —27+ 1201 


The third congruence relation is 


x = 2 modulo 7 
On the other hand, 
xz = —27+ 1201 = 1+1 modulo 7 
(because —27 = 1 modulo 7 and 120 = 1 modulo 7, so 1201 = | modulo 7). Thus, 
1+1= 2 modulo7 


This immediately yields 


l= 1 modulo7 


Thus, there exists an integer c such that 1 = 1 + 7c. Furthermore, 
x = —27+ 1201 = —27 + 120(1 + 7c) = 93 + 840c 


So, all solutions are of the form z = 93 + 840c, for some integer c. The converse is also true; if 2 = 93 + 840c, 
for some integer c, then x solves the three given congruence relations (this is checked manually). Thus, all 
solutions of the system of congruence relations are given by 


x = 93 modulo 840 


(c) 


We solve this as we did (b). Since z = 13 modulo 43, there exists an integer k such that « — 13 = 43k. That is, we 
have that 


r=13+ 43k 


The other congruence relation is 


x = 7 modulo 71 


On the other hand, 


z = 13+ 43k = 13 + 43k modulo 71 


Thus, 


13 + 43k = 7 modulo 71 — > 43k = —6 modulo 71 
In this case, it is difficult to "increase" —6 up to the multiple of 43. 


So, we solve this a bit differently. We first use the Euclidean algorithm on 73 and 43: 


73 = 43-1+30 (1=1,r1=30) 
43 =30-14+13 (@2=1r2=13) 
H=1944 Gs=or5=9) 
13=4-341 (q4=3,r4=)) 
4=1-4+0 (q.5 = 4,r_5=0) 


Now we write the equations a bit differently: 


73 = 43-1+30 => 30 = 73 — 43 
43 = 30-1+13 => 13 = 43 — 30 
30 = 13-2+4=> 4=30- 13-2 
138 =4-3+1=>1=13-4-3 


Now we can find integers k,l such that 73k + 431 = 1! 


1=13-4-3 

= 13 — (30 —13-2)-3 
—30-34+13-7 
—30-3+ (43 — 30) -7 
= 43-7— 30-10 
= 43-7 — (73 — 43) - 10 
= 73-(—10) + 43-17 


Multiplying by —6: 
—6 = 73 - 60 + 43 - (—102) 
Finally, 
—6 = 73 - 60 + 43 - (—102) = 43 - (—102) modulo 73 
To simplify it further, we can notice that 
—102 = 44 modulo 73 


Thus, 
43 - 44 = —6 modulo 73 


This means that we can take 


Now we want to prove that k = 44 + 73c, for c integer, are all solutions of 43k = —6 modulo 73. 
First of all, if k = 44 + 73c, then 
43k = 43 - 44+ 73 - 43c = 43 - 44 = —6 modulo 73 
Thus, such k are solutions. 
On the other hand, suppose that I is some solution of the congruence relation; that is, 431 = —6 modulo 73. Then 
431 = 43 - 44 modulo 73 
Since 43 and 73 are relatively prime, we can use Lemma to conclude that 
l = 44 modulo 73, 


as required. 


Thus, k = 44 + 73c. Furthermore, 


v= 134 43k = 13 + 43(44 + 73c) = 1905 + 3139¢ 


Therefore, if 2 solves the system of congruence relations, then z = 1905 + 3139c, for some integer c. On the 
other hand, all such x are solutions (this is checked manually). Thus, all solutions are given by 


xz = 1905 modulo 3139 


Result Sof6 


(a) z = 27 modulo 40 
(b) z = 93 modulo 840 


(c) x = 1905 modulo 3139 


5. a 


We use the Euler Totient Theorem: |f a and b are relatively prime, then 

a?) = 1 modulo b, 
where (y(b) is a number of positive integers which are less than or equal to b and are relatively prime to b. 
So, if we set m = y(b), n = (a), we have that 

a™=1modulob and b” =1moduloa 
Furthermore, clearly b” = 0 modulo b and a™ = 0 modulo a, so 
a™ +b" =1moduloa and a” +b" =1modulob 

From the first congruence relation, we have that 

a" +b" =1+ka 
for some integer k. From the second congruence relation, 

a”™ +b" =1+1b 
for some integer I. Thus, we have the equality 


ka = lb 


Since a and b are relatively prime, there exist integers c and d such that 
ac+bd=1 
Multiplying by k yields 
kac + kbd = k => lbe + kbd = k => (Ic+kd)b=k 
So, if we set e = Ic + kd, then k = eb. This means that 
a” +b" =1+ka=1+ (ab) 

Therefore, 

a™ + b” = 1 modulo ab, 


which completes the proof. 


Result 


Hint: Euler's Totient Theorem. 


Section 2 


lia 


(a) 

We first check for roots. In Fy, there are only two elements: 0 and 1. 
ze=0=5 2°4+2?4+24+1=140 
g=1l=2°4+2?4+24+1=4=0 


(4 = O in Fo). Thus, by Corollary 11.2.11, we conclude that 2 — 1 = a + 1 divides the starting polynomial. 
Furthermore, 


2+27+24+1=(2+1)(2?+1) 
Similarly, 2? + 1 has 1 for root, and 
(2+ 1)? =274+224+1=274+1 
Therefore, 
a+2?+2+1=(r+1)3 
Now we need to check that 2 + 1 is irreducible. Suppose that f (x) divides z + 1, so 
a+1= f(x)g(z), 


where g(x) € Fo[a]. Since deg( f(x)g(x)) = deg f(x) + deg g(a) (where we denote the degree of a 
polynomial with deg), and deg(a + 1) = 1, we get that either deg f(x) = 0 or deg g(x) = 0. First assume that 
deg f(x) = 0. But this means that f (a) is a constant nonzero polynomial in Fo[z], so f(a) = 1. However, lis a 
unit in F2[z]}! 


If deg g(x) = 0, then g(a) = 1, which means that f(a) and + 1 are associates. 


Thus, 2 + 1 is irreducible. 


(b) 
First write 
2? —3r—3=27+2r+2 


Now it is easy to see that 1 is a root of this polynomial, so z — 1 = x + 4 divides it. Now we want to find a 
polynomial p(x) € F5/z] such that 


x? +2r+2= (2 +4)p(z) 


Since deg((a + 4)p(x)) = deg(x + 4) + deg p(x) = 1 + deg p(x), and deg(x? + 2x + 2) = 2, we 
conclude that deg p(x) = 1. Thus, p(x) = az + b, for some a,b € Fs, hence 


a? +27 +2=(x+4)(axr +b) = az? + (4a+b)x + 4b 
So, we obtain a system of equations 


a — 
4a+b=2 
4b=2 


From the first equation we get 


Plug it into the second equation: 


4+b=2— [b= a9] 


Plugging this into the third equation we get 12 = 2 which holds in Fs. Thus, a = 1, b = 3 is truly a solution of this 
system. 


So, 
a? +2r+2=(2+4)(2+3) 
Now we want to prove that a + 4 and x + 3 are irreducible. As in (a), if f(x) divides x + 4, then 
a+4= f(zx)g(z) 


for some g(x) € Fs|z]. As in (a), we get that either deg f(x) = 0 or deg g(x) = 0. If deg f(x) = 0, then 
f(x) =, for some c € Fs, c # 0. But c7! exists in Fs (since Fs is a field), so h(a) = c~! is an inverse of f(x)! 
Thus, f (a) is a unit. 


If deg g(x) = 0, then g(a) is a unit, so f(a) and x + 4 are associates. 


Thus, x + 4 is irreducible. Similarly one proves that x + 3 is irreducible. 


(c) 

We try all elements of Fz to find roots of this polynomial: 
r=0=>527+1=140 
z=1=>27+1=240 
2=2=>27+1=540 

e=3=>27+1=10=340 
e=4=>277+1=17=340 
z=5=>27°+1=26=5+40 
z=6=> 2°4+1=37=20 
Thus, this polynomial has no roots! 


Now we want to prove that it is irreducible. Suppose that f(a) divides it Then 


x +1= f(zx)g(z) 


First of all, deg( f(x) g(x)) = deg f(x) + deg g(x), and deg(x” + 1) = 2, so deg f(x) + deg g(x) = 2. This 
means that we have three cases depending on the degree of f(z). 


\f f (x) is of degree 0, then it is constant and must be nonzero for the above equality to hold. As in (b) we 
conclude that it is a unit. 


If f(x) is of degree |, then f(x) = ax +b for some a, b € F7. But this means that f(a~!(—b)) = 0 (a7! and —b 
are in F7 since it is a field), so x? + 1 would have a root! Hence, we arrived at a contradiction. 


If f(x) is of degree 2, then g(a) would have to be constant, so, as in (b), f(a) and x” + 1 would have to be 
associates. 


This proves that x? + 1 is irreducible in F7. 


Result 
(a) (x +1) 
(b) (x + 4)(x + 3) 


(©) x? + Lis already irreducible. 


We first want to factor these polynomials. 
Notice that 
poattet+ert+etlari+et+e?4ett+etl 
=2?(24+2+4+1)+(24+2+4+1) 
= (27 +1)(24+2+4+1) 


Now we want to prove that p(x) = x! +2 + 1is irreducible. Using the Rational Root Theorem, if c was a rational 
root of this polynomial, then we would have c = +1. However, +1 is not a root of p(x). Suppose that q(x) € 
Q[z] divides p(z). Thus, if we would have 


p(x) = q(x)r(z), 


for r(x) € Qlz], and g(x) and r(x) cannot be of degree | (because if for example g(a) was of degree |, it would 
have a rational root, so p(a) would also have a rational root). 


If q(x) was a nonzero constant (it clearly cannot be zero), then it would be a unit since Q is a field. 
lf r(a) was a nonzero constant, then q(x) and p(x) would be associates. 

Thus, q(x) and r(x) are of degree 2 or more. 

Since p() is of degree 4, we conclude that g(a) and r(a) would have to be quadratic: 


at+2+1= (2? +ax+6)(2? + cx +d) 


(without loss of generality we can assume that they are monic; otherwise, the product of their leading coefficients 
would be 1, so we can easily obtain the above form). So, 


ai+ae¢+ 1l=2'+(a+c)z* + (ac+b+d)a2” + (ad + be)x + bd 


Thus, we obtain a system of equations 


a+c=0 
ac+b+d=0 
ad+be=1 
bd =1 


So, a = —cand b = 1/d. Plug this into the second equation: 
-?+1/d+d=0=> &-cd+1=0 (I) 
Plug this into the third equation: 
—cd +c/d =1= > -cd?+ce=d 
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d 
Thus, c = T-@ (if d = +1, then the above equality becomes 0 = 1, which is a contradiction). Now plug this 
into (1): 


d° 
#— app ti=o 


Finally, after multiplying the above equality by (1 — d*)? = d! — 2d? + 1, 
d -%d'+@-d+d'-2?+1=0= d& -d'-d-d@+1=0 


So, dis aroot of a polynomial f(x) = 2° — 24 — 2 — x? + 1. Using the Rational Root Theorem, d = +1. 
However, now we check that for d = +1 the equality d® — d* — d3 — d? + 1 = 0 does not hold. 


Thus, such rational d does not exists and, with it, neither do polynomials of degree 2 with rational coefficients 
q(x), r(x) such that 


P(x) = q(z)r(z) 


To conclude, p(x) is irreducible. 


Now we factor the second polynomial from the text of the exercise. Notice that 
+2 +e%+a+l=ae° +2242? +22 +2741 
= 2°(23+24+1)+(2°+2+4+1) 
= (2? + 1)(23+2+1) 


Thus, g(x) = x? + 1 isacommon divisor of the given polynomials. We will prove that it is their greatest common 
divisor. 


Suppose that d(z) is some other common divisor. Since we want to find the greatest common divisor, we can take 
d(x) = (x? + 1)e(z), because we already know that 2? + 1 is a common divisor. 


Since d(a) divides (x? + 1)(at + x + 1), there exists some g(x) € Q[z] such that 
d(a)q(x) = (x? +1)(a1 +2 +1) => (2? + 1)e(a)q(x) = (x? +1)(a24 +241) 
From this, 
(x* + 1)(e(x)q(x) — (at +2+1)) =0 
Since Q[a] is an integral domain, and x? + 1 + 0, we conclude that 
e(x)q(x) — (24 +2+1)=0= e(2)q(z) = 2*+2+1 


Since 2! + x + Lis irreducible, we conclude that either e(x) is constant, or g(a) is constant. 


If e(a) is constant, then d(x) = a(x? + 1) for some a € Q, so d(z) divides g(x) = 2” + 1. So, g(z) is stilla 
candidate for the greatest common divisor. 


If g(x) is constant, then e(x) = a(x + 2 + 1), sod(x) = a(x? + 1)(2! + x + 1). Since d(x) must also divide 


(2? + 1)(23 + x + 1), then 


Similarly to before, we get that 


d(x)r(a) = (x? +.1)(23 +241) 


a(atz +2+41)r(z) =2*° +241 


However, this equality clearly cannot hold. First of all, r(a) + 0, since the right side is nonzero. But this means that 


the degree of the left side would be higher than the degree of the right side! Thus, the equality cannot hold. 


Thus, 2? + 1 is the greatest common divisor of the two given polynomials. 


Result 


3.a 


We check all elements of Z/8Z. 


Thus, this polynomial has no roots! 


Result 


4.a 


r=0=>27-2=-2=60 
z=1=>2’-2=-1=7#0 
z=2=>27-2=20 
r=3=—>2r°-2=720 
e=4—>27°-2=14=650 
r=5=—> 2? -2=23=740 
z=6=> 2?-2=34=240 
z=7=> 2? -2=47=7F40 


No roots. 


4o0f4 
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Suppose that there are finitely many monic irreducible polynomials. Denote them by p; (x), sig Da (x). 
Furthermore, we do not consider 1 as irreducible, so p;(a) are nonconstant. 


Now we define 
f(z) = pi(2) +++ Pn(z) +1 
First of all, it is a monic polynomial. If we denote the degree of a polynomial by deg, 
deg f(x) = deg(p; (x) ---pn(x) + 1) = deg(pi(z) --- pn(x)) > deg pi(x), 
for alli = 1,2,...,m (we used that all p;(a) are nonconstant to get the strict inequality). 
So, f(x) # p;(z), for alli = 1,...,n. 
However, p1(),...,Pn(@) are all irreducible monic polynomials, so f(a) must be reducible. 


Using the Theorem 12.2.17 (d), 


F(z) = 11(2)q2(2) --- ge(2), 


where q;(a) are irreducible monic polynomials. But this means that qi (2) is an irreducible monic polynomial which 
divides f(a). Since p;(x),..., Pn(x) are all irreducible monic polynomials, qi(x) = p;(x) for some j € 


{Teccccmh 
Finally, this means that p;(x) divides f(a), so there exists g(x) € F'[z] such that 
f(x) = pj(x)q(x) = pi(z) +++ pn(x) + 1 = pj(x)q(z) 
Thus, 
pj(x)(pi(@) ++ - pj—1(@)pj+1(@) +++ Pn(w) — q(z)) = -1 
If we set h(x) = pi (x) --- pj-1()pj+1(2) ++ Pn(w) — g(z), then 
pj(x)h(x) = —1 


If h(x) = 0, then p;(x)h(x) = 0 4 —1. So, h(x) # 0. Now we use that p;(a) is nonconstant to conclude that 
pj(x)h(z) is also nonconstant. But this means that pj(x)h(x) 4 —1! 


Hence, we obtained a contradiction, so no p;(«) can divide f(a). But this contradicts the result of 
Theorem 12.2.17 (d). Thus, p1(2),..., Pn(#) cannot be all monic irreducible polynomials. 


Result 


Use the hint provided in the exercise. Theorem 12.2.17 (d) could be useful. 
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(a) 

Let f(x) /g(x) € C(z). 

If the degree of f (a) is greater than or equal to the degree of g(x), we first divide f(a) by g(a): 
f(z) = g(z)q(x) + r(x) 

Thus, 


f(z) _ r(z) 
g(x) az) + g(x) 


Now we have that the degree of r(z) is less than or equal to the degree of g(z). 
Let g(x) be 
g(x) = (w —a)"h(z), 
where h(a) + 0. We first want to prove that there exists a decomposition of the form 


rz) cn, Plz) 
(@—a)"h(2) z—-a* (@—ay"~ AC)’ " 


where c1,...,€n € C,and p(x) € C{z], and the degree of p(2) is less than the degree of h(z). 


To simplify writing, let y = z — a. Then we need to prove that 


OGY Che ate AGS) 
y"h(y+a) y y"  h(y+a) 


Let #(y) = r(y + a) and so on. Notice that this substitution of variables does not change degrees of polynomials. 


() 


Multiplying the equation (1) by y"h(y), we get 


F(y) = enh(y) + en—sh(y)y +... + erh(y)y"* + Bly)y" 2) 
Substitute y = 0: 
#(0) = cnh(0) 
7(0) j - ; ; 
So, we choose Cn = =—. Note that 0 is not the root of h(y), since ais not the root of h(z)! 
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Now write (2) differently: 


n 


F(y) — enh(y) = Cnsh(y)y +... + exh(y)y" + Bly)y 
Since 7(0) — enh(0) = 0, ydivides F(y) — enh(y), so we write 
yFi(y) = F(y) — enh(y), 


and 


n 


yFi(y) = enah(y)y +... + erh(y)y" + Bly)y 
Canceling y (we can do that since C {y] is an integral domain), we get 


¥(y) = cn-ah(y) +... + crh(y)y”? + B(y)y" 


Repeating the process, we can find c),...,C,—-1. At the end, we get 


So, we pick this p(y). Also note that its degree is less than the degree of p(y). Furthermore, its degree 
deg 7(y) — n since we had n cancelings of y! (We denoted the degree of a polynomial by deg.) Thus, its degree 
is less than the degree of h(y). 


Therefore, decomposition from (0) truly exists. 


Now we write 
g(x) = (x — a)"! (x — ag)" ---(@ — am )"™ 
(we factorize it to the linear factors; we can do that in C[z)). Thus, using the statement proven in the first two steps, 


r(x) cn Ciny p(x) 


Proceeding inductively (and using the fact that the degree of p(x) is becoming smaller and smaller), we get the 
desired decomposition: 


Se) er ee ce Emi Crim 
er ee ee Re a eee ee 


Finally, this means that 


f(x) _ 
WaT waa (e-a,)" coe eee eee (@—am)™’ 


and we are done. 


(b) 
From (a), the set 
C{z] U {1/(z — a)' |i N,a eC} 


spans the entire (C(a). Moreover, it is easily seen to be linearly independent, so it is also a basis for this vector 
space. 


Result 30f5 


(a) Let f(x)/g(x) € C(x). First divide f(a) by g(x) to get f(x) /g(x) = q(x) + p(x)/g(x). Now factorize 
g(x) ans proceed inductively. 


(6) C[z] U {1/(a2 —a)' |i Nya € C} 
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(a) 
First of all, 

Z[w] = {ap + aw +...+a,w" |n € N,a; € Z} 
However, since w* = 1, this reduces to 


Z[w] = {ao + ayw + aqw” | ap, a),a2 € Z} 


Furthermore, 
w = cos(2n/3) + isin(2x/3) = -5 + oe 
w* = e/3 — cos(4n/3) + isin(42/3) = + = — 
Thus, 
w? =-—w-1 


But this means that 
Zlw| = {a + bw | a,b € Z} 
Now we define the size function o as 


o(a+ bw) = (a+ bw)(a + bo) = a? + Pwo + ab(w +) 


Since W = 5 _ S = w?, we conclude that 
wo =w=1 
and 
w+G=wtw?=-1 
Thus, 


o(a+bw) =a? —ab+h* 


Now we want to prove that a is multiplicative and that the division with remainder is possible. 
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Leta + bw, c+ dw € Zw]. Then 
(a + bw)(c + dw) = ac + bdw” + (ad + be)w 
Now we use that w2 = —w — 1 toget 


(a + bw)(c + dw) = (ac — bd) + (ad + be — bd)w 


Thus, 
o((a + bw)(c + dw)) = (ac — bd)” — (ac — bd)(ad + be — bd) + (ad + be — bd)? 
On the other hand, 
o(a + bw)o(c + dw) = (a” — ab + b”)(c? — ced + d’) 

Calculating, 

(ac — bd)” — (ac — bd)(ad + be — bd) + (ad + be — bd)? 

= bd? — abd? + a?d? — bed + abed — a®cd + bc? — abe” + a7c? 
and 

(a? — ab + b*)(c? — ed +d’) 

= b?d* — abd” + a*d? — bed + abed — acd + b*c* — abe” + ae? 
Therefore, 


o((a + bw)(c + dw)) = o(a + bw)o(c + dw) 


Therefore, o is multiplicative. 


We need to prove that the division with remainder holds in the sense that for every A, B € Z[w], B 4 0, there 
exist Q, R € Z[w] such that A= BQ + Rand R=Oora(R) < o(B). 


Let A, B € Z[w]. Additionally, B 4 0. 
Consider 
A 
C=— 
B 


Now let A = ap + ayw, B = bp + byw. Then 


_ aot ayw bo tbi® _ (ao + aw)(bo — bi — bw) 
~~ bo + byw bo tba bj — bob; + bF 


Furthermore, 


(ao + aw) (bo =~ by - bw) = agbo — agb, + (aybo = a,b; eed agb;)w = aybyw* 
= (agbo —agb; + ayb;) + (aybo — ab; — apb, + aybi)w 
= (agbp — aod; + a,b) + (abo — and; )w 


This means that 
C=am+ cw, 


with cg, c, € Q. 
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1 
Now we can find integers m,n € Z such that |m — co| < 


oy 


Also, define 
R=A- BQ €Z[w] 
\f R = 0, we are done. Otherwise, using the obvious fact that o is also multiplicative on Q[w}, 
a(R) = 0(A — BQ) = o(B)o(A/B — Q) = o(B)o(C — Q) 


Furthermore, 


o(C —Q) = (co — m) + (er — n)w) = (co — m)? — (co — m)(e1 — n) + (11 — 0) 


By our choice for m,n we have that 


Snes 
(co — m) aa 

—n)?< — 
(cy n) = 4’ 
and 


1 
(co — m)(er —n) > 5 
The last inequality also yields 


(c= m)(e1 =n) <5 


Therefore, 


a(C — Q) = (c9 — m)* — (co — m)(e, — n) + (ex —n)? < F< 


| co 


Thus, 
a(R) = o(B)o(C — Q) < o(B), 


and our proof is complete. 


(b) 
First of all, 
Z[V—2] = {ap + a1 /—2 +... + an(V—2)" | n € N, a; € Z} 
Since (./—2)* = —2 € Z, it simplifies to 
Z[V—2] = {a + bV—2 | a,b € Z} 
Now we define a function 
o(a + by—2) =a? + 207 
To prove that it is multiplicative, let a + by/—2, c + dy/—2 € Z[V/—2]. Then 
(a + b/—2)(c + d/—2) = (ac — 2bd) + (ad + be) /—2 

Thus, 

o((a + bV/—2)(c + dy/—2)) = (ac — 2bd)* + 2(ad + be)? 
On the other hand, 

o(a + by/—2)a(c + dy/—2) = (a? + 2b?) (c? + 2d?) 

Finally, 

(ac — 2bd)* + 2(ad + be)? = a?c? + 2a7d? + 2b? + 4b? 


2 
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and 
(a? + 2b*)(c? + 2d”) = a*c” + 207d” + 2bc? + 467d" 
Therefore, 


a((a + b¥—2)(c + dV—2)) = o(a + bV—2)a(c + dV—2) 


We need to prove that the division with remainder holds in the sense that for every A, B € Z[,/—2], B40, 
there exist Q, R € Z[,/—2] such that A = BQ + Rand R = Oora(R) < o(B). The proof is similar to the 
proof from (a) 


Let A, B € Z[,/—2]. Additionally, B 4 0. 


Consider 
A 
a 


Now let A = ap + a1./—2, B = bg + by ,/—2. Then 


thas ay + ayy¥—2 by—biv—2 _ (a9 + ai V/—2)(bo — bi V—2) 


~ bo tbyV—2 by — by V—2 b2 + 2b? 
Furthermore, 
(a9 + a1 V—2) (bp — by WV —2) = agbp + 2a;b; + (a1b9 — agb)V—2 
This means that 
C=m+aV-2, 
with co, c, € Q. 


1 
Now we can find integers m,n € Z such that |m — co| < oy Jn — cy| < =. Define 


Q=m+nv-2€ Z[V-2] 
Also, define 
R=A-BQ€Z|V-2| 
If R = 0, we are done. Otherwise, using the obvious fact that o is also multiplicative on Q[,/—2], 
o(R) = o(A — BQ) = o(B)o(A/B — Q) = o(B)o(C — Q) 
Furthermore, 


o(C — Q) = o((co — m) + (e1 — n)w) = (co — m)? + 2(e1 — n)? 
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By our choice for m, n we have that 

1 
2 
—m < = 
(co —_m) r 
and 

(c1—n)? < : 
1 _ 4 


The last inequality also yields 


1 
anes 
2(c; n) Ss 5) 
Therefore, 
o(C -Q)=(e—m)? +2 -nP <4 <1 
Thus, 


a(R) = o(B)o(C — Q) <o(B), 


and our proof is complete. 


Result 
Define o as follows: 
(a) o(a + bw) = a? — ab +B. 
(b) (a + by/—2) = a? + 267. 
7.a 


Let d be the greatest common divisor of a and b in the ring of integers. Then there exist integers a, y such that 
d=az + by 
Also, d € Z{i], so it is a common divisor of a and b in Z[i]. 


Now let g be some common divisor of a and b in Z[i]. Then g also divides ax and by. But this means that g divides 
az + by = d! 


Thus, d satisfies both properties from the definition of the greatest common divisor of a and b (it divides both a 
and b, and every other common divisor of a and b divides d). This completes the proof. 


Result 20f2 


Hint: d = ax + by for some integers z, y. 


8.a 


Description of a process 


Let a + bi and c + di. Then we calculate 


a+ bi e-di _act+bd+(be—adji_ i 
ae con C+e iat 2 


.Letq = m-+ ni. Then 


Nile 


1 
where a, y € Q. Now we take integers m,n such that |ja — m| < 3 and |y —n| < 


r= (a+ bi) —(c+di)q 
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Division 
Now we divide 
4+ 36% : 5-1 h (4 + 367)(5 — 7) a 56 + 1767 = 56 «176, 


a s- ~= 6S CS 
Since 
56 
— 2.15 
26 
and 
176 
— x 6.77, 
26 f 


we take m = 2,n = 7,s0 


Next, 
r=4+ 36i—(5+%)(2+7i) > [r=1-i] 
Result 
q=2+7%,r=1-i 
9.a 


Let I be some ideal in F[z, z~"]. Define 


J=In Fiz] 


We will prove that J is an ideal in F[z]. 


Let f(x), g(x) € J, h(x) € Fiz]. Then f(x), g(x) € I, so f(x) + g(x) € I since J is anideal (in F[, x~+)). 


Moreover, f(a), g(x) € F[z], so f(z) + g(x) € Fiz]. Finally, f(z) + g(x) € 10 Fla] = J. 


Similarly, h(x) € Fla, 2-1] and f(x) € I means that h(a) f(x) € I. Moreover, f(x) € Fiz], so h(x) f(x) € 
In Fa] = J. 


Thus, J is an ideal in the principal ideal domain F'[z]. This means that 
J = (p(2)) 

for some p(x) € F[z]. 

Now we will prove that 
I= (p(z)) 


Clearly (p(x)) = J C I. We need to prove the other inclusion. 


Let g(x) € I be some Laurent polynomial. If g(x) has no terms with a negative exponent, then it is in F'[z], so it is 


in J, which means that q(x) € (p(x)). Now suppose that it has some term with a negative exponent. Then 


q(x) =a_m@ ™ +...+anz" 
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But this means that 
z"q(z) =a_-m+...t+anz™™” € F[z] 
Moreover, I is an ideal, so x""q(x) € I. This means that z”q(ax) € J, so there exists some c(x) € F'[z] such that 
2™q(x) = e(x)p(z) 
In F[z,z~], we can multiply the above equality by z~™ to get 
q(x) = (x "e(x))p(x) 
So, 2~-e(x) € Flax, 2~'|, which means that q(x) € (p(zx)). Furthermore, this means that 


TC (p(z)) 


Finally, we obtain 
T = (p(z)), 
as required. 


Since I was an arbitrary taken ideal in Fa, 2~"], we conclude that F[z, 2~"] is a principal ideal domain. 


Result 3 ofS 


Hint: take any ideal I in F[a, 2~1]. What can you say about I) F[z]? 


10. a 


We will prove that R[[E]] is a principle ideal domain. From Proposition 12.2.14 (b) will then follow that it is a unique 
factorization domain. 


Let I be an ideal in Ri{t]]. if I = 0, the result is trivial. Suppose that I 4 0. 
Suppose that all elements f(t) in I are of the form 
f(t) = ant™ + amit” 4+... 


(so, dg = a) =... = Am_ = 0, and there exists some element in J with a, + 0). Of course, we can have that 
m= 0. 


Take one element of J for which a,, 4 0. Then we can write 
f(€) =t "(Gn + omutt+...) 
Since dm # 0, then g(t) = dm + @msit +... is aunit in Rid). 
Now let A(t) € I, 
h(t) = bmt™ + bmyrt™*? +... = t™ (bm + bmiit +...) 


Let p(t) = bm + bmsit +... for simplicity. 
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Now notice that 
h(t) = t™p(t) = t™g(t)g”*(t)p(t) = F(t)(9"*(t)p(t)) 
This means that h(t) € (f(t)). Moreover, since h(t) € I was taken arbitrarily, 
IC (f(t)) 
Since f(t) € I, the other inclusion (f(t)) C J is trivial. Thus, 
T= (f(t) 


This means that I is a principal ideal, and that R[[é|] is a principal ideal domain. 


Result 
Prove that R{[¢]] is a principal ideal domain and use Proposition 12.2.14 (b). 
Section 3 
tia 
(a) 


Let f(x) € kery. Then 
(f(x) = f(l+ v2) =0 


So, 1+ V2isa root of f(x). Since we can consider f(a) to be a polynomial with rational coefficients, using the 
Irrational Conjugate Root Theorem we conclude that 1 — V/2 is also a root of f(x); thatis, f(1 — /2) = 0. Now 
we divide f(x) with (x — (1 + /2))(z — (1 — V2)) = (a — 1)? —2 = 2? — 2x2 — 1 (we can do this since 

x? — 2x — 1is monic): 


f(x) = (2 — 2x — 1)g(z) + r(z), 

where r(x) has the degree | or less. Furthermore, 

r(1+¥2) =r(1— V2) =0 
Therefore, r(a) has 2 roots, and it is of degree | or less, so we must have that r(a) = 0. Thus, 

f(x) = (a° — 2x — 1)g(z), 
and 

f(z) € (x? — 22-1) 

Thus, 


ker C (x? — 22 — 1) 
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For the other inclusion, let p(x) € (x? — 2a — 1). Then p(x) = q(x)(x? — 2x — 1), and clearly 
p(i+ v2) =0, 
so 
(a? — 2a — 1) Ckerp 
Finally, 
kerp = (a? — 22 — 1) 


Therefore, kery is a principal ideal. 


(b) 


1 1 
Similarly to (a), we conclude that if f(a) © kery, then 3 + /2 and “a V2 are roots of f(a). Since 


(=- (}+v3)) (2- (}-v)) =(2-}) -2=2-2+} 2-28-21 


we will divide f(x) by x? — a — ; (in Q[z], of course): 


f(2) = (2-2 j) oe) +r@) 
The same arguments as in (a) show that r(a) = 0, so 
fla) = (2? 2-7) gle) = (de? — de — Ta) 


(where g(x) = g(x)/4 € Q[z)). 


Thus, 4? — 42 — 7 is a polynomial in Z[z] which divides f(z) in Q(z]. It is also a primitive polynomial. By 
Theorem 12.3.6 we conclude that 42” — 4a — 7 also divides f(z) in Z{z]! Thus, 


f(x) = h(a)(4x” — 42 — 7), 


for some h(x) € Z[a], so 
f(x) € (4a? — 42 — 7) 
Thus, keryp © (42? — 4x — 7). The other inclusion is proven as in (a). Thus, 
kerp = (4x” — 4 — 7) 


Therefore, kery is a principal ideal. 


Result 
(a) keryp = (x? — 22 — 1) 


(b) kery = (4x? — 42 — 7) 
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NOTE 


The statement makes no sense unless we assume that the integer from the statement is nonzero. Thus, | assume that 
the said integer is nonzero. 


p(x) and q(z) relatively prime in Q[z] 


Suppose that p(a) and q(2) are relatively prime in Q[z]. We need to prove that, in Z[z], (p(x), g(a)) contains an 
integer. 


Since they are relatively prime, their greatest common divisor d is 1. Also note that Q is a field. By 
Theorem 12.2.17 (a), there exist some f(x), g(a) € Q{a] such that 


f(x)p(x) + g(z)q(z) =1 


Now we multiply the above equation by the smallest common multiple of denominators of coefficients of f(x) 
and g(x), which we will denote by k: 


(kf(x))p(z) + (kg(x))q(z) = k 


Since k is an integer, and kf (x), kg(x) € Zlz], we conclude that k is a nonzero integer which is in (p(x), q(x)), 
taken as an ideal in the ring Z[z]. 


In Z[z], (p(x), g(x) contains an integer. 
Suppose that k € Z, k + 0, such that 


k € (p(x), q(x)) C Zz] 


Then there exist polynomials a(x), b(a) € Z{a] such that 


a(x)p(x) + b(x)q(x) =k 
Now we divide this equation by k + 0: 


M2) p(x) + a(x) =1 0 


This equation makes sense in Q(z]. 


lis clearly a common divisor of p(x) and q(x). Suppose that c(x) € Q[z] is some other common divisor of p(x) 
and q(x). Then from (1) we conclude that c(a) divides 1. From the definition of a greatest common divisor, we 
conclude that 1 is a greatest common divisor of p(x) and q(x) in Q[z], meaning that p(x) and q(z) are relatively 
prime. 


Result 


Hint: use Theorem 12.2.17 (a). 


3.a 


Consider the provided statement to prove a version of Gauss's Lemma. 
From Gauss's Lemma, let jg be a UFD with fraction field then, 

(i) ff, R[x] which are primitive, then fg is also a primitive. 
(li) If f,g eF[x] then c( fg) =e(S)e(g) 

The statement (ii) is followed from statement (i). 
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From the first statement, for each irreducible element p in R, there is a ring homomorphism 
that is provided as below: 


R 
=, Rp] ta 
The above equation is also called as reduction mod p and this is defined as, 
#,( Sr }- Se 
1 1A 
Where ;. denotes the coset r+ pI and this follows from a generalization of the substitution 
principal for polynomial rings. 
Anelement f € R[x] is not primitive precisely, when there is an irreducible element p that 


divides all coefficients of f. Therefore f Is primitive if and only if, (f) #0 for all irreducible 
P. 


Itis assume that f,g are primitive but fg is not primitive. Then, there exists some irreducible 
element pe R such that, 


0=2, (fe) 
=1,(f)z,(8) 


As it is already shown that = is an integral domain and hence (= is an integral 
p 


domain. Therefore, the equation implies that z,(f)=0 or z,(g)=0. Both the statements are 
false and therefore there is an occurrence of contradiction and this proves statement (i). 


Suppose that 
ry — zw = p(x, y, z,w)q(2z, y, z, w) 


If p(x, y, z, w) is constant, then it is a unit in C[x, y, z, w]. If q(x, y, z, w) is constant, it is a unit, so ry — zw and 
p(x, y, Zz, Ww) are associates. Thus, we assume that p(a, y, z, w) and q(a, y, z, w) are not constant. 


Since the polynomial ry — zw is of degree lin x, p(x, y, z, w) must be of degree 0 or lin x. Suppose that it is of 
degree I. Then q(z, y, z, w) is of degree 0 in z. (If p(x, y, z, w) is of degree O in x, q(x, y, z, w) must be of 
degree I, so this case is handled the same as the previous one.) 


Then 
P(z,y, z,w) = aly, z,w)x + dy, z,w) 
If q(x, y, Zz, W) has aterm with z, say c(y, w)z, then 
P(x, y, z,w)q(z,y,z,w) = f(y, w) + aly, z,w)e(z, y, z,w)axz 


(with f(y, w) we denoted the sum of all other terms obtained when multiplying p(x, y, z, w) and q(x, y, z, w)). 
Notice that f(y, w) must truly be constant in x and z, since q(x, y, z, w) must be constant in x and p(z, y, z, w) 
must be constant in z (the argument for the latter statement is the same as when we proved that q(z, y, z, w) 
must be constant in 2). So, 


fly, w) + aly, z, w)e(a, y, z, w)az = zy — zw 
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But this is clearly impossible. 
So, q(x, y, z, w) cannot contain terms with z. It can neither contain terms with w. 


Using the same arguments we used before, but switching our attention to z, we conclude that z must also be 
constant in x. But this means that z must be constant altogether! This is a contradiction. 


Thus, the factorization 
ry — zw = p(x, y, z,w)q(z, y, 2, w) 


where both p(z, y, z, w) and q(a, y, z, w) are nonconstant does not exist, so ry — zw is irreducible. 


Result 20f2 


Assume that 


ry — zw = p(x, y, z,w)q(z, y, 2, w) 


where p and q are both nonconstant. Prove that this is impossible. Conclude that ry — zw must be irreducible. 


5. a 
(a) 
Denote by S the set of all polynomials p(t) € ‘C[t] such that #0) = 0. 


imy CS 


Let p(t) be in the image of y. Then p(t) = f(t”, t?) for some f(x, y) € C[z, y]. Applying the Chain Rule, 


dp ad 

a ila ss ' 
= agit): EO) + a8): Ele) 
= a Of us 


2 43 29F (42 43 
pg (tt?) + 3t py tt) 


Thus, #0) = 0, as required, and imw C S. 


SC imw 


d 
Now suppose that p(t) € C[t] is such that = (0) = 0. We want to prove that it is in the image of vu, so we must 
find f(x,y) € C{x, y] such that Y( f(x, y)) = p(t). 


Let 
p(t) = ap + ayt + agt? +... + ant”, 
for some ao, @1,..-,@n © C, n nonnegative integer. Then 
d 
&P =a) + 2aot +...+ nant”! 
dt 
So, 
dp 
= — 0 =a 
dl (0) =a 
Thus, 


p(t) = ao + aot? + ast? +... + ant” 
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t?* under 


Now we proceed as follows. For all k > 0, we define cy = agp. This is motivated by the fact that ak ww 
ws). So, we took care of terms with t” where m is even. When m is odd, it is not 1 (because a; = 0), som > 3. We 
write it in the form m = 21 + 3, where l is a nonnegative integer, and define d) = ag).3. This is motivated by the 
fact that a!y ~» t2!+8 under w. 


Finally, define 
oo oo 
f(z,y) = So cna* + $0 diay 
k=0 =0 


Since by construction of c; and d} only finitely many of them are of them are nonzero, we conclude that 
f(x,y) € C[a, y}. Furthermore, now it is clear that 


¥(F(2,y)) = p(t) 


Thus, S C imy. 


Kernel 
We want to find a relation between x and y: 
2=f=14 y=f-? 


So, 


Now plug it into 2 = t? — t: 


After multiplying by x2, 
2? —-y+ay=0 
Define g(z, y) = x — y? + zy. Now itis easy to see that ¢(g(z, y)) = 0. Thus, 
(2° — y? + zy) Ckerp 


Now we want to prove that the other inclusion also holds. 


Let f(z, y) © kery, and divide it by 2 — y? + ay: 
f(x,y) = (2° — y? + zy)q(x, y) + r(z,y) 
Since a* — y? + zy is of degree 3 in x, we conclude that 
r(x,y) = ay)” + b(y)x + e(y), 
where a(y), b(y), e(y) € (Cly]. Furthermore, 
0= 9(f(z,y)) © (2 — t) =a(8 — 2)(2 — 2)? +08 — B)(2 — t) + c(8 — 2), 
where (*) holds because y((a? — y? + zy)q(z,y)) = 0. 


Now let k, l,m be the lowest powers of y in a(y), b(y), c(y). Suppose that a(y) 4 0, b(y) 4 0, e(y) 4 0. Then 
the lowest power of t in a(t? — t?)(t? — t)? is 2k + 2, the lowest power of ¢ in b(t? — t?)(t? — t) is 21 +1, 
while the lowest power of t in c(t? — t?) is 2m. 


Since we have 
a(t3 — ¢?)(¢? — t)? +. o(t® — #?)(¢? — t) + e(t8 — #7) =0, () 


the term with the lowest power in c(t? — ¢?) must be canceled. We will prove that the terms with the lowest 
powers in c(t? — t?) and a(t® — t?)(t? — t)? must cancel each other. 


First of all, 2m is even, so if some term of b(t? — t?)(t? — t) has power of 2m, it cannot be the term with the 
lowest power (since 2/ + 1 is odd). But this means that the term with the lowest power in b(t? — t?)(t? — t) must 
be canceled by some term of a(t® — ¢?)(t? — t)*. Furthermore, it cannot be the term with the lowest power in 
a(t? — t?)(t? — t)?, since 21 + 1 is odd, while 2k + 2 is even. But this means that we cannot cancel the term with 
the lowest power in a(t? — t?)(t? — t)?! Hence, we obtained a contradiction. 


This means that b(t? — ¢?)(t? — t) has no terms with the power of 2m, so the term with the lowest power in 

c(t? — t?) must be canceled by some term of a(t? — t?)(t? — t)?. Applying the same proof as above on a(t? — 
t?)(t? — t)?, we conclude that the terms with the lowest powers in a(t? — t?)(t? — t)? and c(t? — t?) must 
cancel each other. 


But this means that we must have that 2m = 2k + 2, som = k + 1. We can divide the equation (1) by (t? — t?)*, 
so without loss of generality we assume that k = 0, m = 1. Hence 


a,.(t? — t)? + em(t? — t) = 0, 


and 
at? — 2a,t® + ayt? + ent? — emt = 0 


But this means that aj, = Cm = 0, which contradicts the fact that k and m are lowest powers of y in a(y) and 
c(y), respectively! 


Thus, we must have that a(y) = c(y) = 0. Furthermore, (1) now shows that b(y) = 0. Finally, 
f(x,y) = a(z,y)(2* — y? + ey) = f(x,y) € (w* —y? + zy), 
thus 
kery C (2° — y* + zy) 


Finally, 


kery = (2* — y? + ay) 
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Image 
Let p(t) be in the image of yp. Then there exists some f(x,y) € C{a, y] such that 


o(f(x,y)) = p(t) => f(? — t,8 — #) = p(t) 


So, 
p(0) = f(0,0) 
and 
p(1) = f(1—1,1— 1) = f(0,0), 
so 


p(0) = p(1) 
To show the other inclusion, suppose that p(t) € (C[t] is such that p(0) = p(1). Define 
P(t) = p(t) — p(0) 
Then p(1) = p(0) = 0, hence t(t — 1) divides p(t): 
p(t) = t(t — 1)q(t) 
for some q(t) € C{E]. Let 


q(t) =ao+ait+...+ ant” 


Thus, 
p(t) = aot(t — 1) + ait?(t — 1) +... + ant™*1(t — 1) 
We will prove that t?(t — 1) is in the image of y if j < i < 2]. Since 
zt? —-t=t(t-1) 

y~#@-P =F(t-1), 
we conclude that 

aay? a» ¢2+2b(¢ — a+b 
We will prove that we can find such a, b so we have 

arty? ~» t'(t —1) 

We need to have 


a+2b=i 
a+ b=j 
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So, after subtracting the second equation from the first, 
b=i-j 
Since i > j, this makes sense (meaning that b is a nonnegative integer). Plugging this into the second equation, 
a=j-b=2j-i 
Since 7 < 2], this once again makes sense. 
Thus, 
2i-iy)  t(t — 1) 
Now suppose that i > 2 (as we will have in t*(t — 1)). Then we can write 
e(¢—1P = f-'(t —14-1)(t -—1P = 1-1) 4+ Fe - 1) 


So, in each step of this process we get closer to the condition ? < 27. Using induction, we get that u(t - 1) can 
be written as a sum of terms satisfying this condition. 


The only question which remains is can we get 7 < i < 27? The only problem occurs if we geti < j. 


Suppose that i > 27. Theni > 27 + 1. Let i’ and j’ be the "i and j of the next step". First suppose that 7’ = 7, 
i! =i —1.Then, sincei > 2j,soi > 27 + 1, we clearly have i’ > 27 > j = j’. Thus?’ > j’. 


Now suppose that 7’ = i — 1,7’ =j +1.Sincei > 27 +1 > 7 +2, we get 
i>j+2=#>jr+i=j' 


Thus, once again i’ > 7’. 


This means that if we stop on time after getting i < 27,1 < 7 will not occur. Thus, for each k € N, we can write 
t*(t — 1) asa sum of terms t'(t — 1)’ satisfying j < i < 2j. Since each t'(t — 1)’, j < i < 2] isin the image of 
y, t*(t — 1) is in the image of y. Finally, this means that the entire p(t) is in the image of y. Since p(t) = p(t) + 
p(0), it is also in the image of yp, as required. 


Result CAs 
(a) Hint: a!y ~» ¢2>3, 
(b) kerp = (x° — y* + zy) 


If p(1) = p(0), define p(t) = p(t) — p(0). Then (why?) 
p(t) = t(t — 1)q(t) = So at! *(t - 1) 
k=0 


Now prove that each t**!(t — 1) is in the image of y. 


6. a 
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Denote by y the specified map. 
Define 
S = {f(z) € Zz] | f(x) #0, f(a) = 0} 
\f S = Q, then ker = (0), so it is a principal ideal. 
lf S Z 0, define 
T = {deg f(x) | f(z) < S} 


(with deg f(x) we denote the degree of a polynomial f(x)). Notice that T C N (0 ¢ T since nonconstant 
nonzero polynomials do not have @ as a root), so it has a minimal element! 


Let g(x) € S be one of the polynomials with the minimal degree. Suppose that it is not primitive. Let k be the 
greatest common divisor of its coefficients. Then we can write 


g(x) = +kh(z), 
where h(z) is primitive. Also, 
0 = g(a) = +kh(a) => h(a) = 0 


Thus, h(x) € S. Moreover, deg h(x) = deg g(x), so h(z) also has the minimal degree in S! 


Now we fix some primitive polynomial h(x) € S with the minimal degree of all polynomials in S. Let f(x) € kery 
.We observer h(x) and f(x) as polynomials in Q(z], so we can divide f(x) by h(z): 


f(x) = h(x)q(z) + r(z), 
where r(x) € Q[a] and deg r(x) < h(z). Also, 
0 = f(a) = h(a)g(a) +r(a) => r(a) = 0 


So, if r(x) is not a zero polynomial, we would have nr(x) € S, where n is smallest common multiple of 
denominators of coefficients of r(x). However, deg nr(x) < deg h(x), which is impossible, since h(x) has the 
minimal degree. Thus, we must have that r(z) = 0, so 


f(z) = h(x)q(z) 


This means that h(a) is a primitive polynomial which divides f(a) in Q[a], so by Theorem 12.3.6 (b) we conclude 
that h(x) divides f(a) in Z[z]. Thus, 


f(x) = h(x)q(x) 
for some G(x) € Z[z], which means that 
f(x) € (A(z) 
Thus, 
kerp C (h(x) 
For the other inclusion, let f(a) € (h(a)). Then 
f(x) = h(x) g(x) 
for some g(x) € Z{z]. Moreover, 
e(f(x)) = f(a) = h(a)g(a) 
Thus, f(x) € kery, and 
(A(x)) C ker 


Finally, 


(h(x)) = kere 


Result Sof: 


Hint: kerp = (h(x)), where h(x) is some primitive polynomial such that h(a) = 0, and h(a) has the minimal 
degree among all polynomials f(x) such that f(a) = 0. 


Section 4 


lia 


Consider the provided statement to factor the polynomial function in given field. 
(a) 
The factor ,° — y in 3 [x]is provided as below: 
The monic irreducible polynomials of degree at most 3 over the field 3 are as, 
xx+hx-Lxe eh +x-bx?-x-1 
Pax —x-1x +2? -1,2 -x +1, 
Perv exeh ve txrex-Letx —x4l, 
Y—-x 4x41 —x? +x-1Lx -x?-x-1 
As the irreducible factors of a polynomial ,* _ , over 3 are the irreducible polynomials over 3 
whose degree divides , , therefore the factor of y* — y is provided as, 


x =x =[x(xt1)(x=1)(x? +1)? +x=1)(x? -x-1) 
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The factor, —1 in 3 [x] is provided as below: 
The monic irreducible polynomials of degree at most 3 over the field 3 are as, 


xxthx-be eh tx-bx xl 

XY =x4thx —x-Lx +x? -Lx x +1, 
Pte txthe tx ex-La tx —xel, 
Y= exth vv ¢x-Lx-x -x-1 


As 1 canbe also written in the form of (x’)’ -(1)'therefore, 
a’ ~b =(a-b)(a’ +ab+b") 
(x) -(1)' =(2 -1)((e) +x +1) 
=(x°-1)[(x* +2 +1)] 
=(x=1)(x? +x+1)(x° +2 +1) 


Therefore the factor of ,* — x is, 


x? =1=|(x=1)(x° +x41)(x° +2" +1) 


(b) 

The factor of the polynomial '* _ x in field 2 [.x] is provided by using the Maple software. As it 
is given that the field is 2 [.x] then the value of modulus is 2. 

factor(x® — x) mod? 


x(x—t) (x84 44041) (P4041) (1-x4 P- 44+ P- 742) 


Hence, 


x xs |x(x—1)(x? +c $1)(x4 tx? $27 +41) (x8 x7 $26 - x + — x +1). 


(a) 


Suppose that it is not irreducible. Then there exists f(a) € F7 [a] which is not a unit, is not associated with x? + 1 
and divides x” + 1. Thatis, 


x +1= f(x)9(z) 
where g(a) € F7[z]. 


if f(a) is constant, then f(a) 4 0, so it is a unit. If g(a) is constant, then g(z) is a unit, meaning that x? + 1 and 
f (a) are associated. In both cases we arrived at a contradiction, thus both f(x) and g(a) are not constant. Since 
the product f(x)g(z) is a quadratic polynomial, f(a) and g(x) must be linear. Thus, 


f(z) =ar+b, g(x)=cxr+d, 
where a, b,c, d € F7. Moreover, 


f(a~‘b) = 0, 
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so x + 1 has aroot a~!b. However, 
z=0=>27+1=10 
z=1=>27+1=20 
z=2=>27+1=540 
z=3=—> 274+1=10=340 
e=4=> 2741=17=340 
z=5=> 2741=2=540 
z=6=>5 274+1=37=240 


Thus, 2? + 1 has no roots in Fr. Contradiction! Thus, x? + 1 must be irreducible. 


(b) 
Similarly to (a), we assume that it is not irreducible, so 
x —9 = f(zx)g(z) 


where f(a) and g(x) are nonconstant. Since their product is of degree 3, one of them must be of degree 1, while 
the other must be of degree 2. Without loss of generality assume that 


f(z) =ar+b, g(x) =cr*?+dr+e, 


with a,b, c,d,e € F31. Again, f(a~1b) = 0, so x® — 9 must have a root in F31. As in (a), we check manually for 
roots and check that z* — 9 has no roots in F3;. Hence, z® — Qis irreducible in F3}. 


Result Sof 


Hint: these polynomials have no roots in respective fields. If they were not irreducible, they would have to have 
roots (why?). 


3.a 


Let f(z) = 21+ 627 +9243. 
Notice that 3 is a prime number such that 


© 3 does not divide | (the leading coefficient of f(x)). 
e 3 divides all other coefficients. 
© 9 = 3? does not divide 3 (the constant coefficient of f (x)). 


By the Elsenstein Criterion (Proposition 12.4.6), we conclude that f(z) is irreducible in Q{z]. 


Since Q is a field, by Proposition 12.2.5 (b) we conclude that Q{z] is a Euclidean domain. By Proposition 12.2.7, we 
now conclude that Q|z] is a principal ideal domain. By Corollary 12.2.9 (c) this means that (f(a)) is a maximal 
ideal in Q[z}. 


Result 22 


Hint: f (2) is irreducible in Q[z]. 
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Modulo 2 
This polynomial modulo 2 is 
f(z) =2° +2% +241 


Furthermore, f(1) = 4=0,soz — 1 =a + 1 divides it So, 
2+a23+2+1=(2+1)(ar! + b2* + cr? + dr +e) 
where a, b,c, d,e € Fo. Furthermore, 


2 +a%+2+1=ar°+(a+b)z? + (b+c)a*+(c+d)a*7+(d+e)r+e 


Thus, 


From this we get 


Therefore, 
2+a°4+24+1=(24+1)(24+2°+1) 


Looking at (12.4.4) in the book (page 373), we see that x! + a + 1is irreducible. Furthermore, x + 1 is also 
irreducible. Thus, we cannot factor this further, so we conclude that 


e+e +ae4+1=(¢+1)(24+2°+1) 


Modulo 3 
This polynomial modulo 3 is 
f(z) =2° +224+2 
Notice that 
f(2) = 66 = 0, 
sox —2=2+ l divides f(x). Again, we try to find a, b,c, d, e € F3 such that 
2° + 224+ 2=(2+1)(ar! + br* + cx? +dr+e) 
Since 
(x + 1)(ax* + bx* + cx? + dx + e) = ax? + (a+b)2* +(b+c)x* + (c+d)a?+(d+e)r+e, 


we get the system of equations 


a ~ 
a+b = 
b+e = 
c+d =0 
d+e=0 

e=2 


From this we get 


Therefore, 
f(x) = 2° + 204 +2 = (2+1)(21 +23 +227 +242) 
Let g(x) = 4+ 2° +22? + 2+ 2. Notice that 
g(2) = 36 =0 
Thus, z — 2 = x + 1 divides g(x), so we need to find a, b, c,d € F3 such that 


at +a°4 22? +2+4+2=(r+1)(ar* + br? + cr +d) 


Since 
(a + 1)(az* + br? + ca + d) = az! + (a +b)2* + (b+ c)z” + (c+d)zr +d, 


we get a system of equations 


From this we get 


Therefore, 
g(x) = 24+ 2° +227? +24+2 = (2 +1)(2? + 22 +2) 
Furthermore, 


f(x) = («+ 1)g9(x) = (@+ 1)?(2° + 2x + 2) 


Now suppose that we can factor e+2Qr+2 using nonconstant polynomials; that is, we can write 
a? + Qr +2 =hj(x)ho(zx) 


where h(a) and ho(x) are nonconstant. Then one of them is of degree 1, while the other is of degree 2. Without 
loss of generality assume that 


hy(x) =ar+b 
Then h(a~!b) = 0, so hy has a root. But this means that 2* + 2a + 2 must also have a root in F3. However, 
e=0= > 2°+2r4+2=20 
e=1l=27°4+2r4+2=5=220 
e=2=> 27°4+2r+2=16=140 


Thus, 2? + 22 + 2 has no roots in F3. Contradiction. Thus, we cannot factor 2? + 2a + 2 further (this also means 
that 23 + 2x + 2 is irreducible in F3[z]). 


Finally, we now have that 


x’ + 224 +2 = (2 +1)?(a* + 2x + 2) 
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ing 


Let f(z) = 2° + 2x4 + 32° + 32 +5. Notice that f(—1) = 0,sow — (-1) = x + 1 divides f(x). So, we 
want to find a, b,c, d,e € Q such that 


x +224 4+ 32° + 3245 = (x +1)(ar! + br? + cz” + dr+e) 
Since 
(a + 1)(az* + br? + ca? + dx +e) = az’ + (a+ b)a' + (b+ c)2* + (c+d)z?+(d+e)r+e 


This yields the system of equations 


a = 
a+b ='2 
b+e = 
c+d = 
d+e=3 

e=0 


From this we get 


Thus, 
f(x) = (w@+1)(x'+2° + 22? — 27 +5) 
Now we will prove that 24 + 23 + 22? — 2x + 5is irreducible in Q[z]. Its residue in Fo[z] is 
z?+2°+1, 


which is an irreducible polynomial in F2 [a] (see (12.4.4) in the book). Thus, by Proposition 12.4.3 we conclude that 
x! + 2° + 22? — 2z + 5 is irreducible in Q[z]. Therefore, we cannot factor f(z) further, meaning that 


f(z) = (x +1)(2* + 2? + 22? — 22 +5) 


Result oats 
(a) (2 + 1)(a4 +27 +1) 
(b) (2 + 1)?(2? + 22 + 2) 


(©) (2 +1)(x1 + 2 + 22? — 22 + 5) 


5. a 
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Recall the Eisenstein’s Criterium: A polynomial f(.c) € Q{z] is irreducible 
in Q{z] if there exists a prime integer p such that the following holds: 


1. p does not divide a,, (the leading coefficient), 
2. p divides all other coefficients, 


3. p? does not divide ag (the constant coefficient). 


Step 2 20f6 
(a) 
Notice that 3 is a prime integer such that 

1. 3 does not divide 1 (the leading coefficient), 

2. 3 divides all other coefficients, 

3. 9 = 3? does not divide 213 (the constant coefficient). 


Thus, this polynomial is irreducible. 


(b) 
Here the Eisenstein's Criterium will not work, but we can still prove that this polynomial is irreducible. 


Suppose that it is not irreducible, so there exists f(a) € Q[z] which is not a unit and is not associated with 825 — 
6z + 1. Thus, 


82° — 62 + 1 = f(z)g(z), 
for some g(x) € Qa]. 
If f(x) is constant, then it must be f(x) 4 0, so it is a unit. Thus, f(a) is not constant. 
Similarly, if g(a’) is constant, then it is a unit, so f(x) and 82 — 6x + 1 are associated. 


Thus, f(a) and g(x) are not constant. Since their product is of degree 3, one of them must be of degree 1, while 
the other one must be of degree 2. Suppose that 


f(x) =ar+b, 


for some a,b € Q,a 40. Then f(—b/a) = 0, so f(x) has a root in Q. This means that 8x? — 6x + 1 must also 
have a rational root! 


We get the same conclusion if we assume that g(2) is linear. 


Now we want to prove that 82° — 6x + 1 does not have a rational root. By the Rational root theorem, if ; isa 


rational root, we must have that a divides | and b divides 8. Thus, all possibilities are 


1 1 1 
+1; ray ey ES 
2 4 8 
Manually checking all of them, we see that none are roots of 82° — 6x + 1, so this polynomial has no rational 
roots. Moreover, we now conclude that f(x) and g(zx), both nonconstant, such that 8x° — 62 + 1 = f(x)9(zx) 
do not exist. Thus, 82° — 6x + 1 is irreducible in Q[z]. 
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(c) 
This is solved the same way as (b). Here the possibilities for rational roots are 
+1 


Manually checking them, we see that none are roots of x? + 62? + 1, as in (6), we conclude that this polynomial is 
irreducible in Q(z]. 


Step 5 SOf6 
(d) 
Notice that 3 is a prime integer such that 

1. 3 does not divide 1 (the leading coefficient), 

2. 3 divides all other coefficients, 

3. 9 = 3? does not divide 3 (the constant coefficient). 


Thus, this polynomial is irreducible. 


Result ooo 


All are irreducible. For (a) and (d) you can use the Eisenstein's Criterium, while (b) and (¢) are proven a bit more 
directly. 


Qiz] 


Recall the Eisenstein’s Criterium: A polynomial f(x) € Q{z] is irreducible 
in Q[z] if there exists a prime integer p such that the following holds: 


1. p does not divide a,, (the leading coefficient), 

2. p divides all other coefficients, 

3. p? does not divide ap (the constant coefficient). 
Notice that 5 is a prime integer such that 

1. 5 does not divide 1 (the leading coefficient), 

2. 5 divides all other coefficients, 

3. 25 = 5? does not divide 5 (the constant coefficient). 


Thus, this polynomial is irreducible. 


A 


\undertinel » || 
Here we can first conclude that 
e+$a+5=2°+24+1 
Now suppose that 
2° +a2+1=f(zx)g9(z), 


where f(a) and g(a) are nonconstant, and one of them is irreducible (we now that if z° + a + 1is not 
irreducible, then it has at least one irreducible factor). Moreover, the degree of f(x) and g(2) are 4 or less, so we 
can look at the list of irreducible polynomials in Fo [a] provided in the book (page 373). From this, we can see that 


2 +a¢4+1=(22+27+1)(2?+2+4+1) 


Furthermore, z?+a?+ anda? +2 + 1Lare both irreducible (look at the list!), so we cannot factor this further. 


Result 
In Q[a], 2° + 52 + 5 is already irreducible. 
In Fo[a], 
ot+5a+5=2°+24+1= (2° +27 4+1)(22? +241) 
7.a 
\undertine!’» |x| 


Here a? + 2 + lis already irreducible (see page 373 in the book), so it is already factored. 
\underlinel’; || 


Notice that lis a root of 23 + z + 1 in F3[z]. Thus, z — 1 = 2 + 2 divides z* + x + 1. Now we must find a 
polynomial g(x) € F3[a] such that 


zet+2+1=(r+2)9(z) 


(such exists because a + 2 divides 2° + x + 1). Moreover, g(zx) is of degree 2 (because deg((x + 2)g(x)) = 
1 + deg g(x) and deg(x* + 2 + 1) = 3, so deg((x + 2)g(zx)) = 3, which implies deg g(x) = 2). Thus, 


g(x) = az” + br +e, 
for some a, b,c € F3, a # 0. So, 
zet+a2+1=(r¢+2)(ax? + br +c) =azx* + (2a+b)a2? + (26+ c)x + 2c 


This yields the system of equations 
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Thus, a = 1,6 = —-2=1,c=1—2=-1=2,and 
g(z) = 27 +242 
Finally, 
e+zr2+1=(r+2)(2?+2+2) 


Furthermore, x + 2 is clearly irreducible, while x? + x — Lis irreducible by (12.4.5) in the book. Thus, this is the 


final factorization: 
vi+a2+1=(¢£+2)(27+2+2) 


\undertinel 5 |) 


We will prove that this polynomial is irreducible in F5 [a]. Suppose that f(x) € F5[2] is not a unit and is not 
associated with 2° + x + 1, and it divides 2* + x + 1. Thus, there exists g(x) € F5[a] such that 


v+a2+1=f(zx)g(x) (1) 
lf f (x) is constant, then f(x) + 0, so it is a unit. 
If g(x) is constant, then g(a) is a unit, and f(x) and x*® + 2 + 1 are associated. 


Thus, neither f(x) nor g(a) are constant. Moreover, the sum of their degrees must be 3 (because x* + x + Lis of 
degree 3). Therefore, one of them must be of degree |. Suppose that f(x) = az + b,a + 0.Then f(—b/a) = 0, 

so it has a root, and 2? + 2 + 1 must also have a root at 2 = —b/a. We conclude the same when we assume that 

g(x) is of degree 1. 


Now we prove that x + x + 1 does not have a root: 
2=0=>2°+2+1=10 
r=1= 27° +7+1=340 

e=2=>2°+2+1=11=1#0 
g=3=—>2°+24+1=31=140 


r=4=—527°+274+1=69=440 


So, x® + x + 1 does not have a root. This means that the factorization (1) cannot hold. 


Thus, eiat+lis irreducible, and we cannot factor it further (in F5 [z}). 


Result 2o2 
F [2]: This polynomial is irreducible, so we cannot factor it further. 
F3[2]: 23 +2 +1=(2+2)(2?+2+2) 


F5[z]: This polynomial is irreducible, so we cannot factor it further. 
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A good idea is to put t = 2”, so we get a polynomial in F [Et]: 
?+bt+ce 
We try to factor it: 
 +bt+c= f(t)g(t), 
for f(t), g(t) € Fé] nonconstant. Thus, both f(t) and g(t) must be of degree 2, leading to 
t? + bt +c = (mit + n1)(mgt + ng), 
where m1, 71, Mg.ng € F-. After returning t = 2”, we get 


az! + ba® +¢ = (mix? + ny)(mya” + ng) 


So, for v4 + 4x? + 4 setting t = x? we get 

P+4t+4 
Also, 

?+4t+4=(t+2)* 
Thus, 
az! +42? +4 = (2? + 2)? 

For 2! + 327 + 4, setting t = 2” yields 

?+3t+4 


Now we do not know if we can factor it further; it depends which field F’ we pick. 


Result 


Hint: set ¢ = 2. 


If n = 0, then the polynomial is —p, which is clearly not irreducible (since it is a unit). For n < 0, this expression is 
not even a polynomial. So, let n > 0, and let p be any prime integer. Then 


¢ pdoes not divide 1 (the leading coefficient). 
© p divides all other coefficients. 
* p? does not divide —p (the constant coefficient). 


Thus, by the Elsenstein Criterion (Proposition 12.4.6), we conclude that x” — pis irreducible. 


Result 2 0f2 


Any prime integer p and any positive integer n. 


10. a 
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(a) 
To factor the polynomial (x* + 23S1x +125) in Q[x], 
Consider the following polynomial 


x? + 23514125 
Since, the polynomial ( x” +2351.x+125)is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial / whose residue modulo p is 
the product of relative prime monic polynomials in F, [x]: there will be a unique way to factor 
modulo any power of p . 


Then, the factors of the polynomial in F, [xx] will be the factors in Q[.x]under the same modulo. 
Use MAPLE to factor the above polynomial in Q[.x]. 


Factor(x* + 2351 x + 125)mod(5) 
(x+1)x 


Therefore, it concludes that the factorization of the polynomial in F, [x] is, 

x? + 2351x4125 = x(x +1)(mod5) 
Since, the factors of the polynomial in F, [x] will be the factors in Q[.x]under the same modulo. 
Then, the factorization of the polynomial in Q[x]is, 


x? +2351x+125 = x(x+1)(mod5) 


Hence, the required factorization of the polynomial in Q[x]is x? +2351v4+125 = x(x+1)}- 


(b) 
To factor the polynomial (x’ + 2x? +3x+1) in Q[x]. 
Consider the following polynomial 


x +2x? +3x41 
Since, the polynomial (x +2x? +3x+ 1) is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F, [ x], there will be a unique way to factor f 
modulo any power of p . 


Then, the factors of the polynomial in F. [x] will be the factors in Q[.x]under the same modulo. 


Use MAPLE to factor the above polynomial in Q[.x]. 
Factor(x* + 2x° + 3x + 1)mod(5) 
(x+ 2) (7 +3) 

Therefore, it concludes that the factorization of the polynomial in F, [x] is, 

x 42x? +3x+1 = (x+2)(x° +3)(mod5) 

Since, the factors of the polynomial in F, [x] will be the factors in Q[x]under the same modulo. 
Then, the factorization of the polynomial in Qx] is, 

x’ +2x" +3x+1=(x+2)(x° +3)(mod5) 


Hence, the required factorization of the polynomial in Q[.x]is 


x +20? 43x4¢1=(x+2)(x? +3))- 
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(c) 
To factor the polynomial (x* + 2x° + 2x? +2x+2) in Q[x], 
Consider the following polynomial 
x’ +2x? 42x? 42x42 
Since, the polynomial (x* + 2x’ + 2x? + 2x +2)is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F. [x], there will be a unique way to factor _f 
modulo any power of p. 


Then, the factors of the polynomial in F. [x] will be the factors in Q[.x]under the same modulo. 
Use MAPLE to factor the above polynomial in Q[x]. 


Factor(x4 + 22° + 2x7 + 2x + 2)mod(3) 
(x+ 2) (P+2x+1) 
Therefore, it concludes that the factorization of the polynomial in F, [x]is, 
xf + 2x) + 2x7 +242 = (x+2)(x° +2x+1)(mod3) 
Since, the factors of the polynomial in F, [x] will be the factors in Q[.x]under the same modulo. 


Then, the factorization of the polynomial in Q[.x]is, 


xi 42x? + 2x? + 2x42 = (x+2)(x° +2x41)(mod3) 
Hence, the required factorization of the polynomial in Q[x]is 


x* + 2x) + 2x? +2x+2=(x+2)(x° + 2x41). 


(9) 

To factor the polynomial (x* + 2x +3x* +2x+1) in Q[x], 
Consider the following polynomial 

x* 42x +3x7+2x41 

Since, the polynomial (x* +2x° +3x* +2x+1)is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F, [x], there will be a unique way to factor 
modulo any power of p. 


Then, the factors of the polynomial in F, [x]will be the factors in Q[.x]under the same modulo. 
Use MAPLE to factor the above polynomial in Q[x]. 


Factor(x* + 2x43 42x4 1)mod(2) 
2 
(74x41) 


Therefore, it concludes that the factorization of the polynomial in F, [:x]is, 
xt +28 43x +2x4¢1= (x7 +41) (mod2) 
Since, the factors of the polynomial in F, [xx] will be the factors in Q[.x]under the same modulo. 


Then, the factorization of the polynomial in Q[x]is. 


xt 4 2x8 43x +2x+1=(x7 +41) (mod2) 


Hence, the required factorization of the polynomial in Q[x]is 


x8420 43x07 +2e41=(x +241) . 
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(e) 

To factor the polynomial (x* + 2x* + x7 +2x+1) in Q[x], 
Consider the following polynomial 

x +2x? +27 4+2x41 

Since, the polynomial (x* + 2x* +x? + 2x +1)is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial { whose residue modulo p is 
the product of relative prime monic polynomials in F. [x], there will be a unique way to factor 


modulo any power of p . 
Then, the factors of the polynomial in F, [x]will be the factors in Q[.x]under the same modulo. 


Use MAPLE to factor the above polynomial in Q[.x]. 
Factor(x4 + 22° + x7 +2x+ 1)mod(2) 
(f4+x41) 
Therefore, it concludes that the factorization of the polynomial in F, [x]is, 
x +20 +47 +2x+1=(x7+x+1) (mod2) 
Since, the factors of the polynomial in F, [x]will be the factors in Q[x]under the same modulo. 
Then, the factorization of the polynomial in Q[.x]is, 
xt +2x) +27 +2x+¢1 0 (x7 ++I) (mod 2) 
Hence, the required factorization of the polynomial in Q[.x]is 


2 
xf 42x) 427 + 20+] = (x? +x+1) f 


(f) 
To factor the polynomial (x* +2x* +x +1) in Q[x], 
Consider the following polynomial 
x42 +x4] 
Since, the polynomial (x* + 2x? +x +1) is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F. [x], there will be a unique way to factor 
modulo any power of p . 


Then, the factors of the polynomial in F, [x]will be the factors in Q[.x]under the same modulo. 


Use MAPLE to factor the above polynomial in Q[.x]. 


Factor(x* + 2x +2x+ 1 )mod(2) 
(x+ 1/4 


Therefore, it concludes that the factorization of the polynomial in F, [x]is, 


xt 42x? +.x+1=(«+1)' (mod 2) 
Since, the factors of the polynomial in F, [x] will be the factors in Qi x] under the same modulo. 
Then, the factorization of the polynomial in Q[x]is, 


xt 42x? 4x41 =(x+1)'(mod2) 


Hence, the required factorization of the polynomial in Q[x]is |x* + 2x7 +x+1=(x+1)'- 
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(9) 
To factor the polynomial (x* +x° + .x* +x? +1) in Q[x], 
Consider the following polynomial 
Mex tte tl 
Since, the polynomial (x +x* +.x* +27 +1)is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F. [x]. there will be a unique way to factor 


modulo any power of p . 
Then, the factors of the polynomial in F, [x]}will be the factors in Q[x]under the same modulo. 


Use MAPLE to factor the above polynomial in Q[x]- 


Factor(x* + 4 xtere 1)mod(2) 
(x4424 24x41) 


Therefore, it concludes that the factorization of the polynomial in F, [x]is, 

Mex tutte tle(xttxr tx? +1)' (mod 2) 

Since, the factors of the polynomial in F, [x]wil be the factors in Q[.x]under the same modulo. 
Then, the factorization of the polynomial in Q[.x]is, 

Max tatte tle(xt tate +1)' (mod 2) 


Hence, the required factorization of the polynomial in Q[x]is 


2 
Mex extte ¢le(xt 4x +27 +1) ; 


(h) 
To factor the polynomial (x* -2x* -3x* +9x-3) in Q[x], 
Consider the following polynomial 
x° —2x° —3x? +9x-3 
Since, the polynomial (x* -2x* -3x? +9x~3)is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F, [.x], there will be a unique way to factor 


modulo any power of p . 
Then, the factors of the polynomial in F, [x] will be the factors in Q[.x]under the same modulo. 


Use MAPLE to factor the above polynomial in Q[.x]. 


Factor( © — 22° — 3x7 + 9.x— 3)mod(2) 
| (9 4 x44 42741) (x41) 


Therefore, it concludes that the factorization of the polynomial in F, [x]is, 

x®=2x* -3x7 +9x—-3.e(x° +x* +47 +27 +1)(x+1)(mod2) 

Since, the factors of the polynomial in F, [x] will be the factors in Q[.x]under the same modulo. 
Then, the factorization of the polynomial in Q[x]is, 

x® = 2x 3x7 +9x—-3.0 (2° +x +27 +37 +1)(x+1)(mod2) 


Hence, the required factorization of the polynomial in Q[x]is 


x* -2x' -3x" +9x—3=(x° +x° +2) +27 +1)(x+1) ‘ 
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(i) 
To factor the polynomial (x* +x? +1) in Q[x], 
Consider the following polynomial 
exe] 
Since, the polynomial (x* +.x° +1) is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F, [x], there will be a unique way to factor f 
modulo any power of p. 


Then, the factors of the polynomial in F [x] will be the factors in Q[.x]under the same modulo. 


Use MAPLE to factor the above polynomial in Q[x]. 


Factor( x44 1)mod(2) 


(f+x41) 
Therefore, it concludes that the factorization of the polynomial in F, [x]is. 
x‘ +x? +1=(x"+x+1) (mod2) 
Since, the factors of the polynomial in F, [.x]will be the factors in Q[x]under the same modulo. 


Then, the factorization of the polynomial in Q[x]is, 


xt +x7 +10 (x? +x+1) (mod2) 


Hence, the required factorization of the polynomial in Q[x]is [rt +x? += (x +x+1)]: 


0) 
To factor the polynomial (3x* + 6x* +9x° + 3x -1) in Q[x], 


Consider the following polynomial 


3x° +6x' +9x° 4+3x°-1 
Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F, [x], there will be a unique way to factor tJ 
modulo any power of p. 
Then, the factors of the polynomial in F, [x] will be the factors in Q[x]under the same modulo. 


Use MAPLE to factor the above polynomial in Q[x]. 


Factor( 3x° + 6x44 9x + 3x7-1)mod(2) 
(7 +x4+1) (x41) 


Therefore, it concludes that the factorization of the polynomial in F, [x]is, 
3x° +6x + 9x7 + 3x? —1 (x7 +. +1)(x+1)' (mod2) 
Since, the factors of the polynomial in F, [x] will be the factors in Q[x]under the same modulo. 
Then, the factorization of the polynomial in Q[.x]is, 
3x° + 6x" + 9x7 + 3x7 —L (x7 +.r+1)(x+1)' (mod 2) 
Hence, the required factorization of the polynomial in Q[x]is 


3x° +6x° + 9x7 +3x7 -1= (x7 +41)(x+1)']. 
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(k) 

To factor the polynomial (x* +.x* +x° +x+2) in Q[x], 

Consider the following polynomial 

vtxttxrtx42 

Since, the polynomial (x* +.* +.° +..+2)is the monic integer polynomial. 


Then, by Berlekamp algorithm, for any monic integer polynomial / whose residue modulo p is 
the product of relative prime monic polynomials in F, [x], there will be a unique way to factor of 
modulo any power of p . 

Then, the factors of the polynomial in F, [x] will be the factors in Q[.x]under the same modulo. 
Use MAPLE to factor the above polynomial in Q[.x]. 

Factor( rextgragxt 2)mod(2) 


(4x4 1) (x+ 1)?x 
’ 


Therefore, it concludes that the factorization of the polynomial in F, [ x]is, 

Mex tx? txt2e x(x +041)(x+1) (mod2) 

Since, the factors of the polynomial in F, [xx] will be the factors in Q[.x]under the same modulo. 
Then, the factorization of the polynomial in Q[x]is, 

ext txt2ex(x? +041)(x+1) (mod2) 

Hence, the required factorization of the polynomial in Q[x]is 


exter tat2ax(x +x4l)(x+l)']- 


Tica 


We first put all integers 2 < n < 99 into a table: 


Uistelslete clerslereisietl 


23 
3 
Bo 
7 
[4 
{51 
ss 
is 
72 
79) 
{86 
(93 


Ww 


SIZIElS/S/3)S) S/S) 8) e)= 
S/Sl/sla)s/S)e)S/slSlsysls 
S/S) 8) a) S)8)/S)e/F/e/8/8)s 


—~ 


g]=] 2/212 /218|g|s1918/2/21- 


2/2]2/2 18121215 ]2/2121s15 


Ps) 
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Now we mark 2 as prime, and remove from the list of candidates (mark with some other color) all multiples of 2: 


Now we look at the smallest integer which is not marked. We mark 3 as prime, and remove all multiples of 3 from 
the list of candidates: 


Now we look at the smallest integer which is not marked. We mark 5 as prime, and remove all multiples of 5 from 
the list of candidates: 
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Now we look at the smallest integer which is not marked. We mark 7 as prime, and remove all multiples of 7 from 
the list of candidates: 


Result 70f7 


This algorithm removes nonprime integers from the list fast at the start, but it slows down afterwards. However, it is 
still much faster than manually checking for each integer whether it is prime or not. 


12. a 
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(a) 
All monic polynomials of degree 3 in F3 are of the form 

f(z) =2° +ar?+br+ce, 
for some a,b,c € F3. 


Suppose that f(z) is not irreducible. Then there exists g(z) € F3[2] which is not a unit and is not associated with 
f(x), and it divides f(z): 


f(z) = g(z)h(z), 
for some h(x) € F3(a]. 
\f g(x) is constant, then g(a) + 0, and itis a unit. 
\f h(x) is constant, then it is a unit, so f(x) and g(a) are associated. 


Thus, neither g(a) nor h(a) are constants. This means that one of them is of degree 1, while the other is of degree 
2. If g(a) = dx + e, then g(—ed~') = 0, so g(z) has a root. But this means that f(a) also has a root! 


Similarly, if h(a) is of degree 1, f(x) again has a root. 


So, if f(x) is not irreducible, it has a root in F3[z]. The converse is also true; if it has a root zo, then x — xo divides 
it, which is not a unit nor is it associated with f(x), so f(z) is not irreducible. 


Ife = 0, then f(x) = 2° + az? + bz, so f (0) = 0, which is not irreducible. Now we list all candidates for f(a) 
and manually check if they have roots in F3 (note that 0 is clearly not a root): 


f(z) =2° +1 => f(2) =8+1=9 =0 = 2isaroot! 

f(z) = 2° +2 = f(1) =1+2=3=0 = Lisaroot! 
)=22+24+1=>> f(1) =14+14+1=3=0 => Lisaroot 

f(z) =a? +242 => f(2)=8+24+2=12=0 => 2isaroot! 

f(x) =a +22+1 => f(1) =440, f(2) =13 40 = noroots! 

f(x) = 2° +22 +2 => f(1)=5 40, f(2) = 14 40 = no roots! 

f(z) =23 +27 +1 => f(1) =3 =0 = 1isarootl 

f(z) =22 +27 +2 = f(1)=40, f(2) = 16 40 = noroots! 

f(x) =2° +2? +24+1= > f(2) =15 = 0 = 2isaroot! 

f(z) =a28 +2? +24+2 => f(1)=5<0, f(2) =16 40 = noroots! 

f(a) =28 +27 +2741 => f(1)=540, f(2) =17 40 = noroots! 

f(z) = 2° +27 + 224+2 => f(2) = 18 = 0 = 2isaroot! 

f(x) = 2° + 227 +1 => f(1) =440, f(2) = 17 40 => noroots! 

f(z) = 2° +227 +2 => f(2) = 18 = 0 => 2isaroot! 

f(z) = 2° +227 +2+1 = f(1) =540, f(2) =19 40 = noroots! 

f(z) = 2° +227 +24+2 => f(1) =6 =0 = Lisaroot! 

f(x) = 2° + 22? + 22 +1 = > f(1) =6 = 0 = Lisaroot! 

f(z) = 2° +227 +27 +2 => f(1) =740, f(2) = 2240 = noroots! 
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Thus, all monic irreducible polynomials of degree 3 are 
w42e4+1, 2942242, 2342742, 234274242, 


e+e? +2n4+1, 29420741, 239422? +241, 2°? +227 4+2r4+2 


Step 3 3ot6 
(b) 


This is similar to (a), except that we conclude that g(x) and h(x) such that f(x) = g(x)h(x) must be of degree 1. 
So, 


f(z) =a? +azr+b, 
where a, b € F5. Again, b + 0. Manually checking, we see that the required polynomials are 
e+atl, 22+4r4+1, 274+2, 27? +242, 2744242, 


2?+3, 27+27+3, 274+324+3, 274+27+4, 27+3r+4 


(c) 


We will first find the number of monic irreducible polynomials of degree 3. Since F's [z] is a unique factorization 
domain, each monic f(x) € F;[z] can be factored uniquely (up to the ordering of the terms) as 


f(x) = pi(z)-+-Pn(z), 
where pi(a),...,Pn(@) € F5[a2] are monic and irreducible. 
It is easier to find which polynomials are not irreducible. They factor as either 

f(x) = pi(x)p2()ps(z), 
where p(x), po(x), p3(x) are irreducible monic polynomials in F5[2] of degree I, or 

f(x) = p(x)q(z), 

where p(2) is of degree 1, and q(x) is of degree 2, both irreducible and monic. 
Since each z + a, a € Fs, is clearly monic and irreducible, there are 5 such polynomials. 
From (b), there are 10 monic irreducible polynomials of degree 2. 
So, if f(x) is not irreducible and it factors as a product of polynomials of degree 1, we can repeat polynomials. 


If all three polynomials are the same, we have 5 possibilities ((a + a)’, a € Fs). 


If one polynomial is repeated exactly two times, then we first choose which we will repeat; we can do this in 5 
ways. Now we must choose one of the other 4; we can do this in 4 ways. Thus, there are 5 - 4 = 20 such 
factorizations. 


5 
If neither polynomial is repeated, then we choose 3 polynomials from the set of 5 polynomials: (3) = 10. 


Thus, there are 5 + 20 + 10 = 35 polynomials which we factor into linear polynomials. 
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On the other hand, there are 10 - 5 = 50 monic polynomials of degree | which we factor as f(x) = p(x)q(z), 
where p(a’) is monic irreducible of degree 2, while g(a) is monic irreducible of degree 1. 


So, there are 35 + 50 = 85 non-irreducible monic polynomials of degree 3. Since there are 5° = 125 monic 
polynomials of degree 3, we conclude that there are 40 monic irreducible polynomials of degree 3. 


Now notice that if f(a) is irreducible, then af (x), a € F;, a <0, is also irreducible. Similarly, if 
f(z) =az* + br? +er+d 
is irreducible, then, if we write 
f(x) = a(a* + a 'ba* + a~'ex + a~!d) = ag(z), 
g(a) is monic irreducible polynomial. 


Finally, we can now conclude that there are 40 - 4 = 160 irreducible polynomials of degree 3 (in F5{z], of 
course). 


Result 
(a) 
e4+2r4+1, 2242742, 242742, 24224242, 
e+er?+2e4+1, 29422741, 2? +227 +241, 2? +20? +2242 
(b) 
et+a@etl, 24+4r4+1, 2742, 22t+242, 2?4+424+2, 
2?+3, 27+224+3, 2? +32+3, 2? +22+4, 2?+32+4 
(c) 160. 
13. a 
(a) 


We want it of degree n and to have all a; except ag as roots. A good idea is to set 
p(x) = (x — a)) +++ (x — ay), 
where c is some constant (notice that deg p(x) = n and p(a;) = 0,i = 1,...,n). 
Now plug in ap: 
1 = p(ao) = e(a — a1) ++ (a9 ~ an) 


This makes sense since all a; are distinct, so ag — aj 4 0,2 = 1,...,n. Finally, 


1 


eo (ao — a1) -+- (a9 — an) 


Therefore, 


(a — ay) +++ (2 — an) 
(ao — a1) --- (0 ~ an) 


p(x) = 


This can also be written as 
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(b) 
Let p;(x) be a polynomial of degree d such that p;(a;) = 1, p;(aj;) = 0, 7 # 7 (such exists by (a)). Define 
g(x) = bopo(x) + bipi (x) +... + bapa(z) 


Clearly g(a;) = b;,i = 0,1,...,d. Also, since it is a linear combination of polynomials of degree d, its degree is 
<d. 


Also, if we want to write it in terms of a; and b;, we can use the notation as in (a): 


Now suppose that h(2) is some other polynomial of degree < d such that h(a;) = b;,i = 0,1,...,d. Define 
f(x) = g(x) — h(x) 
Notice that f(a) is of degree < d, and 
f(a;) = g(a;) — h(a;) =b; —b; = 0, i=0,1,...,d 


So, f(x) has d + 1 roots. Since a nonzero polynomial of degree < d can have at most d roots (to be precise, the 
number of its roots cannot exceed the degree of said polynomial), we conclude that f (x) = 0 (that is, that itis a 


zero polynomial). Finally, 
g(x) — h(x) = 0 => |g9(z) = A(z) 


Therefore, uniqueness is also proved. 


Result SOF 


(a) 


hem aie emen) 
AP) = Cog = ay) 3 (ap = Ge) 


This can also be written as 


“) 2-4; 
ete Lae 
(b) 
ae) = OTT 2— 

al fee 


To prove that it is unique, suppose that h(x) is some other polynomial with these properties, and observe 


f(z) = g(2) — h(2). 


14. a 
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Let p(x, y) = 2” + y? — 1. Suppose that it is not irreducible. Then there exists f(x,y) € C[a, y] which is nota 
unit, nor is it associated with p(x, y), and f(x, y) divides p(z, y). That is, there exists some g(a, y) € Cia, y] 
such that 


P(z,y) = F(x, y)9(z, 9) 
If f(x, y) is constant, then it is a unit. 


If g(x, y) is constant, then it is a unit, so p(x, y) and f(a, y) are associated. 


Thus, f(a, y) and g(x, y) are not constant. Since p(x, y) is of degree 2, f(x, y) and g(x, y) must be of degree 1. 


Thus, 
f(z,y)=aur+bhyt+c 
g(@,y) = aga + boy + co 


From factorization p(x, y) = f(x, y)g(x, y), we now get that 


{p = 0} = {f = 0} U {g = 0} 


However, {p = 0} is acircle, while {f = 0} and {g = 0} are lines. Thus, we get that a circle is a union of two 
lines, which is absurd. 


Therefore, p(x, y) = f(x, y)g(a, y) cannot hold. 


To conclude, we now get that p(z, y) is irreducible in C[a, y]. 


Result 2 of 2 


Suppose that it is not irreducible. From this it follows that a circle is a union of two lines (why?). Argue that this leads 
to a contradiction. 


15.a 


Consider the provided statement to explain what happens to given condition with reference to the 
Eisenstein criterion. 


(a) 

As provided condition is, f is constant. 

Claim1:- 

Let f(x)=a,x" +---+a, €Z[x] and itis assumed that p is prime and peZ. Then f is 
irreducible in Q[.x] if the condition which is provided below must satisfied, 

(i) pla, 

(li) pla, 

(iil) p? fa, 


Where the value of jlies between the interval | <j < and condition (i) and (ii) hold if and only if 
7 is anonzero constant. 


57 


Proof:- 
If f = gh where the value of g,h is provided as below: 
ga=bx + +h, 
h=e,x' +404 
r+s=n 
Since by (i) and (ii), 
T= ih 
=a, 
#0 
As they must divide g, then itis seen that g =, and h=c, - 


Then p|b, and p|c,, when multiply both these equations so P| be, =a,- 


(b) 

Provided expression from textbook is, f = x" +hx"" 

Claim2:- 

Let f(x)=a,x"+---+a, €Z[x] and itis assumed that p is prime and peZ.Then f is 
irreducible in Q[.x] if the condition which is provided below must satisfied, 

(i) a, =1(mod p) 


(il) pia 3 
(ii). pa, 
() pla, 


Where the value of jlies between the interval 0 <j < n—2 and condition (i), (ii) and (iii) hold if 
and only if 7 =x"+by"". 


Proof:- 
If f = gh where the value of g,h is provided as below: 
ZH=bxX + +b, 
h=c,x' + 4¢, 
rvs=n 
Since by (i), (ii) and (iii), 
7 
= TF 
=x""(x+a,,) 
The value of g and j, is provided as below without loss of generality. As y+a,, divides g 
and g=b,x'(x+a,,), h=c,x' therefore, p|c, implies that p divides b,c, which is equal to 
ay. 


16. a 
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We will prove that it is irreducible. 
Suppose that 
f(x) = g(z)h(z) 


for some polynomials g(x), h(x) € Q[a]. We can multiply g(z) by the least common multiple of denominators of 
its coefficients, and divide it by the greatest common divisor of numerators of its coefficients, to get 


f(x) = G(x)h(2), 


where g(x) € Z[z] is primitive (notice that we must multiply h(a) with GCD and divide it by LCM to preserve the 
equality). Now we know that g(x) divides f(a) even in Z[a]; that is, 


f(x) = G(x)q(x) 
for some q(x) € Z{a]. 
The residue is 
F(z) = 2 + 828 = 4 + 2218 
and 


F(x) =9(x)a(z) 


We have a factorization 
x3(a + 2) 
Since F3[z] is a unique factorization domain, this factorization is unique. Thus, we must have 
g(x) = 2" 
q(z) = 2'*"(z + 2) 


(it does not matter where we put (2 + 2)). Suppose that r # 0 and r 4 13. Then we would have that the constant 
terms of both g(a) and q(a) are multiples of 3 (since their residues have constant terms equal to zero). But this 
would mean that the constant term of their product f(a) is a multiple of 9, which is a contradiction since 3 is not a 
multiple of 9. 


Thus, either r = Oorr = 13. 
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Suppose that r = 13. Then 


Q(z) =r7+2 


So, the degree of g(x) is at least 13, while the degree of q(x) is at least 1. Since the degree of f(a) is 14, g(x) 
must be of degree 13, while g(a) must be of degree 1. Thus, 


q(t) =ar+b, a0 


This means that q(—b/a) = 0, so q has a rational root, and f(x) must now also have a rational root. By the 
rational root theorem, if z = m/n is a rational root of f(a), m must divide 3 (the constant term), while n must 
divide 1 (the leading coefficient). Thus, all candidates are +3. However, neither 3 nor —3 is a root of f(z), 
meaning that f(x) has no rational roots. 


So, r = 13 is also impossible, so we must have r = 0. But this means that 
a(2z)=1, az) =2"(e+2) 


As before, the degree of g(@) is at least 0, while the degree of g(a) is at least 14. Since the degree of their 
product f(z) is 14, g(x) is of degree 0, meaning that it is a unit in Q[z}! 


From this we conclude that if some polynomial p(z) divides f(z), it is either a unit, or the quotient is a unit, 
meaning that p(a) and f(a) are associated. (Before, we proved that g(z) is a unit in Q[x]. However, clearly g(x) 
is also a unit in Q[z], since g(x) = cg(x) for some c € Q!) 


Finally, this means that f (2) is irreducible in Q[z]! 


Result 


It is irreducible in Q[z]. 


17. a 


We will prove that it is irreducible. 
Suppose that 
f(x) = g(x)h(z) 


for some polynomials g(x), h(a) € Q[a]. We can multiply g(x) by the least common multiple of denominators of 
its coefficients, and divide it by the greatest common divisor of numerators of its coefficients, to get 


f(z) = G(2)h(z), 


where g(x) € Z|z] is primitive (notice that we must multiply h(x) with GCD and divide it by LCM to preserve the 
equality). Now we know that g(z) divides f(x) even in Z[z]; that is, 


F(z) = g(x)q(z) 
for some q(x) € Za]. 
The residue is 
f(a) = 21 + 22° + 327 +1 
and 


F(x) = 9(x)a(z) 
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Suppose that neither g(x) nor g(a) are constant. Furthermore, if for example g(a) is of degree |, that is, g(x) = 
az + b, for some a,b € Fy, a 4 0, then g(—a~'b) = 0, so g(x) has a root in F4. But this means that f(a) also 
has a root in Fy, which we can directly check is not true (that is, F(a) has no roots in F4). 


Since we arrive to the similar conclusion if we assume that (2) is linear, we know that the degrees of g(x) and 
G(x) are at least 2. However, their product is of degree 4, meaning that they must be of degree 2. 


Let 
G(x) = aur? +hh2 + er 


G(x) = apa? + box + cra, 
where a}, @2,b;, bo. c),¢2 € Fy, a,.a2 4 0. Furthermore, we can write 
O(x)G(x) = (a? + yx + fi)(dox? + e22 + fo), 
where e; = a; ‘by, = ajc, dy = a, Ag, €2 = aybo, fo = aC (so, factor a; 


out of the first polynomial, and multiply the second polynomial by it). 
Moreover, 


(2? +e12+fi)(dax* +egx+ fo) = dox"+(er+erd2)x*+(faterea+fife)a”+(erforfiea)at fife 
Now we have the equality of polynomials 

a*+42r5+3e?+1 = dort +(e2+erd2)ax*+(fot+erertfife)a?+(erfot fier)etfife, 

which yields the system of equations 


dy=1 

e€2 + e\d2 =2 
fot+ere2 + fife =3 
eif2+ fie2 =0 
fife=1 


So, dz = 1 is clear. Plugging this into the second equation we get 
ey +e2=2 


Now we manually solve fj f2 = 1: 


Thus, there are two solutions: 


fi=fe=1) o |fi=fe=3 
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Suppose that f; = fo = 1. Then 
eifot+eof; =O e, +e=0 
But this contradicts the equation e; + e9 = 2! 
Similarly, if f; = fo = 3, then 
e1fo+ eof; = 0 = > 3(ey +eo2) =0 = ey +2 = 0 
Therefore, factorization 
F(x) = 9(z)q(z) 


with both g(x) and g(x) nonconstant does not exist. Without loss of generality, assume that g(x) is of degree 0. 
Then q(z) is of degree 4 (the degree of f(2)). But this means that the degree of g(z) is at least 0, while the 
degree of q(@) is at least 4. Since their product is f (a), which is of degree 4, we conclude that g(a) is of degree 
4, while 9(a) is of degree 0. But this means that g(a) is a unit in Q[z]! 


Finally, this means that if some polynomial p(a) divides f(z), then it is either a unit, or the quotient is a unit, making 
p(«) to be associated with f(z). (Before, we proved that g(a) is a unit in Q[a]. However, clearly g(a) is also a 
unit in Q[a], since g(a) = cgG(x) for some c € Q!) 


Therefore, f (2) is irreducible over Q(z]. 


Result 


It is irreducible. 


18. a 


Consider the provided statement to prove the given cyclotomic polynomial is irreducible. 
Provided cyclotomic polynomial is as below and g = p*,r = p*' with prime p. 
(x*-1) 

(¥'-1) 


Comment 


Step 20/3 “ 


As itis provided that p be prime and assume ¢ > | . Now it is to be shown that ¢, is 
irreducible in Z[x]. Therefore for making it irreducible in Q[x] Gauss's Lemma is recalled, then 


6, (x)=¢,(x”") 

x” -1 

x =} 
Therefore, given statement is in Z[x]. 


(x =1)¢, (x)=2% = 
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When the coefficients of the equation is reduced in modulo p rnentisinine (2 fs} 
(x -1)6, (x)=x" -1 


Therefore, by lemma the obtained result is in fe 
(x-1)" 4, (x)=(x-1)" 
Then, 


¢,(x)=(x-1)" 


It can be also say that, the obtained result is in x 
4, (1)=4,(I") 

=¢,(1) 

=p#0 


Hence, from the Scho"nemann's Criterion ¢_, (x) is irreducible in Z[x]. Therefore, it is 
irreducible in Q[.x] by Gauss's Lemma is proved. 


19.a 


(a) 
First of all, this polynomial in F5 is 
p(z) =2°+24+274+1 


Notice that 1 is a root of this polynomial, so z — 1 = x + 1 divides it Thus, we need to find q(x) € Fe[a] such 
that 


P(x) = (x + 1)q(z) 
Since p(z) is of degree 5, q(x) is of degree 4. Thus, 
q(x) = ax + br* + cx? + dr +e, 
for some a, b,c, d,e € Fo. Furthermore, 
(a + 1)q(x) = az? + (a+ b)z' + (b+ c)x? + (c+d)z7+(d+e)r+e 


Thus, p(x) = (a + 1)q(2) if and only if 


a = 
a+b =] 
b+e = 
c+d = 
d+e=0 

e= 


From this system, we get the solution 


=i, b=0)c=0)4d=1e=1 


Therefore, 


p(z) = (1 +:1)(2* +241) 


Now suppose that we can factor 24 + x + 1 furthermore: 
a +2+1=4q(2)q(z), 


where qi (2) and qo(a) are not constant. If q)(x) is of degree 1, then q(x) = ax + b, and q;(—a~!b) = 0. Thus, 
qi(x) has a root, so x4 + x + 1 must also have a root in F». But we see that it has no roots in Fo! 


We arrive to the same conclusion if we assume that qo(a) is of degree 1. 


Thus, qi (a) and qo(a) must be of degree 2 or more. Since their product is of degree 4, they must be of degree 2. 
Furthermore, they must be irreducible (otherwise, if q(x) was not irreducible, it could be written as a product of 
polynomials of degree 1, so it would have a root, and x! + 2+ 1 would also have a root; contradiction). 


The only irreducible element of degree 2 in Fa [x] isa?+at+l1 (see (12.4.4) on page 373). So, we must have that 
vi+2+1=(22+2+1) 
However, 
(2? +241)? =2'4+274142'+241 


Therefore, z+ + a + 1 cannot be factored further (it is irreducible). Thus, 


p(z) = (x +:1)(x* +241) 


(b) 


Denote this polynomial as p(z). Then notice that p(—5) = 0 (in Z/16Z). Therefore, x + 5 divides p(x), so we 
need to find q(x) € Z/16Z{z] such that 


p(x) = (x + 5)q(z) 
Since p(z) is of degree 5, q(x) is of degree 4. Thus, 
q(x) = az’ + br? + cx? +-dr+e, 
for some a, b,c,d,e € Z/16Z. Furthermore, 
(a + 5)q(x) = az® + (5a + b)a* + (5b + c)a® + (5c + d)z” + (5d + e)x + 5e 


Thus, p(x) = (2 + 5)q(x) if and only if 


a =] 
5a+b =-l 
5b+c¢ 0 
5e+d —1 
5d+e=0 

de=—1 


From this system, we get the solution 


=I, b= 10 e=14,d=9, 6€=3 


Therefore, 


p(x) = (x + 5)(x* + 102° + 142? + 9x + 3) 
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Now suppose that we can factor z* + 102° + 14a? + 9x + 3 further; that is, that there exist polynomials 
f(x), g(a) € Z/16Z such that 


x! + 102° + 1427 + 92 +3 = f(x) 9(z) 
But the residue of 2! + 102° + 142” + 9x + 3 in Fo[a] is 
zi+at+ 5 
so we would now have that 
zi+2+1= f(zx)9(2) 


Thus, the factorization of x4 + 10x? + 142? + 9x + 3 over Z/16Z would induce a factorization of 24 +2+1 
in Fg. But this is a contradiction! In (a) we concluded that we cannot factorize it further. 


Therefore, 


p(x) = (x +5)(2* + 102° + 142? + 9x + 3) 


(c) 


Similarly to (b), if we can factor this polynomial in a way for one of the factors to be of degree 2 or 3, it would 
induce a factorization over F2[x] where some factor of x! +2 + 1 would be of degree 2 or 3. Thus, the only 
possible factorization is of the form 


p(x) = (ax + b)q(x), 
with q(x) of degree 4. But this means that p(x) has a rational root! 


By the rational root theorem, if m/n is a rational root of p(2), then m divides —1 (the constant term), and n 
divides | (the leading coefficient). Thus, all possible rational roots are +1. However, neither ] nor —1 is a root of 
p(x), hence a contradiction. 


Therefore, we conclude that p(2) is irreducible over Q. 


Result Bang 
(a) (x + 1)(a* +241) 
(b) (2 + 5)(xt + 10a? + 142? + 9x + 3) 


(©) This polynomial is irreducible over Q. 


Section 5 


lia 
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For this exercise, we first define a mapping 
N:Z[i] +NU{0}, N(a+bi) =a? +0? 
It is easy to see that 


N((a + bi)(c + di)) = N((ac — bd) + (ad + bc)i) 
= (ac — bd) + (ad + be)? 
= ac? +a*d? + bd? + Be? 


and 
N(a+ bi)N(c+ di) = (2+ B)(?+a@)=@e +a? + be +h a 
Therefore, 
N((a+ bi)(e + di)) = N(a + bi)N(c+ di) 
This gives us a powerful tool; if y divides z, then 
a = yz => N(x) = N(y)N(z), 


so N(y) divides N(z). Furthermore, N(x) = 1 if and only if 2 = +1, +i, which are of no interest to us (they are 
units), so we look for divisors of x with N(y) > 1. 


Furthermore, a + bi, with a 4 0 and b $ 0, is prime if N(a + bi) = a? + b? isa prime integer (this is a variation 
of Theorem 12.5.2 (b)). 


(a) 
First of all, 
N(1 — 3i) = 10, 


so we look for a + bi € Z[i] such that N(a + bi) = 2 or N(a + bi) = 5. Notice that there are only 4 numbers 
such that N(a + bi) = 2: 


1+i%, 1-—i, -1+i, -1-i 
Moreover, 
(1+%)(-1 — 2i) = 1-33 


Since N(1 + i) = 2, which is prime, and N(—1 — 27) = 5, which is also prime, we conclude that this is a prime 


factorization: 
1 —3i = (1+ i)(-1— 2%) 
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(b) 
First of all, 
N(10) = 100, 


so we look for a + bi € Z{i] such that N(a + bi) = 2 or N(a + bi) = 5 (there is no sense in finding a + bi 
such that, for example, N(a + bi) = 10, since we only look for prime elements, and no prime integer p, p = 3 
modulo 4 divides 10, so all prime divisors of 10 will be of the form a + bi, a 4 0, b $ 0). Notice that there are only 
4 numbers such that N(a + bi) = 2: 


1+%, 1-#, -1+1, -1-i 
Moreover, 
(1+ %)(5 — 5i) = 10 
Furthermore, 
5 — 5i =(1-—i)-5 
So, we only need to factor 5 further (because 1 + i and 1 — 7 are prime). However, notice that 
(2—i)(2+%) =5, 


and N(2 — i) = N(2 +72) =5, so they are also prime. Finally, we get the following prime factorization: 


10 = (1+1)(1-a(2+1)(2 - 1) 


(c) 
We can factor this faster: 
6+ 9% = 3(2 + 37) 


3 is prime in Z[] (Theorem 12.5.2 (c)), and N(2 + 3i) = 13, which is prime, so it is also a prime in Z{i]. Thus, the 


required prime factorization is 
6 + 91 = 3(2 + 32) 
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(d) 
First of all, 
N(7 +7) = 50, 


so we look for a + bi € Zi] such that N(a + bi) = 2 or N(a + bi) = 5 (there is no sense in finding a + bi 
such that, for example, N(a + bi) = 10, since we only look for prime divisors, and no integer d other than] and 
—1 divide 7 + 7 since d must divide both 7 and 1 by Lemma 12.5.1, so all prime divisors will be of the form a + bi 
with a # 0 and b ¥ 0). Notice that there are only 4 numbers such that N(a + bi) = 2: 


1+%, 1-7, -1+i%, -1-1 
Moreover, 
(1+i)(4—3i)=7+i 


Since N(1 +7) = 2, itis prime. Furthermore, N(4 — 3i) = 25, so we need to find a + bi such that N(a + 
bi) = a? + b? = 5. Clearly the only candidates are 


2+1%, 2-—i, -2+%, -2-—i, 14+ 22, 1-2i, -14+ 21, -1-2i 
Now notice that 
(2+%)(1 —2i) =4- 3% 


Finally, the required prime factorization is 


7+i=(1+1)(2+i)(1 — 23) 


Result 
(a) (1 + i)(—1 — 2%) 
(b) (1 + é)(1 — i)(2 + i)(2 — 3) 
(€) 3(2 + 3i) 
(d) (1 + i)(2 + 2)(1 — 2%) 
2.a 


The general strategy is similar as with the Euclidean Algorithm. We divide a + bi by c + di in the following way: 


a+bi c—di 


c+di c+di = As 


with k, 1 € Q. Now for the quotient we pick gq = m + ni, with m,n € Z such that |m — k| < 1/2 and |n — 
l| < 1/2. 


Of course, for the remainder we have r = (a + bi) — q(c + di). 
The proof that 
gcd(a + bi,c + di) = gcd(c + di, r) 


is the same as with integers. 
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(a) 
1l+7i 4-71 93-49 93 49. 
447 4-7i 65 65 65° 
Therefore, we set q; = 1 — i, and 


ry = 11+ 7i— (1—1)(44 Ti) = 114 Ti — (11 + 38) = 43 


Now, 
4+ 447% -@_ 28-16 7 


nr 4 di 16 y ie 


Therefore, we set gg = 2 — i, and 
rg=4+ 7 —4i(2-i) =4+ 7-4-8 =-i 


Finally, 


so q3 = —4, rz = 0, meaning that 


gcd(11 + 7i,4+ Ti) = -i 


Moreover, we can prove that 1 is also gcd (because —17 is a unit). Truly, 1 divides 11 + 7i and 4 + 72. Suppose that 
d divides 11 + 7i and 4 + Ti. Since —i is a gcd, d divides —i, so 


—i=de 
for some e € Z[i|. Multiplying the equality by i we get 
1 = d(ei), 


so d divides 1, making 1 the gcd of 11 + 7i and 4 + 71. 


(b) 
11+7i 8-i_ 95+45i 95 45 


Therefore, we set gq; = 1 +i, and 
ry = 114+ 7 — (8+1)(1+7) =114+ 7i—- (7+ 9) =4- 2 
Now, 


T1 4-21 4+2i% 20 2 
Therefore, we set gg = 1+ (Or 2 +7), and 
rg =8+i-—(1+i)(4-— 21) =8+i- (6+ 2i) =2-i 


Finally, 


so q3 = 2, 1r3 = 0, meaning that 


gcd(11+ 71,8+%) =2-i 
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(c) 
18—i 3-4)  50-75i _ 


3444 3-4 25 i 


Therefore, we set gq; = 2 — 3i, and 
ry = 0 


Therefore, here the situation is trivial: 


gcd(18 — i,3 + 4i) = 2 — 3: 


Result 
(a) —i (or 1) 
(b) 2-1 
(c) 2 — 31 
3.a 


Since Z[i] is a principal ideal domain, 
(3 + 4i,4 + 7i) = (d), 
for some d € Z/i]. Now we will prove that d = gcd(3 + 4i, 4 + 7i). 


First of all, 3 + 4i € (d), so3 + 4i = de for some e € Z{i], so d divides 3 + 4i. Arguing similarly we get that d 
divides 4 + 7i. 


Now suppose that c is acommon divisor of 3 + 4% and 4 + 7i. Since d € (3 + 47,4 + 7i), d = a(3 + 4%) + 
b(4 + 7i) for some a, b € Z/i]. But now it becomes clear that c divides d. 


Thus, d = gcd(3 + 47, 4 + 72). 


Now we need to find the greatest common divisor. The general strategy is similar as with the Euclidean Algorithm. 


We divide a + bi by c + di in the following way: 


a+bi c-—di 


ey ee 


with k, 1 € Q. Now for the quotient we pick q = m + ni, with m,n € Z such that |m — k| < 1/2 and |n — 
l| < 1/2. 


Of course, for the remainder we have r = (a + bi) — q(c + di). 
The proof that 
gcd(a + bi,c + di) = gcd(c + di, r) 


is the same as with integers. 
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4+ 3-41 40+5% 
3+4i 3-4i 9 25 


Sia By 
5° 5 


Therefore, we set gq; = 2, and 


rm, =4+7i— (3+ 4i)(2) =4+ 7i— (6+ 8i) = -2-i 


Now, 
3+4i  3+4i / —2+% —10—5¢ _ 9; 
GS == se Se F 
Therefore, we set gg = —2 — i, and 
ro = 3+ 4i — (-2 -i)? =3 + 4i -— (3+ 4i) = 0 
Therefore, 
gcd(4 + 71,3 + 4%) = -2-i 
and 
(4+ 7i,3 + 4%) = (—2 — 7) 
Result 
—2-i 
4.a 


From Theorem 12.5.2 we conclude that 7 = a + bi is a Gaussian prime if and only ifa 40,b40,a7 +B isa 


prime integer, or b = 0, a is a prime integer congruent to 3 modulo 4, or a = 0, bis a prime integer congruent to 


3 modulo 4. From this, we can easily get the following picture: 


100 

80 

60 fs 

40 pad (oa 

ie 5 

20 *33e.0" $ 
0b? 

-20 ; 

-40 REE 


Re 


Result 


20f2 


Hint: 7 = a + bi is a Gaussian prime if and only if a? +Bbisa prime integer, or b = 0, ais a prime integer 


congruent to 3 modulo 4, or a = 0, bis a prime integer congruent to 3 modulo 4. 
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mand 7 are associates. 


Assume that 7 and 7f are associates. Let 7 = a + bi. Then 7 = a — bi, and there exists some unit u € Z[i] such 
that 


T= unt => a+bi=u(a— bi) 
Therefore, 
a? +b" = (a+ bi)(a — bi) = ut” = u(a — bi)? = u(a? — &* — 2abi) 
There are only 4 units in Z[é|: +1 and +i. If u = +1, then 
a? +b? = +(a? — b? — 2abi) 
Since a? + b” € R, we must have —2ab = 0; so,a = Norb = 0. 


If a = 0, then 17 = +b?. Furthermore, 777 > 0, so 77 = B?. By Theorem 12.5.2, since b? is clearly not a prime 
integer, we conclude that b is prime. But now 7 = bi, and 7 is a unit, so 7 is associated with b, hence 7 is 
associated with the integer prime! 


Ifa = 0, then 77 = +a”. Furthermore, mpi > 0, so 777 = a”. By Theorem 12.5.2, since a? is clearly not a prime 
integer, we conclude that a is prime. But now 7 = a, so 7 is a integer prime! 


Now assume that u = 7. Then 


a’ +b? = (a” — b’)i + 2ab 


Since a? + b? € R, we must have that a? — b? = 0,soa = +b. Ifa = —b, then the above equality yields 
b+ 0? = —26", 
which is clearly a contradiction. Thus, a = b. Now we have that 
nT = 2b" 


By Theorem 12.5.2 (a) we now conclude that 2b must be either an integer prime, or a square of an integer prime. 
Notice that it cannot possibly be a square of an integer prime (nor a square of any integer!), so 2b isa prime 
integer. But there is only one possibility: 2b? = 2. Thus, 


1H = 2 


Now assume that u = —7. Then 
a’ +b? = —(a? — b*)i — 2ab 


Since a? + b? € R, we must have that a? — b? = 0, so a = +b. If a = b, then the above equality yields 


B+ b* = —267, 
which is clearly a contradiction. Thus, a = —b. Now we have that 
nt = 2b" 


By Theorem 12.5.2 (a) we now conclude that 2b? must be either an integer prime, or a square of an integer prime. 
Notice that it cannot possibly be a square of an integer prime (nor a square of any integer!), so 2b? isa prime 
integer. But there is only one possibility: 2b? = 2. Thus, 


1H = 2 
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z is an associate of an integer prime, or 77 = 2 
If 7 is an associate of an integer prime p, then there exists a unit u € Z[z] such that 
T = up 

As before, there are only 4 units in Z[z|: wu = £1, +7. If u = +1, then 

x=tp—= TF =+tp=+7, 
so 7 and 7 are associated (since +1 is a unit). 
If uw = +7, then 

n= tip => 7 = Fip= F414 
Therefore, 7 and 7f are associated. 
Now suppose that 777 = 2. Let 7 = a + bi. Then 

2=1% =(a+bi)(a—bi) =a +B 
Since a,b € Z,a = +1 and b = +1, hence we have only 4 possibilities: 
mm =1+1, m=1-—1, 73 =—-1+i, m=-1-i 

If 7 = 1+7, then 


=1-i=-i(1+i) =-in, 


so 7 and 7 are associated since —7 is a unit. 


If = 1 —i, then 


Thus, they are associated, since 2 is a unit. 


If = —1 +7, then 


They are once again associated. 
If 7 = —1 —7, then 
# = -1+i=-i(-1-i) =-in 


Thus, they are associated. 


Result nen 
First part: + and 7 are associated. 


Write 7 = a + bi. Also, 7 = u7t, where u = +1, +7 (why?). If u = +1, conclude thata = Oorb=0.lfu = 
+i, conclude that 77F = 2 (Theorem 12.5.2 (a) can be useful). 


Second part: z is associated with an integer prime. 
Then 7 = up, where u = +1, +7 (why?). Now it is easy to show directly that 7 and 7 are associated. 


Final part. Assume that 77 = 2. Let = a + bi. Then a? + b? = 2, soa = +1, b = +1. Show that now m and 7 
are associated (check each case manually). 
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We will first show that R = Z[./—3] ~ Z[z]/(x? + 3). Observe the mapping Z[a] — R defined by x ~» /—3. 
It is clearly surjective, since for every a + by/—3, a,b € Z, we have that f(x) = a+ br € Z[z], and f(x) ~» 


a+b /—3. 


Now we want to find its kernel KC. Let f(x) be in the kernel. Then f(\/—3) = 0. Hence, \/—3 is a root of f(x). 
However, /—3 = i/3, and since f(a) has real coefficients (it has integer coefficients, which are real), then by 
the complex conjugate theorem we conclude that we also have that —iy/3 is a root of f(a). 


Divide f (x) by x? + 3 (we can do that in Z[z] since the leading coefficient of 2? + 3 is 1, which is a unit in Z): 
f(x) = (2 + 3)q(x) + r(z), 
where q(x), r(x) € Z[z], and r(z) is of degree | or less. 
Now, if we denote g(x) = x” + 3, then clearly g(\/—3) = 0 and g(—i/—3) = 0. Therefore, 
0= f(v—3) = 4(V—3g9(vV—3) + r(V—3) = r(v—3) 
0 = f(—iv3) = q(—iV3)g(—iv3) + r(—iv3) = r(-iv3) 


Therefore, r(a) is a polynomial with complex coefficients of degree | or less which has two different roots. But this 
means that r(z) is a zero polynomial: r(2) = 0! Therefore, 


f(x) = (2° + 3)q(z) 


So, f(x) € (2? +3), so 
K C (2? +3) 


For the other inclusion, let f(x) € (x? + 3). Then f(x) = g(x)(x? + 3), for some g(x) € Z[z]. But now 
f(W—3) = Ois clear, so f(x) € K. Therefore, 


K = (27 +3) 
By the First lsomorphism Theorem, 
Z[a]/(z?+3)~R 
By the symmetry of the relation "to be isomorphic to”, we conclude that 


Rx Z[z|/(2? +3) 


Consider the ring R = Z[/3]/(p). The point is that we can get from Z[2] to R on two "paths" using the following 
diagram: 


kill 
2|2| + Fpl] 
kill kill 
z? + | r+3 


——— er 
R—~a 
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From Corollary 12.2.9 (b), p is prime in R if and only if it is irreducible in R. Truly, R is an Euclidean domain with 
o(a+ bi) = a” + 3b, so by Proposition 12.27 it is a principal ideal domain. By Corollary 12.29 (c), pis 
irreducible in R if and only if (p) is a maximal ideal in R. By Proposition 11.8.2 (b) this holds if and only if Risa 
field. 


On the other hand, by Proposition 11.8.2 (b) this holds if and only if (x? + 3) is a maximal ideal in Fp [z]. Since 
F >|] is a principal ideal domain, by Corollary 12.2.9 (c) we conclude that this is true if and only if z* + 3is 
irreducible in F,{z]. 


Thus, putting everything together, we have proven precisely that p is prime in R if and only if x + 3s irreducible 
in F, [2], as required. 


Result Sof 4 


Hint: observe R = R/(p). Notice that we can get from Z{z] to R in two ways: first killing p, then killing 2” + 3, or 
first killing 2? + 3, then killing p. 


If p is congruent to 3 modulo 4, then it is a Gauss prime (Theorem 12.5.2 (c)), so Z[i| /(p) is a field by 

Lemma 12.5.3 (b). Also, F,[z]/(x? + 1) is isomorphic to Z{i]/(p) by diagram (12.5.4), so it is also a field. 
Moreover, F,|a] /(x? + 1) consists of elements of the form ax + b + (x? + 1), a,b € F, (truly, when we have 
f(x) + (x? +1), we divide f(x) by z? + 1 to get a linear polynomial r(a) such that f(x) + (2? +1) = 
q(x)(x? +1) + r(x) + (a? + 1) = r(x) + (2? + 1), since q(x)(x? + 1) € (x? + 1)). This means that 
F,|z]/(x? + 1) isa field with p* elements, so 

F, [2] /(2? + 1) + F,2 => Z[i]/(p) + Fp 


If p is congruent to 1 modulo 4, or p = 2, then it is not a Gauss prime (Theorem 12.5.2 (c)), so by Lemma 12.5.3 (c) 
z? + 1is not irreducible in F,[z]. Thus, z? + 1 = (x + a)(x + b), for some a, b € Fy. Moreover, a # 0 and 

b £0, since O is not a root of x” + 1, Furthermore, from the diagram (12.5.4) we conclude that Z[i]/(p) + R ~ 
F,[z]/(z? + 1), so Z[i]/(p) © Fp[z]/(x* + 1). 


If p = 2, we cannot simplify this further. So we assume that p + 2. Therefore, a # b. Truly, if a = b. then x? + 

1 = (2+ a)? = 2? + 2axr + a”. But this means that 2a = 0 in Fp, so 2a = 0 modulo p. But this is absurd since 
2a < 2p, so we would have that a = 0 (which is not since 2” + 1 does not have 0 as a root) or 2a — p = 0 => 
p = 2a, which is absurd since p is an odd prime. 


Now we will prove that F,[z]/(x? + 1) = F,[x]/(x + a) x F,[az]/(x + 6). Define a mapping 
gy: F,[x] + F,[z]/(x + a) x F,[a]/(z + 6) 
by 
e(f(x)) = (f(x) + (x + a), f(x) + (x + b)) 
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It is ahomomorphism: 
e( f(x) + g(x)) = ((F (x) + g(x)) + (x + a), (f(x) + g(x)) + (x + d)) 
= ((f(z) + (w+ a)) + (g(x) + (w@ + a)), (f(x) + (a + b)) + (g(x) + (x + 8))) 
= (f(x) + (a +a), f(x) + (x + b)) + (g(x) + (w@ + a), g(x) + (x + 0) 
= 9(f(x)) + e(9(z)) 


((f(x)9(z)) + (2 + a), (F(z) 9(2)) + (2 + 6)) 

(f(z) + (e + a))(9(x) + (2 + a)), (F(z) + (2 + 6))(g(z) + (@ + 4))) 
(f(x) + (w +a), f(x) + (w+ b))(g(z) + (w@ + a), g(x) + (2 + b)) 
e(f(z))e(9(z)) 


y(1) = (1+ (x +a),1+ (x+b)) 


o(f(2)g(z)) = 


It is also surjective, All elements of F,|[x]/(x + a) are of the form c + (x + a), with c € F,. Truly, when we have 
f(x) + (x +), we can divide f(x) by z + ato get 


f(z) +(w@+a) = g(z)(x+a)+r(x)+(x+a) =r(x)+9(x)(x +a) + (x+a) =r(x)+(x+a) 
ed 


€(x+a) 
Also, r(x) is of degree 0, so r(x) = c, forsomec € Fy. 
Similarly, all elements of F [x] /(x + b) are of the form d + (a + b),d € Fy. 
Now observe 
f(x) =d(a — b) "(a +a) + e(b— a) 1 (2 +b) 
(it is well-defined since a + b, so a — band b — a have inverses in the field F,). 
Then, since d(a — b)“!(a + a) € (a +a) andc(b — a)-!(a +b) € (x +), 


v(f(a)) = (c(b— a)“*(a + b) + (a +a), d(a — b)~1(x +a) + (2 +)) 


Furthermore, 
c(b—a)*(2 +b) + (x +a) =c(b—a) (e@+a+b~—a)+(x+a) 
=c+ce(b—a)\(r+a)+(xr+a) 
—_————_—e’” 
€(r+a) 
=c+(xr+a) 
Similarly, 
d(a — b)" (a +a) + (a+b) =d+(x +b) 
Therefore, 
o(f(x)) = (c+ (a@+a),d+(x+b)), 
as required. 
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Now onto its kernel. Let K = kery. Let f(z) € K.Then f(x) + (x + a) = 0,s0 f(x) € (x +a) and f(z) = 
gi(x)(x + a), for some gi(x) € F,[a]. Thus, f(a) = 0. 


Similarly, f(x) + (a + 6) = 0, from which we get f(b) = 0. 


Divide f(x) by (a + a)(x + b) in F,[a] (the leading coefficient of (x + a)(a + b) is 1, which is a unit in F, [2], so 
the division is possible): 


f(x) = 4(2)(x + a)(x +b) + r(z), 
where q(x) € F,[x], and r(x) € F,[a] is of degree | or less (since (x + a)(x + b) is of degree 2). Furthermore, 
0 = f(a) =r(a) 
0 = f(b) = r(b) 


So, r(a) is of degree | or less, and has two different roots, so we must have that r(a) is a zero polynomial: 
r(x) = 0. Thus, 


f(x) = q(z)(x + a)(a + b) € ((2 + a)(x + b)) = (a* +1) 
Therefore, 


K C (2? +1) 


Now let f(x) € (x? + 1). Then 

f(x) = g(x)(a* +1) = g(2)(e +a)(z +d), 
for some g(x) € F,[a]. But now itis clear that f(a) € (x +a) M(x +), so 

o(f(z)) = ((z + a), (x + 6), 
which is a zero in F,[x]/(a +a) x F,[x]/(a + 6). Thus, f(x) € K,so 
K = (27 +1) 

Finally, using the First |lsomorphism Theorem, 

F,[2]/(x? + 1) = F,/( +a) x Fy/(e +0) 


Furthermore, by the First lsomorphism Theorem it is easy to see that the mapping F, — F,, 2 + —a induces the 
isomorphism F,/(z + a) — Fp. Similarly, Fp/(a + b) = Fp. 


Finally, 
Z{i]/(p) © Fp[z]/(2? + 1) © Fp[a]/(x + a) x Fp[a]/(2 +b) = Fy x Fp 
Result 
If p is congruent to 3 modulo 4, then Z{i] /(p) is a field isomorphic to F,2. 
If p = 2, then Z[i]/(p) + F{z]/(x? + 1). 
If p is congruent to 1 modulo 4, then Z[i]/(p) + Fp x Fp. 
8.a 
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Leta € Z[w], 2 = a+ bw. Then 
zt =a>—ab+b? 


Now it is easy to see that the similar result as Theorem 12.5.2 holds; we only need to change a? + b? to a? — 
ab + b?. 


Therefore, now we conclude that 2 = a + bw is a prime if and only if a + 0, b 4 0, and a? — ab + b? is aprime 
integer, or a = 0, bis aprime integer congruent to 3 modulo 4, or b = 0, ais a prime integer congruent to 3 
modulo 4. 


Therefore, all primes in Zw] such that Va —ab+ < 10 are given by this picture: 


Result 2 of 2 


Hint: modify Theorem 12.5.2 to conclude that z = a + bw is a prime if and only if a 4 0, b 4 0, and a? — ab+ Bb? 
is a prime integer, or a = 0, bis a prime integer congruent to 3 modulo 4, or b = 0, ais a prime integer congruent 
to 3 modulo 4. 
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(a) 
First notice that 
a —1=(2?+2+1)(z-1) 


Notice the following: a? + 2 + 1 hasa root in F, if and only if z® — 1hasaroot ao 1. Truly, let 29 be a root of 
z?+2+1,so x3 +29 + 1=0.Then 23 — 1 = 0, soitis aroot of x* — 1. Furthermore, 2p 4 1, since 17 + 
1+1=3 0 whenp 3. 


On the other hand, suppose that 2 — 1 has aroot ap # 1. Then (aj + xo + 1)(xp — 1) = 0. Since ap ¥ 1, we 
must have that 23 + 2 + 1 = 0, meaning that x? + 2 + 1 has a root. 


Now notice the following: if 23 — 1 = 0, that is, 73 = 1, and aq # 1, then 29 is of order 3 in the multiplicative 
group F;! Truly, let a be the order of zo. Then a must divide 5 since xR = 1. This means that a = 1 or a = 3. But 
a = 1 yields xg = 1, which is a contradiction! 


On the other hand, if F> has an element y of order 3, then y? =1yF1,andy’ —1=0,so 2° — Lhasaroot 
Thus: z* — 1 has aroot Zo # 1 if and only if the multiplicative group FD has an element of order 3. 


If IF has an element of order 3, then 3 must divide the order of >. Since the order of F > is |F> | = p — 1, we 
conclude that 3 divides p — 1. But this means precisely that p = 1 modulo 3. 


On the other hand, if p = 1 modulo 3, then p — 1 is a multiple of 3, so the order of the group F is a multiple of a 
prime number 3. By the Cauchy Theorem, we conclude that there must exist some element zo € F) of order 3. 


Thus: F has an element of order 3 if and only if p = 1 modulo 3. 


Finally, linking everything together, we conclude that x? + # + 1hasarootinF p if and only if p = 1 modulo 3, as 
required. 


(b) 
We will first prove that 
Z|a]/(2? +2 +1) = Z[w] 


To prove this, consider the mapping Z[z] > Z|w] defined by z — w. It is clearly a surjective homomorphism. 
Thus, we only need to prove that its kernel is (x? + 2 + 1). 


Denote by K the kernel of said mapping, and let f(z) € K.Then f(w) = 0, meaning that w is a root of f(z). 
Since f(x) has real coefficients, by the complex conjugate theorem we conclude that f(@) = 0. 


Now divide f(a) by a + 2 + 1 (we can do that in Z[a] since x? + a + 1 has las the leading coefficient, which 
is a unit in Z): 


f(x) = q(z)(2? +2+1)4+r(z), 
where q(x), r(x) € Z{z], and r(z) is of degree | or less. 
Now it is easy to check that w and W are roots of z? + 2+1.Therefore, 
0 = f(w) =r(w) 
0= f(@) =r(@) 


Therefore, r(x) is a polynomial of degree 1 or less with 2 different roots. This means that r(a) is a zero polynomial; 
that is, r(x) = 0. Finally, 
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f(z) = q(z)(z*+2+1) = (2? +24 1), 
so 
K C (2? +2+1) 


On the other hand, if g(x) € (x? + 2 + 1), then g(x) = h(x)(2? + 2 + 1) for some h(x) € Z[z!, so it is easy 
to see that g(w) = 0, meaning that g(x) € K. Therefore, 


K =(2?+2+1) 
By the First lsomorphism Theorem, 
Z[z]/(z? +2 +1) = Z[w] 
We will consider the ring R = R/(p), and the following diagram: 


kill 
p 
Zz] — F,|z] 
kill kill 
r+rt+l r+rt+l 
——» PF 
R kill R 
Pp 


Therefore, (p) is a maximal ideal of R if and only if Risa field by the Proposition 11.8.2 (b). Using the above 
diagram, more precisely the fact that F,[2] / (2? + 2 +1) = R, this holds (by Proposition 11.8.2 (b)) if and only if 
(a? + a + 1) isa maximal ideal of F,[2]. Since F,,[2] is a principal ideal domain, by Corollary 12.29 (c) we 
conclude that (2? + 2 + 1) is a maximal ideal of F, [zr] if and only if x? + x + 1 is irreducible in F,[z]. 


Suppose that x? + 2 + 1 has arootain Fy. Then we know (Corollary 1.2.11) that 2 — a divides z?+2+1,soit 
is not irreducible. 


On the other hand, if z? + a + 1isnot irreducible, then there exists a polynomial f(x) € F,[z] which divides 
az? + 2 + 1,anditis nota unit, nor is it associated with 2 + 2 + 1. Thus, there exists a polynomial g(x) € F,[a] 
such that 


z?+2+1=f(zx)9(x) 
If f(x) is constant, then f(a) # 0, and it is a unit. 
If g(x) is constant, then g(x) + 0, and itis a unit, so f(x) and 2? + a + 1 are associated. 


Thus, neither f(a) nor g(x) are constant. Since their product is of degree 2, they must both be of degree 1. Thus, 
f(x) = ax +}, for some a,b € Fy, a # 0 (since it is of degree 1). Furthermore, f(—a~!b) = 0. Thus, f(a) has a 
root in Fp. But now x? +2+1alsohasaroot —a!be F,! 


Therefore, x? + x + Lis irreducible in F. p[2] if and only if it has no roots in F,,. By part (a) of this exercise, this is 
equivalent to p 1 modulo 3. Therefore, p = 0 modulo 3 or p = 2 = —1 modulo 3. Furthermore, p = 0 modulo 
3 means that p = 3k, so the only prime p such that p = 0 modulo 3 is p = 3. By the statement of the exercise, 

p + 3, so finally we conclude that 2? + 2 + 1 has no roots in F p if and only if p = —1 modulo 3. 


Linking everything together, we have proven that (p) is a maximal ideal of R if and only if p = —1 modulo 3, as 
required. 
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(c) 


Suppose that p factors in R. Since p is an integer prime, it is not a unit in R. Thus, since R is a unique factorization 
domain, there exists an irreducible 7 € R which divides p. Furthermore, now 7 divides p = p, so 77 divides p”. 
However, 77 € Z, where p is prime, so 77F € {1, P, p }. However, 77f = 1 would mean that 77 is a unit, which is a 
contradiction (with it being irreducible). 


Now suppose taht 777 = p. Since Zw] is a unique factorization domain, more precisely from the uniqueness of 
the factorization, we conclude that p is then associated with 7. But this also means that p is irreducible, which is 
impossible since it factors in R! 


Therefore, p = 17. Setting 7 = a — bw, we get 


F =a- ba =a—be 3 


Thus, 
wi = e2ti/8e-2ni/3 _ 4 
and 
w +o = e?/3 + 6281/3 — cos(2n/3) + isin(2r/3) + cos(—27/3) + sin(—27/3) = —1 
Finally, 


p = 17 = (a — bw)(a — ba) = a? — ab(w +3) +b? =a? + ab4+ 0° 
To prove that the converse holds, suppose that p = a? + ab + b?. Then just notice that 


(a — bw)(a — bw”) = a? — ab(w + w) + bw? 


Furthermore, 
we =1 
w+tw? = e'/3 + efti/3 — cos(20/3) + isin(2m/3) + cos(4x/3) + isin(4x/3) = —1 
Therefore, 
p=a"+ab+b = (a — bw)(a — bw’), 


so it factors in R. 


Result Sots 
For (a), adopt the proof of Lemma 12.5.5. 
For (b), adopt the proof of Lemma 12.5.3. 


For (c), adopt the proof od Theorem 12.5.2 (d). 


10.a 
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(a) 
We first write 
ae = Wl... gen, 
where 71; are Gauss primes such that 77; and 7; are not associated. Notice that 
a= 7m! wate Tn” 


and 


Furthermore, a@ is a square integer, so 


(my) +++ (ata) ™ = m? 


for some m € Z. 


By Theorem 12.5.2 (a), for each i = 1, 2,...,m, 7,77; is either a prime integer or a square of a prime integer. 
Suppose that 77577; is a square of a prime integer for some j. Then 


ae, me 
1jj =p 


By the uniqueness of this factorization, we conclude that p is associated with 7. Thus, 7; = up for some unit v. 
But now 


Q = p(v7 +++ Tj-17j41°+* Tn), 


so p divides a, which contradicts the statement of the exercise, since a has no integer divisors! 


Therefore, 7;77; = pi, where p; is a prime integer, for each i = 1,2,...,n. Furthermore, if pj = pj, fori + j, 
then 777] = 71j71j, So, once again, by the uniqueness of this factorization, 7; and 77; are associated. But this 
contradicts the properties of the factorization (1)! Therefore, pi # pj, for alli,j € {1,...,n},i4j. 


Now a@ = m? becomes 


a} (ae | 
ihe = 


Since pj; are prime integers, for their product to be a square of an integer, we must have that 2 divides aj; that is, 
a; = 2b;, for some bj. 


Finally, (1) now becomes 
b 2 
ae = (nhl... bn)? 


so ais a square in Z/i). 


(b) 
(| assume that c is a positive integer, since otherwise c = m? + n? is absurd.) 


Let a = a + bi. Suppose that d € Z divides a. Then, by Lemma 12.5.1 d divides both a and b. Since a and b are 
relatively prime, this implies that d = +1. But this means that a@ has no nontrivial integer factors! 


Furthermore, 
aa = (a+bi)(a—bi) =a +R =c 
Now using (a), @ is a square in Z{i]; meaning, there exist m,n € Z such that 
“2 2 2 . F 2 2 . 
a = (m+ ni)* = m* — n° + 2mni = at bi = m* — n* + 2Amni 
Therefore, 
2 2 
a=m—-n 
b=2mn 
Furthermore, 
=a? +8 =m! +n! — 2m?n? + 4m? n? = (m? + n?)? 


Thus, c = m? + n?. 


Result 
(a) Use the fact that Z{i] has the property of prime factorization, and Theorem 12.5.2 (a). 


(b) Use the (a) part, witha = a + bi. 


Miscellaneous Problem 


lia 


Suppose that in S the following holds: 
ab=0 => a=0orb=0 (1) 

Also, we say that factoring terminates if each a can be factored a finite number of times: 

a = bya; = byboag = ... = by bo +++ by, 
where b; are such that b; = cco implies cy = 1 or cp = 1. 
We say that c is irreducible if c = dd» implies dj = 1 or dy = 1. 
We say that p is prime if ab = pc implies a = pd or b = pe, where d,e € S. 
We way that wu is a unitif u is invertible. 


We say that S is a unique factorization domain if factoring terminates and if 


a=bibo---b, 
and 
a = CjC2---Cm 
implies that bj = uc; for some unit u and some j € {1, wares m}, for every i = 1,...,m, and vice versa (cj = vb; 


, for some unit v). 
Finally, onto the statement: 


Proposition. Suppose that (1) holds in S, and that factoring terminates. Then S is a unique factorization domain if 
and only if every irreducible element of S is also prime. 


Result seas 
ab =0 = a=0orb=0 (1) 


Proposition. Suppose that (1) holds in S, and that factoring terminates. Then S is a unique factorization domain if 
and only if every irreducible element of S is also prime. 
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(a) 
To determine that whether the semi group § has unique factorization when coordinates of the 
vectors y, are nonnegative, 


Suppose § be the semi-group with identity element with law of composition addition. 
Then, for VeVgyeeeg¥, € Zz’, a, be the nonnegative integer coefficients and g§ is the semi group 
of all combinations such that, 

GY, +4,V, +0 +4,V, 


Suppose for any y, eZ? such that 


v, =(x,.¥,) 
Then, 
GV, Fav, ++ +4,¥, = 4, (%.¥) +4, (4) to +4, (4,9, ) 
= (a,x, + aX, 5 alia AX AY, + ay, neeeh ay, 
Since, the coordinates of the vectors v, are nonnegative and a, are nonnegative integer 
coefficients. 


Then, 

A,X, +@,X, +--+ +4,x, 2 0,a,y, +a,y, +++ +a,y, 20 
Then, the coordinates a,x, + a,x, ++-++a,x,and a,y, +a,y, ++"+a,y, Of the elements of the 
semi group § are nonnegative. 
Then, for x, # y,, the vectors of the semi group § will have the distinct and unique prime factors 
for each of its vectors. 


Then, each of the elements of the semi-group § will have unique factorization. 


Hence, the semi-group § will have unique factorization whenever coordinates of the 
vectors y, are nonnegative. 


(b) 
To determine that whether the semi group § has unique factorization when coordinates of the 
vectors v, are any integer, 


Suppose § be the semi-group with identity element with law of composition addition. 


Then, for v,,v,,...,¥, €Z’, a, be any integer coefficients and § is the semi group of all 
combinations such that, 


AV, +,V, +++ a,V, 
Suppose for any y, « Z? such that 

v, =(x,.¥,) 
Then, 

AY, + 4,V, +°*°+G,V, = a, (x9) +4 (X,59,)t00+ 4, (%,.¥,) 

= (a,x, +4,x, ++" +.4,X,.a,), +a,y, ++ F+a,Y, 

Since, the coordinates of the vectors y, are any integer and a, are nonnegative integer 
coefficients. 
Then, the coordinates of the semi group § may be any integer. 
Then, there arises two cases, 
Case-1, when x, = y, 
Then, both the coordinates of the semi group § will have the same factor. 
Then, in this case, elements of the semi group § will not have unique factorization. 


Case-2, when x, # y, 

Then, the one of the coordinate of element of § may be multiple of the other coordinate as 
x, and y, are the any integer. 

Then, both the coordinates of the semi group § may or may not have the same factor. 

Then, each of the elements of the semi-group § may or may not have unique factorization. 


Hence, the semi-group § may or may not have unique factorization whenever coordinates 
of the vectors y, are any integers. 
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3.a 


Consider the provided statement to prove that m2 p—1 where 4 is matrix of order nxn such 
that 4r = y and p bean integer prime. 


Comment 


Step 20f4 “ 


It is consider that 4 to be an operator ona _ndimensional complex vector space y = ¢"*. 
For vectors v=(v,,---v,) and w=(w,,---w, ). Itis defined that, (v,1w), = vin, +:+°+ Vew, tO 
be the standard complex dot product of v and w such that, 
(vv)= Dhl 
= Wf >0 
It is assumed that, 


(vw) =Ei(anna'w), 


It can be claim that (.,.) is a positive definite Hermetian form and clearly (.,.) is a Hermetian 
form and for non-zero ye V , 


a-t 
(vv) = Daf 
~ 
>0 
For any vy.wel, (Av, Aw) =(v,w). Therefore, 4 is unitaryandso AA'=/,=A'A and 4 
is normal. So, from the Artin theorem 4 is diagonalizable. 


Let ¢(x)eZ[x] be the characteristic polynomial of 4 and also considering 4 is as a complex 
matrix. As it is given that, A /, is atleast one diagonal entry that is eigenvalue 2 which is not 
equal to 1. 
It Is assumed that wv Is a corresponding eigenvector therefore Ay = Ay. As, 
v=A’v 

=A’y 
Therefore, 2 is a nontrivial root of ,” _, it means that 2 is a root of the cyclotomic polynomial 
Sf, (x) Hx tet e 
But as 7 is an eigenvalue of 4 and itis also given that ¢(2) =0. Since f,(x) is a primitive 
irreducible polynomial in Z[x], f, divides cand n=dege > p-l. 
Hence, provided statement is proved. 


Here is an example such with n = p—1. Itis assumed that p =2 which is a prime integer. 
As itis given that 47 then, 


elo 4] 


1+0 0+0 
lies eel 


u) 
co- 
- oc 
[ eed | 
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First lsomorphism Theorem- Consider a group G and let ¢:G —» Y be a homomorphism. Then 
image of gis isomorphic to the quotient group G/ker¢ . 
Mathematically, 


Laurent Ring-The ring of all the polynomials over a field say f with variables xand ,-'. Itis 
denoted by F[x,x"]. 


(a) 
Let , be the ring of functions that are polynomials in cosfand sins. 
Define x(#)=cosrand y(r)=sinr. 
Now consider the ring of polynomials R[x, y].- 
Consider a map ¢: R[x, y]—> R[1] defined by 
¢(g(x,y))=g(cosr,sins) 
This map is a homomorphism since it is defined on polynomials. 
Evaluate kernel of this map 
Since, 
cos’¢+sin’¢=1 
cos*f+sin’? ¢-1=0 
Define a polynomial g(x,y) R[x, y]by 
g(xy)=x ty’ =I 
Then, clearly g(x,y)eker¢ 
So (g(x,y) cker¢ 
Let f(x,y)ekerd 
Consider fas a polynomial with variable term as x only and coefficients from R[y]. 


Then f(x)=(x7 +? -1)h(x)+r(x),degr(x)<1 


This implies that (.x)is a linear polynomial, so there exist coefficients a,b < R[y] which satisfy 


the below mentioned relation 
r(x)=a+bx 
Also since f(x,y)eker¢, so f(cost,sint)=0 
Thus r(cost,sint)=0 
This implies a(sint)+5(sins)cos¢ =0. 
Squaring both sides and rearranging the terms 
(a(sins))' =(-b(sine)cosr) 
a@ (sins) = 6° (sin) cos*r 
Use the trigonometric identity cos? 7 =1—sin?r 
a’ (sinr) = b* (sinr)(1—sin’ r) 
Since, a,b € R[y], means they both are polynomials in R[ y] 
So, 
a’ (sins) = 6° (sinr)(1—sin* r) 
a’(y)=6*(y)(I-»") 
From above equation there is no element of power 2 on the left hand side. So 4 =(Qand q@=0 
Thus any element (x,y) € ker gis entirely divisible by g(x,y)=x° + y*-1. 
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So kerg=(x*+y"-1) 
Now by First lsomorphism Theorem, 


R{x.y] =9(R[x.»]) 


ker¢ 


Rlx.y] Rit] 


ker¢ 


Therefore, for any ring R of functions consisting of polynomial in cos¢ and sins with 
real coefficients the following holds (R[x, )]/ker¢)= R[r] . 


(b) 
Consider a polynomial f(r) =sin* rin R[s}. 
There are two ways of factorizing this polynomial in R[t}which are as follows 
sin’ ¢ =(sins)(sins) 
sin? =1-cos*f 
=(l-cosr)(1+cosr) 
Hence, (sins)(sinr) = sin’ ¢ =(1—cosr)(1+cosr) 
Since the factorization of a polynomial in R[s] is not unique. 
Thus, Ris not a UFD. 


Therefore, for any ring R of functions consisting of polynomial in coss and sin; with real 
coefficients is not a UFD. 


(c) 

Let §$=C[x,y]/(e+y-l 

Let «,v be variables in the polynomial ring over complex 
If uwv-1=0, then w=1 

This implies that “,v are inverse of each other. 

SO yey"! 

Define Laurent polynomial ring as 


Clu,v] 
(uv—1) 


Define a map 6:21, spy 


(uv-1) 
6(f (u,v) =f (xtiy,x-iy)= f(x,y) 


Now let f,, fA € ae be arbitrary elements such that they attain the same value when 
operated by ¢. 

Then, 

9(f,(u,¥))=9(F (4) 

f(x+iv.x-iy) =f, (x+iy.x-iy) 

A(uv)=F (uv) 
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Hence the above defined map is injective. 
Also for every element g(x,y)eSdefine x=(u+v)/2and y=(u—v)/2i 
Then, choose /((w+v)/2,(u—v)/2i) Laurent polynomial ring such that 
6(h((u+v)/2,(u-v)/2i)) = h(x.) 

Hence the map is surjective also. 

Let f,, f, €Clu,v)/(uv-1). 


Consider 

O(K+L)(ur))= K+ h(xrivx-iy) 
=f+ f(xy) 
=f(x»)+A(%y) 
=O(f)+9(K) 

Hence the map is a bijective homomorphism thus an isomorphism. 

So 

Gurl x 

(uv-1) 


Since Laurent polynomial ring is a ring of fractions with operation as multiplication. 
Hence sis a UFD, moreover a principal ideal domain. 


Therefore, the ring § =C[x, y]/(x° + —1) Is a PID as well as a unique factorization 
domain. 


(d) 
Use the result of part (a) for every element f(x,y) € R[x, y]can be written as 
f =a(y)+b(y)x 
Define a function o : R[x, y]—> R[y] by 
a(f)=a(a(y)+b(y)x) 
=a (y)+8°(9)(y? =) 
Let f,g € R[x, y] be arbitrary element 
Then f =a(y)+b(y)xand g=c(y)+d(y)x 
Now, 
fe =(a(y)+b(y)x)(e(y)+d(y)x) 
=a(y)e(y)+(a(y)d(y)+(y)e(y))x+b(y)d(y)? 
Operate o: R[x,y] > R[y]on fe 
o(fe)= a(a(y)e(y)+(a(y)d(y)+6(»)e(y))x+b(y)d(y)2*) 
=a°(y)c?(y)+a°(y)d? (y) +8? (y)c? (y)(y? =1) +6? (ya? (y)(y? -1) 
= (a (v)+5?(»)(s" =I) (ec? (vy) +4? (»)(v? - 1)) 
=a(f)a(g) 
Thus o: R[x, y]—> R[y] is a multiplicative function. 


So this implies that the units of ring R[x, y)are all the non-zero real numbers. 


For § =C[x,y]/(x° + -1) Clearly from the part(c) the invertible elements are simply the non- 

zero complex numbers along with the powers of x+iy, x—iy and multiplication of these 

functions with the non-zero complex numbers. 

Therefore, the units of ring R[x, y] are all the non-zero real numbers and the units of the 

ring § =C[x, y]/(* + )° —1) are non-zero complex numbers along with the powers of 
x+iy , x-iy and multiplication of these functions with the non-zero complex numbers. 
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Statement: «> + y? = mhas a point with integer coefficients if and only if every prime p = 3 modulo 4 in the 
prime factorization of n has an even exponent. 


Suppose that z+ y = nhas apoint (zo, yo) with integer coefficients. Then 
x + yj =n => (xo + yoi)(zo — wot) =n 


Let p = 3 modulo 4 be a prime which divides n. Such p is also a Gauss prime by Theorem 12.5.2 (c), so p divides 
either 2p + Yyoi Or Lo — Yot. Suppose that it divides zg + yo. Then by Lemma 12.5.1 p divides xp and yo. Again by 
the same Lemma, we conclude that p divides zp — ypoi. Similarly, if we assume that p divides zp — yo?, we can 
easily prove that p divides ag + yoi. Since n = (ag + yot)(ao — yoi), p must have an even exponent in the prime 
decomposition of n. Truly, letn = ap*, where a is an integer which p does not divide. Then p divides n. It also 
divides rp + yoi and 2p — yoi, so 2p + yoi = p(b + ci) and xp — yoi = p(d + ei). Furthermore, 


Xo — Yor = To + Yot => p(d+ei)= Pp (b—ci) 
Yy 
=> p((d—b)+(e+c)i)=0 
= d—b+(e+cji=0 
= d=be=-c 


Thus, 9 — yot = p(b — cz). Finally, 


n = (ao + yoi)(ao — yoi) —> ap* = p*(b + ci)(b — ci) —> ap* = (b + ci)(b — ci) 


We can repeat this process, and in finitely many repetitions we will get either k — 21 = 0 or k — 21 = 1, for some 
l € Z.When k — 21 = 1, we get, for some integers d, d',e, e’ € Z, 


ap = (d+ ei)(d — ei) => ap = p*(d' + ei) (d' — ei) — a = p(d' + e’i)(d' — et) 


Therefore, p divides a, which is a contradiction. Thus, k — 21 = 1 is impossible, so k — 21 = 0, for some integer l, 
that is, k = 21, so it is even. 


Now suppose that n has the property given in the Statement. Write 


a1 _a2 | 


n= pi Py *** Pye 
Grouping those p; with an odd exponent together, and those with an even exponent together, we can write 
n= ab’, 


where a is square free. Also note that if p divides a, then p # 3 modulo 4 by construction of a and b. This means 
that, if p divides a, then p = 1 modulo 4 or p = 2. By Theorem 12.5.2 (d) this means that each such p can be 
written as p = 7p7p, for some Gauss prime 7p. 


Let qi, q2,--+,Qm be primes such that a = qi -- + qm. Define a complex number 
ee Tq ry, * Tam D 
If we write z = 2p + Yyot, we conclude (from the above expression) that 29 and yo are integers. Furthermore, 


a5 + yp = (#0 + yot)(0 — yot) = Tq *** Top Fb b= q1-+-Qmb’ = ab? =n 


Result ome 


Statement: «7 + y? = m has a point with integer coefficients if and only if every prime p = 3 modulo 4 in the 
prime factorization of n has an even exponent. 
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Suppose that for some i € {1, S445 r} we have that 
Q; Z P; 
for every j = 1,..., 8. Recall the canonical projections 
m:RR/P, mr) =r+FP, 


Since R is a domain, R/ P; is also a domain. Furthermore, Q; Z P; means that there exists some g; € Qj such 
that q; ¢ P;. This also means that 


m™i(q)) = 4) + Pi 4 Pi 

Therefore, since R is a domain and 77; is ahomomorphism, 

Ti(q +++ 9s) = i(q1) +++ Fi(Qn) FP 
Therefore, 

Qt PAR na ¢ Pi 
However, 

Qi-:: Qs =P--- BCR, 

which, since qi +++ qs © Qi--+Qs, implies qi --+qs © Pj. Contradiction! 


Thus, there must exist j € {1,...,8} such that Q; C Pj. Since Qj and P; are maximal ideals, we also conclude 
that Q; = P,;. 


Therefore, every P; is equal to some Qj. Switching the roles of P and Q in the above proof yields the converse: 
every Qj is equal to some P;. This proves the statement of the exercise. 


Result 202 


Hint to start: suppose that there exists some P; such that Q; Z P; for every j, and observe the canonical 
projections 


m:R—>R/Pi, m(r)=rt+P,; 


7.a 


(a) 

Let it is assume that \f c R be a maximal ideal. From the previous exercise it is not principal 
therefore there exist /|, f, ¢ M such that they do not share a common factor thatis /,, f, do 
not share a common factor in Q[x]- 

From the theorem 12.3.6, thus y, f, +s,f, =1 forsome r,s ¢ Q[x] therefore denominators are 
th, + shy =q €Q. Where r,s eZ[x] thatis MZ +#(0) 

Now MZ isaprime, since if ahe MZ then ae M and moreover q € Z for otherwise 
ab¢Z. Thus, M~Z=(0) or (p) for some prime so the above case is impossible. 


Now itis consider that the image of 44 is g* in ,[x] then Z[x]_ Lb) is a field. 
M M' 
So, from the proposition 11.8.2 4g' is maximal and from Cor. 12.2.9, it is generated by some 
irreducible f, € F,[x]. Since, F, [x] is a PID by the proposition 12.2.5. 
if feZ[x] isaliftof f, then(p,f)cM,as f=0in Fel3] such tat Mc(p,f) 


M 


because if 8*Of) 


then 


F, [x 
#0ex—t= 
& “ MM 


~2ls) 


M 


(b) 
From previous part, if J =(f,g) and f,g have no common factors then J \Z #(0). 
Since, Z isaPiDthen anZe=n where yn eZ and the value of » is not equal to +) 


otherwise * = 0. 


Therefore, itis assume that n= I] ps is a prime factorization. Then, it is claim that 


“EN (hg) 


The first isomorphism Is proved and from the exercise 11.6.8 second isomorphism Is followed 
repeatedly. For the third, the canonical surjection is considered as below: 


wall 
cal ne 


Since, an element on the left maps to zero on the right if and only if each direct factor is in 
(/,g) therefore ker z =( fg). So, It holds by the first isomorphism theorem. 


Let R, be the direct factor on the right. It is to be shown that each R, is finite, since it is already 
define that without loss of generality _p, | 'f since f,g do not share a common factor. Then, f 
can be written as f= f,-f, where p,/f, while p,| f,. 


Shafi -f* 
=(f-f)h 
= fhe(f.g) 


Where nel le and if a is aleading coefficient of f then f* has the leading 
P, 


coefficient ,* . This is a unit since if not then from the theorem 11.9.2, g* is contained ina 


maximal ideal of oe But from the correspondence theorem p, is the unique maximal ideal of 


this ring, therefore contradiction occurs that p, fa . 
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Therefore m= a™ f,* is amonic polynomial in (5k eam R, is finite. As any 
P, 


polynomial whose degree is greater than or equal to degree _m can be reduced to a polynomial 
which has lower degree by using », = 0) and there are only finitely many polynomials in 


(ens eae ess nan deg m because oa sine 
8.a 


Let R’ = Z[a]. By definition, 
Z{a]/(va — u) + Za] 
Now define a mapping Z[z] — Z[*] by x ~» ¥. Itis clearly a homomorphism. Moreover, recall that 
Z[B] = {ap + 18+... +an8" |n € NU {0}, a; € Z}, (I) 


therefore this mapping is also surjective. Thus, we only need to find its kernel, which we denote by K. 


Let f(x) € K.Then f(#) = 0. This means that 4 is a root of f (x). In Q[a], we can divide f(x) by vx — u (since 
v is aunit in Q): 


f(x) = q(x)(ve — u) + r(z), 
where q(x), r(x) € Q[z], and r(a) is constant (since vr — wis linear). Furthermore, 
u u 
ba7(5)=*(5) 
so r(x) = 0 (a zero polynomial). Therefore, in Q{2], 


f(z) = 9(z)(vx — u) 


Since vz — wis a primitive polynomial in Z[z] (remember that u, v are relatively prime), and it divides an integer 
polynomial f(a) in Q|z], by Theorem 12.3.6 (a) we conclude that va — u also divides f(x) in Z{z]. Thus, 


f(x) = G(x)(vz — u), 
with some G(x) € Z/z]. Therefore, 
f(x) € (ve —u) => K C (vr — u) 


For the other inclusion, let g(a) € (vz — u). Then g(x) = h(x)(va — u), for some h(x) € Zz]. Now itis clear 


that 
u 
9(=) =0, 
so 
g(x) € (ve —u), 
and 
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By the First lsomorphism Theorem, 


Thus, 


Z[z|/(ve — u) © Z[¥] 


For the other part, we will prove that 


23] = Z{3] 


1 
Since = = u- —, by the definition of Z[+] (see (1) we conclude that ae Z|]. Since Z[4] is the smallest ring 
v 


which contains =e we conclude that 


Z[F] ¢ Z[5] 


On the other hand, since u, v are relatively prime, there exist integers a, b such that 


au+bv=1 


Diving the above equation by v, 


Rg 
v ov 


u af 1 
By the definition of Z[#], b+ a-— € Z[#], so — € Z[#]. Since Z[4] is the smallest ring which contains —, we 
v v v 


conclude that 


Finally, 


This also proves that 


Result 


By definition, R’ ~ R[x] /(va — u). Now use the First lsomorphism Theorem to prove that R! ~ Z/*). 


9a 


Z[5] ¢ Ze] 


For the second part, we can prove that Z[+] = Z[¥]. 


3of3 
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To explain the way to determine the index [V : W’], 

Suppose R = Z[i] be the ring of Gauss integer and yy be the p. submodule of y = R? 
generated by columns of 22 matrix, 

Then, Wis a vector space of VY over R. 

Then, for any x, ye W,a@ eV such that 

ax+yew 

Suppose Bg be the basis of vector space y” and ¢ be the basis of y such that, 
B=(v,,v,),C =(x,,x,) 

Then, the basis for V, will be, 


c,=(45,.4%] 

Now, approximate the area of [](B) 
Suppose [V:W]=r 

Then, 

[YW] =[¥,:¥][Y #7] 


2 
=nr 


Since, WV and g isthe basis of w’, then [V : Wis finite and is equal to the number of 
elements of y in the region []'(B). 
Where, IT'(B)Is the set of linear combinations yy, +r,v, with O< 7 <1. 
Then, 
AW =n’ rA(V,) 

=rA(V) 

=[V :W]A(V) 
Then, from the above, 

AW 

[Vv : Ww) = a) 
This implies that, the index [V : Ww) is the ratio of the area of the parallelogram []( B)of linear 
combinations rv, +7,v, with 0.< 7, <1and the area of the set of linear combinations rv, +r,v, 
with O<7r, <1. 
Hence, the required way to determine the index [V :W]is that find the ratio of the area of 
the parallelogram [](B)of linear combinations jv, +1,v, with 0 <1; <| to the area of the 
set of linear combinations yy, +r,v, with 0<r <1. 


10.a 
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Consider the provided statement to prove that the provided ring is a finite-dimensional vector 
space over C. 

As it is also provided that f and g is polynomials function over C[x,y] and it has no 
common factor. 


Comment 


Step 20f2 “ 


Now as f and g has no common factor therefore greatest common divisor of ( f,g) is 1. By 
using Bezout's identity, there is an integer f, (x,y) and h, (x,y) such that, 


bh (x,y) S(x,y) +h, (%y)-8(%y)=1 

As the provided ring is, 

Cix,y 

(/.2) 

ce -[(s.8)+hinelss]] 

As the provided ring is quotient ring, then any multiple of ( /, g) is observed by ( /,g). 
So that there are finite number of value and the remaining values are consumed by set. 
Therefore, finite number of vector space over ¢ . Hence, provided ring is finite dimensional 
vector space over © is proved. 


R= 


(a) 
To prove that /’=0 if and only if f is a square, 


Suppose F, [x] be the ring of the polynomials and f €F,[x] be a square polynomial such 
that, 


f(x)=(% +bx+e) 
Then, either b= 0(mod2) or b =1(mod2) and ¢ = 0(mod2),c = 1(mod 2). 
Now, 
f(x) =2(x? +bx+c)(2x+b) 
Since, the polynomials and f  F, [x] be a square polynomial. 
Then, 
f'(x)=2(x? +bx+c)(2x+5) 
= 0(mod 2) 
Therefore, it concludes that, when f €F, [x] be a square polynomial then f'=0. 
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Sufficient part, 


Suppose F, [x] be the ring of the polynomials and the polynomial f €F, [x]of degree two is 
such that, 


f'=0 
That is, 

f' =0(mod 2) 
This implies that, the coefficient of leading term and the constant term is multiple of 2 in the 
polynomial of f"*. 
Since, the coefficient of leading term of f’ is the degree of the polynomial / by antiderivative 
tule, 


Then, the polynomial / € F, [x] must be of the form, 
f(x)=(e +br+e) 
Hence, it is proved that /'=0 if and only if / is a square in ring of the polynomials F, [x] 


(b) 

To prove that either ged( f,g) or ged( f,g—1)is a proper factor of the polynomial f , 
Suppose F, [x] be the ring of the polynomials and f € F,[x]of degree n. 
Since, there is a polynomial g of the degree at most » such that, 

g° -g=0(mod f) 

And /f =wuw such that y and v are relatively prime to each other. 

Then, 

ged(u,v)=1 

Then, from the congruence relation, 

g’-g =0(mod f) 

This implies that, 

f\s’-g 

This implies that, 

J \g(g-1) 

Then, either f|g or f|(g-1) 

This implies that either g is multiple of f or (g—1) is multiple of /. 
Thatis, either f is a factor of g or f is factor of (g—1). 

This implies that either ged( f,g) # 1 or ged( f,g-1) #1 - 

This implies that, either ged( f,g) or ged( f,g—1) is a proper factor of f. 


Hence, it is proved that either ged( /,g¢) or gcd( f,g—1)is a proper factor of the 
polynomial / . 


(c) 

To factor the polynomial ( x” + x* +.x* +1) in the polynomial ring F, [x], 
Suppose F, [x] be the ring of the polynomials and f € F, [x] such that, 
Sf (x)= tx%+x% +1 


Then, by Berlekamp algorithm, for any monic integer polynomial f whose residue modulo p is 
the product of relative prime monic polynomials in F, [x], there will be a unique way to factor f 


modulo any power of p. 
That is, factor the polynomial f(x)iN modulo 2- 
Now, use MAPLE to factor the polynomial f(x)in modulo 2- 
Factor(x? + x° + x4 + 1)mod(2) 
(8 4 x74 x84 4 74x41) (x41) 
Therefore, it concludes that the factorization of the polynomial in F, [x] is, 


(x? +x tat +l) a(x 4x7 +29 42° +27 +0 +1)(x+1)(mod2) 


Hence, the required factorization of the polynomial in the polynomial ring F, [x] is 


(xP x8 tat tl)=(x8 ta? e x8 ta ta? +41) (x+1)}. 
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13 


Chapter 13 


Section 1 


lia 


Yes, because its irreducible polynomial over Q is x? — x — 1. Inorder to see how we chose this polynomial, note 
that the roots 21, ®2 of ax” + br +care given by 


—b+ Vb? — 4dac 
no = ——————__.. 
2a 
Now, the form of 4 tvs as it has to be a root of that polynomial, immediately suggests a = 1, b = —1, and since 
we want b? — 4ac = 5 thenalso c = —1. 
Step 2 2of3 


Remark. This result also follows from applying Proposition 131.6 with 6 = /5, as 5 = 1 (mod 4). 


Result 3o0f3 


Yes, since it is a root of x? — x — 1. Click for more details. 


As per Proposition 13.1.6, we have two separate cases: when d = 2 (mod 4) ord = 3 (mod 4), and whend = 
1 (mod 4). 


Step 2 20f4 
First let d = 2 (mod 4) ord = 3 (mod 4), then the set of algebraic integers of Q{ vd] is given by 
R={a+bvVd:a,b¢€ Z}. 


We first have to show that R is closed under addition and multiplication. Closure under addition follows from the 
equality 


(a+ bVd) + (c+ eVd) = (a +c) + (b+e) Vd, 
and noting that Z is also closed under addition. Closure under multiplication also follows from the equality 
(a+ bVd)(c + eVd) = ac + aeVd + beVd + bed = (ac + bed) + (ae + be) Vd, 
and noting that Z is also closed under addition and multiplication. 


We continue to verify that (R, +) is an abelian group. We have 0 € R (for the choice of a = b = 0), ifa + 
bvVd © R then —a — b/d € Rand hence R contains additive inverses, and furthermore addition in R is 
commutative and associative because addition of complex numbers is commutative and associative. 


Finally, let us show that (R \ {0}, -) isa monoid (i. - is associative, and there is a neutral element) and that - 
distributes over +. The associativity and distributivity follow from corresponding properties of complex numbers, 
while a + bVd is the neural element for multiplication for the choice b = O anda = 1. 


Now let d = 1 (mod 4), then the set of algebraic integers of Q[v 4d] is given by 


i= {o+0(54) saben}. 


Note that if we prove that R is closed under addition and multiplication everything else follows roughly as much as 
in the first case. We observe that the identity 


+0(244) vere(14) -are+(b+e) (154) 


proves the closure under addition. Now, for multiplication, note that we have 


(0) (92) mms) on (9) 


sen a 
= ac + (ae + be) (4 “ay, py (torino ty 
aaa ae er pa 

= 20+ (+) (254) (15%) +e( + te( a7) 


= (ac-+ ve (<=+*)) + (ae + be + be) (: 52) 


which proves that R is closed under multiplication after noting that, since d = 1 (mod 4), then also F=1 


2 
(mod 4), and hence 4 divides #'— Lie. oye is an integer. As we have stated, the other properties follow 


analogously as in the first case, and therefore this finishes our proof. 


Result 404 


For each of the cases, when d = 2,3 (mod 4) and when d = 1 (mod 4), we verify the ring axioms directly. 
Click to see more details. 


(a) 


Let f(x) be amonic integer polynomial such that f(a) = 0. If f is irreducible, then we are done; if not, then as 
Z|z] is a unique factorization domain (this is Theorem 12.3.8, note that f (2) is monic and hence there are no 
integer primes in our product), then there are irreducible polynomials q;(2),..., Gn (x) such that 


f(z) = 41(2) +++ an(z)- 


As f(a) = 0 then qi(a@) --- g(a) = 0, which implies there is at least one i = 1,...,m, such that g;(a) = 0. 
Now, by Gauss' lemma (or rather its immediate consequence, Proposition 12.3.7), we have that as q;(z) is 
irreducible over Q[z] as well. Therefore, g;(a) is monic integer polynomial irreducible over Q[z], and g;(a) = 0, 
from which we can conclude that a is an algebraic integer. 


(b) 
Since a is aroot of f(x), then 


ana” + a,-1a"! 


++++-+a;a+a)=0. (1) 
Multiplying both sides of (1) by a?! we obtain 

(ana)" + an_1(ana)"! + «+++ aa; (ana) + a?lag = 0, 
showing that a,q@ is the root of 

g(x) = 2” + ap_ya" + agan_gt"? +--+ a" aya + a2 hag 


which is a monic integer polynomial, and hence by (a) we obtain that a,,q@ is an algebraic integer. 


() 
Suppose first that ag = +1. Then, we have 
a” +a,10" 1 +---+a,a = F1, 
where dividing both sides by a we obtain 
a" 4,10"? +---+a, = Fa}. 


Note that the left-hand side here is just product and sum of algebraic integers (as both integers and a are 
algebraic integers), and since algebraic integers are a ring, then they are closed under finite products and sums; 
therefore since the left-hand side is an algebraic integer, then so is the right-hand side, which is what we wanted to 
show. (If the sign of the right-hand side is — then we again use the fact that algebraic integers are a ring, and 
hence are closed under additive inverses.) 


Note first that this is incorrect as stated, as we require also the polynomial in question to be irreducible. For 
example i (the imaginary unit) is an algebraic integer (since it is the root of x? + 1), andits inverse i-! = —iis 
also an algebraic integer, but if we drop the irreducibility requirement then we can consider that monic polynomial 
x + 32? +2+3 = (a? +1)(x +3) has ias its root but does not have the constant part equal to +1. 


Suppose now that a~! is an algebraic integer and that a satisfies the hypotheses of the exercise, i.e. 
a” + anja"! +---+ aja + a9 = 0. 


Dividing both sides by a” we obtain 
1 ys" r\* 
1+ anag ++--m (2) +a0(~) = 0, 
a a a 


and hence 
a1 is the root of 


g(x) = agz" + aya") +---+ani241. 


Denote f(a) = 2" + an-12""! +--+ + ajax + ao, then g(x) = x" f (1/2). Since (as the opening remark 
clarifies) we must assume that f(z) is irreducible, we want to show that this implies that g() is irreducible. 
Suppose that g(x) = p(a)q(x) for some nonconstant polynomials p(x) and q(x), ie. 


p(x)q(x) = 2" f(1/z). 
Substituting y = 1/z we obtain 
f(y) = y"p(1/y)q(1/y)- (2) 


We know that the deg p + deg q = deg g = n, and hence we can write (2) as 


f(y) = (y**?p(1/y))(y***%q(1/y)), 
where y*°2?p(1/y) and y*2%q(1/y) are nonconstant polynomials, contradicting the irreducibility of f(y). 


Therefore, g(z) is irreducible; it is monic only if its leading coefficient ap is either 1 or —1 -- in the latter case we 
can divide the whole polynomial through with —1 without dividing its roots, while we can't divide it through 
anything else because the constant part of g(x) is 1, and therefore dividing with something other than +1 would 
make the constant part a non-integer. 


But as g(x) must be monic since a~! is its root and is an algebraic integer, it follows that ag + 1. 


(c) 
Suppose first that ag = +1. Then, we have 
a" + an_10"!+---+a;a = F1, 
where dividing both sides by a we obtain 
a"! + asa"? +--+) = Fal, 


Note that the left-hand side here is just product and sum of algebraic integers (as both integers and a are 
algebraic integers), and since algebraic integers are a ring, then they are closed under finite products and sums; 
therefore since the left-hand side is an algebraic integer, then so is the right-hand side, which is what we wanted to 
show. (If the sign of the right-hand side is — then we again use the fact that algebraic integers are a ring, and 
hence are closed under additive inverses.) 


Now we deal with the other direction. Note first that this is incorrect as stated, as we require also the polynomial in 
question to be irreducible. For example i (the imaginary unit) is an algebraic integer (since it is the root of 2? + 1), 
and its inverse i-! = —i is also an algebraic integer, but if we drop the irreducibility requirement then we can 
consider that monic polynomial 2 + 327 + a + 3 = (x? + 1)(x +3) has i as its root but does not have the 
constant part equal to +1. 


Suppose now that a7! is an algebraic integer and that a satisfies the hypotheses of the exercise, ie. 
a” + an-10"! +--+ + aja + ag = 0. 


Dividing both sides by a” we obtain 


1 1 n-1 1 n 
tee 
a a a 


and hence 
a js the root of 


g(x) = aor" + az"! 4+---+a, 3241. 


Denote f(x) = 2" + a,_;2" !+---+ a,x + ao, then g(x) = x" f(1/z). Since (as the opening remark 
clarifies) we must assume that f(a) is irreducible, we want to show that this implies that g(a) is irreducible. 
Suppose that g(2) = p(a)q(x) for some nonconstant polynomials p(a) and q(z), ie. 


p(x)q(x) = 2"f(1/z). 
Substituting y = 1/z we obtain 


f(y) = y"p(1/y)q(1/y). (2) 


We know that the deg p + deg g = deg g = n, and hence we can write (2) as 


f(y) = (y*®?p(1/y))(y**2q(1/y)), 


where y**2?p(1/y) and y*%q(1/y) are nonconstant polynomials, contradicting the irreducibility of f(y). 


Therefore, g(2) is irreducible; it is monic only if its leading coefficient ao is either 1 or —1 -- in the latter case we 
can divide the whole polynomial through with —1 without dividing its roots, while we can't divide it through 
anything else because the constant part of g(a) is 1, and therefore dividing with something other than +1 would 
make the constant part a non-integer. 


But as g(x) must be monic since a7! is its root and is an algebraic integer, it follows that ag + 1. 


Result eof6 


In (a) part we use the unique factorization of polynomials and Gauss' lemma, in (b) we use (a) part and some 
algebraic manipulations, while in (¢) we use the fact that algebraic integers form a ring for one direction, and 
irreducibility of f(x) = 2” + an_ja"~! +--+ + ayx + ag implying the irreducibility of g(x) = ag2” + 
az"! +--+++4a,_1;x2 + 1in the other. Click to see more details. 


4.a 


Let d and d’ be two distinct squarefree integers. We want to show that Q[v/d] and Q[/d’] are distinct -- it is 
sufficient to show that V/d ¢ Q[V/d’]. Suppose on the contrary, that Vd € Q[-/d’], then there are rational 
numbers a and b such that 


a+bvd' = Vd, (1) 


where it is not hard to see that we must have both a + 0 and b 0. First one follows from the fact that if a = 0 
then by squaring both sides it follows that 


bd’ =d, 


but since d is squarefree then b” = 1 and therefore d’ = d, contradicting our assumption. Similarly, if b = 0 that 
implies that V/d is a rational number, again a contradiction. Therefore, since ab 4 0, by squaring (1) we obtain 


a” + 2abVd' + bd’ = d, 
which after some straightforward algebraic transformations turns into 


d—a?—bd' 
bem 
V¢ =— . 


But the left-hand side here is irrational and the right-ahnd isde is rational, i.e. a contradiction with existence of such 
a and b, showing that Q[V/d] 4 Q[Vd’. (In fact, more can be shown about this, not only that they're distinct, but 
also that they're not isomorphic.) 


Therefore, since as remarked in the chapter we have that Q[V/d] = Q[V/m?d] for any m € Z, we see that Q[V/d] 
and Q[vd'] are distinct if and only if squarefree parts of d and d' -- i.e. what remains of them after we divide both 
by their own square factors -- are distinct. 


Result 20f2 


We show that Q[Vd] and Q[Va’] are distinct if and only if squarefree parts of d and d’ are distinct. Click for more 
details. 


Section 2 


lia 


Recall that the norm function in R = Z[/—5] is of the form 
N(a + b/—5) = a? + 50’, 
where a and b are integers. Therefore, we have 
N(2) = 4, N(3) =9, and N(14+/—5) =5. 


First note that if an element a € R is not irreducible then there are non-unit elements 8 and ¥ such that a = fy, 
but then 


N(a) = N(S) N(q), 


so that, as R is an imaginary quadratic ring, and 8 and ¥ are non-units, we have that N(8) is a positive integers 
greater than 1 dividing N(a@), and similarly for N(-y). This immediately shows that 1 + »/—5 is irreducible, as its 
norm is a prime number, which implies that in any decomposition of the form 1 + ./—5 = By we must have 8 or 
4 be a unit. 


Now we investigate the cases of 2 and 3. Note that if 2 = By is a decomposition into nonunits (in R), then by 
apply norm function to both sides we see immediately that we must have that 


N(8) = N(y) = 2, 
and similarly if 3 = 67 then we see that 
N(6) = N(r) = 3. 
Therefore, irreducibility of 2 and 3 would follows if we were to prove that equations 


a” + 5b" = 2anda” + 5b? =3 (1) 


have no solutions with a, b integers. This is, however, straightforward from considering that a? > O fora € Zand 
5b? > 5 for b + 0, which implies that in both of equations (1) we must have b = 0, ie. 


a” = 2anda” =3. 


But neither 2 nor 3 are squares in Z, showing that neither of those equations have any solutions in Z, and therefore 
showing 2 and 3 are units in R. 


Step 2 2o0f3 
Now suppose a € Risa unit, then N(a) = 1, so that if a = a + by/—5, then 
a> + 5b? = 1. 


By completely analogoues reasoning as in the previous paragraph we see that the only integer solutions to this are 
a=1,b=0,anda=~-1,b=0. 


Result Sofs 


We show the irreducibility of 2, 3 and 1 + V/-5 by considering their norms and showing how their decomposition 

as integers leads one to conclude that those numbers are irreducible in R. We do the same for showing only units 

in R are +1, which then follows from the fact that a? + 5b? = 1 has two solutions with a, b integers, namely a = 
1,b =O anda = —1,b = 0. Click to see more details. 


As suggested by the theorem classifying which imaginary quadratic rings are unique factorization domains ( 
Theorem 13.2.5), we are to prove the following proposition: 


Let R be the ring of integers an imaginary quadratic number field Q[vdl, where d = 2 (mod 4). Then Ris nota 
unique factorization domain for any d < —2. 


Step 2 2o0f3 


Proof. Note first that as d = 2 (mod 4), we have that the elements of R are of the form a + b,/—d with a,b 
integers. Furthermore, suppose that 7 = m + n/—d is a unit of R, then 


m? + dn? =1, 


implying that m? = 1 (since d > 1 and therefore dn? > 1 except for n = 0), so that we see that the units of R 


are +1. 


Lete = +f, which is an integer since d = 2 (mod 4) implies that dis even. Then 


Qe = 4d = (2— Vd)(2+ Va). 
Hence 4 — d has two factorizations in R, and since d < —2 then there is no element of R whose norm is equal to 
2. This implies that 2 is an irreducible element of R, so that if R was a unique factorization domain this would mean 


that 2 divies either 2— Vd or 2+ Vd in R. Butas 3(2 ~ vd) =1+ xd isnot in R when d = 2 (mod 4), this 
canot be, which concludes our proof. 


Result 3c 


We follow the similar reasoning as in the cases when d = 3 (mod 4), which was proved in the text, but 
considering e = (4 — d)/2 instead of e = (1 — d)/2. Click for more details. 


Section 3 


lia 


Lattice is the fundamental algebraic structures which consists of a partially ordered set in which 
every two elements have a unique supremum and a unique infimum 


Comment 


Step2o0f3 ~ 


The lattice basis (@ + @é) of the principal ideal (a)is obtained from the lattice basis (1,6) of the 
unit ideal R by multiplying @ . 

Now, write @ in polar coordinates; 

a=re* 


Then multiplication by @ rotates the complex plane through the angle gand stretches by the 
factor r. 


So, all principal ideals are similar geometric figures. 


Aiso, the lattice with basis; 
(atta +a6)| 
This is obtained from the matrix (2,(1+5)) by multiplying with sa 


The ideal (2,(1+6)) inthe Ring Z= ,/(-S) 


Similarity classes of ideals are called ideal classes, and the number of ideal classes is the class 
number of Ring R . 


Hence, (q,6) are ideal for the lattice (2,(1+0)) . 


We check for, each of these, whether they're closed under multiplication and addition. 


Step 2 20f5 
(a) 


Suppose I = (5, 1 + \/—5) were an ideal. As it is closed under multiplication, we have that /—5(1 + /—5) € 
I. Therefore 


¥-5(1+ /—5) = —5 + V—5 = 5n+ (14+ V—5)m, 


for some integers n and m. This yields two equations, 


—5=in+m 
L=m, 
ie. we have m = 1 and we need to obtain n from 5n + 1 = —5. But the only solutions to this equation isn = +f 


, which is not an integer. Therefore, I is not closed under multiplication and hence not an ideal. 


(b) 


Suppose I = (7,1 + »/—5) was an ideal. Then analogously as in (a) (since the second generating element is the 
same) we would obtain two equations 


—~5=7n+m 
l=m, 


where the only solution ism = 1 andn = = where n ¢ Z. 


(c) 


Let I = (4 — 2./—5, 2 + 2,\/—5, 6 + 4\/—5). We want to show that for i, 7 € I, and for a + b\/—5 ande + 
d,/—5 with a, b, c,d integers, we have 


(a+ bV/—5)i + (a+bV—5)j € I. 
Note that 
(a+ bV—5)i + (c+ dV—5)j = ai + cj + (b+ d)V-—5, 


where ai, cj and b + dare in I because J is a lattice, so that it is sufficient to show that for any k € I we have 
k/—5 € I. In particular, since any k € I can be written as an integer combination of the generators of J, it is 
sufficient to show that for each generator 7, we have i,/—5 € I. We check this case by case. 


First, note that an integer combination of the generators is of the form 
a(4 — 2V—5) + b(2 + 2V—5) + c(6 + 4V—5) = (4a + 2b + Ge) + (—2a + 2b + 4c) V—5. 


Now we compute 


V¥—5(4 —2/—5) = 10+ 4-5, (1) 
V—5(2 + 2V—5) = —10 + 2/5, (2) 
V—5(6 + 4/—5) = -20 + 6V—5, (3) 


which translate into three pairs of equations; for (1) we have 
4a + 2b+ 6c = 10 and — 2a+ 2b+ 4c = 4, 
where we can notice a solutions a = 1, b = 3. For (2) we obtain 
4a + 2b+ 6c = —10 and — 2a+ 2b+ 4c = 2, 
where we notice a solution a = —2, b = —1; and lastly, for (3) we have 
4a + 2b + 6c = —20 and — 2a + 2b+ 4c = 6, 


where a solution is given bya = —4,b=1,c= —1. 


Result Sof 


In (a) and (b) we show that they are not ideals, while in (¢) we show that it is an ideal. Click to see more details. 


3.a 
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Given: A is an ideal of the ring of integers R in an imaginary quadratic field. 
To Prove: There is a lattice basis for A, one of whose elements is an ordinary positive integer. 


Proof: Let us assume that 2 € A. 
Then note that fx € A isa positive integer. 
This follows that 


zee ANN. 


Therefore we have the set A MN is non-empty. 
Then by Well odering property let us choose a in AM N such that a is the minimal element of A N. 
Let us now choose y € A such that y is Z—linearly independent from 2. 


Now consider the parallelogram 
P(a,y) := {sa + ty|0 < s,t < 1}. 


Now notice that AM P(a, y) isa finite set. Therefore we can choose b in AM P(a, y) with minimal positive 
imaginary part. 

We will propose to prove that a and b form a lattice basis for A. 

Now notice that 


AN P(a,b) = {0,a,b,a +}. 


If possible let us assume c € AM P(a,b) — {0, a,b, a + b}. 


Case-1:c € Z. 
But we have c < a and violating minimality of a. 
So in this case c is null. 


Case-2: 0) < Im(a) < Im(b). 
This also violating minimality of b. 
Hence in this case also b is null. 


Therefore we can conclude that 


AN P(a,b) = {0,a,b,a + b}. 


Step 2 20f 3 


Now consider the parallelogram P(a, b) by Z-linear combinations of a, b. 

And none of these parallelograms contain anything in A other than linear combinations of a and b for otherwise 
we can move that point into the parallelogram P(a, b) with an appropriate Z-linear combination of a, b. 

Thus, 

a,b form a lattice basis for A. 

Therefore we proved that there is a lattice basis for A, one of whose elements is an ordinary positive integer. 
This completes the proof. 


Result 


Considering a parallelogram P(a, b) we have shown that a, b form a lattice basis for A. 


Let R be a ring then the subring is defined as the subset of a ring that is itself s ring when binary 
operations of addition and multiplication on R are restricted to the subset which shares the same 
multiplicative identity as in p 
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Consider the ring; 


Let, Z(-3) =a+b(-3) 


The Z (-3) Lattice is drawn below: 


Since, the norm of an algebraic integer is an ordinary integer, a unit must have norm N(a@)= +1 


However, it can be represented in Ras a lattice inp? by associating to the algebraic integer 
a+bVd the point (u,v)of R®, where y=a+bJd and y=a-bVd- 


Thus q@=|+ K-3) is the ideal unit in the ring R=Z,(-3) , ls the point on the lattice 
that lie on one of the two hyperbolas yy=| and ywy=—|. 


b. 
Consider the ring; 


1 
R -2( (1+) 
The lattice basis (@ +a) of the principal ideal (@) is obtained from the lattice basis (1,5) of 


the unit ideal R by multiplying a. 


If zis written in polar coordinates; 


a=re0 
Then multiplication by @ rotates the complex plane through the angle @and stretches by the 
factor r. 


So, all principal ideals are similar geometric figures. 


Also, the lattice with basis [aia + as) is obtained from the lattice (3,(1+5)) by 
multiplying with 5a. 


The ideal (3,(1+6))in the Ring Z = /(—3)is drawn below; 
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* KF Kk * KF K KF KK 


* OK * * *K 


* KF KF KK K * *K K 


Thus @(3,(1+6)) is the ideal unit in the ring R -7{ fR( )] , is the point on the 


lattice that lie on rectangle. 


c. 
Consider the ring; 
R=Z,(-6) 
Considering, 5° =(-6) 
As per the principal of ideals, 
2x3=6 
=(1+6)(1-6) 

Now, by dividing (1+6) and (1-6) with 2, four ideal by factoring 6 is obtained, 

A=2,(1+6) 

A’ =2,(1-6) 

B=3,(1+6) 

B' =3,(1-6) 


The ideal (2,(1+6)) inthe Ring Z = J(-6) is drawn below: 


* * * * KF *K 
* OK * *K K K & 
* * * *K K K * 
* Kk OF * KF K K 
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And, the ideal (3,(1+0)) inthe Ring Z = ,/(-6) is drawn below; 


* K * Ke KF K K K K OK 


kK Kx * Ok OK x 
kk OK * OX * Ok 
kek K KK KK OR * 


* * * * * * K K K K 
Hence, forms rectangular lattice in the ring R=Z,(-6) for the ideal conditions 
(2,(1+5)) and (3,(1+6)) . 


d. 
Consider the ring; 


r=z(3(1+ 9) 

The lattice form for § =(—7)Is as below, the lattice 5 =(-7); 

* * O* * ek KK KK OK OK 

* * * e KF KK K K K KK 


* * * * Ke K KK K K 
* *K * Ke KF KK K K KK K 
* * * * Ke K KK K K 
* * * * Ke KF KK K K KK K 


* Kk KK KK KK KK KK OK 


Since at 5 =(-7) , the factors cannot be form in the ideal case of (2,1+6) or (3,1+6) 
so it cannot be consider as ideal in the Ring; 


r=z{ 31+ ())} r=2{ 21+). 


e; 
Consider the ring; 
R=Z,j(-10) 
Considering the 5 =(—10), 
As per the principal of ideals, 
2x5=10 
=(1+6)(1-6)’ 
Now, two ideal after factorizing 10 is, 
A=2,1+dand A’=2,1-d 


Thus the lattice in the ring R= Z K —10) is as follows, 


The ideal (2,(1+6)) inthe Ring Z = /(-10) 


* * * * K K K 


* * * K * 
* * * K 
* * * KK 


* * * * K K K 


Hence the 5 =(-10) is ideal inthering R = Z,/(-10) only for (2,(1+6)) . 


Section 4 


lia 


Consider the provided statement to find a lattice basis for the product ideal A,B. 
As itis provided that R=Z{ VJ-6|, 4=(2,6) and B=(3,6). 
As it is known that, 
6 =(2)(3) 
=(v-6)(V-6) 


As Z=4 and B= B since -J-6 e(V-6) 
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Now it is to be shown that 4 and 8g are prime ideals. It is the way to prove that p is a prime 


ideal is to prove ; is a field. Therefore, in this case 


There is another way to prove that norms of element in this ideal are prime and therefore 
elements will be irreducible. Therefore by linear identities, 


A =(2) 
B’ =(3) 
AB =(V-6) 


rece 


Let R=Z[ V-5], where Z{ V-5 |={a+bd|a,b¢Z}and é=V5- 
Then a generating set is said to form a basis of a space if it is linearly independent. 
Let 7 ={a,,a,,q),.....a, }be a set then it is linearly independent if following holds 


Sha, =0 


ol 


=>b,=0,1sisk 


(a) 
Let 4 be the ideal generated by 3+ 5s and 2+26. 
Then, 
A=(3+56,2+26). 
Consider a(3+55)+A(2+26)=0, where a, «Z| V-3]. 


So let, 
a=a+bd 
B=c+dd 
where a,b,c,d eZ 
Now, 
(a+bd)(3+55)+(c+dd)(2+25) 
=(3a+(3b+5a)5—25b)+(2c+(2d +2c)5-10d) 
=(3a+2c-25b-10d)+(3b+5a+2d +2c)d 
Since @(3+55)+ #(2+25)=0 
So comparing terms on both sides of the equation, 
3a-25b+2c-10d =0 
Sa+3b+2c+2d=0 
Rewrite this system of equation in form of matrices. 
a 
(; -25 2 a | b -(3) 
5 003 2 002)}c} \O 


d 
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Now since the reduced row echelon form of this matrix equation is given by 


: 0 2%, sd ; -(°) 


= 28 ma 
01%, 61)\ 


Hence there are no integral solution of these equations but a = 0,b =0,c =0,d =0. 
Since, 

a=a+bd 

B=c+dd 
Thus q@=Qand #=0. 

Hence linear independence holds. 

Thus {3+56,2+ 26} form a lattice basis for 4. 

Now 4 is given by 

A =(3~-585,2-26) 


g 


AA =(3-55,2-25)(3+55,2+26) 
= (134,56 -45,56+46,24) 


(b) 
Let 4 be the ideal generated by 4+ § and 1425. 
Then, 
A=(4+6,1+26). 
Let {4+5,1+26} be a linearly dependent set then there exists some a € Z| /-5 ]such that 
4+5=a(1+26) 
Now, 
Since ae Z{ V-5 | 
So, 
a=a+hétorsome abeZ 
Then, 
4+6=a(1+26) 
=(a+bd)(1+26) 
=(a-10b+(2a+b)d) 
Now separating the terms and comparing them yields following equation, 
a-l0b=4 
2a+b=1 
On solving these equations, 


This is a contradiction since a,be Z. 

Hence {4+6,1+26} is a linearly independent set. 
Hence it forms a lattice basis of the given ideal 4. 
Now jis given by 

A=(4-6,1-26) 

So, 


AA =(4-8,1-26)(4+6,1+26) 
=(21,14+76,14-76,21) 
=(21,14+76,14-76) 


Finally summarizing the solution, 
{3+56,2+26} and {4+6,1+26} forms lattice basis for 4 . 


When 4=(3+50,2+26), then AA =(134,56-46,56+ 46,24) and when 
A=(4+6,1+26), then 4A =(21,14+76,14-76). 


3.a 


Given: R is the ring given as Z[6], where 6 = /—5 and given ideals A and B as 


A= (a, (a +ad6)) and B=(8, 38 + 86)). 


To Prove: AB is a principal ideal by finding a generator. 


Proof: Let us recall the proposition which states that: 


The algebraic integers in the quadratic field Q[4], with 6° = d and d is square free, have the form a = a + bd, 
where 


1) Ifd = 2 or 3 modulo 4, then a and b are integers. 
2) If d = 1 modulo 4, then a and bare either both integers, or both half integers. 
From the aforementioned proposition it follows that 


2 divides a and 2 divides 8. 


Again recall that if A and B are ideals of aring R with A = (a) isa principal ideal and B is arbitrary then AB is 
the set of products ab with b € B, that is 


AB =aB. 


Therefore we have 


A= "0148 an BEE (2442). 


2 2 


Now note that if A and B are ideals of aring R with {a), ag, ...,an} and {by, bo, ...bm } be generators for the 
ideals A and B respectively, then the product ideal AB is generated as ideal by the nm products a;b;, that is, 
every element of AB is a linear combination of these products with coefficients in the ring. 


Therefore we have 


AB = + 1+6) 


= oF (42 +26, —4 +26) 


ap 
= —(2 
(2) 
_ (28 
=|): 
This proves that AB is a principal ideal generated by (:?) } 


This completes the proof. 


Result Sof 


We have shown that the ideal A B is generated by the element 9B hence proves that AB is principal. 
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Section 5 


(a) 


Recall that the norm in Z[1/—5] is given by N(a + b\/—5) = a? + 5b. Therefore, if there is a decomposition of 
11 into non-unit elements a and 6, i.e. 11 = ab, then 


N(a) N(b) = 121, 


and since a and b are not units we must have N(a) = N(b) = 11. To investigate whether that is possible, suppose 
there were c and d such that 


N(c+dy-5) = c? + 5d* = 11. 


By positivity of square and monotonicity of squaring we see that d < 2 and that c < 4. Chcecking all the 
possibilites shows that there are no such c and d. 


Next, in order investigate whether (11) is a prime ideal, we use the the criterion of Proposition 13.5.1, by which it 
would follow that (11) is a prime ideal if we were to show that Z[,/—5]/(11) is an integral domain. In order to 
determine the structure of this ring a bit more explicitly first we note that Z[./—5] ~ Z[X]/(X? +5) (where = 
denotes that two objects are isomorphic), and hence 


Z[V—5]/(11) = (Z[X]/(X? + 5))/(11) = (Z[X]/(11))/(X? +5), 


where Z{X]/(11) is the ring of integers modulo 11. Now, if we prove that X? + 5 is irreducible over that ring, 
that proves that (Z[|X]/(11))/(X? + 5) isa field, and therefore an integral domain too. In order to see that 
X? + 5 is irreducible, it is sufficient to check that there is no element whose square is —5 = 6 (mod 11) in 
Z{X]/(11), and this is straightforward as there are only 10 nontrivial cases to check. (2 = 4 (mod 11),3? = 
9 (mod 11), 4? = 5 (mod 11),...) 


(b) 


First, note that 


(14) = (2)(7), 


so it is sufficient to factorize (2) and (7) into prime ideals. Note that in the section Ideal Multiplication it is shown 
that in Z[,/—5] we have 


(2) = (2,1 + V—5)(2,1 — V—5). 


Now this computation is over if we were to prove that (2, 1 + /—5) and (2, 1 — /—5) are prime; first note that 
they're actually equal. In order to show this, let us just show that 1 + ./—5 € (2,1 — /—5), as it would be 
completely analogous to show that 1 — /—5 © (2,1 + /—5S). The inclusion we want to show is apparent from 
the equality 


1-2+(-1)-(1- /—5) =1+ V-5, 
and so 
(2) = (2,1+ V-5)’. 


Next, in order to show that (2, 1 + / —5) is prime we prove something slightly stronger: that it is maximal. 
Suppose there was a proper ideal D such that (2,1 + /—5) C D,andleta + b/—5 € Dbuta+ b/—5 ¢ 
(2,1 + /—5). Observe that (a + b\/—5) — b(1 + /—5) = a — b. Now, if a — bis even, ie. a — b = 2k for 


some integer, then we have 


k-2+b-(1+ /—5 =a+by-5 € (2,1+ V-5). 
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Therefore, if (2,1 + »/—5) were to be a proper subset of D we must have a — b odd, a — b = 2k + 1, but in this 
case 


(a+ bV—5) — (k-24+6-(1+ ¥—5)) =1eED 


and therefore D = Z|./—5], showing that (2, 1 + s/—5) is indeed a maximal ideal, and therefore also a prime 
one. 


(b) (continued) 
Now it would be straightforward, as in the Ideal Multiplication section, to verify that 
(7) = (7,3 + V—5)(7,3 — v-5), 
since 
(7,3 + /—5)(7,3 — /—5) = (49, 21 — 7/—5, 21 — 7\/—5, 14). 


(3 was chosen as the smallest choice so that the ‘last number' in the above product would be divisible by 7, i.e. 
smallest number of the form a? + 5 divisible by 7.) Now we could mimick the above procedures (using the 
coprimality of 3 and 7) in order to show that (7,3 + /—5) and (7,3 — \/—5) are prime ideals, hence giving the 
decomposition 


(14) = (2,1 + V—5)?(7,3 + V—5)(7,3 — V—5). 


Result 4c 


In (a) we show that 11 is an irreducible element and that (1 1) is a prime ideal, while in (b) we arrive at 


decomposition (14) = (2,1 + /—5)?(7,3 + V—5)(7,3 — /—5). 


(a) 
Recall that 
Z[V—3] = Z[z]/(x? + 3). 


Writing this isomorphism out we would obtain that it maps 2 to 2 and that it maps 1 + /—3 tor + 1 (thisisa 
consequence of ,/—3 being mapped to 2). 
Therefore 


2[V—3]/(2,1+ V3) = (Z[z]/(x? + 3))/(2,1+ 2) 
(Z{z]/(2,1 + 2))/(x* +3) 
ete) + x)/(x* +3) 


Z/(2), 


where we could separate Z/x]/(2,1+ a) as (Z[ax]/(2))/(1+ x) because ged(2,1+ 2x) = 1in Zia]. 
Therefore, as this quotient is a field, this proves that (2, 1 + ./—3) is maximal. 


Ile bed R 


\l2 
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(b) 


We have 


AA = (2,1+ V—3)(2,1+ V—3) = (2,1 — V—3)(2,1 + V—3) 

= (4,2 + 2-3, 2 — 2/3, 4) 

= (4,2 + 2-3, 2 — 2V-3) 

= (4,2 +2/—3) 

= 2(2,1+ /—3) = 24, 
where the fouth equality follows from 2 — 2\/—3 = 4 + (—1)(2 + 2,/—3). Suppose now AA was principal, say 
AA = (a). It is easy to see from the equality (a) = (2)(2, 1 + /—3) that if a were an integer then a|2, but then 
the only choice is a = 2, which would imply (as principal ideals are cancellable) that (2, 1 + /—3) = R, which is 


false. Therefore the Main Lemma does not hold. Now we could similarly as we proved that AA is nota principal 
integer ideal, prove that it is not a principal ideal in general. 


(c) 


The inclusion (2) C A is straightorward as 2 € A by its definition. Now suppose that A divides (2), ie. that there 
is a proper ideal B such that AB = (2). First note that we have A = A since 1 — /—3 = 2 — (1+ V3). Now, 
by (b) we have 


2AB = AAB = 2A=2A, 
so that 
AB= A. 


But this implies that A = (2), which is a contradiction. 


Result 4of4 


In (a) we show that A is principal by showing that R/A is a field, while in (b) we obtain the equality AA = 2A and 
use this to show that the Main Lemma does not hold and that AA is not a principal ideal. In (c) we use the (b) part 
to derive a contradiction. Click to see more details. 


3.a 


It is sufficient to show that f = y* — 2° — zis an irreducible element over C{z, y] -- from there it follows that 


(f) isa prime ideal, and hence Cla, y|/(f) is an integral domain. 


In order to show that f is irreducible, we view the ring C[z, y] as a polynomial ring R[y] in one variable, where 
R = C[z]. Therefore, the polynomial in question is 


f(y) =y° - 2° -2, 


and we can apply the Eisenstein's criterion to it. Recall that Eisenstein’s criterion says that if for a polynomial f there 
is a prime p such that p divides every coefficient but the leading coefficient (which is 1 in f(y)), and p* does not 
divide the free coefficient (which is —a* — a in f (y)), then the polynomial f is irreducible. 


We propose that such a prime is given by p = x — i. First, in order to check that it is prime, we note that 
Ca] /(a@ — i) & C, which is an integral domain, and hence x — iis prime. It obviously does not divide the 
leading coefficient (1), and it divides the free coefficient, for —z? — 2 = —a(x + i)(x — i) over C[z]. 
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It remains to check that (2 + i)” does not divide —a* — z. This follows from Cz] being a unique factorization 
domain, but it is simple enoug showing directly by supposing there was a polynomial f(z) = az + bas it has to 
be of degree 1) such that 


(az + b)(2 +i)? = —2*—a2 
which means that 
az* + (2ia + b)x” — (a + 2ib)a —b = —2* — 2, 


where comparison of leading and free coefficient force b = 0 and a = —1, but then the coeficients of x? anda 
on the left-hand side and the right-hand side do not agree. 


As we have verified Eisenstein's criterion, this means that the polynomial is indeed irreducible, and therefore the 
principal ideal is prime and therefore the ring C[z, y}/(f) is an integral domain. 


Result ee 


We show that it is an integral domain by showing that f is an irreducible element over C [x, y); we do this by 
reducing it to the question of showing the irreducibility of the polynomial f(y) = y — a> — x for polynomial 
ring C[z} [y], whereby Eisenstein's criterion is applicable. Click to see more details. 


Section 6 


lia 


Consider the provided statement to decide p splits or ramifiesin R and also find a lattice basis 
for a prime ideal factor of p . 


Comment 


Step 20f4 «~ 


As itis assumed that d =—14 and p=2,3,5,7,11,13. By proposition 11.9.3, p stays prime in 
R if and only if »? +14 is irreducible in mod p. 


if p=2 then, 
x =0 
= x-x(mod2) 
In fact (2) ramifies as, 
(2) =(2.v=14)(2,/-14) 
if p=3 then, 
+220 
=(x+1)-(x+2)(mod3) 
3 can be ramifies as below; 


(3) =(3.1+ V-14)(3,1-/-14) 
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If p=S then, 
xr+3=0 

= (x+1)-(x+4)(mod5) 
In fact (5) ramifies as, 
5=(5,1+V-14)(5,1-/=14) 
if p=7 then, 
+220 

= x-x(mod7) 
In fact (7) ramifies as below; 


(7) =(7,V-14)(7,-14) 


if p=11 then, +320 
The obtained result is irreducible by inspecting ? through 6? therefore (11) stays prime. 
If p=13 then, 
vr+le0 
= (x+5)-(x+8)mod13 
In fact (13) ramifies as below; 


(13) =(13,5+ V-14)(13,5-V-14) 


These ideal equivalences on the right and this can be done by the method problem 11.8.6 and it 
is also noticed that there is a relation between the factors of y* +14 and the lattice basis of the 
ideal factorization. 


By the Theorem 13.6.1 (d) we see that 2 remains a prime if and only if the polynomial g(x) = x 
irreducible in F2[a]. Note first that we have 


2? -2+a=2"-2+1 
in F9[z] if a is odd, where we observe that x? — x + 1is irreducible in F2[], and 


2 


2? —-2+a=27-—2z=2(z-1) 


in F [2] if ais even, so that g(z) is irreducible if and only if +54 is an odd number. 


2 


_ 24 1d} 
w+ zis 
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If ie = 2k + 1 for some integer k then 

1—d=8k+4, 
or 

d= —8k — 3, 
where taking congruences modulo 8 we obtain 
d=-3=5 (mod 8). 

On the other hand, if a = 2k for some integer k then by repeating this procedure we obtain that 

d=1 (mod 8). 


(lfd # 1,5 (mod 8) then it d cannot be equal 1 modulo 4) 


Result 30f5 


2 remains a prime if d = 5 (mod 8) and does not remain a prime if d = 1 (mod 8). Click to see more details. 


(a) 


Recall that we can write R as a quotient Z[a]/(f(x)) where f(a) = x? — disd = 2,3 (mod 4) and f(x) = 
2? —-2+ #(1 — d)ifd = 1 (mod 4), Therefore, we have a sequence of isomorphisms 


R/(p) = (Z[a\/(f(2)))/(p) = (Z{a)/(p))/(F(2)). 


We argue that (Z(2]/(p)) /(f(2)) isa field with p* elements. Since p does not split, then by Theorem 13.611 it 
follows that f(a) is an irreducible element over Z[2]/(p). By Proposition 11.8.4 it follows that the ideal (f(a)) is 
then maximal over Z|z]/(p), so that the quotient is indeed a field. Lastly, since f(x) is of degree 2, it is a field of 
P elements. 


(b) 


If p splits but does not ramify, then we can write p = PP where Pisa prime ideal. Recall now that in an imaginary 
quadratic ring we have that if an ideal is prime, then it is maximal, so that P + P = R. Note that since this holds, 
we have PP = P'1- P, so that we can apply Chinese remainder theorem for rings which gives us 


R/(PP) =~ R/P x R/P. (1) 


The conjugation maps also gives us the isomorphism R/P = R/ P so in order to finish our proof we just have to 
demonstrate that R / P= Fp. Since P is prime then by the same argument as in (a) it is maximal and therefore 
R/P isa field. The only thing remaining is to show that R/P has p elements, but note that by (1) it follows that 
R/(PP has |R/P|? elements. However, we could mimick the argument of (a) to show that R/(PP) = R/(p) 
has p* elements, which shows that |R/ P| = p, which is what we wanted to show. 


Result Sof 


The (a) part follows from writing out quotients out as well as using Theorem 13.6.1, while (b) follows from the similar 
reasoning as (a) with the added help of Chinese remainder theorem for rings. Click to see more details. 
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(a) 


As per Theorem 13.61. it is sufficient to prove that if 2” — dis irreducible modulo p then a” — x + #(1 —d)is 
irreducible modulo p. First note that a quadratic polynomial is irreducible over a field if and only if it has no roots in 
that field. It is easy to see that the usual quadratic formula holds over any field of characteristic p # 2, so we see 
that the solutions of x? — a+ i(1 — d), if there were any, would be 


1+ /1—(1-d)_1+Vd 
2 a a 


But if x? — dis irreducible modulo p then \/d does not exist modulo p, and therefore a? — a + +1 — d) is also 
irreducible, 


12> 


Step 2 20f3 
(b) 


Observe that we used the hypothesis that the characteristic of the field is p + 2, so that the above reasoning does 
not hold for p = 2. In fact, x? — dis always reduucible modulo 2, but z? — x + (1 — d) is not necessarily -- we 
described, in Exerelse 6.2., what are the requirements for 2 remaining prime and splitting in case d = 1 (mod 4). 


Result Sofs 


In (a) we use Theorem 13.6.1. to reduce the statement to proving that if x? — dis irreducible modulo p # 2then 
ze —2+ #1 — d) is irreducible modulo p, and we use the usual quadratic formula (which holds for fields of 
characteristic 4 2) to show this. In (b) we note that 2” — d is always reducible modulo p, but 2 does not always 
split. Click for more details. 


An integer prime p Is said to remain prime in the field if the principal ideal ( p) = pR Is a prime 


ideal, where R denotes the ring of integers over a quadratic field of integers. If this is not the 
case (p)is pPpwhere pisa prime ideal and pis its conjugate, and in this scenario the prime 
splits. In particular if  — p, the prime pis said to ramify. 


(a) Let d=20r 3mod4-. 
Let p=2and d=3mod4 
Since d=3mod4, 
So on applying modulo 2 following holds, 
d=3mod4 
=4q+3,.qeZ 
=2(2¢)+2+1 
Hence, 
d=2(2q+1)+1 


=2m+lmeZ 
=Imod2 


Now qd =1mod 2implies that divides all the generators of (2). 

So choose (2.1 ald )ana evaluate its square. 

(2,1-Va) =(2,1- Vd) (2,1- Va) 
=(4,2-2Vd,1+d-2Vd) 

(2.1-Vd) =(2) 
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since (2-2Vd)~-(1+d-2Vd)=1-d, 


And since qd =3mod4s0, 
|-d=1-4q-3 
=-4q-2 
=2mod4 
Thus p=2ramifies in R. 
Let if p divides g that is pid. 
Clearly the case where p =2and ¢ = 2mod4/s covered here. 
Since, 
d=2mod4 
=4n+2,neZ 
=2(2n+1) 


Here p =2divides 2(2n+1). 
Consider ( pd y: 


(v.va) =(p.Va)(v.-Va) 
=(p’. pvd,d) 
=(p) 


Since p|d => p divides all the generators, and qis square free. 
So, 
ged(d, p*)= p, 
which means that there is a integer linear combination such that 
pe(p.vd) - 
Conversely, let there exists p # 2such that 
(p)=(p.a+bVd) 
= (p*.p(a +bVd),a° ~2abVd +d) 
=A 
Then Ac(p)only if pdivides all the generators, so pla* +b*d and p|2ab. 
Since p #2s0 p|bor pla. 
If pla, pla’ +b*d then p|b*d which implies p|bor p|d.And p|b implies pla 
But pla and p|bimplies that p° divides all the generators and thus p ¢ A. 
This is a contradiction. 
Thus pla and p|d must be the case. 
Therefore, the given result is proved. 


6.a 


26 


if p = a — bd for integer a, b, then p = (a — byV/d)(a + bv) is a factorization of p in the ring of integers of 


Q[V 4d}, so that 
(p) = (a — bVd)(a + bV ad). 


Therefore, p does not remain a prime, i.e. it splits. Since by Theorem 13.6.1 every principal ideal (p) which is not 
prime is a product of a prime ideal and its conjugate, and by uniqueness of factorization into prime factors, it 
follows that P = (a + bV/d) and P = (a — bV/d) (for if one of them was not prime, we could factorize them and 
hence would end with factorization of (p) in more than two prime ideals). 


Result 202 


We show that in that case p splits and (p) = PP with P = (a + bV/d), P = (a — bv/d). Click to see more 
details. 


To prove that (p,a+6)Is a lattice basis for a prime ideal that divides ( p), 


Suppose R be a ring of Q[d] be the quadratic number field and p be a prime number other 
than 2. 


That is, 

p#2 

And 

a =d(mod p),d =2 or 3(mod4) 
First, find the norm of the ideal (p,a+6). 
Suppose { p,a+6} be the lattice basis of the ideal (p,a+6)and 
A=(p,a+é) 

Since, 

Sp = p(a+d)-ap 

And 

ad+d=a(a+3)-*—4(p) 


Since, 


5=-6 
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Then, the norm N (A) of the ideal ( p,a+é)is, 
N(A)= AA 
=(p,a+6)(p,a-6) 
=(p*, p(a-6), p(p,a+6),a° -6") 
Since, 
b=Vd 
Then, 
N(A)= AA 
=(p,a+6)(p,a-6) 
=(p’.p(a-d), p(p.a+8),a° -5°) 
=(p", p(a-8), p(p.a+6),a° ~d) 
Then, the number P IN ( A) is a rational algebraic number. 
Since, rational algebraic numbers are rational numbers. 
Then, the number p? / N( A)is a rational number. 
Then, 
p\N(A) 
This implies that, 


N(A)e{p.p"} 


Now, take @ as, 


Zo p(a+6)-p(a-6) 
N(4) 


N(A) 


Then, ¢ is algebraic integer 
Now, 
N(a)=aa 
298.208. 
N(A) N(4) 
< 4p°6d 
N(ay 


a a 
ao N(Ay N(6) 
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N(6)=66 
=|d| 

Then, 

ee ee 
N(a) man) 
4p 
N(A4y 

4p_ig 


“[yayre " 


\a| 


Since, the number p? / N(A) and |d| are rational numbers. 


Then, the number NV (q) is a rational number. 
Since, 

a’ =d(mod p),d =2 or 3(mod4) 
And 

N(A)e{p,p"} 


Then, d is square free and p is odd. 
And 

N(A)# p* 

Then, 

N(A)=p 

Then, 

(N(4))=44=(p) 


This implies that, 4 is a prime ideal and it divides ( p) with the lattice basis {p,a +d}. 
Hence, it is proved that { p,a+0} is a lattice basis for a prime ideal that divides ( p). 


Section 7 


lia 


By Lemma 13.7.6 we have that N(B?) = N(B)?, where N(B) can be computed by the remark preceeding that 
lemma (13.7.5), i.e. we first compute the integer such that BB = (n) : 
BB = (3,1+ V—5)(3,1 — V—5) 
= (9,3 + 3/—5,3 — 3/—5, 6) 
= (3)(3,1+ 1/—5, 1 — 1V—5, 2) 
= (3)R = (3), 


where (3, 1 + 1./—5, 1 — 1/—5, 2) because it contains coprime elements 3 and 2, ie. it contains 3 — 2 = 1 


and therefore the whole R. 
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Now, since N(B?) = 9, then again by Lemma 13.7.6 we know that if B? = (a) then N(a) = 9, and thus the only 
candidates for a = a + by/—5 are solutions to a? + 5b? = 9. We note that there are 4 solutions if we discard 
those which are integer multiples of another solution: 


(a, b) € {(3,0), (0,3), (2, 1), (2, —1)}, 
corresponding to numbers 
3,3V—5,2+ V—5,2 — V—-5, 


where we can note that (3) = (3./—5). Also note that 2 + /—5 ¢ (2 — /—5). Suppose to the contrary, then 
there's a 8 € R such that 2 + /—5 = (2 — ./—5). We can solve that for 8 to obtain 


_ 24+ 7-5 | (2+ /-5)? =1 4s 


+ 


“SeVe5 G=vnuUTv) o 8 


so that 8 ¢ R. Similarly, as we have 


8 


2-V-5 -1 -4 
a es et 
2+ 7-5 9 9 


then 2— /—5 ¢ (2+ /—5). 


Let us now compute B?, 
B? = (3,1+ /—5)? = (9,3 + 3V—5, —4+ 2V—5), 


which allows us to eliminate the choice of 3, so that the only question left is whether B? = (2 + +/ —5) or B= 
(2 — /—5). By the result of the previous paragraph, it is sufficient to show that one of them is in B?. Now we just 
notice that 


9+ (-4+ 2V-5) + (-1)(3 + 3V—5) = 2 — V-5, 
to conclude that 


B® = (2—y-5). 


Result 4ot'4 


We use the results on the norm of a (principal) ideal in order to show that B? = (2 — ./—5). Click for more 
details. 


Suppose that A and A’ are similar, we want to prove there is a nonzero ideal C’ such that AC and A'C are both 
principal ideals. 


Aand A’ being similar means there is a complex number A such that 
A=)’. (1) 
Now if we multiply both sides of (1) by A and use that AA = (n), we get 
(n) = A’(AA). 
If we multiply A by (XA) we obtain 
A(AA) = (An), 


so that we see that the ideal C_ = A fits our requirements. 
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Conversely, suppose that there is an ideal C' such that AC and A’C were both principal, ie. AC = (A) and 
A'C = (8) for some 4 and 4d in the ring of integers of that imaginary quadratic field. If we multiply both sides of 
AC = (A) by A’ we obtain 


A(A'C) = AA’, 
where we can substitute A’C = (6) in order to obtain 
5A=)A'. (2) 


Recall now that the definition of similarity only calls for the number with which we multiply the other ideal to be 
complex, i.e. it does not have to be in the ring of integers. Therefore, we can divide (2) through with d in order to 


obtain 
A ’ 
sas 


ie. A and A’ are similar. 


Result 3of3 


Both directions follow from the definition of similarity and using the result that AAisa principal ideal for any ideal 
A in the ring of integers of an imaginary quadratic number field. Click to see more details. 


3.a 


Note that —26 = 2 (mod 4), and therefore the ring of integers in question is 
Z{V—26], and the norm of an element a = a+b/—26 is N(a) = a? +26b?, so 
that an integer n is a norm of some a if and only if the equation a? +26b? = n 
has solutions with a, b integers. 

Observe that this is equivalent with n — 26b? being a square of an integer 
for any b, which is in our case easier to check (except for the last case). 


n= 75 
We have that 75 — 26b? assumes the following positive values for integer b: 
75, 49, 


where we see that we have a square, i.e. 49. It is achieved for a = +7 and 
b = +1, so that the elements of R with norm equal to 75 are 


+7+ /—26. 
n = 250 
We find that 250 — 26b? assumes the following positive values for integer b: 
250, 224, 146, 16, 


where we see that 16 is a square, achieved by a = 4 and 6 = 3. Therefore 
the elements of R with norm equal to 250 are 


+4+ 3v —26. 
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n = 375 


We see compute that 375 — 26b? assumes the following positive values for 
integer b: 
375, 349, 271, 141, 


where we find that none of them are squares. Therefore, there is no a € R 
such that N(@) = 375. 
n= 5° 


As 5° isa square in Z, we easily see that a = 5° + 0./—26 = 5° fits the bill. 


Result 2o0f2 


For n = 75, we find elements +7 + +/—26, for n = 250 we find elements +4 + 3,/—26, for n = 375 we find 
there are no such elements, and forn = 5° we find a = 5°. Click to see more details. 


4.a 


(a) 
To prove that the lattices P=(2,5) and Q =(3,d)are prime ideals, 


Suppose R = Z[é] be the ring of integers in the imaginary quadratic field Q[ 4]. 
Where, § = Jd and 5? =-6. 
Since, 
2-:3=6 
ates 
Then, (2,/-6) and (3, /=6)are ideals. 
Then, the polynomials corresponding to the ideals are irreducible. 


R R 
Then, (2.6) and (3.6) *° fields. 
Since, every field is an integral domain. 
R R 
Then, the quotient ring (2.46) and (3.6) ** integral domain. 
Since, any quotient ring s is an integral domain if and only if ideal 7 is prime ideal. 


Therefore, the ideals (2,.v-6) and (3, V6) are prime ideals. 

Since, P=(2,6), Q =(3,d)and s =-6- 

Then, the lattices P and Q are prime ideals. 

Hence, it is proved that the lattices P=(2,6) and O =(3,6)are prime ideals. 
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(b) 
To factor the principal ideal (6) into the prime ideals explicitly in the ring of integers R , 


Suppose R = Z[é] be the ring of integers in the imaginary quadratic field Q[.5]. 
Where, § =./d and 5? =-6. 
(6) =(2)(3) 
=(V-6)(-V-6) 
Then, (2,v-6) and (3,¥-6)are ideals. 
Then, the polynomials corresponding to the ideals are irreducible. 


R R 
Then, (2-6) and (3-6) *" fields. 
Since, every field is an integral domain. 


Then, the quotient ring Gaz} and aay" integral domain. 


Since, any quotient ring ‘ is an integral domain if and only if ideal 7 is prime ideal. 


Therefore, the ideals (2, v6) and (3. V-6)are prime ideals. 


In other words, take 


A=(2,V-6),B=(3,v-6) 


Then, 
AA=2,BB=3 
Since, the norms of ideals 4 and B are prime. 
Then, the ideals 4 and Bare prime ideals. 
Hence, the required factors of the principal ideal (6) into the prime ideals are 


(2.N-), (3). 


(c) 

To determine the class group of the ring of integers R, 

Suppose R = Z[d] be the ring of integers in the imaginary quadratic field Q[d]. 
Where, 5 = /q and 5? =-6. 

Since, 


~6 = 2(mod4) 


d= -6,| 4 | =2 
Then, the class group of R is C,. 
Hence, the required class group of the ring of integers Ris [G}- 
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Section 8 


lia 


As we are working in the ring of integers of O[./—26], since -26 = 2 (mod 4), itis Z[\/—26 and the 
associated norm is N(a + b\/—26) = a? + 26b? with a, b integers. 


Therefore, it's easy to find an element with norm 3? - 52, as it is just 15. In order to find an element with norm 2 - 


53 = 250, we have to solve the equation 
a” + 26b7 = 250. 
But note that this was already investigate in exercise 7.3., where we found that 


+4+ 3V—26 


have norm 250. 


Result 


We have N(15) = 37 - 5? and N(+4 + 3\/—26) = 2 - 5°. Click for more details. 


To explain the reason for the norms N(4 + 6)and N(I4 +6) that these norms don't need 
contradictory conclusions, 


Suppose be the ring of integers in the imaginary quadratic field Q[S]and P,Q,R be the 
prime ideals of the ring R. 
Where, d =-74 
Take an element a in the ring of integers R as, 
a=a+bVd 
Then, 
a=a-bVd 
Then, 
aa =(a+bVd)(a-bVd) 
-«' (ova) 
=a’ -b*(d) 
=a’ +74b° 
Then, the norm of the element @ of the ring Ris, 
n=N(a) 
=aa 
Then, 
n=N(a) 
=aa 
=a +74b 


2 of 2 
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Then, 
N(4+6)=4 +74(1) 
=90 
=2-3°-5 
Then, the prime ideals P,Q, Rof the ring Rare such that, 
(P)(Q)'(s)=1 
Where, PP =(2),00 =(3),SS =(5) 
Since, (P)and (S)are principal ideals and 
(P)=1,(Q)' =1,(S)=1 
Then, by the lemma, there exists an element @ of the ring Rwith norm p‘q/s* . 
Then, the norm of the element @ of the ring Ris, 
N(a)=2-3?-5 
=90 
And 
N(a)=a? +746 
Then, from the above two relations, 
@ +74b? =90 
Then, the integer solution of the above equation is, 
a=24,b=+1 


Then, put the value of @ and b in @=a+bVd- 
Then, 
a=a+bVd 
=44+/-26 
Then, the norm N(4+6)does not lead to contraction because it is norm of an element of the 
ting of integers Rp. 


In the similar way 
N(14+6)=14 +74(1) 
=270 
=2-3°-5 
Where, PP =(2),00 =(3),SS =(5) 
Since, (P)and (S)are principal ideals and 


(P)=1,(0)'=1,()=1 
Then, by the lemma, there exists an element a of the ring Rwith norm p‘gq/s* . 
Then, the norm of the element @ of the ring Ris, 
N(a)=2-3°-5 
=270 
And 


N(a@)=a? +74b° 

, Then, from the above two relations, 

a’ +74b* =270 
Then, the integer solution of the above equation is, 
a=+tl4,b=+41 
Then, put the value of g and b in g@ =a+bVd- 


Then, 
a=a+bVd 
=+14+J-26 


Then, the norm N(14+6)does not lead to contraction because it is norm of an element of the 


ting of integers R . 


Hence, it concludes that the norms N(4+6)and N(14+6)norms do not need 
contradictory conclusions in the ring of integers R in the imaginary quadratic field Q{6] - 


3.a 


To compute the norms N(1+5),N(4+5),N(5+6),N(9+26) and N(11+26), 
Suppose R = Z[d] be the ring of integers in the imaginary quadratic field Q[ 3]. 
Where, §? =-29. 
Since, the norm of the element @ of the ring pis defined as, 
N(a)=aa 
Then, 
N(1+6)=(1+6)(1-6) 
=(1-8") 


=1+29 
=30 
And 
N(44+6)=(4+6)(4-6) 
=(16-0") 
=16+29 
=45 
And 
N(5+6)=(5+6)(5-6) 
=(25-0°) 
=25+29 
=54 
And 
N(9+26)=(9+26)(9-26) 
=(81-46") 
=81+4x29 
=197 
And 
N(114+26) =(11+26)(11-26) 
=(121-46") 
=121+4x29 
=237 


: N(1+6) =30,N(4+6)=45,N(5+6) =54, 
Hence, the required norms are ‘ 


N(9+26) =197,N (11+26) = 237 
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To explain the conclusion about the ideals in the ring of integers R, 
Since, 
N(1+6)=30 
=2-3-5 
Since, the polynomial corresponding to the field is, ,? + 29 and this is reducible in the modulo 
2,3, and 5. 


Then, all these primes split. 
Suppose 
PP =(2),00 =(3),SS =(5) 
Then, 
N(1+6)=(1+8)(1+8) 
=(1-3°) 
=30 
=2-3-5 
= PPOOSS 
And in the similar way, 
N(4+6)=45 
=3*-5 
And 
N(5+6)=54 
=2.3? 


And 
N(9+26)=197 
And 
N(11+26) = 237 
Then, the ideals of the ring of integers corresponding to the norms are prime ideals the ring. 


Hence, it is concluded that the ideals corresponding to the norms are prime ideals in the 
ring R. 


To determine the class group of the ring of integers Z[6], 
Suppose R = Z[4d] be the ring of integers in the imaginary quadratic field Q[5]. 
Where, 5? =-29. 
Since, 
-29 =1(mod4) 
Then, 


Then 


Lu J=|3.109 | 
=3 

Then, 

d=-29,| w|=3 


Hence, the required class group of the ring of integers pis [G]- 


We need to prove that, for each of those values, that the class group is trivial. The case d = —163 is already done 
in the text (Example 13.8.2) so we deal with the remaining values in a similar way. 


Step 2 2 of 7 
d=-l 


Observe that —1 = 3 (mod 4), therefore up = |2 3] = 1. Now by Theorem 13.710 it follows that the class 


group is generated by the classes of prime ideals whose norms are prime integers p < 1 -- but as there are no 
such primes, it follows that the class group is trivial, which shows that the unique factorization follows. 


d = -2, -3, -7, -1l 


Observe that 


¢ —2=2 (mod 4), therefore p = |2/3| = 


¢ —3=1 (mod 4), therefore up = | 3| = 


1, 
¢ —7=1 (mod 4), therefore p = | tT) =1, 
¢ —11=1 (mod 4), therefore p = | 3 | =1, 


so the analogous reasoning as for d = —1 shows that these groups are trivial, and hence the uniqueness 
factorization holds. 


d=-19 


Observe that —-19 = 1 (mod 4), therefore u = lV | = 2. We need to check whether the prime 2 splits in the 
ring of integers of Q[./—19]. Recall that by Theorem 13.6.1, 2 remains a prime if and only if the polynomial ot 
a+ }(1—(-19)) = 2? — x + 5is irreducible modulo 2. 


It is easy to check that it is indeed irreducible, for 27 — a + 5 = a* —x+1 (mod 2), and since quadratic 
polynomials are irreducible if and only if they don't have any roots, it suffices to check that 0?-0+1=1 
(mod 2) and that 17 -1+1=1 (mod 2). 


Step 5 5 of7 
d= -43 


Observe that —43 = 1 (mod 4), therefore pp = lV $| = 3, so we have to check whether 2 and 3 remain 


prime in the ring of integers of Q[,/—43]. Similary as in the d = —19 case, we have to check whether 27 — x + 
#(1 — (43)) = 2? — a + 11is irreducible modulo 2 and 3. 


The case modulo 2 is analogous as before, so let us note that 27 — 2 + 11 = 27+ 2242 (mod 3), wherein 
we check whether that polynomial has any roots modulo 3: 0? + 0 + 2 = 2 (mod 3), 17 +2+2=2 (mod 3) 
,22+4+2=1 (mod 3) -- showing that 2? — 2 + 11 is indeed irreducible modulo 3. 
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d = -67 


Observe that -67 = 1 (mod 4), therefore up = | q| = 4 and therefore we have to check whether 2” 
+ +(1 — (—67)) = 2? — x +17 remains irreducible modulo 2 and 3. Modulo 2 is the same story as before, 
while for modulo 3 we note that 7? —2+17=2774+27r+2 (mod 3), and so this case too is the same as for 


d= —43. 


Result fof 7 


In each of these cases we show that the class group is trivial following the standard procedure outlined in the text. 


Click to see more. 


5. a 


Determine the class group of each case and draw the possible shapes of the lattice in each case. 


Comment 


Step20f6 ~ 


(a) 
Consider the following case: 
d=-10 
Then for ¢ =—10, to find the class group and check some conditions those are given below, 
d =2 or 3 modulo 4 
Here, —10 = 2modulo 4 is true, then it shows that it has an ideal class group. 
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(d) 
Consider the following case: 


d=-13 
Also it shows that lattice is rectangular —|4 = 2modulo 4. 


For d =—13, —13 = 3modulo 4is true, which shows that it has ideal class group, also shows that 
lattice is rectangular. 


(c) 
Consider the following case: 
d=-14 
For d=-14, -14=2modulo 4 is true, 


Comment 


Step 50/6 “ 


This is shows that it has ideal class group, also shows that lattice is rectangular. 
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(d) 
Consider the following case: 
d=-2l 


For d =-21, -21=3modulo 4 is true, 
that lattice is rectangular. 


which shows that it has ideal class group, also shows 


A 


(a) 
To determine the class group of the ring of integers R, 
Suppose R = Z[6] be the ring of integers in the imaginary quadratic field Q[.d]. 
Where, § = Jd and d=-41. 
Since, 

—4|=44-4] 

= 3(mod4) 

Then, 


Then, 


| «| =|7.392 | 
=7 
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Suppose (a) be an ideal of the ring of integers in the imaginary quadratic field Q[5] 
Take @=a+bVd 
Then, 
a=a-bVd 
Then, the product of a and Is, 
aa =(a+bVd)(a-bVd) 

=a’ -(bvd) 

=a’ -b*(d) 

=a’ +41b° 
Since, 
N(a)=aa 
Then, 
N(a)=a? +41b° 
Since, 
N(a)s| au} 

=7 

Then, to find the value of @ and b- 
N(a@)=a° +416" 

T=a +41b° 
Then, there is no integer solution of the above equation. 


And the polynomial y? — q = x? + 4] is irreducible in modulo p = 2,3,5,7 . 
Then, the ring R is a unique factorization domain. 


Since, the ring R in an imaginary quadratic number field is a principal ideal domain if and only if 


it is unique factorization domain. 
Then, the ring Ris a principal ideal domain. 
Since, the class group of the ring R is defined as, 


C(R)= {fractional ideal of R} 


{principal ideals of R} 

Then, class group of the ring of integers , is trivial. 

Hence, the required class group of the ring of integers R in the imaginary quadratic field 
Q [ V4 ] is |C,}. 

(b) 
To determine the class group of the ring of integers R, 

Suppose R = Z[6] be the ring of integers in the imaginary quadratic field Q[6]. 
Where, 5 =./q and d=-57. 

Since, 

-57 = —1(mod 4) 

=3(mod4) 
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And 
57=3-19 
“(\) 
Then, the ideals of the ring of integers are (3, /—S7 )and (19, /-$7) 
Then, 
(3, V=37)(3,V=37) = (3,-v=37)(3.V=37) 
=(9,3-V-37,3V-37,57) 
Then, it concludes that 
(3.-37)(3.V37) =(3) 
In the similar way, 
(19, ¥=37)(19, 37) = (19,-V=37) (19, 37) 
=(19°,19- V-37,19V-57,57) 


Then, it concludes that 
(19, V-S7)(19, 57) = (19) 
Then, the ideals (3)and (19) are principal ideals of the ring R . 
Then, the class group is C,. 
Hence, the required class group of the ring of integers R in the imaginary quadratic field 


Q[ V-41 jis [G]. 


(c) 
To determine the class group of the ring of integers R, 
Suppose R = Z[d] be the ring of integers in the imaginary quadratic field Q[ 4]. 
Where, 5 = /d and d=-61. 
Since, 
—61=—I(mod4) 
= 3(mod4) 
Then, the polynomial ,? —¢ = x? +4] is irreducible in modulo p =2,3,5,7 . 
Then, the ring R is a unique factorization domain. 


Since, the ring R in an imaginary quadratic number field is a principal ideal domain if and only if 
it ls unique factorization domain. 


Then, the ring Ris a principal ideal domain. 

Since, the class group of the ring R is defined as, 

Then, class group of the ring of integers , is trivial. 

Hence, the required class group of the ring of integers R in the imaginary quadratic field 


Qf V-61 Jis trivial class group Ic]. 
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(d) 
Suppose R = Z[48] be the ring of integers in the imaginary quadratic field Q[4]. 
Where, 5 = /qand d=-77. 
Since, 
~77 = -1(mod4) 

= 3(mod4) 
And 
77=7-11 

=(-V-77)(V-77) 
Then, the ideals of the ring of integers Rare (7, /-77 )and (11, /-77) 
Then, 
(TA 14M) = (7-H) 
= (49,7V-77,-777,77) 
Then, it concludes that 
(7.977)(7.V-77) =(7) 
In the similar way, 
(11,/=77)(1 1,77) =(11,-V=77) (11, v7) 
= (1? 11-V-77,11V-77,77) 


Then, it concludes that 
(11,J=77)(1 1, V-77) =(11) 

Then, the ideals (7)and (11) are principal ideals of the ring R . 
Then, the class group is C,. 


Hence, the required class group of the ring of integers R in the imaginary quadratic field 


Q[ /=77 ]is [G]. 


(e) 
To determine the class group of the ring of integers rR, 
Suppose R = Z[d] be the ring of integers in the imaginary quadratic field Q[.5]. 
Where, 5 = Jd and d=-89. 
Since, 

-89 =-1(mod4) 

=3(mod4) 

Then, the polynomial y* —q = x? + 4] Is irreducible in modulo p = 2,3,5,7 . 
Then, the ring R Is a unique factorization domain. 


Since, the ring R in an imaginary quadratic number field is a principal ideal domain if and only if 
it is unique factorization domain. 


Then, the ring Ris a principal ideal domain. 
Since, the class group of the ring R is defined as, 


C(R)= {fractional ideal of R} 


{principal ideals of R} 
Then, class group of the ring of integers Is trivial. 
Hence, the required class group of the ring of integers R in the imaginary quadratic field 


Qf V=89 ]is trivial class group [G]- 
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Section 9 


lia 


It was already shown in the text that 1 + V2 is a unit, but an even more straightforward demonstration, without 
using the norm, is to note that 


(V2 + 1)(v2 - 1) = (v2)? -1=1, 
ie. 1 + V2 is invertible in Z. 


Suppose now that it is not of infinite, order, so that there exists a natural number n such that 


(1+ V2)" =1. 
But then, taking the nth root of both sides (which is fine as 1 + V2 > 0) we obtain 
1+V2= L 


which is a contradiction, and hence it has an infinite order. 


Result 2 0f2 


We first show that it is a unit by showing that »/2 — 1is the inverse of 1 + »/2 Then we note that if it had finite 
order there would exist an n such that (1 + /2)" = 1 and derive a contradiction from that. Click to see more 
details. 


Suppose first that d is a square, ie. d = k? for some positive integer k. Then the equation we're asked to solve 
transforms into 


(a — yk)(a + yk) = 1. 


As both « — yk and z + yk are integers, this equation can only hold if both are equal to 1 or both are equal to 
—1. Suppose that z — yk = Landa + yk = 1, then 2z = 2, and thus z = 1. Using this we obtain that the only 


solutions are z = 1, y = 0 and z = —1 and y = 0. For the rest of this answer we assume that d is not a square. 
Step 2 2 of 6 
Note now that x? — y?d has the factorization (x — yv/d)(a + yVd) in the ring Z[V/d]. Therefore, we are to 
solve 

aa=1 


forana € VANES Using the norm function N(a + bVd) = a? + db”, we see that we are looking for all a such 
that 


N(a) = 1. 
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As we are working in a real quadratic ring, there is a significant difference compared to working in an imaginary 
one, namely that we have an ordering on our elements (as they are just real numbers). 

Suppose then that there is the smallest ag > 1 such that N(ag) = 1. Then, for any other a@ such that N(a@) = 1, 
there is an integer n such that 


ag sas ons 


Then, defining a number a’ = every ” we see clearly that 1 < a’ < ag, but a’ is also a unit since we have 
N(a’) = N(a) N(ao)~” = 1. 


Now, by assumption of minimality of ao, it follows that a’ = 1, and therefore aa "=lLiea= ag. 


From this it follows that if we find a smallest solution ag = zo + yovd, then any other solution is given by (zo + 
yovd)”, n a positive integer. It remains to show that there is indeed a smallest solution. This is a consequence of 
Dirichlet's theorem, which grants us existence of certain approximations to irrational numbers. In particular, it says 
that if x is a real number, then for any integer n there exist integers p and q such that 1 < q < nand 

1 


<=; 
nq 


ae 


q 


This can be proved via pigeonhole principle, by considering fractional parts {Ox}, {1a}, {2z},..., {na}. As we 
have n + 1 points in the segment [0, 1], two of them will differ by less than 1/n, say {ta} and {sz}. But then 
there is an integer p such that |(t — s)a — p| < 1, where setting g = t — s and dividing through finishes the 
proof. 


A direct consequence of this theorem is that there exist infinitely many integers (p, q) such that 
1 

2 2| < >: 

q q 


Now we are ready to prove that the is indeed a minimal solution, greater than 1, of our equation. 
Applying the consequence of Dirichlet's theorem to z = V4, we obtain infinitely many pairs (p,q) such that 


ia 
q 


1 
<=: 


Multiplying through by q we obtain 
1 
lava a P| < a 


where we note that |q? — dp?| = |qV/d — p||qvd + pl. 
Via triangle inequality we can bound \qvd +pl< + 2v/dq, which allows us to prove that 


Iq? — dp*| < ; (- + 2vaq) <142V4. 


Therefore, we have obtained infinitely many solutions (p,q) to |g? — dp*| < 1 + 20/d, and therefore there must 
be an integer n such that there are infinitely many solutions (p,q) to q7 — dp? = n. There are then two solutions 
(Po; go) and (p;, q,), which satisfy 


Po=Pi (mod n)andgg=q, (mod n). 


Denoting then as 29 = qo + povd andz,;=q+Ppi Vd, without the loss of generality taking zp > 21, we 
obtain that = > Lhas norm 1 in Z|Vvdl, and hence corresponds to a nontrivial solution of our equation. 


Result SatG 


We note that the left-hand side of our equation can be factored in Z|Vv4d] and use that to prove that each solution 
is of the form a”, where a is the minimal solution in VANES Click for more details. 
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(a) 
To prove that the size function o(a)=|N(a)] make the ring Z{ V2 Jinto a Euclidean domain, 


Suppose z[ v2 ] be the ring of integers in the real quadratic field Q[ v2 i} 


Then, the ring R, 
R=Z[V2]={x+yV2|x,y€Z} 
Then, any aeZ{ v2] such that 
a=x+yv2 
And then 

a’ =x-yy2 

Where q’is conjugate element of the element @ . 
Then, 

(a,a')eR* 

Then, the norm of the a is defined as, 
N(a)=a’'a 

= (1+ y2)(x-»v3) 


=x-2y 


Then, the size function ¢(a) is, 
o(a)=|N(a)| 

=|x?-2y"| 

=x*+2y? 

Suppose any other u+v2vez[v2] 
Then, forsome e and f such that 
vsviy_(0+¥9)(u-VB) 
u+2v (u+V2v)(u-V2v) 

_(v+s3s)(u-v) 
(u? -2v*) 
=e+V2f 
Now, choose m and nsuch that, 


le-m. fn) sx 

Suppose q be the quotient and r be the remainder, 
Then, take 

q=m+N2n,r=x+V2y-q(u+V2v) 


Then, 
x+V2y=q(u+V2v)+r 
Then, 
N(r)=N((u+V2v)((e-m)+V2(4-n))) 
= N(u+V2v)N((e-m)+V2(f-n)) 
<3.v(u+ viv) 
<N (u + v2v) 
This implies that, 
o(r)=|N(r) 
< |v (uw + v2v)) 
Therefore, the ring z[v2 is a Euclidean domain. 
Since, every Euclidean domain is a unique factorization domain. 
Then, the ring z[ v2 lis also a unique factorization domain. 
Hence, it is proved that the size function (a) =|N (a)| makes the ring 2{ V2 |into a 
Euclidean domain and Z| V2 |is a factorization domain. 


(b) 

To make sketch for the principal ideal (V2) of the ring z[ v2]. 
Suppose z{ v2] be the ring of integers in the real quadratic field Q{ v2]. 
Since, the size function o(a)is defined as, 

a(a)=|N(a)| 

Then, this makes the ring Z{ v2 Jinto a Euclidean domain. 
Since, every ideal in Euclidean domain is a principal ideal. 
Then, the ideal (2) is the principal ideal in the ring z[ v2]. 
Then, any aeZ{ V2] such that 

a=x+yV2 

And then 

a’ =x-yv2 


Then, the norm of the ais defined as, 
N(a)=a'a 
=(x+yv2)(x-y2) 
ay -2y 
Then, for the units’ in (u,v) coordinates 
N(a)=+1 
x -2y' =41 


That is, for the units of the ring z{ v2 Jin (u,v) -coordinates 


uv=tl 


Use MAPLE to sketch the principal ideal (V2), 
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Then, the units are the points of the lattice of the principal ideal (v2) , 


Hence, above is the required sketch of the principal ideal (v2). 


To find the possible structures for the group of units in the ring of integers R , 
Suppose R be the ring of integers in the real quadratic field Q| va ] 5 
Where, d>0 
Since, for d > 0, field Q[ va ] is a subfield of the field of the real numbers R . 
And the ring R is, 

R= z{ Va] = {x+yVd|x,y¢ z} 
Then, take 


a =x+yVd,a'=x-yJd 


Where q’is conjugate element of the element a . 


Then, 
(a,a')eR? 
Then, the norm of the q’is defined as, 
N(a)=a’'a 
=(<+va)(x-yia) 
=x-y'd 


Since, an element @ e Ris a unit if and only if N(@)=1. 
Then, 
N(a)=1 
a'a=l 
x-y'd=l 
This is the equation of hyperbole in the plane p?. 
Since, 
d>0 
Then, the equation x? — y*d =| always remains the equation of hyperbola. 


Hence, the required possible structure of for the group of units in the ring of integers Ris 
hyperbola. 
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(a) 
To prove that the set of units U/, of the ring R is an infinite cyclic subgroup of the group of units, 
Suppose R be the ring of integers in the real quadratic field Q[ Va Jan U, the set of units of 
the ring R. 
Where, d >0 
Then, 
R=2| Vd |={x+yVd|x,yeZ} 
And 
U,={aeZ[ Vd lla’ =1} 
Where q’is conjugate element of the element a . 
First, show that U,,is a group under multiplication. 
Suppose a, # «U,such that 
a=x,+y,Vd,B=x,+y,Vd 
Where, x,,x5,,.¥, €Z 
Then, 
ap =(x, +y,Vd)(x, +y,Vd) 
=(x,x,)+ (2d) +x,y,Vd +x,y,Vd 
Since, for x,,x,,¥,,¥, €Z 


Then, 
(x,x,)€Z,(y,y,d) € Z,x,y, €Z,x,y, €Z 
This implies that, 
apeU, 
This implies that the set of units U, of the ring is closed under multiplication. 
And for a, B,y €U, 
a(By)=(aB)y 
Then, the set of units U, of the ring is associative under multiplication. 
And for each @ €U,, there exists an element a’ € U,, such that, 
aa=\ 
Since, the set of units U, of the ring is closed under multiplication. 
Then, 
a'aeU, 
Then, 
leU, 
Or 
l=] +0Vd eU, 
This implies that the set of units U, of the ring has multiplicative identity. 
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Since, for each @ € U,, there exists an element a’ € U, such that, 
a'a=\ 
This implies that, for each element of the set of units U, has inverse in U,. 
Hence, it concludes that, the set of units U,, forms the group under multiplication. 
Then, for any a €U, 
a=x+ yvd 
And then 
a= (x +yVd y 
= (x +y'd+ 2xyVd) 
In the similar way, 
a=a'a 
= (x +y°d+ 2xyVd )(x+ yd) 
=x +xy'd +2? yd +9? + yd + 2xy"d 
Then, there is no finite number » , for which the element a has finite order. 
This implies that the element @ € U,, has infinite order in the group of units U, . 
And order of the group of units U, is also infinite. 
Then, the set of units U/, forms the infinite cyclic group of units. 
Hence, it is proved. 


(b) 
To find the generators for the infinite cyclic group U, of units of the ring of integers R,, 
Suppose R be the ring of integers in the real quadratic field Q[ va ] and U, infinite cyclic 
group U,, of units of the ring of integers R . 
Where, d>0 
Since, the ring R is, 
R= 2{ va] = {x+yVd|x,ye z} 
And the group of units U/, is, 
U,= a © 2{ Vd lla’ = i} 


Where q’is conjugate element of the element a@ . 


Then, for any a €U, 
a=x+yVd,a'=x-yVd 
Then, the norm of the q'is defined as, 
N(a)=a'a 
=(x+Vd)(x-yva) 
=x-y'd 
Since, for any a €U, 
aa=\ 
Then, 
aa=x-y'd 
l=x°-y'd 
That is, 
x-yd=l 
Then, for d=3, 
x -3y'=1 
Then, the integer solutions of the equation are, 


(x.y) =(2.1),(-2,-1) 


Put the value of (x,y) and d in@=x+yVd- 
Then, 


a =2+43,-2-v3 


Hence, the required generators when q = 30f the infinite cyclic group LU, of units of the ring of 


integers R are (2+V3),(-2-V3) b 


xr -Sy’=1 
Then, the integer solutions of the equation are, 
(x,¥)=(9.4),(-9,-4) 
Put the value of (x,y) and d in @=x+yJd- 
Then, 
a =9+4V3,-9-4V3 
Hence, the required generators when q = Sof the infinite cyclic group U,, of units of the ring of 


integers pare (9+4V3),(-9-4y3)}. 


(c) 
To draw the figure for the hyperbola and the units for ¢ =3, 
Suppose R be the ring of integers in the real quadratic fleld Q[ va ] and U,, infinite cyclic 
group U, of units of the ring of integers R. 
Since, for q = 3, the equation of hyperbola is, 
xr -3y' =1 
Use MAPLE to draw the figure for the hyperbola and the units for qd =3, 


Use MAPLE to draw the figure for the hyperbola and the units for d =3, 


This is the required figure for the hyperbola and the units for ¢ = 3 where dots points are 
the units of infinite cyclic group UL, . 
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Section 10 


lia 


To determine the index [M:L], 

Suppose jy be the integer lattice in p? and , be the lattice with basis {(2.3) (3,6) }.- 
Since, M and N are the integer lattices in the plane p?and 7 — 4, then 
[M:z]-~- 


Then, find the Azand AM. 
Since, ,vz is the area of the parallelogram of the linear combination of the lattice basis vectors 


11((2,3)'.(3,6)')- 
Then, 


AL =11((2,3) ,(3.6)') 


Then, 
[M:L ~ 
AM 
eee 
AM 


Since, the indexes [M : L] are always integers. 


Then, the possibility of AA are 1,3. 


Since, 
LcM,AL =3 
Then, 
AM #1 
Then, 
AM =3 
Then, 
[w:t]=44 
AM 
Sees 
AM 
-3 
3 


Hence, the required index [M : Lis fil. 
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To prove that [M : A] =|det 4}, 
Suppose 1M be the lattices with 7 — 4gand B and C be the basis of lattices 7 and M 
respectively such that, 
B=CA 
Where, ,4 is an integer matrix. 
Suppose MM and N are the integer lattices in the plane mand 7 -— 7, then 
[M:L]= = 
Since, Avis the area of the parallelogram of the linear combination of the lattice basis vectors of 
Band the area of any matrix is the absolute value of determinant of the matrix. 
Then, 
T1(B) =|det (8) 
Since, 
B=CA 
Then, 
I1(B) =|det (8) 
=|det(CA)| 
=|det (C)\det ( 4) 


Since, a, is the area of the parallelogram of the linear combination of the lattice basis vectors 
of Cand the area of any matrix is the absolute value of determinant of the matrix. 


. \det(C)||det( A)) 
fet 
=iet( 4) 


Hence, it is proved that index |[ M ; A] =|det Al]. 


Miscellaneous Problem 


lia 
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Consider the provided statement to describe that the subrings § of © are lattices in the 
complex number. 


Comment 


Step 20f2 


As it is provided that § is asubring of ¢ such that |< §. Since, § isa lattice and itis 
assumed that S=a-Z+f-Z where a,BeC.Llet xa+yfh=I1then zxa+zyfh=zeS for 
any integer z therefore Z7-§. 


Furthermore, B can be also written as —* @, then it is assumed that y>1,B' eS for any 
+ ae 2 


Integer & and consequently res where y e Z[a]. 


It means that § is not discrete even through § is a lattice is proved. 


2.a 


(a) 

To prove that one of the ellipse x* +5? = p OF x” +5y* = 2pcontains an integer point, 
Suppose R = Z[6] be the ring of integers in the imaginary quadratic field Q[6]. 
Where, § = /dand 5? =-5. 

Since, 

(p)=PP 

Where, pis a prime. 

And the equations of ellipses are, 

x +Sy? =p,x°+Sy? =2p 

First, find the integer solution for the equation of the ellipse, 

xv+sy=p 

Suppose (0,a) be the integer solution of the above equation. 

Then, 


Since, the number pis a prime. 
Then, for the integer solution § must divide p. 


Then, the only possibility for the integer solution is that, 


a=tl 
Therefore, the integer solutions of the equation of ellipse y* +5 = pare (0,1),(0,-1). 
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Now, check whether the points (0,1),(0,—1)are solution of the equation of ellipse x? + $y? =2p 
or not, 
Since, the equation of ellipse is, 
x +5y? =2p 
Then, for p= 5, the points (0,1) is 
x'+Sy? =2-5 
0° +5(1) =10 
5=10 
Since, above is not possible. 
Then, the point (0,1) is not the solution of the equation of the ellipse x7 +5)? =2p- 
In the similar way, the point (0,—1) is also not a solution of the equation of the ellipse 
x? +5y? =2p- 
Then, whenever the equation of ellipse x? +5y* = phas integer solution then the other equation 
of ellipse x* +5? =2p does not has. 


In the similar manner, whenever the equation of ellipse ? +5y* = 2 has integer solution then 
the other equation of ellipse x* +5y? = p does not have. 


Hence, it is proved that exactly one of the ellipses ,* 45)? = p OF x* +5)" =2pcontains 
an integer point. 


(b) 
To find the property that determines which ellipse has an integer solution, 
Suppose R= Z[d] be the ring of integers in the imaginary quadratic field Q[.5]. 
Where, § = /d and §* =-5. 
And the equations of ellipses are, 
xv +5y =p, +5y" =2p 
Suppose (.x, y)=(m,m) be the solution of the equation of ellipse, 
xv+sSy=p 
Then, 
m +5 =p 
Then, (x,y)=(m,n) is a solution of the equation of the ellipse x? +5)? = pif and only if, 
p=m' (mod5) 
This implies that, above Is hold if and only if, 
p=Sorp=1(mod5) orp =4(mod5) 
Then, in modulo 4 
p=m+Sr 
=m’ +n (mod4) 


Then, 

p=1(mod4) 
Then, the combine the condition for (m,7)to be the solution of the equation of the ellipse 

x +5y’ = pis. 

p=S orp=1(mod20) or p = 9(mod 20) 
This is the necessary and sufficient condition for equation of the ellipse x? +5y* = pto have the 
integer solution. 


Then, equation of the ellipse x* + 5? = phas the integer solution if and only if 
p=S5orp#1(mod20) orp = 9(mod 20). 
Hence, the required property that determines the ellipse x? + 5y? = p has an integer solution is 


that | p = 5 or p =1(mod 20) or p = 9(mod 20) 
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Now, for the integer solution of the equation of ellipse x? +5y* =2p, 
Since, the class group of the imaginary number field Q[V-5] is 2. 
Suppose gq, be the prime ideal over the ramified prime 2. 

Then, q,is a unique prime ideal and 

(2)=4; 

Then, 


92 = 42 
And 


q; =(2,1+V-5) 
Then, the condition to have an integer solution for the equation of ellipse * +5y? = 2pis, 
(2p)=43 PP 
=(Pa,)(Pa,) 
=(Pa,)(Paz) 
Where, q,is a unique prime ideal. 
Hence, the required property that determines the ellipse _* +5? = 2p has an integer solution is 


at (29) = (Pes) Pa) 


3. a 


(a) 
To describe the prime ideals in the polynomial ring C[.x, y]in two variables, 


Suppose C[.x, y]be the polynomial ring with complex coefficients in the variables x and y, 


Since, an ideal P + C[x, y] is called prime ideal in C[x,y]if aBc Pp, then ACPO BCP. 


Where, 4 and B are ideals of C[x.y]- 


And the quotient ring s is integral domain if and only if the ideal p is prime ideal. 
Then, 
C[x,y]_ _C[x,y] 


P » (7? = =x-1) 
Since, the polynomial ( y? — x’ — x—1)is irreducible in C[x, y]. 
Then, the factor rin eet eee 

; 9 (=P -x-1) : 
Since, every field is an integral domain. 

C[x.y] 

(y? -x* -x-1) 


Since, the factor ring a is integral domain if and only if the ideal p is prime ideal. 


Then, the factor ring is an integral domain. 


This implies that, the ideal ( y* —x° --1) is a prime ideal in the polynomial ring C[x, y] with 
complex coefficients in the variables x and y. 
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Cixy fae Clyy 
(x? +y?=1) (x)(x* +9 -1) 
This implies that, the ideals (x* + y*-1) and (x)(x + y* -1) are prime ideals in the 
polynomial ring [x,y] with complex coefficients in the variables x and y. 


In the similar way, are integral domains. 


Then, the entire ideal pin two variables x and yfor wich the factoring CL8-¥] is an integral 
domain Is the prime ideal. 


Hence, the required prime ideals in the polynomial ring C[.x, y]in two variables are 


(y? =x° =x=1),(x7 +p? =1),(x)(x* +? =1)}. 


(b) 
To describe the prime ideals in the polynomial ring Z[x], 
Suppose Z[.x]be the polynomial ring with integer coefficients in the variable x , 


Since, the ideal P =(.x) is an ideal in the ring of polynomial Z[x], 


Then tera I] actor, 


Since, 


2{[x] 
(x) =Z 


This implies that, factor ring 4 Is an integral domain. 
a 


Since, the factor ring : is integral domain if and only if the ideal p is prime ideal. 


Then, the ideal P = (x) is a prime ideal in the polynomial ring Z[x] with integer coefficients in 
the variable x. 


In the similar way, the ideal P =(p,.x) is an ideal in the ring of polynomial 2Z[x]. 


Then, the ring zis] is a factor ring. 


(p.x) 
Since, 
Zix _Z 
(p.x) (p=) 7? 


Then, the factor ring zt. a field and every field is an integral domain. 
x 


P, 


Then, the factor ring fel an integral domain. 


. 


This implies that, the ideal ( p,.x) is a prime ideal. 


Hence, the required prime ideals in the polynomial ring Z[x]are : 


4.a 
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(a) 

To prove Pick’s theorem A(P)=a+3-1 

Suppose 1 be the integer lattice z*in the plane R*and Pp be the polygon in the plane such 
that vertices are the points of 1 . 


Since, a is the number of points of , in the interior of pand 4 be the number of points of 7, 
on the boundary of p. 


And except for two end points of the brim, entire boundary points along the brim in common are 
conjoin to the interior points which are conjoint to boundary points because the polygon p and 
the lattice 7, share a brim. 


Suppose m be the number of points in common. 

Then, the numbers of interior points on py are, 

4m, =(ap +a, )+(c-2) 

And the number of points on the boundary of py are, 

bp, =(bp +b, )-2(c-2)-2 

But, a,and a, are the number of points of pand 1 respectively. 

Then, 

(a, +a, )=a,, -(¢-2) 

And b,and , be the number of points on the boundary of p and on the boundary of, 
respectively. 


Then, 
(b, +b, )=by, +2(c-2)+2 
Then, the area A(P), 


a()=(4, +%-1}s[a, +%-1) 


=(a,+0,)+ 2%)» 


w tn —fo-2)o et —29)._, 
=a, +721 
Since, a,, is the number of points of 7 in the interior of p. 
Then, 
ay =a 
And b,, is the number of points of 1, on the boundary of Pp. 
Then, 
by, =b 
Then, the area A(P), 


A(P)= ay, +P 


weennt 
2 


Hence, it is proved that Pick’s theorem A(P)=a+5-1 - 
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(b) 
a AL 
'o derive the proposition that [P: L} “> ‘ 
Suppose be the integer lattice z*in the plane m2and p be the polygon in the plane such 
that vertices are the points of 7. 
Then, the area of the lattice , Is, 


b 
A(L)=a+—-1 
(i)=a+2 
Where, a is the number of points of , in the interior of pand f be the number of points of 7, 


on the boundary of p. 


Suppose c be the number of points of p in the interior of the plane and qg be the number of 
points of p on the boundary of the plane. 


Then, by Pick’s theorem, the area of polygon Pp in the plane is, 


d 
A(P)=c+>-I 


Since, 1 ¢ Pp and the number of points of y in the interior of pis a and the number of points 
of 7 on the boundary of pis 4. 

2a+b-2 
2c+d-2 
Since, the additive cosets of 1, in pare denoted by [P: L]. 


Then, the area represents the additive cosets of 7 in p. 


Then, 


2a+b-2 
2c+d-2 


<-[P:t] 


Hence, eoncudes that: }= A 


=[P:L] 
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Chapter 14 


Section 1 


lia 


Let ¢ : V - V be ahomomorphism. By definition 14.1.4, it holds for allu € V that p(v) = p(v-1) = vy (1). 
Therefore, if we denote y (1) = a € R, each homomorphism is of form y (v) = v - a. Now we just need to 
confirm that all y of this form are indeed R-module homomorphisms. 

Letr © Rand define y (v) = ur. Then we have: 


g(v+u') =(v+u')r=urt+vr=y(v)+9(v) 
y (sv) = (sv) r = s(vr) = sy(v) 


Therefore, all homomorphisms y on an R-module R are of form y (v) = ur for somer € R. 


Result 20f2 


Here we use the multiplicative criterion to show that all homomorphisms on R are simply multiplication with a 
certain element. 


Let V be a Q module. Let us consider, for any v in V andn € N, dv. By 14.11, it needs to hold that 
n times 


1 


n 


1. 


1 1 1 
-v+—v+...+—v=n(1v) = (n- +) v =v. Therefore, w = }v is an element of V such that nw = v. 
n on n 


n 
Assume that there exists another such element w’. Then it holds that: 
nw —nw'=v—v 
n(w—w')=0 
w—w' =0 
w=w'. 
Therefore, ty is uniquely determined. Now let m € Z and consider By, Imitating the constructions for the Z- 
module from the book and the construction above, we see that for positive m, w = my is an element such that 
w=m- tv, Clearly, if w’ = mtu, then w — w’ = 0 so w = w’. The argument for m = 0 andm < O is very 


similar and so the claim follows. 


Result 2at2 


To obtain the solution to this exercise, we do a construction similar to the proof of Z-module structure of an 
abelian group, although here we verify our claim. 


Ris the set {a + ba | a,b € Z}. Let m € Z. Therefore, a coset Ag», in R/mR for a,b; € Zis of the form 
{a, + ba + ma+ mba |a,b € Z} = {a; + ma + (b; + mb) a |a,b€ Z}. 

Notice that if ag = a; + km for some k € Z, then Aggy, = Aay.by- Similarly, if b) = b; + km for some k € Z, 
then Aa; 4g = Aaj. Therefore, we all cosets are equal to a coset A; ; fori, 7 € {0,1,...,m — 1}. Itis also 
easily confirmed that A; ; # Ax, ifi # k or j 4 L. This means that there are m? cosets, ie, R/mR is finite group 
of order m?. 


Result 2082 


The solution to this exercise is easily obtained as soon as we write out what are the cosets in this quotient ring. 


4.a 


(a) Let S be a simple R-module and let s € S, s # 0. Define a function wv : R > S, w(r) =Ts. Since s is non- 
zero, the image of w is non-zero. Also, the image of w is a submodule, but by definition of a simple module, it 
cannot be a proper submodule. Therefore, S (wv) = S. Hence, w is surjective. 

By the First Isomorphism Theorem (14.1.6 (©), S is isomorphic to R/ ker w. Assume that ker w is not a maximal 
ideal. Then it is contained in some (maximal, by Proposition A.3.5) ideal M'. But R/ M' is then isomorphic to a 
submodule of S by the By the Correspondence Theorem (14.1.6 (d)). This is a contradiction because S is simple by 
assumption. Therefore, ker w is a maximal ideal. 


Step 2 20f 5 


(b) Note that Sy is a submodule of S’. Since S’ is simple, Sy can only be the zero module or the whole S”. If 
Sy = 0, then vy is a zero homomorphism and the statement holds. If Sy = S’, vy is surjective. Let us consider 
ker y. It is a submodule of S, which is simple, so the kernel can only be the zero module or the whole S. If If 
ker = 0, then ¢ is injective as well as surjective, so yp is an isomorphism. If ker g = S, then Sy = S’ implies 
that 9’ is the zero module, which is a contradiction with the definition of a simple module. 


Result Sof 3 


To obtain the solution to this exercise, we use the fact that both the image and the kernel of a module are 
submodules, as well as different parts of 14.1.6. 


Section 2 


lia 


Assume that M is a free R-module and that 
it has a basis B of at least two elements 


.Leta,b € B. Since a,b € M and M C R, it holds that a,b € R. Therefore, there exists a linear combination b - 
a+ (—a) - b= 0. We arrive at a contradiction, since this means that the basis is not linearly independent. 
Therefore, if there is a basis, it can only have one element. On the other hand, if the basis consists of a single 
element, then 


M is generated by only one element 


. We claim, however, that the ideal generated by z and y is not a principal ideal. As soon as we prove this, the 
exercise is solved. 


Assume that the ideal generated by z and y is principal, that is, it is generated by a single element z. For that to be 
the case, it needs to hold that for each pi, po € R there exists ap € R such that: p)z + poy = pz. If we consider 
Pi = p2 = 1, we see that z can be of degree at most 1. If deg z = 0, then the ideal generated by z is the whole 
R, which is not the case for M. Therefore, deg z = 1,so z = az + by + c. Now p; = 0, po = 1 implies that 

a =c=(0, while pi = 1, pp = 0 implies that b = c = 0. Therefore, z must be od degree zero, which is a 
contradiction with the above claim. Hence, 


M is not a free module 


Result Sofs 


We solve this exercise via contradiction and case analysis of a basis of 2 or more elements versus a single element 
basis. 


Zero ring Z clearly has the property that every finitely generated Z-module is free. Therefore, assume FR has the 
aforementioned property and is not a zero ring. Let J be a proper non-zero ideal in R. Then R/T is an R-module 
which is finitely generated (principal!) by 1 + I. By assumption, R/T is free with some basis B. Let b € B and let 
i € I,i #0. Such ani exists becauase I is non-zero by assumption. It holds that: i (b + I) = J, which means 
that the basis is linearly dependent because J is the identity in R/J. This is a contradiction, so there does not exist 
a proper non-zero ideal in R. Thus, R is a field. 


Result 20f2 


We prove this claim using the properties of ideals. 


3.a 


Consider the provided statement to prove the provided condition. As it is given that 4 be the 
matrix of a homomorphism such that @:Z" + Z". 

(a) 

Let a,,a,,---a, and b,,b,,---b, be the bases of the free modulo zy and z™ respectively, such 
that 

(4,.4,,-°4, )=(B,,b,.°*°b,) A 


It is clear that if @ Is injective if and only if the homogeneous linear equations 4V = ( only 
have zero solution in the rational number field Q. Therefore, it can be said that the rank of 4 as 
areal matrix is m. Hence, provided statement is proved. 


(b) 

It is assumed that the GCD of the determinants of the mxm minors of 4 Is k >]. From the 
definition of the determinant of a matrix, it can be seen that Im@ must be contained is 47". 
Therefore, @ is not surjective. 


It is also assumed that the GCD of the determinants of the mxm minors of 4 is 1 and this 
implies that =m. Then there exists an Zz -invertible xm matrix g such that, 
AB =(A,, Ay) 
Where A, isan z —invertible mxm matrix and A, Is an mx(n—m) matrix. Let ¢ be the 
auto-morphism of * corresponding to g . Therefore, 
(D,.-++sbu)( Ay Ay) = (Byo0**2bq) AB 

=9(a,,---,a,)B 

= $9(4,.--".4,) 
Since A, is invertible, it can be seen that ¢q is surjective. Moreover, since 8 is invertible so it 
can be said that @ is surjective. Hence, provided statement is proved. 


Consider the provided statement to prove the given condition as it is provided that , be an ideal 
ofaring R. 

(a) 

The circumstances under which 7 is a free R —module!f and only if it is a principal ideal which 
is generated by an element @ and that is a not a zero divisor in R. 


This statement may or may not contradict in the case of g@ =(). It is assumed that, 
1=(a) 
=aR 
Then it is claimed that, a basis for 7 is the set {a} - So {a} is linearly independent if 
ra=0,r #0 then @ will be a zero divisor and {@} is a spanning set because from the 
definition, 


1=Ra 


Conversely, it is assume that 7 R isafree R-—module and let a@,,---,@, €/ be a basis. If 
n2>2 then it is observed that the following given relation is linear dependence relation. 


a@,xa,+(-a,)xa@, 

Therefore, if 7 isafree R—module then »=| and / =(a,)=a. Furthermore, if @ is azero 
divisor then @fB=0,8 40 then 7 does not have a basis that is a zero-element set clearly 
doesn't span and if ra isin the basis forsome » eR then #(ra)=r(af)=0 is a non-trivial 
linear dependence relation. 


Therefore, / is a free R—module/f and only if it is a principal ideal which is generated by 
an element a. 


(b) 
It is assume that every finitely generated R~—module is free and as it is given that s bea 
proper ideal of p then ‘ is a finitely generated R— module. if 7 is not the zero ideal then ; 


is not isomorphic to * for any n that is a zero-element does not span and any element is 
linearly dependent. 


Therefore, if every finitely generated R—module Is free then does not have proper non-zero 
ideals. 


Section 3 


lia 


Consider the provided statement to prove that if f is the zero function then / is the zero 
polynomial. As it is provide that 7 is the function that defined by evaluation of a complex 


polynomials f(x, ,-+-,x,)- 


Comment 


Step20f2 “ 


As itis assumed that f(x,)€ Z[x,,---,x,] be a polynomial identity and whose corresponding 
real polynomial functionis f:R" +R 


From the proposition 3.8, if f is identically zero then J =0, this is property of real numbers and 
rest of the proof is given for the complex numbers is identical. 


Therefore the image of f under the canonical ring homomorphism Z[x,]—> R[x,] is zero. 
Hence, provided statement is proved. 


An identity is an equality realtion 4 = B, such that 4and g produce the same value as each 
other regardless of the values substituted for the variables. 


Comment 


Step2o0f3 ~ 


To show: that it might be convenient to verify an identity only for the real numbers 
For this, consider R is a set of real numbers which is a ring with identity /, 
Let § be the subring of R and that; 
1,€S 
So, consider /, to be the identity elementin § 
This, Sis a ring with identity /, , that is; 
I, =I, 


Now, suppose that xis a unitin § 
Then, there exists an element; 
yes 
Such that; 
wel, 
Hence; 
wel, 
Since; 
SCR: xyeR 
The equation; 
aye=T, 
This implies that xis a unitin R 
Therefore, it is convenient to verify an identity only for the real numbers 


Consider the provided statement to prove that the trace of the linear operator on the space is the 
product (trace A)(trace B) by using permanence of identities. 


Comment 


Step 20f3 “ 


As it is provided that the order of matrices 4 and B are mxm and nxn respectively then let 
X,, be the left multiplication by 4 and Y, be the right multiplication by B. Then, it can split 
rR" into the direct sum of X,-invariant ncopies of p* to the provided matrix the columns of 
M.- 

X,, Acts by the usual multiplication of a matrix by a column vector, therefore 
det (X,) =[det(4) |" 


This process is similar as, 


det (¥,) =[det(B) |" 


Therefore, 
det( X,Y, ) =det(X,, )det(Y, ) 
=[det(A)}" [det(B) |" 


For compute the trace( X ,X’, ) clear the previous argument to X,Y, = A® B’ . it can be think 
Is shown as below. 


R™" = Hom(R",R") 
= R"@(R") 
Hence, trace(X,X,,)=trace(X,)trace(X,, ) is proved. 


(a) 
To determine that whether or not permanence of identities allows the result to be carried over 
from complex numbers to an arbitrary commutative ring, 


Suppose ¢ be the set of complex numbers and A,B,C be the compatible matrices with 
entries from set of complex numbers. 


Since, matrices satisfy the associative law under multiplication. 
Then, for the matrices A,B,C 

(AB)C = A(BC) 

Then, the above can be written in the form of a function f as, 
J (A,B,C) =(AB)C — A(BC) 

Suppose Y,Y,Z be the indeterminate nxn matrices. 

Then, 

(XY)Z =X(¥Z) 

Then, 

S(X,Y,Z)=(XY)Z—X(¥Z) 

Then, f(X,Y,Z)is the polynomial and an element of the ring. 
Then, the associative law of the matrices under multiplication is similar to an identity. 


Since, the certain properties of matrices with entries in a field continue to hold when the entries 
are in the ring only if the property is an identity. 


Then, the associative law of the matrices under multiplication holds in the ring. 


Hence, it concludes that permanence of identity allows the result for the associative law of 
matrix multiplication to be carried over from complex numbers to an arbitrary 
commutative ring. 


(b) 
To determine that whether or not permanence of identities allows the result to be carried over 
from complex numbers to an arbitrary commutative ring, 


Suppose © be the set of complex numbers and p(r) be the characteristic polynomial of a nxn 
matrix 4. 
Then, by the Cayley-Hamilton theorem, the characteristic polynomial p(r)is, 
p(t) = det( — A) 
=" —(traceA)r"' +(indeterminate terms )+(—1)" (det 4) 
Suppose y be the indeterminate nxn matrix. 
Then, 
p(t) = det(d — X) 
=1" —(traceX )¢""' +(indeterminate terms )+(—1)" (det X) 
Then, the polynomial p(t) is the polynomial In 2,2 complex variables and this is an element of 
the ring. 


Hence, it concludes that permanence of identity allows the result for the Cayley-Hamilton 
theorem to be carried over from complex numbers to an arbitrary commutative ring. 


(c) 
To determine that whether or not permanence of identities allows the result to be carried over 
from complex numbers to an arbitrary commutative ring, 


Suppose ¢ be the set of complex numbers and a system of » linear equations for m unknowns 
such that, 


Ax=B 
Where, 4 is the non-singular coefficient matrix, the column vector x = (x,,.x,,...,.X, y and Bis 
the constant matrix. 
Then, by the Cramer's rule, 
det (|) 
4,32——-< 
det (A) 
Where, 4, is the matrix formed by replacing the j-th column of the coefficient matrix 4 and 
i=1,2,...,”. 


Suppose y be the indeterminate mx» matrix. 


Where, X, is the matrix formed by replacing the j-th column of the matrix y and i =1,2,...,”. 
Since, both det(X)and det (X, )are polynomials in a unknown. 


Then, hs CF) not be the polynomial. 
det(X’) 


det (X,) 
( 


This implies that, need not be an element of the ring. 
det (X) 


Hence, it concludes that permanence of identity does not allows the result for Cramer’s 
rule to be carried over from complex numbers to an arbitrary commutative ring. 


(d) 
To determine that whether or not permanence of identities allows the result to be carried over 
from complex numbers to an arbitrary commutative ring, 


Suppose ¢ be the set of complex numbers. 

Then, any product, quotient of complex numbers is again a complex number. 
And product of polynomials is again a polynomial. 

And the differentiation of polynomial is again a polynomial. 


Comment 


Step 50f7 “A 


But, the quotient of two polynomial need not be a polynomial. 
Then, the quotient of two polynomials need not be an element of the ring. 


Hence, it concludes that permanence of identity does not allows the result for product 
rule, quotient rule, and chain rule for the differentiation of the polynomials to an arbitrary 
commutative ring. 


(e) 
To determine that whether or not permanence of identities allows the result to be carried over 
from complex numbers to an arbitrary commutative ring, 


Suppose ¢ be the set of complex numbers and f(x) be a polynomial in indeterminate x of 


degree vin. 


Then, the polynomial f(x) can have at most » roots in any field and this is an identity. 


Since, the certain properties of polynomials with coefficients from the field continue to hold when 
the coefficients are in the ring only if the property is an identity. 


Then, the polynomial f(x) can have at most » roots in any ring. 


Hence, it concludes that permanence of identity allows the result for the fact that a 
polynomial of degree » has at most » roots in any arbitrary ring. 


(f 


To determine that whether or not permanence of identities allows the result to be carried over 
from complex numbers to an arbitrary commutative ring, 


Suppose ¢ be the set of complex numbers and g(x) be a complex valued function that Is 
infinitely differentiable at any number c. 


Then, the Taylor's series is, 


(x)= 30, (x-%))" 
a @ 
Then, Taylor's expansion of the polynomials g(x) is, 


” 
g (b 2 

a (x)= 4(6)+2'(0)(x-6)+ =) oy + 
Then, the Taylor's expansion of the polynomials g(x) is similar to an identity. 
Since, the certain properties of polynomials with coefficients from the field continue to hold when 
the coefficients are in the ring only if the property is an identity. 
Then, Taylor's expansion of a polynomial is an element of the ring. 


Hence, it concludes that permanence of identity allows the result for Taylor's expansion of 
a polynomial in any arbitrary ring. 


Section 4 


lia 


(a) 
Here the objective is to transform the matrix in diagonal form and the matrix are, 


| 


3 1 -4 


3 Sele ae 
~1 2] |2 4 6 
4 6 -2 


Consider the provided statement to reduce matrix to diagonal form by using integer row and 
column operations. 


Provided matrix is, v | 


Step1: Interchange C, <> C, is shown as below, 
a 1 1 3 
— 
-l 2 2 =1 
Step2: Perform C, + C, -3-C, is shown as below, 
3 1 3-3-1 
_s 
2 -l 2 1-2-3 
5] 
ay 
2-7 
Step3: Perform R, — R, —3-R, is shown as below, 
1 0 1 0 
=> 
Ls fb s 4] 
1 0 
— 
[5] 
Step4: Perform R, — R, + R, is shown as below, 
1 0 1 0 
> 
-1 -7 -l+1 -7+0 
1 0 
> 
0 5 


} -@ 
Hence, the diagonal form of the matrix is R : 


Provided matrix is, ik Me 
24 6 


Step1: Perform R, 9-5 then, 
472 ie ae 
24 6 p23 
Step2: Perform C, 3 2¢6,-C, then, 
472 4 7 2-2-4 
> 
| Ee’ Ae 1 2 3-2-1 
470 
— 
k 2 4 
Step3: Perform R, + 4R, —R, then, 
470 4 7 0 
> 
l 2.3 4-4 8-7 20-0 
470 
> 
0 1 20 
Step4: Perform R, + 7R, — R, then, 
47 0 4 7-7 -140 
ys 
0 1 20 | 20 


4 0 -140 
= 
b l | 


Step5: Perform C+ then, 
4 0 -140 4 0 -7 
> 
oo | ie | 
Step6: Perform C, + C,—C, then, 
40 -7 40 -7 
> 
b 1 4 k I a 
40 -7 
ae 
[° 1 | 
Step7: Perform C, —» 2C, +C, then, 
40 -7 8-7 0 -7 
> 
o1 0 0; “t8 
10 -7 
at 
01 0 


Step9: Perform C,—»7C, +C, then, 


paar 


100 
=> 
010 
100 
Hence, the diagonal form of the matrix is o1 ol 
3) EL oh 
Provided matrixis, | 2 -3 1 
4 6 -2 


Now by using MATLAB, the diagonalizing is shown as below, 


Step1: Enter the matrix in MATLAB is as below; 
>> A=[3 1 -4; 


2-3 13 

-@ 6 -2) 

A= 
3 i =q 
2 -3 1 
-4 6 -2 


Step2: The Eigen value (EVe) and Eigen vector (EVa) is calculated as below; 
>> [EVe,EVa]=eig (A) 
EVe = 
-0.9102 -0.3789 0.5774 


-0.1852 0.4139 0.5774 
0.3704 -0.8277 0.5774 


4.8310 ° 0 
0 -6.8310 ° 
° ° 0.0000 


Step3: The diagonalize matrix is shown as below; 
>> C=inv(EVe) *A*EVe 
c= 
4.8310 -0.0000 0.0000 


0.0000 -6.8310 0.0000 
0.0000 -0.0000 0.0000 


Hence, the diagonal form of the matrix is 


(b) 


To find the bases of Vand 1 asitis provided that y=7? and L=AV. 


Now drawing the lattice spanned by the vectors ‘] and 


‘ which Is left in the notebook. The 


commensurate bases are Bin for 7? and Bie for 1, as this is easily too established 


from the picture. 


(c) 


Here the objective is to transform the matrix in diagonal form. 


The integer matrices Qu' and Pp by diagonalize the provided matrix is shown as below; 


47 
The provided mati, 4 =| ‘ 


2 4 6 


The provided matrix is diagonalized is as follow by using several row and column operations, 


= 
Nn 


I ' 
__ —— Ss. i 
a 
| 
te 
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Consider the provided statement to prove that d, Is the greatest common divisor of the entries 
a, of matrix 4. 


Comment 


Step 20f2 “ 


Let jg be a minor of the provided matrix 4 is shown as below; 


d 00 = 0 = 0 
0 d& Om 0 0 
00 dhs 0 «0 
M=|0 0 0 d, 0 
000 0 0 


Then d,d,---d, is the greatest common divisor of any jxj minor of 4. Since d,|d,|---|d, isa 
ixi minor which is Zero or the product of j distinct d, will be divisible by the product of the 
first j d, and this product is the greatest because d,--d, is a possible {xj minor. 


From the theorem 14.4.6, any integer matrix can be diagonalized into a form like jg by 
invertible row and column operations. Therefore, if NV is a matrix where d,---d, is the GCD of 
allthe jxj minors. 


Hence, d, is the greatest common divisor of the entries a, is proved. 


Consider the provided statement to determine all integer solutions to the system of equations 


7 
and also find a basis for the space. The matrix is, a-[} 4 ‘ 


Comment 


Step 20f3 ~ 


The provided matrix is diagonalized is as follow by using several row and column operations, 


bee ok -1 201 0 
2 4 6 ie a) PARE 
0 -1 0 

|) a1 2° 
001 


cocoNns4N oN ™ 
-=wn =—- oN 
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Therefore, let Y=[x y z] then AX =0 means, 


100 47 2I/x 

i 2 aI: 2 3iiy|=0 
0 0 Iilz 
4x+7y+2z 

10 

[0 2 | wider tg =0 


As the first matrix is diagonal, then it is concluded that there are no restrictions on the variable z. 


4x+7y+2z=0...... (1) 
x+2y+3z=0...... (2) 
From equation (2), the value of x isas x=-2y—3z then, substitute this value into equation 
(1), 
4(-2y-3z)+7y+2z=0 

-8y-12z2+7y+2z=0 

-y-10z=0 
y=-10z 

After putting the value of y =—10z then the value of x is calculated as below, 
x=-2y-32 

= 202-32 
x=172 

17z 

Therefore, the solutions are of the form of || —10z || integer, if > «eZ. 


z 


4.a 


Consider the provided statement to find a basis for the 7 —module of the system of equations. 
Provided system equations are, 

x+2y43z=0 ...... (1) 

x+4y49z=0 ...... (2) 


It is easier to solve manually to formally diagonalize, therefore from equation (1) 
x+2y4+3z=0 


Now put the value of x into equation (2), then 
x+4y+9z2=0 
-2y-32+4y+92=0 
2y+6z=0 
2(y+3z)=0 
y+3z=0 
y=-32z 
Then from equation (3) when the value of y is substituting, 
x=-2y-3z 
=-2(-3z)-3z 
=6z—3z 


=32 
3 


Therefore, from the above calculation it is observed that, the solution have the form as z| —3 


1 
and the basis is (3.9) 
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Complex numbers are defined as those which can be written in the form of; 
a+ib 
Where; 


a,b = integers 
ieV 


Comment 


Step 20f5 “ 


Consider the complex numbers @, #, yare linearly independent over the rationals 
Then; 
(!a.-|a },mp—|mp |.ny-|ny]) 
For /,m,n =1,2,3,4,... 
Let these be dense in the unit square. 


Further consider an example of aring R = A V-2] 
It is a lattice in the complex plane. It has the points with integer coordinates having basis 1, /2; 


This means that the mesh of the lattice is a rectangle 
In this case, the base is parallel to the real axis that has a length of 1 and a height of length /> 


Comment 


Step 40f5 A 


Now, consider another example; 


“fh 


Clearly, 1+V°3 cube rot of-1. Tats the fundamental parallelogram inthe rhombus 


which is the union of two equilateral triangles 


So, in this case a triangular lattice is formed. But if both the triangles are set together then again 
the mesh becomes a rectangle as given below; 


DIAGRAM 


Thus from the above explanation it can be said that any complex number of the form of a, # and 
y adjoined with the integer /, m,n, that is; 


(la -|la |,mB-| mB |.ny-{ny }) 
That means it should have a mesh of the form of a rectangle. 


Thus, the set of integer with linear combinations {la+mB +ny/I,mne ZB forms a lattice 
in complex plane if there mesh forms a rectangle in shape 
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Given: Consider a homomorphism given by multiplication by an integer matrix A given by 
y: ) ny Ad 


To Prove: The image of ¢ is of finite index if and only if A is 
non-singular that it if so, then the index is equal to |det(A)}. 


Proof: Consider the subgroup Im(q) of Z*. 

Since Z is abelian, note that the index of Im(y) is given by |Z*/Im(y)|. 

Now recall that, if A is an integer matrix, then there exist products Q and P of elementary integer matrices of 
appropriate sizes, so that A’! = Q-! AP is diagonal, and if d}, do, ..., dj, are diagonal entries of each row down, 
then d,{d2|d3|...d,_1|dp. 


So it follows that there exists P and Q in GLy.(Z) such that A’ = Q-! AP is diagonal with diagonal entries 
d|d2\d3}...d,_1|d, followed by k — r zeroes. 
And therefore we have 


Z*/im(y) = Z*/AZ* 
~ ZF / AZ 


= [e/az) ne ae 


i=1 


Therefore notice that |Z* /im()| is finite if and only if r = k. 
Now this is true if and only if 


det(A) = det(Q.A'P™') 
= det(@Q)det(A')det(P~') 


k 
= det(Q)det(P™') |] d; 


i=l 


This follows that A is non-singular. 
Now consider that if \z* /Im(y)| is finite the aforementioned property yields that 


k 
\Z*/im(g)| = [] di. 
i=l 
Then by (x) it follows that 
|Z*/im(y)| = \det(A)|. 


This completes the proof. 


Result Sof 


Considering the Image of the map y and using the diagonalisable property we have shown that \zk /im(y)| = 
|det(A)}|. 
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To prove that there exist a matrix P e GL, (Z)such that PA =(d,0,...,0)', 


Suppose A=(a,,a,,...,a,) be an integer column vector and qbe the greatest common 
divisor of a,,a,,....4,- 


Then, by Bezout's theorem, there exist some integers x,,x,,...,.x, Such that, 

XG, +Xya, ++ +xX,a, =d 

And there also exist some integers y,,z,,...,, € Zsuch that, 

VG, + YQ, +++ Ya, = 0, 2,4, + 2,4, +++ 2,4, =0,..., Wa, + Wa, +++ wa, =0 
Where j=1,2,..., 

Suppose GL, (Z) be the general linear group of all xn invertible matrices. 
Then, forany Pe GL, (Z)such that, 


ae ec ee 
Mu I Ve 

Paix x = = =, [P40 
we Wy, w, 


Where, x,,¥,,Z).....4, €Z 


Then, 
m % x, [4 
vee TS Fes 
PAz|z, 2, «+ + Zi: 
wow oe ow, ila, 


XG, + Xa, to + Xa, 
Wy + YA, °° + Vy 
=| 2,4, +2,a, +++-+2,a, 


wa, + Wa, +--+ Wa, 


Since, qbe the greatest common divisor of a,,a,,...,a,. then 
XQ, + Xa, ++-+4x,a, =d 
And 
NG, + V:A, +0 + Ya, = 0, 2,4, + 2,4, +°+++2,4, =0,..., ya, + Wa, +--+ wa, =0 


Now, substitute the above value in the matrix p4 . 


Then, 
% & x, || a 
MN 2 Ya |} 
PA=|2, 2, so 2, 
WwW, w, || 4, 


XG, + XG, + +X, 
Vid, + 2A, Ho + YG, 
2\a, + 2,4, +++-+2,a, 


wa, + Wa, +++, 4, 
d 
0 
0 


0 
=(d,0,...,0) 


Hence, it is proved that there exist a matrix P< GL,(Z)such that p4 =(d,0,...,0)'- 


8.a 


2-i 9 
There are several steps to diagonalize the matrix is shown as below, 
Step1: Interchange the value of column1 to column2 is as below; 


3 2+i] | 2+i 3 
2-i 9 9 2-i 


Step2: column2 is modified as C, — C, —C, shown below; 
2+i 3 2+i 3-(2+i) 

> 
9 2-i 9 2-i-9 

2+i 1-i 

> 

ie aa 
Step3: Again interchange the column value that is C, <> C, 


2+i 1-i l-i 2+ 
> 
9 aa bes 9 


Step4: In place of column2, first of all multiply column 1 with j and then subtract from column 2 
is as below: 


bs s+ I-i  2+i+(1-i)i 
-7-i 9 -7-i 9-i(-7-i) 
1-i 2+i-(i+1) 
ie al 
l-i 1 
| mal 
Step5: Again replace both columns that is C, «+ C, shown as below; 
1-i 1 1 1-i 
fe a De a 
Step6: Perform operation G > (1-i)C, +C, is shown as below; 
1 l-i | (i-1)1+(1-i) 
ed lean nae 
1 i-1+1-i(i-1)1+(1-A) 
len (8i-7-8-7i)+(-7-i) 


i 0 
> 
; +7i é| 


Consider he provided statement to agonal te mat | , es, 


Step7: Perform R, -»(-8—7i) R, + R, is shown as below; 
ice 0 
Bs pa Preeraen Periers 
1 0 
Hcaqueiah me 
1 0 
+l) eM 


. 3 2+i 1 0 
Hence, the diagonalize matrix of the matrix ro is H 
ad 
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Consider the provided statement to prove that if 7c \y are lattices then [wey] 


Itis assumed that F,, F, are finite subsets of ag then F, c F,. Let xe M be an arbitrary 
element. Then, 


A(M)=AA(F) 
=aA(F U{b}) 


Comment 


Step 20f2 ~ 


As b> A(F U{b}), VF cM, then from Lemma 8 as it is known that <> A(M) 
Hence M <> A(M), let bb, eM. 
It is easy to show that, 
A(b, AA(M),b, AA(M)) = A(b,,b,)A(M) 
=A(M) 
From result, it is obtained that b, ,A(M) and b, a A(M) is compatible in [0,A(M)]. 
A(L) 


Because, this is lattice logic which is regular then [M:L])= <a) is proved. 


Section 5 


lia 


Consider the provided statement to determine a presentation matrix as R — module for the ideal 
(2,1+6) where 5 — /-5. 


Comment 


Step2o0f2 “ 


The surjective map is considered as shown below; 
R’ +» 9(2,1+6) 
(x,y) 2x4(1+6)y 
As ker has two generators. Then, there is the relation that 2(-1-6)+(1+5)2=0 and also 
the relation 2(-3)+(1+6)(1-6)=0. 


Therefore, two relations cannot be derived from each other. Then ker is find by finding 
(x,y) eR such that 2x+(1+5)y=0. 


It means that ker¢ = {vive R and “**) is also in R} 


Therefore, the presentation matrix is ie aa 5 


Consider the provided statement to identify the Abelian group that is presented by the matrix is 
provided as below; 


31-2 
A=|1 1 1 
2.3 6 


For determining the Abelian group corresponding to a presentation matrix, the provided matrix is 
changed into Smith normal form is as below; 


Step 1: Interchange R, <> R, is shown as below; 
a 1,2 


y ae ae 


Step2: Interchange R, <> R, is shown as below; 


| ao Fe 

3 1 2|/> : : 

236 

Step3: Perform R, — R, —2-R, is shown as below; 


a) | 
23 elalaa a2 62 
ca baie 


: 
ae 


Step4: Perform R, — R, —3-R, is shown as below; 


Tour a 1 1 1 
01 4/>/] 0 1 4 
31 2 


3-3 1-3 2-3 

| ee ea | 
—~|0 | 4 

0 -2 -I 


Step5: Perform R, >» R, + R, is shown as below; 


bY Eo 1 1-2 1-1 
0 1 4/>/0 | 4 


1-1 0 
>|0 1 4 
0 -2 -1 


20 


Step6: Perform C, + C, +C, is shown as below; 


1-1 0 1 I-11 O 
0 1 4/>/0 140 4 
0 -2 -l 0 -2+0 -l 

i 

>|0 1 4 

0 -2 -1 


10 0 1 0 0 
0 1 4/>/0 1 4-4 
0 -2 -1 0 -2 -14+8 
10 0 

-/0 1 0 

0 27 


Step8: Perform R, — R, +2R, is shown as below; 
10 0 1 0 0 


0 1 O|>/0 1 0 
0-27 0 -2+2 7+0 
100 
—>|0 10 
Oo. a 


Hence, the Abelian group of the presented matrix is of group ale 


Section 6 


lia 


Consider the provided statement to prove that there is a finite subset of these polynomials whose 
zeros define the same locus. As it is provided that let 7 © (”” is the locus of common zeros for 
the infinite set of polynomials f,, f,, f,--- 


Comment 


Step 20f2 


Let it is known that ) is a variety and it can be associate that an ideal of polynomials to this 

variety. 

Let J =(/,, f,,---) then the variety associated with /,V(/) is precisely V(/)=V. 
(HNsKhAHNsoKnhAe 

VAQAVAL)QAVAAA)2 


As _¢* is Noetherian and there can be no infinitely ascending chains of ideals and there exists 
n such that (f,,--f,)=/ and V( fi, f.)=V.- 


Hence, provided statement is proved. 


Consider the provided statement to find a ring x that is not finitely generated. 


An example of the ring is R = F[x,,x,,.x,,-+] a polynomial ring in a countably infinite number of 
variables. From the Hilbert Basis Theorem, 


A polynomial ring with a finite number of variables is Noetherian; therefore all ideals would be 
finitely generated. 


Comment 


Step 20f3 A 


Let 7 is the ideal generated by all the variables. It can be check that 7 is an ideal by showing 
that for a,be/,reR then a+b and rae].Where x,€/,VieN and | ¢/, therefore the 
smallest basis for 7 is (.x,,x,,-+-) an infinite collection of all the variables. 


The span of any smaller basis would not include the element x, for some x, since there are no 
relations that allow x, to be written as a  —linear combination of other variables. 


There is also an example R = {Continuous function from R — R} . This is a ring that using 
(f+g)(x)= f(x)+9(x) and (f-g)(x)= f(x)- g(x). Remember that addition and 
multiplication preserve continuity that is, 

1={f:f(0)=0} 
To check that / is an ideal itis noted that if f(0)=0 and g(0)=0 then 


(f+g)(0)=£(0)+2(0) 


=0 

And also, 

(F-2)(9)= £(0)-8(0) 
=0 


If it is to be seen that, 7 is not finitely generated as sin x,sin 2x,sin3x,-++ all are linearly 
independent and also have no common divisor but are all in 7 . Hence, these all are examples of 
a ring that is not finitely generated. 


Section 7 


lia 


Consider the provided statement to find the direct sum of cyclic groups isomorphic to the Abelian 
group. Provided matrix is, 

y ey aoe 

ye 

202 


22 


Now diagonalize the provided matrix in various steps which is shown as below, 
Step1: Perform C,-»C,-C, and C, +C, -C, is as below; 


2 2.2 2 2-2 2-2 
2 2 Oj->|2 2-2 0-2 
2.0 2 2 0-2 2-2 

2 0 0 

—>|2 0 -2 

2 -2 0 


2° 9: 0 2+0 0 0 
2 0 -2]-/2-2 0 -2 
220 2+0 -2 0 
2°00 
2-10 0 +2 
22 0 


Step3: Perform C, +C,+C, 
20 0 2+0 0 0 
0 0 -2|-|0+0 0 -2 
2 =2 0 2-2 -2 0 

z 0.0 
7/0 0 -2 
0-2 0 

Step4: Perform C, <> C, 

2 0 0 20 0 
0 0 -2/-)/0 -2 0 
02 0 00 -2 


Therefore, this is diagonalise form of the provided matrix. Therefore, the Abelian group presented 
by the matrix is the direct sum of three cyclic groups that is C, ®C, ®C,. 


Consider the provided statement to write the Abelian group which is generated by x and y with 
the given relation. 


Comment 


Step 20f3 ~ 


Provided relation is, 
3x+4y=0 
This equation can be also written in the form of, AY =0 where A,X are matrices. 


p «lf 


Where 4=[3 4] and x-[*] 
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The presented matrix A= | can be diagonalized as shown below; 


Step1: R, + 4-R, -5-R, is as below; 


[Leesa 
bes] 
“ti 


Step2: R, > R, -3-R, is as below; 
thee 
—> 
1 1 
3-3 
ais te 


0 
The obtained matrix which is in diagonalized form is ' } Hence, this represents the free Abelian 


group whose rank is 1 because as from the definition of rank, the number of non-zero row is 1, 
so the rank is 1. 


3.a 


(a) 
To find an isomorphic direct product of cyclic groups for the abelian group V generated by 


X,¥,Z, 

Suppose y be the abelian group generated by x, ’,z with the following relation, 
3x+2y+8z=0,2x+4z=0 

And a trivial relation 

0x +0y+0z=0 

Then, the system of relation is, 

3x+2y+8z =0,2x+4z=0,0x+0y+02=0 

First, find the diagonal matrix corresponding to the system of relations of the abelian group V . 
Since, the matrix corresponding to the system of relations is, 


3 20 
A=|2 0 0 
8 40 


Suppose 7 be the eigenvalue of the matrix 4, then 


|A-Al|=0 
B-A2 2 0 
2 0-4 0 |=0 
8 4 0-d 


(-A)[(3-4)(-4)-4]=0 
(-a)[#?-34-4]=0 


A=0,-1,4 
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Therefore, the eigenvalues of the matrix 4 are 0,-1.4 
Now, find the eigenvector corresponding to each eigenvalue of the matrix 4. 
Suppose vy be the eigenvector corresponding to the eigenvalue (such that 
v=(x,,x4,4,)) 
Then, for the eigenvector of the matrix 4 
[4-Al](v)=0 
[4-0/](v)=0 


2 0-0 O |x, /=0 
8 4 0-0}/ x, 


Then, the systems of equations are, 

3x, +2x, = 0,2x, =0,8%, +4x, =0 
Then, 

x, = 0,x, =0,x, =1 
Then, the eigenvector corresponding to the eigenvalue (is, 
v=(0,0,1) 


In the similar way, the eigenvector corresponding to the eigenvalue —| is (-}. 10) and the 
eigenvector corresponding to the eigenvalue 4 is (2.3.1) 


Then, the matrix p of the eigenvectors corresponding to the eigenvalues is, 


ot 2 
2 5 

1 

P=|0 1 = 
5 

101 


Then, the diagonal matrix corresponding to the matrix 4 is, 


D=P'AP 
12 
Hees 
papae (25 o.3 
“ : = ol/2 0 ofo 1 ; 
21 of 4 UW, o 1 
00 0 
=|0 -1 0 
00 4 


Therefore, the diagonal matrix associated with the matrix 4 is, 


00 0 
D=|0 -1 0 
00 4 


Then, by the structural theorem for the abelian group y is, 
V={0}®C, Cc, 
Where, {0} is free abelian group. 
Hence, the required isomorphic direct product of cyclic groups for the abelian group y is 


[wecec] 
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(b) 
To find an isomorphic direct product of cyclic groups for the abelian group y generated by 


Xz, 

Suppose y be the abelian group generated by x,y,z with the following relation, 
x+y=0,2x =0,4x+22=0,4x+2y+2z= 

Then, the system of linearly independent relation is, 
x+y=0,4x422=0,4x+2y+2z=0 


First, find the diagonal matrix corresponding to the system of relations of the abelian group y’ . 


Since, the matrix corresponding to the system of relations is, 
144 
1 


Suppose 2 be the eigenvalue of the matrix g, then 
|B-Al|=0 

I-A 64 4 

1 O-A 2 |=0 

0 2 2-A 

—A' +327 +64-4=0 

A=2,14+V5,1-V5 


Then, the eigenvalues of the matrix g are 21+ /5,1-J5. 
Therefore, the diagonal matrix associated with the matrix 8 is, 
z- 0 0 
D=|0 1+V5_ 0 
0 0 1-v5 
Then, by the structural theorem for the abelian group V is, 
V=C,®ROR 
Where, mis free abelian group. 
Hence, the required isomorphic direct product of cyclic groups for the abelian group V is 


[oxen 


(c) 


To find an isomorphic direct product of cyclic groups for the abelian group Y generated by 
x,y,z, 


Suppose V be the abelian group generated by x,,z with the following relation, 
2x+y=0,x-y+3z=0 

And a trivial relation 

Ox+0y+0z=0 

Then, the system of relation is, 

2x+y=0,x-y+3z=0,0x+0y+0z=0 


First, find the diagonal matrix corresponding to the system of relations of the abelian group V’ . 


Since, the matrix corresponding to the system of relations is, 
» Ti) aw | 
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Suppose { be the eigenvalue of the matrix C, then 


|c-al|=0 
2-4 1 0 
1 -1-A 0 |=0 
0 3 O-A 


(-A)[(2-4)(-1-4)-1] =0 
(-a)(2?-2-3)=0 
A =0,5(1-Vi3).5 (1+ V3) 
Then, the eigenvalues of the matrix ¢ are 0,5(1-vi3).5(1+vi3), 


Therefore, the diagonal matrix associated with the matrix ¢ is, 


0 0 0 
1 
D=|0 3! -vi3) 0 
1 
0 0 3! +vi3) 
Then, by the structural theorem for the abelian group V’ is, 
Vz={0}®OROR 
Where, {0} and Ris free abelian group. 
Hence, the required isomorphic direct product of cyclic groups for the abelian group V Is 


[njenee] 


(d) 

To find an isomorphic direct product of cyclic groups for the abelian group Y generated by 

XZ, 

Suppose y be the abelian group generated by x,y,z with the following relation, 
7x+Sy+2z=0,3x+3y =0,13x+lly+2z=0 


First, find the diagonal matrix corresponding to the system of relations of the abelian group V’ . 


Since, the matrix corresponding to the system of relations is, 


ts 
D=|5 3 Il 
202 
Suppose 7 be the eigenvalue of the matrix 4, then 
|D-Al|=0 
7-A 3 13 
$ 3-A 11 /=0 
2 0 2-2 
1247-2? =0 
2=0,0,12 
Then, the eigenvalues of the matrix p are 0,0,12. 
Since, 
G.M(A)=n-rank(D-Al) 
Then, 
G.M(0)=3-rank(D-0/) 
=3-2 
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Then, the geometric multiplicity of eigenvalue Q is 1. 

But, the algebraic multiplicity of eigenvalue (is 2. 

This implies that, the matrix pis not diagonalizable. 

Then, by the structural theorem for the infinitely generated abelian group Vy is, 
V=R@®ROR 

Where, Ris free abelian group. 

Hence, the required isomorphic direct product of cyclic groups for the abelian group y’ is 
[ROR@R]. 


To identify the abelian group corresponding to the presentation matrix, 
Consider the following presentation matrix, 
i] 
1 
Then, the presentation matrix can be diagonalized by the elementary row operations. 
Then, apply the elementary row operation R, <— R, —2R, in the presentation matrix. 


This implies that, the presentation matrix corresponds to the free abelian group of the rank 1. 
Then, the abelian group corresponding to the presentation matrix is, 


~ oz 
@ 


Hence, the required abelian group corresponding to the presentation matrix is free abelian group 


Zz 
—®Z). 
2Z 


Consider the following presentation matrix, 


H 


This implies that, the presentation matrix corresponds to the free abelian group of the rank 1. 


Suppose (1,,u,) be the generator of the group corresponding to the presentation matrix. 
Then, the relation for group is, 

Su, =0 
Then, the group corresponding to the presentation matrix is, 


Zz 
ZO— 
5Z 


Then, the abelian group corresponding to the presentation matrix is, 


Zz 
Zo— 
oz 


Hence, the required abelian group corresponding to the presentation matrix is abelian group 


Zz 
ZO—|. 
Fes 
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Consider the following presentation matrix, 
[2 0 0} 


This implies that, the presentation matrix corresponds to the free abelian group of the rank . 
Suppose (w,,u,,u,) be the generator of the group corresponding to the presentation matrix. 


Then, the relation for group is, 
2u, =0 
Then, the group corresponding to the presentation matrix is, 


~ ezez 
2 


Hence, the required abelian group corresponding to the presentation matrix is abelian group 


Zz 
—8Z67Z). 


Consider the following presentation matrix, 


1 0 
01 
00 


This implies that, the presentation matrix corresponds to the free abelian group of the rank 2. 
Suppose (1,,1,,u,) be the generator of the group corresponding to the presentation matrix. 


Then, the first relation for group is, 
u,=0 
And the second relation for the group is, 
u,=0 
Therefore, eliminate the zero elements from the generating set (1,,u,,1,)- 
Then, in the generating set, there is only one element {1,}. 
Then, the abelian group corresponding to the presentation matrix is, 
Zz 


Hence, the required abelian group corresponding to the presentation matrix is free abelian group 


[Z)- 
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Consider the following presentation matrix, 


(i 
Oe 
Then, the presentation matrix corresponds to the free abelian group of the rank 2. 
First, find the diagonal matrix corresponding the above presentation matrix. 
Suppose { be the eigenvalue of the matrix 4, then 
|A-Al|=0 
2-A 3 
Ps 2-a\"° 
(2-a) -3=0 
2 -424+4-3=0 
2-42 4+1=0 
A=2+13,2-3 


Then, the eigenvalues of the matrix 4 are 2+./3,2-,3. 


Therefore, the diagonal matrix associated with the matrix 4 is, 


= 2+3 0 
o-| 0 Re 


Then, by the structural theorem for the abelian group corresponding to the presentation matrix is, 
ROR 
Where, Ris free abelian group. 


Hence, the required abelian group corresponding to the presentation matrix is free abelian group 
[ROR]. 


Consider the following presentation matrix, 


4 
ali al 
Then, the presentation matrix corresponds to the free abelian group of the rank 2. 
First, find the diagonal matrix corresponding the above presentation matrix. 
Suppose { be the eigenvalue of the matrix g , then 
|B-Al|=0 
PE 4 
1 4-4 
2 -614+8-4=0 
2 -64+4=0 
A=3+V5,3-V5 


Then, the eigenvalues of the matrix g are 34 /5,3- 5. 


=0 


Therefore, the diagonal matrix associated with the matrix B is, 


3+V5 0 
o-| 0 ae 


Then, by the structural theorem for the abelian group corresponding to the presentation matrix is, 
ROR 

Where, Ris free abelian group. 

Hence, the required abelian group corresponding to the presentation matrix is free abelian group 
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Consider the following presentation matrix, 


Then, the presentation matrix corresponds to the free abelian group of the rank 2. 
First, find the diagonal matrix corresponding the above presentation matrix. 
Suppose { be the eigenvalue of the matrix C, then 
|C-Al|=0 
is 4 
6 4-2 
2 -6A+8-24=0 
# -6A-16=0 
2? -8A+2A-16=0 
(A-8)(A+2)=0 
A=-2,8 
Then, the eigenvalues of the matrix C are —2,8. 
Therefore, the diagonal matrix associated with the matrix ¢ is, 


2 0 
D = 
0 8 
Then, by the structural theorem for the abelian group, the abelian group corresponding to the 
presentation matrix is, 
C, OC, 


Hence, the required abelian group corresponding to the presentation matrix is free abelian group 


[esq]. 


[ 


Consider the following presentation matrix, 


Then, the presentation matrix corresponds to the free abelian group of the rank 2. 
First, find the diagonal matrix corresponding the above presentation matrix. 


Suppose 2 be the eigenvalue of the matrix ¢ , then 
|E-Al|=0 
-A 6 
; {9 
2? -7A+12-12=0 
#B-72=0 
A=0,7 
Then, the eigenvalues of the matrix £ are 0,7. 
Therefore, the diagonal matrix associated with the matrix £ is, 


o-[; 1 


Then, by the structural theorem for the abelian group, the abelian group corresponding to the 
presentation matrix is, 


Z® = 
7Z 
Where, 7 is free abelian group. 
Hence, the required abelian group corresponding to the presentation matrix is free abelian group 


Zz 
Ze . 
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Consider the provided statement to determine the number of isomorphism classes of abelian 
groups of order 400. 


Comment 


Step 20f3 ~ 


If the group is isomorphic, then toa sum of C, ®C, ®---®C, with d,|d,|---|d, and 
dd, «+d, = 400 . As it is known that the prime factorization of 400 is 409 = 2*5?. Therefore, the 
values of & is less than or equal to 4. 
The choices for d, are divisors of 400 < 20 oF just 400. Moreover, it can't have 2"|d, or 5* | d, 
, So the value of d, is 2,4,5,10,20. If 5|d, then there is qd, because there are only two copies 
of 5 to go ground. 
Therefore, 
400 
d, =—. 
2 d, 
That gives three equivalence types C, @C,,,.Cyy @Cy,Cy OCy 


If d,=2, itcouldhave d, =200 to get C,®C,,.), otherwise 4|d, because 2x4x 4/400 
Therefore, there are two options d, =2 or d, =10. If d, =10 then the factors of 5 constrain 
d, =20 and the group is C, ®@C,, @C,,- 

If d,=d, =2 then d, =100 and tofind C,®C,®C oras 4fd, thatis d, =10 and 

d, =10 tofind C,®C,®C, @C,, or d,=2 and d, =50 to find C,®C, OC, Cy. 


Hence, the number of isomorphism is {10} - 


(a) 
Consider the provided statement to prove that cyclic group C,, Is isomorphic to the product 

C, ®C,. 
Let a and f are relatively prime integers then a cyclic group of order gph is isomorphic to the 
product of a cyclic group of order a@ and a cyclic group of order f. 
On other side, a cyclic group of order 4 is not isomorphic to a product of two cyclic groups of 
order 2. Every element of C, x C, has order 1 or 2 but a cyclic group of order 4 contains two 
elements of order 4. 
Therefore, if a and } are relatively prime integers then the cyclic group C,, that has order gh 
is isomorphic to the directsum C, ®C, of cyclic subgroups of orders a and p is proved. 


(b) 

Consider the provided statement to explain what happen if @ and pare relatively prime is 
dropped. 

When a and pare not relatively prime integers then their greatest common divisor is not 1 then 
it will also not follow the property as ar +hs #1. 

Let a and pf are not relatively prime integers then a cyclic group of order gh is not isomorphic 
to the product of a cyclic group of order a and a cyclic group of order f is not the direct sum 
C, ®C, of cyclic subgroups of orders a and p. 


Consider the provided statement to write the provided module as a direct sum of cyclic modules. 
The elements of y are y, and y,, relations are as (1+i)v,+(2-i)v, =0 and 3v, +5iv, =0 
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To find the presentation matrix 4 use the provided relation and then diagonalize it. 
l+i 3 

A= 
2-i Si 

Then, 

l+i 3 ag 1) l+i | 

2-i Si -i —3+8i 


Further use identity matrix is shown as below, 


[it oe, 23] 


io 
10 


i HL, 


Now when the matrix |= wea men 


1 0 
-l-i 1 


i ES aa 


Now ne mat | | sea men 


The obtained result reduces to the 1x1 matrix (8+11i)by using proposition 14.5.7. Therefore, 
¥ ipo 
(8+11/) 
Now, to decompose further 
N(8+11i/)=64+121 
=185 
=5-37 
=(2+i)(2-1)(6+i)(6-i) 
Itis also known that, 
i(2-i)(6—i) =i(12-8i-1) 
=84+lli 
Therefore, 
R 
"=a 


R R 
“G-)° "6-9 


Hence y can be written as a sum of cyclic modules, V = 


If x is defined as a 7 module, then this implies that (’,+)is an abelian group with the addition 
property. 


Consider F = F, 
Take any prime pe Z 
Now, consider the quotient ring Zwith the modulus ideal pZ 
That is; 
Y pa 
Now, since; 
F, ={0,1,...,p—1} 
The operations used on this group will be addition and multiplication of integer mod p 
Further, for every, x € F has a multiplicative inverse. 
Since, x e Fand here pis a prime 
Then, with Zi]-module over the addition group jr; 
ged(x,p)=1 
Hence, by using Euclid it can be obtained that there exists a,b such that; 
xa+ pb=1 
It will be equal to 1 as, the additive group is over j-!, and that is mod 1. 
Next taking the additive group ;-?, that is mod 2, the expression becomes; 
xa+ pb=2 


9.a 


Consider the provided statement to prove that provided concepts are equivalent. 
Provided condition is, R—module Where R=Z[i] and there is an abelian group y witha 
homomorphism @:V —»V such that go@ =-—identity . 


Comment 


Step 20f3 ~ 


Let y bea Z[i] module. Then X has the structure of an abelian group under addition and a 
function ¢ such that ¢: ¥ + X,¢(m)=im is a homomorphism that satisfying the condition 
¢ =—identity . \tis note that ¢'; x ++ —ix is another homomorphism. 


Conversely, it is assumed that Y be an abelian group with such a homomorphism ¢. Then 
has the structure of a z module such that, 


nV=VtVEert¥ 
Where # are the summands, now the structure of a Z[i] module is defined as below: 
(a+bi)v=av+bd(v) 
Now it is checked that this is appropriately distributive and associative: 
(a+bi)(u+v)=a(u+v)+bd(u+v) 

= au +av+b¢(u)+b¢(v) 

= (aubd(u))+(av+59(v)) 
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As itis provided that ¢ is a homomorphism; then 
((a+bi)+(c+di))v=(a+c)v+(b+d)¢(v) 
=av+cv+bhd(v)+d¢(v) 
= (av sb4(»))o(cr+a¢(v) 


For the associativity of multiplication, only need to look at purely real or purely imaginary terms 
and having dealt with distributive. Anything involving purely real terms will work, because ¢ Is a 
homomorphism of abelian groups. 


Itis just needed to check that j(iv)=—w that corresponds precisely to ¢* = —identity’- 


It can be note that ¢ can be mapped to multiplication instead of —j. Hence, provided statement 
is proved. 


Section 8 


lia 


Consider the provided statement to check that C[r]-module cyclic. 


a | 
It is assumed that the provided matrix is 4 and the value is A = F | It is also providing that 


T is the linear operator on ¢?. 


Comment 


Step20f3 “ 


The characteristic polynomial of the provided matrix is given as, 
f (t)=det(A-d) 
Therefore, 


2 1) Jt 0 
no-|5 ‘He 
-|"5" ] 
Oo t-1 
=(2-1)(1-1) 
=-(-2)(1-1) 
Since, the characteristic polynomial is (¢-2)(—1), it is relatively prime. The module Is also 


i i nb 
momorene © (=2)(=1) 


As an element generates the module, if and only if it does not belong to a maximal non-trivial 
sub-module, as the provided matrix is 2-dimensional as a vector space. Therefore the non-trivial 
maximal sub-modules must be 1-dimensional so it is needed to be Eigen space of 7. Hence it 
generates all of ¢2. Therefore, it is clearly C[r]-module cyclic. 
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Consider the provided statement to show that the matrix 44 of the corresponding linear operator 


Clr 
is a Jordan block. As it is provided that 4 isa C[s] module of form at. 
{-a@ 


Step 20f3 « 


From the proposition 11.5.5, the basis for jg over ¢ is |,7,---,7°' then the matrix in this basis 
for multiplication by ¢ is shown as below; 


0 —a, 
10 —a, 

Tal 1 *. : ..=(-a)(") 
*. 0 -a,, 
1 -a,, 


By using binomial formula, this matrix has polynomial characteristic f (1) =(r-a)"- 


Therefore by Jordan normal form, it suffices to prove that dimker(a@/-T)=1. 


By rank-nullity theorem, it suffices to prove that rk(a@/—T) > n—1, for an eigenvalue it has 
geometric multiplicity at least 1. For @ =Qitis proved and for @ ¢ the matrix is, 
@ % 


-l @ a, 


a 4,2 


-l a@ta,, 


The above explained matrix is turns into the matrix are shown as below; 


cy 
a 


45% 
a 2 


a, a, 
14 Set 4 Set y...4 
a a a 


Therefore, by Gaussian elimination the rank of matrix is rk(a@/-T)2n-1. 


3.a 


To determine the matrix of the linear operator, 

Suppose 7 be the linear operator from the R-module / to V. 
That is, 7:V —V defined as, 

T(v)=(¢ +3¢+2)y 

Since, the R.module y is the vector space and satisfies that relation, 
(? +31+2)v=0 

And choose a basis for y as {e,,e,,e,}- 

Then, 

T(e,)=(¢ +3r+2)(e) 

T(e,)=(¢ +31+2)(e,) 

T(e,)=(1° +3¢+2)(e,) 
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But, the relation is that, 
(? +31+2)v=0 
Then, 
T(v)=0 
(? +31+2)v=0 
Then, the vector v cannot be zero vector for the linear operator. 
Then, the vectors ¢,,¢,,e, Cannot be zero. 
Then, 
O4+31+2=0 
This characteristic equation is associated with the determinant, 


¢ 0 =I 
P4+3+2=(2 ¢ 0 
3 —1 ¢ 


Hence, the required matrix of the linear operator of multiplication by ¢ with respect to a basis is 


Consider the provided statement to prove that 4 =¢/ —B is a presentation matrix for the 
module. As it is provided that y bea F{d module, B=(v,,--+,v,) isa basis for y. 


It is to be shown that im A= ker(q: F[ry = v) where the value of q is given as, 


(AN DA 
The inclusion c is clear for g is multiplication by ¢ on y. 


For other direction, it is assumed that ( f,)", e ker p thats, 
LAM = OV = Day! 
Then, 


Liu LL, 


fol jee 


= | an *Qae! ((¢-B)v, + By, ) 
= S| a0 Za 


a pa 


As from the above result ge A = 0), then repeat this process and the following result is obtained 
as shown below; 


YI = LY eB 
=> by, 


et 
=0 
For some coefficients 4 ¢ F i.e., for each contribution from the f, above could be put in the 
form of (qoA)(w) for some we F[r]'. Therefore, im A> kerg. 
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Consider the provided statement to prove that the characteristic polynomial of the provided 
matrix is f(r). 


Comment 


Step 20f3 “ 


mcrae 


-4a, 


As it is known that the Eigen-values is calculated by the characteristic equation of the matrix that 
is from |4-Al| =(). Then, 


[ st 
fata 
(4)-(-a,-4)-(-a,)=0 
2 -aAt+a,=0 


By solving this polynomial, it is finding that the 4 has distinct roots that is it has distinct Eigen 
values is shown as below; 


a=+(o,-(ai=4a,),4=1a + fala) 


Therefore, the characteristics polynomial is defined as shown as below: 
£(0)=(1-Ha-Val=4a,) (1-H + \ai=4a,)} 

When the value of 1=3(a-Jai-4a,) then (+-3(a.-Ja'=4a.)]=0 and when the 
value of t= (a,+ fal —4ay) en (1-24, + Ya =A) )=0. 

For the characteristics polynomial will be zero, when (+—(a- Ja? 4a, ))=0 ana 


(+-3(+Jai=4a,)}=0 


As it has distinct Eigen-values so the characteristics polynomial of the matrix f(r) is proved. 


Consider the provided statement to classify finitely generated modules over the ring C{e and it 
is also given that ~? =9. 


Comment 


Step 20f2 “ 


As itis known that a module over the ring ne has the same concept as a pair (M, f') 
where 4g is a complex vector space and a function f{:M — M isa linear map such that 
fef=0. 

Toreach R—module M can be assign the pairas (V,f) with y= and underlying 
complex vector of yg and f:veV eeveV 

For the each pair (V, f) canbe assign R-module M that coincides with y as a complex 
vector space and the multiplication by « is provided as «-v= f(v),vveM. 
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Section 9 


(a) 

To determine whether or not the modules over C[,x, y] is free, 

Suppose C]x, y]be the polynomial ring and y be the finitely generated module over the 
polynomial ring C],x, y] and the presentation matrix is, 


| x 


A=|, 
xytxt+y xytl 


Then, the finitely generated module ’ has two generators v, and v, and the two relations 
(x? +1)y, +(Pytx+y)y, =0 
And 
xy, +(x +1) vy, =0 
Then, the rank of A(c) for every point ¢<¢¢? 
Then, the rank of A(c) for every point ¢ ¢ C? is, 
m—r=2-2 
=0 
Since, V is a free module of rank r if and only if the matrix A(c) has rank m—r at every point 
Ff eect 
This implies that, the finitely generated module V is a free module of rank 2. 
Hence, it concludes that the finitely generated module modules over C|x, y] is free. 


(b) 
To determine whether or not the modules over C |x, y| is free, 


Suppose Cx, y]be the polynomial ring and y be the finitely generated module over the 
polynomial ring C[x,y] and the presentation matrix is, 


xy-l 
Azle -y 
y 
Then, the finitely generated module y has three generators y, ,v, and v,and the one relation 
(xy-1)v, +(x —y?)v, +r, =0 
Then, find the rank of A(c) for every point ¢ ¢ C?- 
Take, ¢¢ C?such that, 
e=(x,y)=(11) 
Then, the rank of A(c) for every point (1,1)=c eC’ is 1. 
But, 
m—r=3-1 
=2 
Then, the matrix A(c) does not have the rank 2 for every point ¢¢ ¢?. 
Since, y is a free module of rank r if and only if the matrix A(c) has rank m —r at every point 


Ffceec 
This implies that, the finitely generated module y’ is not a free module. 


Hence, it concludes that the finitely generated module modules over C| x, y| is not a free 
module. 
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(c) 
To determine whether or not the modules over C/x, y} is free, 


Suppose Cc x, yl be the polynomial ring and y be the finitely generated module over the 
polynomial ring C[x, »] and the presentation matrix is, 


x-l x 
’ +1 
re ae 
x y 
x 2y 


Then, the finitely generated module y has four generators v,,v,,v, and v,and the two relations, 
(x-1)y, +)¥, +39, +.2°v, =0 
And 
xy, +(y+1)v, + pv, +2yv, =0 
Then, find the rank of A(c) for every point -<C?. 
Then, the rank of A(c) for every point ¢ < ¢? Is, 
m—r=3-2 
=| 
Since, y is a free module of rank r if and only if the matrix A(c) has rank m — rat every point 
Ff cect. 
This implies that, the finitely generated module /’ is a free module of rank 2. 
Hence, it concludes that the finitely generated module modules over C| x, y| is free. 


Consider the provided statement to prove that module is free. 
The provided module is, 
i] x 
y x+3 
ae A 
x y 
Let it is assumed that there are four generators w,,---,, and there are two relations as 


uy, + yu, +x, +30u, =O aNd xu, +(x+3)u, + yu, + "uy =0- 


Comment 


Step 20f2 « 


The rank of the matrix is shown as below as the order of the matrix is 4x2, 
Rank (A) < min(m,n) 
$(4,2) 
<2 
As from the theorem 14.9.1, let V’ is finitely generated free module over the ring 
R= Cx. ]. Itis assumed that 4 is a presentation matrix for y and it is the evaluation of 
A atapoint @ and denoted by A(c). 
Then y isa free module of rank r if and only if the matrix A(c) has rank m—r at every point 
c. Hence, provided statement is free by exhibiting a basis is proved. 


3.a 
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To describe the module over the ring C{x, y] 
Suppose C[x, y]be the polynomial ring and be an abelian group over ring C[x, y]. 
Then, Vis module over the ring C|x, y] if there exists a function #:CxV — V defined as, 


SC. )(v.u)] = (vr) 
Then, for any (¥;,75),(%5.%)EC[x,¥] + (vs0)4(¥ 004 )o(¥rot EV 
Then, 
(r:015)|(v 004) + (vats )] = (Rin) Mm Huy) 
= (ny HAY + hu) 
= (Hers )(M omy) + (5 )(Mrts) 
And 
(i075) + (r5574)|(vm) = (5 +0407 HH) (sa) 
= (vy, + v7,.ur, +ur,) 
= (riot)(vou) + (ror )(voe) 
And 
[(r.475)(rors)]( te) = (ri srara) (vane) 
= (nvr) 
=(r(nv).15 (rau) 
=(r.75)[(4v).(ra0)} 
=("4)[(4.%)(v.u)] 


And 
(1,1)(v,a) = (Iv, 1) 
= (uv) 
Therefore, it concludes that is modules over the ring Cx, y]in the terms of complex 
vector space. 


Consider the provided statement to prove the easy half of the theorem of Quillen and Suslin. 
If V isfree then y is finitely generated free module over the ring R = C[x,,---,x, ]. Itis 


assumed that 4 Is a presentation matrix for and it is the evaluation of 4 ata point ¢* and 


denoted by A(c). 


Comment 


Step 20f2 “ 


Let A,,A,,-*+,A,, be the column vectors of matrix 4. It is assumed that y is isomorphic to p’. 


Then, there is an exact sequence of p* _, R* -» R* -»Q. Let _y is a matrix that denotes the 
second map such that ¥ (X,,---,¥,)=¥,- 

On the other hand, it is to be shown that pe is the direct sum of the module (A,-+,4,) and 
the module generated by _¥,’s. In other words, a matrix 4g can be find that in such a way that 
Y,=(A|X)M. 

Since, in any evaluation y the later module is always of rank x. Then, the matrix ¥(v) is of 
Tank &. Hence, the first module is of rank »—& then A(v) has rank n-k. 


Therefore, provided statement is proved. 


A 


To prove the module /’ is not a free module over the polynomial ring R , 
Suppose R= z|V-s3| be a ring in the imaginary quadratic field Q[ V-5 ]ana V’ be the finitely 
generated module presented by the presentation matrix 4 such that, 


2 
1+6 


Then, the finitely generated module y has two generators v, and v,and the one relation, 
2v, +(1+6)y, =0 


Then, the rank of the presentation matrix 4 for every point ¢ € Z is 1. 


Since, in the quotient ring $ , the ideal p is prime ideal. 


And when 4 Is in the quotient ring <. then the residue of 4 must have the rank | as the rank 


of the presentation matrix 4 for every point ¢¢ Z Is }. 


Then, the residue of 4 in the quotient ring Shas tank | for every prime ideal p. 


Then, the rank of A(c) forevery point ¢¢ Z is }. 


Since, the finitely generated module y is a free module of rank r if and only if the matrix A(c) 
has rank m— rat every point of ce c*. 


But, 
z|V-s|=c 
Then, the module / is not free module over the polynomial ring R. 


Hence, it is proved that the finitely generated module |’ is not a free module over the 
polynomial ring R=2|V-5}. 


Miscellaneous Problem 


lia 


Gaussian integers are defined as those integers whose both real and complex parts are defined 
as the integers. 


Comment 


Step 20f4 « 


Consider an R -module structure on the Abelian group G and consider a ring homomorphism 
defined as; 


R— End(G) 
Since, it is clear that; 
End(2/5Z)= 5Z 
This is a ring. 
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Now, define a mapping; 
¢:Ai]> 752 

Then every ¢@must send; 
1>[1] 

And the identity element to some element x of 2/5 Zsuch that; 
v =-[I] 

=[4] 

Then there are two choices for x; 
x= [2] 

Or; 
x=-[2] 


(3 


Since, both the above obtained choices of the classes defines a ring homomorphism so, define 
another mapping; 


f:4X)> 452 

Such that; 

£(X)=[2Jor[3] 

Hence, the required number of ways is two. 


Let G be a finite generated abelian group of order say m . Then by classification theorem for 
finitely generated abelian group 


G=Z’ oe ae ®..... eo: , where the product mm,m,....m, is the prime factorization 
mZ mz m,Z 


of m, here zdenotes the torsional free part of G. 


Comment 


Step 20f2 “ 


Consider 2/(6), 
This ring is same as the ring Z/6Z . 
Since prime factorization of 6 is given by 
6 =2x3, where 2 and 3 both are prime numbers. 
Also 2/(6)is a cyclic group of order 6 and thus finitely generated abelian group. 
Now use the classification theorem for finitely generated groups 
So, 
2/6Z = Z/2ZO2Z/3Z 
Thus, Z/(6) = 2/(2)®2/(3) 


Therefore, all finitely generated modules over the ring Z/(6) are classified as 


2/(6)=2/(2)@2/(3) 


3.a 


Let G be a finite abelian group. Then by Fundamental theorem of Finite Abelian group which 


states that every finite abelian group is isomorphic to a direct product of cyclic groups, there 
exists cyclic groups say C, ,C, ,C,, ,...C, such that following holds 


G2, xC, xC, x....%C, , where order of each cyclic group C, is given by n,,1sisr 


Let 4 be a finite abelian group. 
Then, there exists cyclic groups say C, ,C, ,C, ,...C, such that following holds 
AzC,*C, *C, ..0.%C, , such that order of each cyclic group C, is given by n,,1sisr 
Let b, be the generator of the cyclic group C, for every i,1<i<r. 
Also let @: A —» C* be a non-trivial homomorphism. 
So, there exists a, e Asuch that g(a,) #1. 
Let @e Abe an arbitrary element of 4. 
1 Is the identity of the multiplicative group c*. 
Let $= D(a), 
Assume on contrary that § #0. 
Consider (a,)S 
Then, 


o(2,)5=0(2,){ Zo(a)} 
-Lole)ola,) 
=Ye(aa,) 


aed 


Since A=C, xC, xC, x.....xC, , 
So for every ge A 


Now if p, +g, 2n,for any i,1<#<rand since C, is cyclic, so p, +g, € {0,1,2,3,.....m, — 1} under 
modulo n, arithmetic. 


Hence, hb!" € Aforevery i,l<i<r 

Then, 

aa, € Afor every ae A 

Let aa,=x,then xe Ais an arbitrary element of 4. 


So, 

9(2.)S = 3 e(aa,) 
=Z0(*) 
=S 
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Thus, g(a,)S=S 
This implies that (g(a, )—1)S =0. 
But since g(a,) #1 
Hence § =0),this is a contradiction 


This contradiction arises due to the wrong assumption that § 40. 
Thus, it can be concluded that § =(. 


Therefore, for any finite abelian group 4 andanon-trivial homomorphism @: A —» C” the 
value of the expression Sela) 0. 
awed 


4.a 


Let 4 be a mx nmatrix. If 4 has distinct m eigenvalues then 4 is said to be diagonalizable. More 
importantly there exists a matrix p whose columns are the eigenvectors of the matrix 4 such that 


P'A pis a diagonal matrix. And the diagonal entries are the nothing but the eigenvalues of the 
matrix 4 


Let 4 be a 2x 2/integer matrix such that it is diagonalizable. Then it has 2 distinct eigenvalues 
say Aand 4,. 


Let D=Q"' APsuch that pis a diagonal matrix. 
Let, 


e ad 


: 1), mere 
gh 


o-(¢ 2 wee 4,and A, are the distinct eigenvalues of 4 


a-(2 i }wnere a,b,c,deZ 
o-( 


(<)-. [/)}= sar me elgenecors comespondng A, and A, 


0 4, 
Now since 4,and A, are the distinct eigenvalues of 4, 
So, 
Ax, =A,%, 
Ax, =A,x,' 
Since D=Q"' AP, 
Thus, 
A'QD=P 
Pa d -b\fe f\f4 0 
“am: ake mo 4) 
= 1 (“ AS a] 
-be\-c a)\ ga, ha, 
an = =< d ~-b\(ea, fa, 
daar be a 
= vad d -b f 
“a TAC) 
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Thus, P=Q 


Therefore, when an integer 22 matrix 4 Is diagonalizedby Q' 4p ,then P=(0 Also 


the matrix p is unique upto rearrangement of the eigenvectors of the matrix 4 . 


Alattice is defined as the fundamental algebraic structure which consists of the partially ordered 
set in which every two elements have a unique supremum and a unique infimum. 


Comment 


Step 20f4 ~ 


Consider; 
L:Y¥—> {latticein R"} 
=GL,(R)/GL,(Z) 
Such that; 
g> s[Z’ ]:g e€GL, 
Now, given an algebraic group G say, GL, and subgroup # say, A = SO, 


Here, SO, is large enough such that the quotient group SO, (R) / SO, (Z)is compact for the 
quotient topology 


Now, introduce a representation; 

p:GoGl, 
Here, GL, acts on quadratic forms and a line ; < 4" whose stabilizers is #7 , then it forms a pair 
(p,/)such that; 


G/H>P*" 
This is into a projective space. 


Comment 


Step 4of4 « 


Claim: the solution to Pell’s equation for non-square q so, that it will be easier to generalize it. 
Let @ be a non-square integer and; 

O(x,y)="° =a" 
So that; 


Therefore, the matrices 4 in GL,(R) is of the form of R |e ~~ 
a 
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Matrix is defined as the rectangular array which has elements of the form of, a, , and are 
substituted row and column wise 


a. 

Right multiplication by elements of GL, (Z)corresponds to products of elementary row 
operations on the matrices in ¢*? 

After applying reduction formulas on a given matrix which will be of the form of; 


a 
| 


Or, 
01 
00 
And; 
00 
00 
Since, every matrix is conjugate that is similar to a unique Jordan form. 
Thus, the orbits are generated as follows; 


fuovofe Ju aco f) 


co-_— 
os 
C4 


b. 
Consider the linear system; 
AX =b 
Here; 
AeM,,,(F) 
beF* 
xeF* 


Then there exists an invertible matrices Pe M, (F)and Qe M, (F)such that after the invertible 


change of variables; 


2 =p Vi=l,...9% 
O=p'Vier+l,....m 
Where, 
P=(p',....p") 
= AP 
Here, ris the rank of 4 
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Where; 
p' ={d,,0,0,...} 
p’ ={a,,d,,0,...} 
p’ ={a,,b,,d,,0,...} 
And so on 
Hence, the invertible matrix 4p has the following hermitian normal form; 


d 0 0 0 + 
a d 0 0 
a, b d, 0 


Where, the entries are non-negative a, <d,,a,,b, <d,and so on 


7.a 


Asubring is defined as the subset of a ring R which itself is a ring and satisfies binary operations 


on addition and shares the same multiplicative identity as R 


Comment 


Step 20f4 « 


Consider R = (r] 
LetsreR 
Since, s,f are integral over R 
Thus; 

R[s,.]oR 


In particular sf and s—rare both in Rso, Ris aring extension then § will be defined as the 
integral closure of Rin § 


Now, consider the ring % 
Here, zis integrally closed in its field of fractions 
Claim: Every x/y € Qwhich is integral over zis actually in 7 
Let; 
x/yeZ 
Such that; 
(x,y)=1 
And, suppose that x/y is a root of; 
a" —c, a"! —---ca-¢y 
Substitute x/ y and multiplying by yn" then; 
x"ly=o, x"! +0, ,X"2 yt tegy 
Here; ¢, x"! +e, x" y +++ e,y"'is an integer 
Hence, the y"/)will also be an integer 
Thus, y divides ,* 
Since, (x, )—1, this implies that; 
y=l 
And; 
x/yeZ 


48 


Also, since the unique factorisation domain is integrally closed in its field of fractions. 
Since, Zis integrally closed in g 

However, Zis not integrally closed in ¢ 

Therefore, pR is finitely generated ¢ — module. 


Agroup Gis said to be finitely generated if there exists finitely many elements x, ,x,,.....%, €G 
such that every x « Gcan be written in the below mentioned form 


X= MX, +M,X, +...+m,x,, where m, €Z1sisn 


Anumber ais said to be algebraic if there exists a monic polynomial f(x)such that f(a) =0. 


(a) 
Let @ e Cbe an algebraic integer and let q be the degree of its minimal polynomial. 
Then, 
The minimal polynomial of @ has integer coefficients, that is, the coefficients lie in Z . 
Since for all w= q 

a" =a,+4,a+....+a,,a"", where a €Z,1<i¢q-1 


Hence, 


Conversely, assume that Z[a]is finitely generated, with generators say a,,a,,...., a> where 
a, = f,(@),1<i<qfor some polynomial f;  Z[x]. 
Let ne Zsuch that n>deg /for i =1,2,3,...,q. 
Now, 
a” =Yba,, beZ 
ye 


Then clearly, 


a’->b,f,(a)=0 


Choose the polynomial as 
F(X)=X*-LH,4(X) 
- 
Clearly all the coefficients of the above chosen polynomial lie in z,. 
Since, n>deg ffor i =1,2,3,....g 
Thus the polynomial f (1°) € Z[X]Is monic. 


Also evaluate f(X )at a. 


So, 

f(a)=a"-Sb,f,(a) 
=0 

Hence, f(a@)=0 


So, a@ is an algebraic integer. 

Therefore, for any complex number @ and Z{[«] be the subring of © generated by @ , 
the complex number a is an algebraic integer if and only if Z[a] is a finitely generated 
abelian group. 
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(b) 
Let a, # be algebraic integers. 
Then, Z[a],Z[A]are finitely generated abelian groups. 


Let f(x), g(.x)be the monic polynomials corresponding to algebraic integers a, # respectively 
such that 


Degree f (x)= mand Degree g(x)=n 

Let {I,@,a’,....a”",a@™"} be the generator set of Z[a]and {1,f,A’,....8"°, B”"'}be the 
generator set of Z[ A]. 

Then, {a'’|0<i<m-10< j<n-I}forms the generator set of Z[a, B]. 

Thus Z[a, B| is finitely generated. And since Z[a],2Z[ flare abelian so is 2Z[a, A}. 


Hence, if a and # are algebraic integers, then the subring Z[a, ] of that they 
generate is a finitely generated abelian group. 


{c) 

Let W denote the set of all algebraic integers of the field ¢. 
Leta,Bew. 

Thus @ and fare algebraic integers. 

Then, Z[a],Z[A]are finitely generated abelian groups 
Use the result 


If @and fare algebraic integers, then the subring Z[a, B] of c that they generate Is a finitely 
generated abelian group. 


Since, Z[a, B] is finitely generated abelian group. 
Also, Z[a, B| is a ring and since a ring is closed under addition and multiplication. 
So, a+ Band a— fbelong to Z[a, B] and afalso belongs to Z[a, p]. 
That is, 

a+Be Z[a, B) 

a-fBe Z[a, 7] 

ap eZ[a,p) 

Also Z[a + A]. Z[a-f]and Z[ap]are subgroups of Z[a, A]. 
So, 


Z[a+ f], Z[a—-f]and Z[ap]are all finitely generated being subgroups of finitely generated 
abelian group. 


Hence, Z[a@ +f], Z[a—f]and Z[ap]are all finitely generated abelian groups. 
Use the result 


For any complex number @ and Z[a]be the subring of ¢ generated by a , the complex number 
avis an algebraic integer if and only if Z[a]is a finitely generated abelian group. 


Thus a+ B,a— Band af are all algebraic integers. 
Hence, jy the set of all algebraic integers of the field © forms a ring. 


9.a 
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a. 
Consider / be a lattice the define; 

LE ={w/(v.w)e Dvve L} 
Suppose {y,,...,v, } be linearly dependent vectors 


Or is enough to show that for each win wcan be expressed in more than one way as a linear 
combination of v,,...,¥% 


Since, y, is linearly dependent then there exists a,,...,a, € Rnot all Zero such that; 

Gy teotqy, =0 
Since, for given wthere are b,,...,b, €R 
So, consider the linear combination; 

(a, +b, )v, +-+(a, +b, )y, =O+w 

=w 

This constitutes a different linear combination then; b,v, +-+++,v, because not all of the c, are 
zero. 


Thus, 1 hasabasis B=(v,,...,v,) asetof { vectors that spans / 


Comment 


Step4o0f6 ~ 


Suppose Bs a basis for the given lattice, that is; 
L =L(B) 

This implies that, it will also be a basis for the vector space, that is span(B) 
Now, define; 

L(B)={Bx:xeZ} 


This can be further extended to the basis matrices gin which the columns are linearly 
dependent. 


Here, clearly gis a matrix which is having rational entries, then 1 (B)is defined as a lattice. 


Thus, the basis ;*can be derived from the basis B 
Therefore, ;* can be defined as; 


Lc =L(B) 
Where, is the basis. 


c 
Every lattice is the complete join of all its one-element sublattices 


If Lis a lattice and; 
\c| =a 

This is a regular infinite cardinal 

Now, suppose that 


L| is uncountable and; 
C=xXUY 

Then either; 

|x|=|£ 
Or; 
y|=|c| 
So, if there is a lattice, then it must be joining irreducible in the sublattice 
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d. 
Consider po c# 
And, let p*has index min 
Suppose 1 Is a sublattice of 7 of index p”, pis prime 
This implies that 7, corresponds to an element of S - 
For finding the index first suppose that 7 is not contained in pZ 
Then, the image of 7 will be; 
Z/pt =(4 pH 
This will be order p 
This means that; 
C= p2+L 
Then; 
[Le :Z ] =p 
Therefore; 


10.a 


(a) 

To prove that multiplicative group @* of a rational number is isomorphic to the direct sum of a 
cyclic group whose order is provided. 

zy 

2Z 

Let (p)={p* | © Z} with the obvious group structure making it isomorphic to 7, . Then, 


(-1)® @(p)>Q'.08 Gp' pr Tl p'p 


Let (-1)={-1,1} with the obvious group structure making it isomorphic to 


It is noted that @(p) is a free abelian group. This map is a group homomorphism because 
(ok; .°*+)-(7,4,,-*-) get mapped to of] pr’ = of] p’ [] p’. 


This map is surjective since any rational number ” has prime decompositions for r and s. 
s 


Similarly, this is injective since something on the right is equal to 1 if and only if ¢ =| and 
k, =0,Vp. 
a 


(b) 

Now it is to be proving that the additive group @” of rational numbers is not a direct sum of two 
proper subgroups. 

Let G,H_ be the proper non-trivial subgroup of @* and from the proposition 2.11.4 it suffices to 
show that they have non-trivial intersection. 


if PeG=eH forsome p,s #0 then, 
q 
o(f}-a() 
q t 
= pseGOH 
While it is assumed that ps # 0, therefore provided condition is proved. 


(c) 


Now it is to be proved that the quotient group S is not a direct sum of cyclic groups. 


Its assumed that for H, cyclic 2° 5 @, 1, Let the Image o (A40' eH, is generate H, 
a 


for (p,,q,)=1. Let sp, +1q, =1 for some integers sf then, 


+42 =, he , 7° 
N n Nh 


=5 442" eH, 
N 


Therefore, it can be assumed that ~ generates H, . 
a 


Now it is consider that the element a <<. att Has a decomposition is shown as 
% fl 
below; 
1 i, 
=+Z =) ++Z7° 
q > 
Where +, | q, for all but finitely many values of & , adding it to itself g, times; then 
i] " i 
—=+Z =>) 1414+7° 
q 2 % 
Since the direct sum decomposition, g, | q,7,,.Vk #1 and q, | g,7, —1. This property implies that 
q, || so that there is contradiction. Hence, provided statement is proved. 
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Chapter 15 


Section 1 


lia 


Field is defined as equivalent to the ring where its non-zero elements form an abelian group 
under multiplication. 


Comment 


Step 2o0f4 « 


Let R be an integral domain that contains a field 7 as subring and that is finite dimensional when 
viewed as vector space over 


To prove: Ris a field 
Consider that each non-zero element a@of Ris algebraic, and so; 
F [a] cR 
This is a field. 
Hence, each nonzero element x has an inverse then it will show that R Is a field 


Claim: each nonzero element a is algebraic 


Since, the dimensions Is a finite number n , the » +1 vectors |,@,a@’,...,@" must be linearly 
independent over F . 


That is there are elements g,,a,,...,4, Of F , not all 0, such that; 
a, +4,@,a,0°,...,a,a" =0 

Let j be the smallest index such that a, #0 

Then the polynomial equation becomes; 
aa’ +a,,a'"'+...+a,a" =0 

Factoring out @/; 


a’ (a, +a,,a+...+a,a°/)=0 


Since, 

az0 

And, since Ris an integral domain where; 
a’ #0 

Again since R is an integral domain and since the product; 
a’ (a, +a,,a+---+a,a"/)=0 

The factor; 

a,+a,,a+--+a,a"’=0 

Hence, 
a(a,,,+4,,,@+---+a,a"/"')=-a, 
Since; 

a, #0 

And, since Fis a field, the inverse of ais; 
(-a,)'(a,.)+4,,3@+--+a,a""") 


Therefore, R is a field 


2.a 


Discriminant is defined as the coefficients of the polynomial equation whose values gives the 
information about the roots of the polynomial. 


Comment 


Step 20f4 « 


Let F be a field, not of characteristic 2, and let; 

x +bx+e=0 

This be a quadratic equation with coefficients into prove: that f Sis an element of yf such that; 
5° =b’ -4c, x =(-b+65)/2solves the quadratic equation in also, prove that if the 4? — 4¢ 
discriminant is not a square, the polynomial has no root in F 

Let @ and fbe roots such that; 

x +bx+e=(x-a)(x-£) 

Then the discriminant 9is defined as 5? , where; 

5=(f-a) 

Now; 

a+Bp=-b 

And; 

ap=c 

Therefore; 


S=0+Ph 


Further, put x =(—b +6)/2/in the quadratic equation ,? 4 pr+¢=0i 


4 2 
Z b? + 5° —2b6 -2b* +25b+4e 
4 
_S -b +4 
+ i 


This is contained in / as this Is of the form of rational numbers 
Thus, x=(-b+6)/2 solves the quadratic equation in 


Comment 


Step 4o0f4 « 


Now, if the discriminant is not a square then, the term; 
b* -4ac 
This will not be a rational number. 
That is this will be an irrational number 
And, irrationals does not lie in field 
Therefore, ifthe ,° — 4, discriminant is not a square, the polynomial has no rootin 


3.a 


Solution: We will determine all the subfields of C that are dense subsets of C. 

Now notice that if K is a subfield of (C such that K C R, then clearly K can not be dense in C. 

So we will only consider the subfields K of (C such that K Z R. 

Since Q is the smallest subfield of C, K must contain Q. Now by our assumption of K we have K Z R, therefore 
there exists an element a € K such thata ¢ R. 

It follows that Q(a@) is contained in K. 


Claim: The above defined Q(a) is dense in C. 


Proof of the Claim: Notice that the set {1, a} forms an R—basis of C. 
Then any element z in (C can be written as 


z=a+ab, where a,bER. (1) 


Let us now consider an arbitrary open set A in C. 
In order to show that Q(a@) is dense in C, it is enough to show that 


Qa)NAF ¢. 
Now by (1) every element of A can be written in that form. So for our simplicity let us assume 
A:= {a+ab|a€ A,b € Ao} 


where A, and Ap» are some intervals containing a and b in R respectively. 
Now recall that Q is a dense subset of IR. Then by the definition of dense we have 


AINQ#O and ANQF¢. 


Therefore there exist rationals z and y in A; and Ag receptively such that 
r+ayeé A. 
This follows that 
r+ay€ ANQ(a). 
This follows that 


ANQ(a) # @. 


Since A is an arbitrary open set in CC, it yields that every open set in (C intersects Q(a@) non-trivially. 


Then by the definition it follows that Q(a) is dense in C. 
This completes the proof of the Claim. 


Now recall that O(a) C K. 

Since Q(a) is dense in C, K is also dense in C. 

Therefore every subfields of ‘C that are not contained in R are dense in (C. 
This completes the proof. 


Result 


Every subfields of ‘C that are not contained in R are dense in ‘C 


Section 2 


tia 


Polynomial is defined as an expression of more than two terms mainly referred as the sum of the 
terms of different powers. 


Comment 


Step 20f3 « 


Let « be a complex root of the polynomial y* — 3.44 
To find: the inverse of «? + q +1 in the form of ¢ + ba +co?With a,b,cin Q 


For the proof first suppose; 

1=(a+ba+ca*)(Il+a+0°) 

This can be written as; 

l=a+(a+b)a+(at+b+c)a’ +(b+c)a’ +ca' 

Now, note that; 

a’ =3a-—4 

And, 

at =3a0? —4a 

So, the equation is as follows; 

l=a+(a+b)a+(at+bh+c)a* +(b+c)(3a—4)+¢(3a? —4a) 
=(a—4b—4c)+(a+4b-c)a+(a+b+4e)a* 


Since, 1,« anda? are linearly independent over Q, then a system of linear equations with 
solution Is obtained; 


a) (i -4 -4)'(1 
bl=l1 4 -11 Jo 
ec} Ul 

I 


1 4 0 
17 12 20)1 
=—|-5 8 -3)/0 
e -—3 -5 8 )\0 
17 
-3 
And hence, 


(1+0+0°) = (17-Sa-30’) 


Therefore, the inverse of «? + +1 in the form of @+ ba + ca? With a,b,cin Qis; 


Ting 4.3 


An irreducible polynomial is defined as a non-constant polynomial that cannot be factored into 
the product of two non-constant polynomials. 


Comment 


Step 20f3 ~ 


Let f(x) =x" -a, ,x"' +---ta, be the irreducible polynomial over Ff , and let @ be a root of f 
in an extension field K 


To determine: the element ~~! explicitly in terms of @ and of the coefficients a, 
For the proof consider @ be the root of f over F, 
Then; 
[F,(a):F, ]=m 
Hence; 
F,(a)=F. 
And, thus; 


aeF. 
q 


Claim: If a”' € Fis a root of f 
Then, (a~')'is also a root of f 
Now, write; 

Sax" -a, x +eta, 

Then; 

f(a") =x - ar eta, 
=x" —at x" 4...4a8 
=(x" -a,_.x"" +eta,)" 
=s(a")' 

Thus, @,a,...,a%""" are roots of f 

Thus; 


3.a 


2 
Given: Let 3 = w+/2, where w =e 7 and considering K = Q(8). 
To Prove: The equation 27 + 23 + ... + 2{ = —1hasno solution 2; in K, fork > 1. 


Proof: Let us consider the cubic polynomial f(x) = x? — 2. 

Notice that both 4/2 and 8 are roots of f(a). 

It follows that f (a) is the irreducible polynomial for both vp} and 8 over Q. Let us now consider the following 
lemma. 


Lemma: Let F’ be a field and a and § be two elements of the field extensions K / F and L/ F’. Supose that a and 
B are algebraic over F’. There is an isomorphism of fields o : f(a) — F(8)_ thatis the identity on F' and that 
sends a — § if and only if the irreducible polynomials for @ and § over F' are equal. 


Now it follows from the above Lemma that Q(~/2) and Q() are isomorphic. 
Let us now consider the polynomial 


9(z1, TQ, wey Tk) — x? a x A eee xz +1. 


Now note that Q(¥2) is a subfield of R. Therefore the polynomial g(x1 LP diese rk) has no solution in R, for 
every k > 1. 
This completes the proof. 


Result 


The result follows from the ismorphic condition of two fields Q(8) and Q( V2. 


Section 3 


lia 


Let F be a field and let @ be an element that generates a field extension of F of degree 5. 
To prove: That ~* generates the same extension 

For the proof consider / to be a subfield of a field « , denote the dimension of Kas an fF - 
vector space by [K : F] 

It is already known that; 

[K:F]=p 

Where, pis a prime number 

Then there are no fields properly between fF and Kx 


Now, consider; 
[F[a@]:F]=5 
And, so F[ a? |must be either for F[a] 
Claim: That F[a* |cannot be F and so, it must equal F[a] 
If; 

F[a*]=F 

Then; 

@eF 

So, that a satisfies the degree 2 polynomial; 

xv -a@ eF[x] 

That is; 

[ F[a]: F }does not have value 5 

Therefore, ,? generates the same extension 


2.a 


To Prove: The polynomial z* + 3x + 3 is irreducible over Q(+/2). 


Proof: Let us consider f(x) = 24 + 32 +3. 
Firstly we will use Elsenstein criterion to show that f(z) is irreducible over Q. 
Recall the Elsenstein criterion as follows: 


Suppose we have the following polynomial with integer coefficients. 
p(x) = a,x" aoe" +... +a 1% + ap. 


If there exists a prime number p such that the following three conditions all apply: 
(1) pdivides each a;, fort # n. 

(2) pdoes not divide a, and 

(3) p* does not divide ag 

then p is irreducible over the rational numbers. 


In case of our f(a) let us take p = 3. 

Then by Elsenstein criterion f (2) is irreducible over Q. 
Let us assume that a is a root of f(z). 

Then @ defines a field extension of degree 4 over Q. 
Now notice that 


[Q(a, 2) : Q] = [Q(a, V2) : Q(¥2)][Q(72) : Q] 
=4x3 
= 12; 


Therefore the extension Q(a, */2) over Q has degree 12. 

The irreducible polynomial for a over Q(+/2) must have degree 4. 
It follows that f (2) is a irreducible polynomial over Q(+/2). 

This completes the proof. 


Result 


Using Eisenstein Criterion we have proved that a? + 3a + 3 is irreducible over Q( 1/2). 


Asplitting field of a polynomial with coefficients in a field is a smallest field extension of that field 
over which the polynomial gets factored. 


Comment 


Step 20f3 ~ 


Let ¢, =e" 

Toprove: ¢,¢Q¢,) 

Since, the field Q{¢, ) is the splitting field for the polynomial y* _} 
Since, 7is prime 

So, the degree will be; 


|Q¢,):G=7-1 
=6 


The minimal polynomial for ¢, is the 7-cyclotomic polynomial, that is; 
(x)= yx" 
=T(s-¢") 


Since, the polynomial is irreducible, then there exist ¢ < G such that; 
a(gj=o 

Then; 

o(c)=¢° 

a(o)=o* 

a (f)=o* 

a (o)=o° 

a (C)=¢ 

Hence, from the above explanation it is clear that |¢, ¢ M¢,) 


An irreducible polynomial is defined as the non-constant polynomial that cannot be factored into 
the product of two non-constant polynomials. 


Comment 


Step 20f7 ~ 


Let ¢, =e** 

To determine: The irreducible polynomial over Gand over ({¢,) 
a. 

To determine the irreducibility of ¢, 

Here, ¢, satisfies ,." _ | that is; 

(x" =1)/(x-1) 


For ¢, =—1 the minimal polynomial is x +] 


b, 
To determine the irreducibility of ¢, 
And, for ¢, =~Z, , then; 


((-x)-1)/((-x)-1)=8 x41 


Comment 


Step4of7 “«~ 


c. 
To determine the irreducibility of ¢, 
And for ¢,; 
Get 
So, ,* 4 has no roots and no quadratic factors. 


d. 

To determine the irreducibility of ¢, 

For ¢,; 

=o" 

So; 

(x) tx ¢lex*¢r'+l 

This is a polynomial satisfied by it. 

Replace x by y+] then Einstein this with p =3; 


e. 

To determine the irreducibility of ¢,,, 
Now, for ¢)9; 

chen 

So; 

x+l 

This is a polynomial satisfied by it. 
Now, factor; 

x +1=(x41)(x‘ =x +7 -x+1) 


Here, ¢,, does not have a degree 2. 


Comment 


Step7of7 “«~ 


f. 
To determine the irreducibility of ¢,, 
Finally, for ¢,,; 
x°+l 
This polynomial factor the sum of cubes to get y* — x? +1 
Thus, like the above parts ¢, does not have a degree 2. 


5. a 
Degree is defined as the exponential quantity defined on the variable of the given expression. 


Comment 


Step 20f4 ~ 


To determine: The values of msuch that Chas degree at most 3 over Q 

For determining the result suppose, if pis a prime dividing n, then; 
Gel 

Hence, 
QC.) > Q(<,) 

So, by using the theorem which states that; 

Let p be a prime. The cyclotomic polynomial (x)= .x"' +x”? +--+. + lis irreducible over 
Q. 


Then by above result; 
(c,):Q|=p-1 
So: 


Q(¢.):Q|<3 

This modulus implies that if p|m, then p € {2,3} 
Thus, 

n=2'} 
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Claim: For i< 2,7 <1, 

|a(¢,):Q|=1 

And, 

}Q(c.):Q|=2 

Since, the minimal polynomial of C,is y? + 1- 
Similarly, 

[Q(cs):Q|=2 

Now, by using the theorem which states that; 
Let F c K c Lbe fields. Then,; 

[L: F]=[L:K]|K:F] 

Therefore both, 

[L: K]and [K : F] divide [1 : F] 
But any extension of Q(C, )and Q(C, )will have degree > 4over Q 


Therefore, from the above theorem the claim Is proved that i < 2, / <1 


Now, from the above explanation; 

né {1,2,3,4,6,12} 

Also; 

|Q(<,):Q| < 3forn€ {1,2,3,4} 

Hence, it remains to show that whether » € {6,12} are also possible values of n 
That is; 

Ga 

Hence, 

Q(G)=Q(G) 

On the other hand, by using the theorem which states that; 

Let F c K c Lbe fields. Then,; 

[L: F]=[L:K][K:F] 

Therefore both, 

[L: K]and [K : F] divide [L : F] 

That is; 

Q(G.2) > Q(G.6.) 
Which has degree greater than and equals to 6 over Qad hence, n +12 
Thus, n€ {1,2,3,4,5} 


6.a 


Rational numbers are in the form of a rational number that is 2 where both p,qare integers and 
q 


qis never equals to zero. 


Comment 


Step 20f4 ~ 


Let abe a positive rational number that is not a square in g 
To prove: That 4/g has degree 4 over Q 
Here, the degree is at most 4. 


& qua] 
eta] 


Where the former extension is to have a degree of 2 


Now to show: [qv¥a]:Gva]}+1 
Now, take; 
a=Ya 
=atbVa;a,be Cc 
Then; 
Va =a? +ab* +2abVa 
That is; 
Va(1-2ab) = a® + ab? 


€Q 
Since, /q is irrational so; 


2ab=1 
And; 

a +ab’=0 
Then; 


a=-h 


Simultaneously; 


ied: 
2 


Since, this cannot happen. 


ms: [faa] a] 


Therefore, 3/, has degree 4 over Q 


7.a 


12 


a. 
To show: That whether iis the field Q(‘/—2) 
Suppose; 
i€ Q(¥-2) 
Then, there exists a,b € Q such that; 
(a +bY-2 y =-l 
But then; 


(a+o¥-2) =a’ +2abi/—2 +b Y-2 


=-1 
Now, by using the proposition which states that; 
Let « be an algebraic element over f , and let / (.x)be the irreducible polynomial for «over Ff. 
If f(x)has degree n, that is if «has degree mover F 


And since; 
{1,-2.2} 


It is linearly independent over Q, thatis g? =—] 
This implies that it is impossible since a <Q 


b. 


To show: That whether 4/5 is the field of (4/2) 


1 5 €Q(¥3) 
Then; 
a= ¥2+¥5 
€Q(¥2) 
This must have degree at most 3 over Q 
Now, let; 
Sf (x) =x" —21x* -123x° —343 
Then; 
f(a)=0 
But /(.x)is irreducible by the Einstein criterion which states that; 
Let f(x) =a,x" +---+<, be an integer polynomial and let p be a prime integer. Suppose that 
the coefficients of /f satisfy the following conditions; 
First is p does not divide a, ; 
Second is p divides all other coefficients @,_,,--»,ay; 
And, third is p’ does not divide q, 


That is, since, 

3) 21,123 

While; 

9/343 

Hence, / is irreducible and so « has degree 9 over Q , this is a contradiction. 


8.a 
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An algebraic number is any complex number that is a root of a non-zero polynomial in one 
variable with rational coefficients. 


Comment 


Step 20f3 ~ 


Let a and # be complex numbers. 

Consider that if @ + 8 and af are algebraic numbers, 

To prove: @and # are algebraic numbers. 

If both @ +B and aPare algebraic, then the extension; 

K =F(a+f,af) 

This is algebraic over F by following the definition of the algebraic numbers 


Claim: That F (@, 8)/K Is algebraic, and then the required result follows 
Now, consider the polynomial; 

x -(a+f)+ap 

This has coefficient in 

That means @ and fare both the roots of x 

Therefore, « and 7 are algebraic numbers. 


irreducible polynomials are defined as those expressions which cannot be factored into the 
product of two non-constant polynomials. 


Comment 


Step20f3 ~ 


Consider « and 3 be complex roots of irreducible polynomials f(x)and g(x)in Q|x}.Also, let; 
K =Q(a) 

L=Q(8) 

To prove: _f(.x)is irreducible in L[,x}if and only if g(.x)is irreducible in K |x] 

For the proof consider; 

deg f=n 

deg g =m 

Now, by multiplicative property of the degree it can be obtained that: 


}Q(a,3):Q|=|K (3): KI|K :Q| 


Hence, from above it can be said that f (.x) will be irreducible in L[x] which satisfies the 
condition: 


|Q(a,8):Q| =mn 
And, this is possible only if g(,x) is irreducible in K’ |x] 
Therefore, f(.x)is irreducible in L[x]if and only if g(x) is irreducible in K [x] 


10.a 


A field is a complete group consisting of nonzero commutative division ring whose nonzero 
elements forms an abelian group under multiplication. 


Comment 


Step 20f4 ~ 


Consider a field extension K/F which is an algebraic extension if every element of x is 
algebraic over F . Also, let K/F and L/K be algebraic field extensions. 


To prove: L/ F is an algebraic extension 

For the proof, consider 3 € L 

It is enough to show that is algebraic over f 
For this, let; 


8=>%)_,28, 

Where, 

a,eK 

8, EL 

These are linearly independent and algebraic over x 


Again, consider; 

8,=>>,_,0%, 
Where, 

beF 

a,€K 
These are linearly independent and algebraic over x 
Thus, 

BE F(q,,...,0, )(3,,-..58,,) 


Now, consider the theorem which states that; 

Let Fc K c Lbe fields. Then, 

[L: F]=[L:K][K:F] 

Therefore, both [L ; K]and [K : F divide [Z : F] 

Hence, by using the above theorem; 

[F (045-+-0,)(8),+--08,): F (0445---404q)}| F(O4p---50,):F]2[F (8): F] pig pene 
=00 

fact that a field extension x that is generated over F by finitely many algebraic elements is a 
finite extension. A finite extension is generated by finitely many elements. 


Thus, (is algebraic over - 
Therefore, 1/F is an algebraic extension 


Section 4 
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Consider K = Q(a) 
Where, ais a root of »3_ y—] 
To determine: The irreducible polynomial of + =| +a? over Q 
First, ~\ satisfies 
(x=1)(x—2) -1=.° —5x? +8x—5 
=0 

Now, by theorem which states that; 
Let Fc K c Lbe fields. Then,; 
[L:F]=[L:K][K:F] 
Therefore both, 
[L:K]and [K : F] divide [L: F] 
This theorem implies that; 
[K :Q]=[K :Q(»)|[Q(>):Q| 

=3 
And so; 
[Q(+):Q]=3 
Since, ~EQ 
Thus, ,' 5x? + 8y~—5 is the irreducible polynomial of 1 over @ 


Irreducible polynomial is defined as non-constant polynomial that cannot be factored into the 
product of two non-constant polynomials. 


To determine: The irreducible polynomial over the field Q 
Let; 


f(x)=(x° -8) -60 
=x'-16x°+4 

Then; 

f(a)=0 

Claim: fis irreducible 


Here, f cannot have linear factors since a root must be an integer diving 4 by the rational root 
test which states that; 


A constraint on rational solutions of a polynomial equation; 
a,x" +4, xX"! +--+a, =0 
With integer coefficients when written as a fraction x = in lowest terms satisfies pis an integer 


q 
factor of the constant term q, and qis an integer of the leading coefficient a, 


From the above result these are not roots. 
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Now, suppose had quadratic factors, then by proposition which states that; 


Let f be an integer polynomial with positive leading coefficient. Then fis an irreducible element 
of 2x] if and only if it is either a prime integer or a primitive polynomial that is irreducible in Gfx] 


So for some a,b,c,d € Z; 

f(x) =(x? +ax+b)(x? +ex+d) 

=x'+(atc)x +(b+ac+d)x +(ad+be)x+bd 

Now; 

a+c=0 

implies that; 

ad +be=a(d-b) 

=0 

Since, q ¢ Qotherwise; 

b+d=-16 

And; 

bd =4 

This is a contradiction. So, 

d=b 

=2 


But then; 


2+ac+2=-16 
This implies that; 
ac = -20 
This contradicts the fact; 


a+c=0 
Hence, / is the irreducible polynomial for @ over ¢ 


b. 
To determine: The irreducible polynomial over the field qs ) 
Let; 
P(x)=(x-V3) -3 
=x -2V5+2 
Then; 
f(a)=0 
Here, f splits if and only if the two roots /§ + /3are in qs) 
But; 
V3 ¢QV5) 
For otherwise; 


V3 =a+bV5 
Implies; 

3=a° +2abV5 +b 
And, further solving for /5 implies that 5 < ¢ 
This is a contradiction. 


Hence, / is the irreducible polynomial for @ over qv5) 
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c 
To determine: The irreducible polynomial over the field qvio) 
Let; 
f(x) =x" -16x7 +4 
Now, by using the corollary which states that; 


Let 2% be an extension of a field of f , let x and f’ be the subfields of 2 that are finite 
extensions of f and let x*denote the subfield of a generated by the two fields x and 7’ 
together. Let; 


[K’: F]=N 

[K:F]=m 

[K’:F]=N 

Then mand ndivide N and N < mn 

And also by using the first part above it must have degree either 4 or 8 over g 
Hence, by the multiplicative property of the degree, /jQ has 2 or jover (a) 
To show: ,/[Q does not have degree 1 over (a) 

Now, it remains to show that it is not in Qa) 

Hence, by lemma this states that; 
An element @ of a field extension x has degree 1 over F if and only if @is an element of F 
But this is clear since if; 

Vi0 =a+hba;a,beQ 

Then; 

10 =a’ +2aba+b*a° 

=a? +8b + 2abV3 + 2abV5 + 26° VI5 

implies » = Qcontradicting that /70 ¢ Q 

Now, a has degree 4 over Qvi0)since; 

[qa.s0):{ 0) ][ 0) ]-[a.v70):{i0)].2 

=8 
And, thus / is irreducible polynomial for @ over qvio) 


d. 
To determine: The irreducible polynomial over the field qd Vis ) 


Let; 

f(x)=x -8-2V15 
Then; 

f(a)=0 

Now; 


4=[qa,vis):q 
SCR CR 
Then by the first part solved above since; 
oe 
€Qa) 
Hence, a has degree 2 over Qvi5) and so, f is the irreducible polynomial over 


qvis) 


Consider the polynomial f(x) =.x° -2 

To determine: the irreducible polynomial for y = a, + a@,over Q 

Now, ,’ —2has solution; 

a=¥ 

This is clearly a root of »?_2 

Then after factoring and applying quadratic formula, the actors will be as follows; 
x’ -2=(x-a)(x-ay)(x-ay’) 

Here, ¢ is a complex cube root of unity 


Now, further ¢ will become; 

y+rr+l=0 

And y¢R 

Hence, y ¢ Qa) 

Now, consider the roots of x — 2s; 

@,;i =1,2,3 

Now, each of the roots @,;i =1,2,3has degree 3 over F 

Also, the nine monomials aaj with 0<i, j<3span K over F 

Since, these monomials are not independent thatis, /has a root q, in the field 1 , it factors in 
L[x]. that is; 

(x)= (x-@,)q(x) 

Then a,is a root of g(x), So a, has degree at most 2 over 7 

Then the set (1,a, )is a basis for x over the field 7 then there exist y such that; 
y=ajaj,0si<3,0< j<2 

Therefore, the irreducible polynomial for y =a, +a, over Qis; 


y=ajaj,0<i<3,0< j<2 


Section 5 
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Solution: We will express cos(15°) in terms of real square roots. 
Recall that for any two angles a and 8 we have 


cos(a@ — 8) = cos(a) cos(8) + sin(a) sin(8). 
Then note that 


cos(15°) = cos(45° — 30°) 
= cos(45°) cos(30°) + sin(45°) sin(30°) 


Here we are done. 


Result 


The value of cos 15° is vErv3 


Polynomial is defines as an expression of more than two algebraic terms, where it is written as 
the sum of the several terms having different powers. 


a. 
To find: By the field theory 
Consider; 


a=-— 


And; 
=cos(a@)+isin(a) 
=xtiy 
Now; 
2 =(x+i) 
=1 
And, using; 
y w)=x 
Then the following is obtained that cos a is a root of the polynomial, that is; 
16x° —20x° +5x-1 
Clearly 1 is another root and it can be further factorized 
That is; 
16x° — 20x° + Sx-1 =(x-1)(16x* +16x° — 4x7 - 4x +1) 


=(x-1)(4x7 +2x-1) 


So, that by the quadratic equation and the fact that; 
-14+V5 
a =—— 
4 


Hence, a is constructible over Q 
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b. 
To find: By an explicit construction 
Now, to explicitly construct the regular pentagon, start from the points (0,0)and (0,1 )and build 
successively 27/5 angles, every time constructing the points; 
p, =(cos(22/5),sin(22/5)),n=1,....4 


And, taking the half-lines through the origin and each p, , the obtained figure is dawned below; 


Take the circle of radius 1 centered at the origin and construct the points at the 
intersection of the circle and the half-lines. Connecting these yield the regular pentagon. 


3. a 


Solution: We will propose to prove that the regular 9-gon is not constructible by ruler 
and compass. 

Now note that the angle of a 9-gon is 40°, since say = 40°. 

So if the above one is constructed, then clearly cos 40° can be constructed. 

Now notice that 


; = cos(120°) 
= cos(40° + 80°) 
= cos(40°) cos(80°) — sin(40°) sin(80°) 
cos(40°)(2cos”(40°) — 1) — sin(40°)(2sin(40°) cos(40°) 
= cos(40°)(2 cos”(40°) — 1) — 2sin?(40°) cos(40°) 
= cos(40°)(2cos”(40°) — 1) — 2(1 — cos”(40°)) cos(40°) 
= x(2x? — 1) — 2x(1— 27), taking cos(40°) =z 
= 4a? — 32, 


Therefore we have 
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Now we will prove that the polynomial 82? — 62 + 1 is irreducible over Q. 
Let us consider 


f(z) = 82° — 62 +1. 
Now we have 


f(z+1) =8(z+ 1)? -6(z+1)4+1 
= 8x° + 2427 + 182 +3. 


By Elsenstein’s Criterion taking p = 3, f(a + 1) is irreducible over Q.. 
It follows that f(x) is irreducible over Q. 


Therefore the degree of cos(40°) is 3 4 2”. It follows that cos(40°) is not constructible. 


Hence the regular 9-gon is not constructible by ruler and compass. 


Now recall the Elsenstein’s criterion, which states as follows: 
Suppose we have the following polynomial with integer coefficients. 


f(z) = ant” + an_yz" ! 4+... + aya t+ ap. 
If there exists a prime number p such that the following three conditions all apply: 
(1) pdivides each a;,i # n. 
(2) p does not ivides a, 


(3) p? does not divide ao. 
Then f is irreducible over Q. 


Result 


The regular 9-gon is not constructible by ruler and compass. 


Let 4 denote the given triangle 
The area of the triangle is defined below: 


1 
A==bh 
2 


Where; 


To show: Is it possible to construct a square whose area is equal to that of a given triangle. 
Now, construct the length » such that; 
1 
si ==—bh 
“2 


Now, mark the lengths ; and j, onto a constructed line so that the two segments are adjacent. 


Then take the circle passing through the endpoints of diameter; 


bh 
2 


And, then the triangle inscribed in this circle with edges the endpoints, the obtained figure is 
given below; 
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Now, check that the height s of this triangle is exactly the length that is; 
s_ b/2 


h ss 
Denote the angles a, 8,7 where; 
x 
=— 
B 2 
This breaks down into; 
B= B+ B, 
For the triangle on the left and the triangle on the right, then following can be obtained; 
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Discriminant is defined as the coefficients of the polynomial equation whose value gives 
information about the roots of the polynomial. 


Comment 


Step 20f5 “ 


Suppose that the determinant is negative 
To determine: The line that appears at the end of the proof geometrically 


The line of intersection between any two lines is obtained by solving two linear equations with 
coefficients in F 


To find the intersection of a line and the circle use the equation of the line to eliminate one 
variable from the equation of the circle 


This quadratic equation has solutions in the field; 


F'= F(vD )Here, Dis the discriminant 


Now, consider the case when the discriminant is negative that is take the case when Dis 
negative. 


For this case there will be no real solution to the equations. Then the line and the circle do not 
intersect each other; 


Consider the intersection between two circles as given below; 


(x-a,)' +(y-4) =e, 
(x-a,) +(y-b) =C; 


Comment 


Step4o0f5 “ 


Now, solving the equation separately; 


(x-a,)' +(y-b) =e, 
(x) =2(x)(a,)+(a)° +(v¥ -2(y)(4)+(4) = 6; 
x? -2xa, +a? + y? —2yb, +h? =o, 
Further solving for the second equation; 
(x-a,)'+(9-&)' =6 
(x)? -2(s)(a,)+(a +(9)' -200)(4,) (0) =6 


x? -2xa, +a} + y’ —2 yb, +b} =c, 


Now, subtract both above solved equations; 
(x? -2xa, +a + y? -2yb, +6?) -(x° -2xa, +a} +p? -2yb, +3) =o, -c, 
x? —2xa, +a? + y* —2yb, +b? — x? +2xa, - a} — y* +2yb, -b} = 6, -c, 
—2xa, + 2xa, +a} +b} —2yb, +2yb, —a?} -b} =c, -¢, 
2x(a,-a,)+2y(b, —b,) +a; +? -a} -b} =c,-c, 
Further taking constants to one side; 
2x(a,-a,)+2y(b, -b,) =c, -c,-a) — bp +a +B} 
=C 
Where; 


C=c,-c,-a) -b +a} +b} 


Therefore, the line that appears at the endis |2x(a,-a,)+2y»(b,-b)=C 
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Acomplex plane is a geometric representation of the complex numbers established by the real 
axis and the orthogonal imaginary axis. 


Comment 


Step 20f3 “ 


To show: That thinking of a plane as the complex plane, describe the set of constructible points 
as complex numbers. 


Thinking of the plane as the complex plane means that a complex number; 
z=x+iy 

This is constructible if the coordinate point (x, y)is constructible in the plane. 

Now, a real number xis constructible if the point (0,.x)is constructible. 


If zis constructible, then taking the line passing through (x, y) that is parallel to the vertical axis 
allows to construct (.x,0)and by taking the parallel to the x — axis passing through (x, y)gives 


(0,y). 


Conversely, 

If xand yare constructible reals, then taking the perpendicular at (.x,(0)to the x-axis, the 
perpendicular at (x,0) to the x-axis, the perpendicular at (0, y) to the y —axis, their 
intersection point is constructible. 

Hence, z is constructible. 


Thus, z= x+/iy is constructible if and only if both x and y are constructible. 


Section 6 
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Consider F be a field of characteristic 0, and let f’ be the derivative of f € F [x]also, let g be an 
irreducible polynomial that is a common divisor of f# and fis 


To prove: g*divides f 

For the proof, consider: 

S=e 

For some x € F |x} 

Now, from the result which states that; 

The derivative of a polynomial f with coefficients in a field jf defined by the calculus formula; 


(a,x" +-+a,x+a) =na,x"! ++--+1a, 
The integer coefficients are interpreted in 7 using the unique homomorphism z — F then the 
product rule will be; 
(fe) = fe’ + Se 
And, the chain rule is; 
(fog) =(f'og)g" 
Then, 
f'=(gx) 
= gr’ +g'x 


Now, if; 


als’ 
Then, 


gig'x 
This is, prime since, it is irreducible 
Thus, from irreducibilty; g | g’or g |x 
But, g/g’ this is because; 

deg g’ <degg 

Hence, x= gyforsome y€ F[x| 
Hence, 

f=s'y 

That is; 

vis 
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Let f be a field of characteristic zero, let_/’ denote the derivative of a polynomial fin F[x] and 
let g be an irreducible polynomial that is a common divisor of fand f” . 


To prove: g*divides f 
a. 
Let « « 1 Satisfy the equation; 
x*-1=0 
Then ais an nth root of unity and; 
[Q(a):Q|=n-1 
That is this is the degree of the corresponding cyclotomic polynomial 
Suppose «is in Q(vd ) 
Then a chain can be created of extensions; 
Q:Q(a):Q( va) 
Now, it is known that; 
ava):a)=2 
And, 
[Q(a):Q]=1 
So, this implies that it must have; 


Q(va)= (a) 


Thus, nmust be 3 so, that is look for only 3 roots of unity. 
Thatis; F (vx )contains square roots of all elements of the form xp 


Therefore, g divides f 


To classify: the quadratic extensions of g 
b. 
Now, from the above explanation it can be said that; 


(vi) =a(45) 
If and only if, 

xp = yq?sp.qEQ 

Thus, the distinct quadratic extensions of @ are of the form of Q( Vx) where x is nota 
square and has no square factor. 
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An nthroot of unity is defined as the case when n =1,2,3,...is a number z satisfying the 
equation; 


"=! 
z= 


Comment 


Step 20f3 “ 


To determine: All the quadratic number fields q Vd ) which contain a primitive pth root of unity, 
for some prime p #2 
Let C41 
This satisfies that; 
x’ -1=0 
Now, 
[Q¢):Q=p-1 


Since, this is a cyclotomic extension 


If ¢ €Q Vd), this implies that a tower can be created as follows; 


qva)> aq) 
>Q 
Now; 


[qva):q]=2 

And; 

[Q5):Q=p-! 

So, the only way this tower can occur Is If; 


Qvd)=Q¢) 
p=3 
And since; 


qv3)=a5,) 
But this is the only case that quadratic number field contains a_prh root of unity for p > 2 


Therefore, all the quadratic number fields q Va ) which contain a primitive pri root of 
unity, for some prime p 42 


Section 7 
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Group is defined as the algebraic structure consisting of a set of elements which is equipped with 
the operations that combines any two elements to form the third element. 


Comment 


Step20f3 ~ 


To identify: The group F, 

Here, F, have characteristic 2, which is to say that every element x satisfies; 
2x=0 

That is; 
x+x=0 


So, FF; is a group of order 4 in which each element is its own additive inverse, that is; 


(2/22) 


Also, the FF; Is isomorphic to; 
F, [x|/(x +x+l) 
Which consist of the elements 0,1,x,1+ x 


Thus, the group of Fis |(Z/2Z)° 


To determine: the irreducible polynomial of each of the elements of F, for; 
F, ={0,1,8,1+ 2,8 .1+ f°, B+ f.1+ B+ f'} 
The polynomial; 
P(X)=X°+X+1 
This is irreducible over F, else, it will have a factor of degree 1. 
That is a root in F, , while; 
P(0)=P(1) 
=1 
Then, F,, can be represented by all the triplets (a,b,c) of elements in F, or equally by all the 
polynomials of the form; 
aX? +bX +ceF,[X] 
Then, addition and multiplication correspond to the addition and multiplication modulo P(X )of 
(aX? +bX +c)in F,[X] 
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Further consider the following; 
(1,1,0)+(0,1,1)=(X? +X) +(¥ +1) 


=(1,0,1) 

And; 

(1,1,0)«(0,1,1) =(X? +X )(X +1)modP(X) 
=(X*+X)mod P(X) 
=(0,0,1) 


Here, fis the residue class of y , which corresponds to the element (0,1,0) 
Since, by construction it can be said that; 
P(p)=0 
It can be said that F,, is obtained from FF, by adjoining a root of p 
Now, the elements in F,can be seen as quadratic polynomials in #, that is; 
P(A) =0 
This means; 
f= f+) 
Now, to reduce the powers of @ , check that @ is a primitive element of F, also, iF; contains; 
¢(1)=1 


This is an element of order 1 


And; 

9(7)=6 
This is elements of order 7, this implies that all elements different from 1 are generators of F 
the similar table has been shown below; 


Powenot [-[F AP Pe] PF] 


[Potmomialsin [0] 1 [A[ A [axt| A+B [eA P [iP 


Therefore, the required irreducible polynomial is; 


[Powenot? [-[F [AP [Pl eS] PF [P| 
Poimomiaising [0] 1 [AA [Bet] P+A [iAP [i+ P| 


3.a 


Fermat's little theorem states that if p is a prime number, then for integer a , the number g” — gis 
an integer multiple of p , this expressed as; 


a’ =a(mod p) 


Comment 


Step 20f2 « 


To find: the 13"" root of 2 in the field F,, 

Now, from the above discussed Fermat's little theorem; 
a’ = a(mod p) 

Here, for any prime p and any integer a 

So, Z/13Zthis means; 

2” =2 

Thus, is the only13 "" root of 2 in the field F,, 


30 


To determine: the number of irreducible polynomials of degree 3 over IF, and over F, 

Use the theorem which states that; 

For prime p the irreducible factors of ,’ __, are the monic irreducible polynomials in F, [x] with 
degree 1 or 3. 

So, x,x—I,x—2,...x—(p—l)are the linear irreducible polynomials 


Hence, there are p( p—1)(p +1)/3monic irreducible polynomials of degree 3 in F, [x] 


Since, by theorem which states that; 

Let x be a field of order g. The multiplicative group x= of nonzero elements of x is a cyclic 
group of order q—1 

By the above result of the theorem there are p—lunits in F 

Also, there are p(p—1)' (p+ 1)/3 irreducible polynomials of degree 3 over F,, 

That is irreducible polynomials for FF; 


3(3-1) (3+1) 3x44 
3 3 
=16 


And, irreducible polynomials for Ei 
5(5-1)'(S+1)  5x16x6 


3 3 
=160 


Thus, for F, there are 16 irreducible polynomials and for IF, there are 160 irreducible 
polynomial of degree 3 


Polynomial is defined as the expression of more than two algebraic terms, where the terms are 
sum of different variables of different powers. 


Comment 


Step 20f3 « 


To factor: ,* and ,?’ _ yin F, 

The monic polynomials of degree at most 3 over F, are; 
x,X+]x—Loe +hoxe? +x-bo-x-1, 

Yaxtlh we -x-Lrte-Lx x +l, 

Pex exth vege tx-Le tr —xel, 


Pax 4x41 —x? 4+x-Lx- x? -x-1 
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Since, the irreducible factors of a polynomial ." _ , over F, are the irreducible polynomials over 
F, whose degree divide r ; 


x -x=x(x*-1) 
=x((“)-0)) 
= x(x*=1)(x* +1) 
=x((x°) -1)(x* +1) 
= x(x? =1)(x? +1)(x* +1) 
= x(x+1)(x=1)(x? +1)(x* +1) 
= x(x+1)(x=1)(x7 +1)(x? +x=1)(x -x-1) 
And; 
x7 =x x(x41)(x-1)( +27 +0 41)( +0 40-1) 


vee tx? <x 41)(x? —2? +0 41)(2? —? +.x-1)(x° —? -x-1) 


Since, ,** _ , will split as the linear, the quadratic and the degree-4 irreducibles over F, 


Over F,,, the quadratic polynomial will split, while the degree-4 irreducibles will each split into 
two degree-2 ones. 


Over, neither the degree-2 nor the degree-4 polynomials split at all so, the factorization is exactly 
over F, 


Now, computing; 
x*-x=x"4+x 
=x(x4)(x? tat) (xt +41) (x +27 +1)(x4 42° +27 +41) 
There is a unique degree-2 irreducible; therefore adegree-4 reducible polynomial is either; 
(x +x+1) ax'+x7+1 


Or, it has a root, having a root means either no constant term, or an even number of terms. 


From above it can be said that FF, 

Over F, , let a be the root of; x? 4.741 

And, that this polynomial must all 6 irreducibles of degree 2. 
For checking whether the following have roots where; 


@=at+l 
And that; 
S(a)=0 
f(a+l)=0 
Further computing; 
x —xy=x'" 
=x(x+1)(x+a)(x+a@41)(x° +ax41)(x° +(@+1)x+1) 


(x +x+a@)(x° +x+(a+1))(x° +ax+@)(x° +(a+1)x+(a+1)) 
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Consider x be a finite field. 

To prove; the product of the nonzero elements of Kis —| 

For every nonzero q¢ K there is g-' ¢ x Such that gq! —|1 since xis a field. 

In the product of nonzero elements of x that can be paired off each as gq~! such that; 


aza' 


So, that the product of all nonzero elements of K such that g-! — g 


Claim: This is true if and only if @ = +1 

If a= q"'then; 

a=! 

And, so ais a root of; 

x? =1=(x+1)(x-1) 

By using the proposition which states that; 


The rings Z, 2fi}and the polynomial ring F[x]in one variable over a field are unique 
factorisation domain. 


Since, K'[x]is unique factorization domain 
It implies that g— +1 

Thus, the product is equals to; 
Ix(-1)=(-1) 


Therefore, the product of the nonzero elements of x is —| 


8.a 


Consider the polynomials f(x) =x +x+land g(x) =x" +.x° +lare irreducible over F, . Let 
Ke the field extension obtained by adjoining a root of f, and let 7, be the extension obtained 
by adjoining a root of g. 

To describe: An isomorphism from x to 7, and determine the number of such isomorphism 

Let a be a root of fand fone of g; 

Then; 

a@=a+l 

And; 

B= f+) 

Any field homomorphism; 

@:KoL 

This mapping is specified by @( a) satisfying that; 


o(a’)=0(a+1) 
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So, by the mapping property of the quotient ring this states that; 
Let f:R— R' bearing homomorphism with kernel K and let / be another ideal. Let; 
a:ROR 
Be the canonical map from pto R = R/1-!f 1K, there is a unique homomorphism; 
7:R—> R' Such that fr =f 
So, from the above result it can be said that; 
e(a)=a+bp+cf 
Where; 
o(a’)=(a° +b +c°B*)(a+bB+cp’) 
=(a° +ac* +b) +b’c+be*)+(a*b+ac* +b'c+be* +c*) B+ 
(a’c+ ab? +ac? +b +b'e+e°) B 


This must be equal to g(a +1) 


Claim: gis an isomorphism if and only if ; 
(a,b,c) € {(1,1,0),(1,0,1),(0,1,1)} 
Then, by proposition which states that; 


Let g: F[x]— R’ be a homomorphism to an integral domain R’and let pbe the kernel of 9. 
Either pis a maximal ideal, or P =(0) 


Now, from the above result it remains to show that @is surjective if only if this is true. 
Suppose @is surjective, then not both b,care zero by the above. 


Now, matching ], B. B terms, that is if: 
b=0 


Conversely; 

Since, in the first case; 

e(a+l)=f 

In the second case; 

(a +a+ 1) =, 

And, in the third case; 

g(a’ +1)=p 
It can be seen that in each case @ is surjective by using that @ is a homomorphism. 
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a. 
To determine: the number of monic irreducible polynomials of degree 2 in F [x] 
Suppose F is a field such that; 
lFl=4 
Take the degree as 2 


Now; 


IF. :F, 


=p 
Therefore, there could be no sub extensions and every irreducible polynomial that divides g must 
be of order 2 or 1. 
Since, each linear polynomial over F, divides g and from the fact that g has distinct roots, then 
there are exactly q different linear polynomials that divide g 
So, denote the number of monic irreducible polynomials of degree 2 by x, then; 
sp+q=q’ 
That is; 


2 
q(q-1) 
2 
Therefore, the number of monic irreducible polynomials of degree 2 in F[x] Is; 


a(q-1) 


b. 

Let f(x)be an irreducible polynomial of degree 2 in F [x] 

To prove: that K = F[x]/( /)is a field of order p?, and that its element has the form q+ ba, 
where a,bare in Fand a@isarootof fin K 

Since, Fis finite then it must have characteristic p for some prime p 
Here, consider; 

p=2 

Where, p denotes a prime number 

Thus, the prime subfield x of Fis isomorphic to F, 

Then, F has p’ elements, where p is the characteristic of F 
Therefore, K = F[x]/(/) isa field of order p? 


Now, to show that the elements of K = F[x]/(/) have the form a+ba 
Now, let 6(a+ba)=a+ba 

Then; 

a@-b'a=atba 


That is; 


This means that acan take any value in F,b =0 
Thus, Fis a fixed field of ¢ 


Therefore, the elements of K = F[x]/(/) have the form q+hq and thus, for p40) every 
element is the root of an irreducible quadratic polynomial in F [x] 


c. 

To show: that every polynomial of degree 2 in F[x]has a root in K 
Over F,, let abe the root of y? 4 +] 

And, this must get all the six irreducibles of degree 2. 

Now, it can be seen clearly that; 

@=a+l 

And; 

f(a)=0 

If and only if; 

f(a+l)=0in K 

This proves that every polynomial of degree 2in F[x] has arootin K 


d. 

To show: that all the fields x constructed as above for a given prime p are isomorphic 
Since, every degree 2 extension is normal. 

And, if; 

[K:F]=2 

Then; 

K=F(a) 

Where, a is a root of an irreducible polynomial f over x’. 

Thus, f splits in K , so K/F is normal 

Therefore, all the fields « constructed as above for a given prime )p are isomorphic 


10.a 


Consider F be a field, and let _f(..)be a non-constant polynomial whose derivative is the zero 
polynomial. 

To prove: That f cannot be irreducible over F 

For proving the required result first proves the lemma which states that; 

Ina finite field of order p’, every element is a pth power. 

The proof of the lemma is as follows; 

Let ge F; 

lfa=0 

Then the proof is done. 


So, consider; 
alae 
Now, by theorem which states that; 


Let p be a prime integer and let g = p” be a positive power of p . Let x be a field of order q. 
The multiplicative group x«~* of nonzero elements of x is a cyclic group of order q —1 


Hence, 


a=a 


Thus, 4 — g” 'Satisfies pr — gq 
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Considering the proof of the lemma, the proof of the required result follows as given below: 


Let f(x)= > he 
Then, if; 
S' (x)= ia" 
=0 
Then; 
ia, =O0Vi>1 


Since, F is a domain, this implies that either; 
a, = Vori = 0mod p 
Thus; 
F(x)=S07_,4,x”. forsomea, € F 
Here; 
p=charF 
Now, by using the above proved lemma there exist b, such that bf =a, 
Thus; 
J (x)= a(x! 
Where; 
g(x) - > 
Therefore, f(x) is not irreducible. 


Hence, / cannot be irreducible over - 


1i.a 


Consider f = ax* +hx +c with a,b,cinaring R 

To show: The polynomial ring R{x}that is generated by f and _f’ contains the discriminant, the 
constant polynomial 4? — 4ac 

For the proof first differentiate the function as given below: 

f'=2ax+b 

By using the Euclidean algorithm divide f by ’, that is shown below: 


I b 
=—x+— 
2___ 4a 


2ax+b)ax* +bx+e 


1 
? + —bx 
= 3 
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Now, by applying the division algorithm; 
—b? +4ac 
4a 


-|(42 b? —4ac 
4a 4a 


4a°x? + 4abx + 4ac = (2ax +b)(2ax+b)—(b* -4ac) 
4af = f° —(b* —4ac) 


a +hrve=[Lx+ 2 (2ar-+6)+f 
2 4a 


|2ar-+6)-[ 


That is: 

b* —4ac = —4af + f” 
e(f.s’) 
c Rix! 


Therefore, the polynomial ring R/x|that is generated by fand f’ contains the discriminant, the 
constant polynomial 4? — 4ace 


12. a 


Aprime integer is defined as the integer that can be divisible by 1 or itself and also, the integer 
must be greater than 1. 


Comment 


Step 20f3 “ 


Let p be a prime integer and let g = p’ and q’ = p* 

To find: For what values of rand «does yw’ _ divide y* — yin Ax] 
First suppose f divides ,# _ y 

Let @ be a root of fin the splitting filed of f over F, 

Then; g¥ = qS0, aeF, 


Thus, F, (a)is a sub filed of F. 
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Conversely suppose , divides n 

Then, F. contains F. as a subfield 

Let @ be a root of fin the splitting filed of fover F 
Then; 

[F, (a):F, ] =r 

And, so; 

F,(a)=F, 

Thus; 

aeF, 

Hence; 

a =a 

And, so ais a root of x -xeF, [x] 

This implies that f divides ,« _ 

Thus, for all values of y and & yw _y divide y_y in x] 


13. a 


Agroup G called cyclic if there exists an element xin G such that: 
G=(x) 


= {x" | nisan integer} 


Comment 


Step 2o0f3 “ 


Consider a finite cyclic subgroup 
H<F* 
This is a finite abelian group 
Now, by using the theorem which states that; 
Afinitely generated abelian group is a direct sum of cyclic subgroups C, @---@C,, @ Lwhere 
the order d,of C, is greater than 1 and d_divides d,, for i=1,---,k—1 
Thus, 
H=A,®--@A, 


Where, A,are cyclic groups and |4,|divides |4,.,| 


Now let a =|4, 

Then; 

x" = [for every xe H 

This means that every x € H Is arootof ,* —] 
Now, y*—] has atmost aroots so, a >|H| 
On the other hand a <|#|by the decomposition; 
a=|H|\and n=l 


Thus, #7 Is cyclic 


14. a 
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The Euler function ¢: N — N is a mapping associating to each positive integer m then the 
number ¢(n)of integers mmis relatively prime to n 


Comment 


Step 20f3 “ 


To find: A formula in terms of the Euler ¢function for the number of irreducible polynomials of 
degree mover the field F,, 


Define the Euler function gas; 
O(n) ={t};1$1-< mand ged(t,n)=1 
That is; 
9(2)= {1} 
=] 
And; 
(3)={1,2} 
=2 
And; 
(4) = {1,3} 
=2 
And so on 


Now, consider the consider the cyclic group F, 


This cyclic group F, contains ¢( p—1) primitive elements, where gis Euler's function, the number 
of integers less than and relatively prime to p—1 


If the integer m has the prime factorization pp? ... p* then; 
¢(n)= ot -+\ -4).f1 -+) 
Pp Pr P, 
Hence, the formula in terms of the Euler ¢ function for the number of irreducible 


polynomials of degree » over the field F, is o(n)=n(1-+]1-1)..{ 


Section 8 


lia 
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To prove: That every finite extension of a finite field has a primitive element 
Assume q >2 
Let; 
h= pi p? PP 
This is the prime factor decomposition of; 
h=q-| 
For every i, the polynomial ,*” _1 has at most h/ p, roots in GF (q) 


Hence, there is at least one nonzero element in GF (q) that is not a root of this polynomial. 


Let a, be such an element and set; 


b aad") 


1 4 
That is; 
bf =1 
And, the order of is a divisor of p’ 


Conversely; 
a / al* ) 
#l 
And so the order of his p’ 
Claim: That the element; 
b=bb,...b,, 
This has order fp 


Suppose that the order of f is a proper divisor of #, and is therefore a divisor at least one of the 


m integers; 
h/p,,\sism 
Say, h/p, 
Then; 
1=b"* 
=HYMBN bh 
Now, for; 
l<i 
The p/ divides h/ p, and, hence; 
bNA =I 
Therefore, 
er =I 
This implies that the order of b, must divide // p, 
This is a contradiction 
Thus, every finite field has a primitive element. 


A 


To determine: All primitive elements for the extension K = qv2.v3)of Q 
It is easier to find the nonprimitive elements. 
If @is nonprimitive and nonrational, then; 
Ge qa} 
<qvi.v3) 


By the assumption about a , those fields are distinct. Since; 


4-[qvi.v3):q 
=[qa}: [v2.43]: 4a] 
Then each term in the product equals 2, and in particular, 
[dv3.v3):qa]] 2 
It is known that; 
v3.43) =qV3 +V5) 
And that ./2 + ./3 satisfies the rational irreducible polynomial; 


12) =(x-(E V5) (eo(E 5) (x-( VE V5) (e-(VE-¥3) 


Now, since, 
[qv2.45):qal]=2,V2+V3 
This satisfies a degree 2 polynomial; 
g(x) Ga] 
This divides all polynomials where; 
W(x) Ga}[x] 
This have ,/2 + /3 as a root 
In particular g(x)divides f(x)which means that g(.x)is the product of two of the factors that 
make up f(x) 


First case: 
If the two factors are; 


(x-(V2+V3))(x+(v2 +3) 
Then, multiplying that out, then the following is obtained; 
g(x)=x ~(2+3+2v6) 
€ qa][x] 
Hence, 
qV6]< qa] 
And conclude that; 
qv6}= qa] 
Since, each field has dimensions 2 over g 
This gives the nonprimitive elements a+bV6:a,b € Q 
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Second case: 
If the two factors are; 


(+-(Bsi)le-(8 +8) 
Then, multiplying that out, then the following is obtained; 
g(x)=° -2V3x+1 
€ qa][x] 
And conclude that; 
{5]-del 


This gives the nonprimitive elements a +bJ/3:a,b € Q 


Third case: 
If the two factors are; 


(:-(J2+s5))(x-(2-8)) 
Then, multiplying that out, then the following is obtained; 
g(x)=x° -2V2x-1 
€ qe]ls] 
And conclude that; 
qv2}= qa] 


This gives the nonprimitive elements @ +bJ2;a,b <Q 


Section 9 


lia 


Let f(.x)be a polynomial with coefficients in a field F . 

To prove: That if there is a rational function (x)such that -? = /, then ris a polynomial 
Suppose f + Ofor otherwise ris increasingly 0. 

Let p= p(x)/q(x) for the co primes pand q; 

Then, 


p= fq 
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Now using the result that F'[.x] is a unique factorization domain 


P\f 
And, so; 

f = p’s For some s € F[x] 
But then; 

Kt = ps 

z= P 

And so; 

sq’ =land s,qeF 
And so, r€ F[x] 
Since, the units in F{x] are the constant polynomials, then for s,q € F 
And hence, ré F[x] 


Therefore, if there is a rational function r(x)such that ,? — then ris a polynomial 


2.a 


Branch points is defined as the different values of rwhen T8) 


And, the gluing data is the rule described by the permutation o, of the indices 1,...,2 that sends 
i-j 


To determine: the branch points and the gluing data for the Riemann surfaces of the polynomials 
a. 
Consider the polynomial; 
¥-P+l 
Let, 
f(txj=xr-F 41 
Now, differentiating with respect to x; 
of 


2 =2 

ar x 

Here, Ly is a two sheeted covering of 7 
of 

Now, put, —=0; 
ax 

2x=0 

x=0 

Substitute this value in the function, thatis f(1,x) =0; 

f(t,0)=0 

-P+1=0 


r=l 
t=tl 


Therefore, the branch points are 
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Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to 7; 


x. —2t 
ot 
#0 


So, the branch point exists on all the points 
That is, the permutation of the sheets at each of these points contains a two-cycle 
Since, there are two sheets; each of the permutation is the transposition (12) 


Hence, the gluing data that is the required permutation in this case is |(12) 


b. 

Consider the polynomial; 
x'-t-1 

Let, 
f(t.x)=x*-1-1 

Now, differentiating with respect to x; 
of 


+ =4,;’ 
ox 


Here, y is a four sheeted covering of 7 


of _o. 
Now, put, —=0; 
a ax 


4x’ =0 
x=0 
Substitute this value in the function, that is f(r,x) =0; 
£(1,0)=0 
-1-1=0 
t=-l 


Therefore, the branch points are 


Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to 1; 


#0 
So, the branch point exists on all the points 


That is, the permutation of the sheets at each of these points contains a four-cycle 
Since, there are four sheets; each of the permutation is the transposition (1234) 


Hence, the gluing data that is the required permutation in this case is |(1234) 


c. 
Consider the polynomial; 
x —3ux-40 
Let, 
f (t,x) =x -3ie—40 
Now, differentiating with respect to x; 


: 
Sf 2332-3 
ax 


45 


Here, y is a three sheeted covering of 7 
Now, put, F .0; 
ax 


3x°-37=0 
x at 
x=tvi 
Substitute this value in the function, that is _f(1,x) =0; 
f(t.vi)=0 
(vi) -3rvi-4r=0 
ti -31vit - 41 =0 
-21vi-41=0 
-21( Vi -2)=0 
-2r=0,Vt-2=0 


1=0,vi =2 
1=01=4 


And; 
f(t,-vi)=0 
(-vi)' -3*(-vi)-4r=0 
-tVi+31Vt-41=0 
vi -41=0 
2r(Vi-2)=0 
2r=0,vi-2=0 


t=0,Vt =2 
t=01=4 


Therefore, the branch points are 


Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to 7; 
YA 
—=-3x-4 
or 


#0 
So, the branch point exists on all the points 
That Is, the permutation of the sheets at each of these points contains a three-cycle 
Since, there are three sheets; each of the permutation is the transposition (123) 


Hence, the gluing data that is the required permutation in this case is |(123) 
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d. 


Consider the polynomial; 
xe -3x-1 
Let, 


Sf (t.x)=x°-3x =1 


Now, differentiating with respect to x; 


Ta 3e—3n 
Here, y is a three sheeted covering of 7 
Now, put, SF <0; 
ox 
3x’ -3x=0 
3x(x-1)=0 
3x=0,x-1=0 
x=0,x=1 


Substitute this value in the function, thatis f (4, x) =0: 
F(1,0)=0 


-1=0 
1=0 


And; 
S(t1)=0 
1-3-1=0 
-2-1=0 
t=-2 
Therefore, the branch points are [7 = 0,—2] 


Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to 1; 
of 


ot 
#0 


So, the branch point exists on all the points 


=-1 


That is, the permutation of the sheets at each of these points contains a three-cycle 


Since, there are three sheets; each of the permutation is the transposition (123) 


Hence, the gluing data that is the required permutation in this case is |(123) 
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e. 
Consider the polynomial; 
w-i(t-l)=x-P 41 
Let, 
f(tx)=xr-0 +1 
Now, differentiating with respect to x; 
F 3.2 
=—=3 
as x 
Here, y is a three sheeted covering of 7 
SF Lo: 
Now, put, —=0; 
" ax 
3x° =0 
x=0 
Substitute this value in the function, thatis f(t,x)=0; 
Sf (t,0)=0 
-t(t-1)=0 


-1=0,1-1=0 
1=07=1 


Therefore, the branch points are 


Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to r; 


a 
oe =-2+1 
#0 
So, the branch point exists on all the points 
That is, the permutation of the sheets at each of these points contains a three-cycle 
Since, there are three sheets; each of the permutation is the transposition (123) 


Hence, the gluing data that is the required permutation in this case is 


f. 
Consider the polynomial; 
x3 +t 
Let, 
f(t.x)=x° -3n? +1 
Now, differentiating with respect to x; 


L332 — 6 
Here, y is a three sheeted covering of 7 
of 
Now, put, —=0; 
e ax 
3x° -6tx =0 
3x(2x-61) =0 
3x =0,2x-61=0 
x=0,x=3 
Substitute this value in the function, that is F(t, x)=0; 
f(t,0)=0 


t=0 


And; 
S (t.31)=0 
(3r)' -3¢(3r)' +4 =0 
270-91 +4=0 
187 +1=0 
That is; 
1(187 +1)=0 


So, 1=0 
Therefore, the branch points are 


Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to ¢; 


#0 
So, the branch point exists on all the points 


That is, the permutation of the sheets at each of these points contains a three-cycle 
Since, there are three sheets; each of the permutation is the transposition (123) 


Hence, the gluing data that is the required permutation in this case is 


Comment 


Step 15 0f 19 A 


g- 
Consider the polynomial; 


x '+4x4r 


Let, 


Sf (t.x)=x' +4x40 


Now, differentiating with respect to x; 
of 


at +4 
Here, Yy is a four sheeted covering of 7 
Now, put, L.0; 
4x°+4=0 
x=! 
Substitute this value in the function, that is f(r,x)=0; 
f(il)=0 
1+44/=0 
t=-5 
Therefore, the branch points are 


Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to ¢; 
¥ a1 
or 
#0 
So, the branch point exists on all the points 
That is, the permutation of the sheets at each of these points contains a four-cycle 


Since, there are four sheets; each of the permutation is the transposition (1234) 


Hence, the gluing data that is the required permutation in this case is 


h. 
Consider the polynomial; 
x -36K-1-0 
Let, 
f(t.x)=x° -3ae-1-° 
Now, differentiating with respect to x; 
Sf 233 x 
ox 
Here, y is a three sheeted covering of T 


of 
Now, put, 2 =@; 
ox 


3x°-31=0 
x=tvr 


Substitute this value in the function, thatis f(r,x)=0; 


S(t.vt)=0 
(vi) -3vi-1-P =0 
ti -3tVt-1-7 =0 
-2rVt-1-F =0 
-1(2vi +1+1)=0 
~1=0,2Vr4+1+1=0 
1=0,(Vi+1) <0 
1 = 0, Not possible 
And; 
f(t-vi)=0 
(-vi)' -3*(-vi)-1-F =0 
-tVt+3i-1-P =0 
2vi-1-F =0 
-1(-2Vi+1+1)=0 
-1 =0,2Vt-1-1=0 
1=0,(vi-1) =0 
t=0=1 


Therefore, the branch points are 


Now, finding the gluing data that means the permutation; 
For, this first differentiate the function with respect to 7; 


#0 
So, the branch point exists on all the points 
That is, the permutation of the sheets at each of these points contains a three-cycle 


Since, there are three sheets; each of the permutation is the transposition (123) 


Hence, the gluing data that is the required permutation in this case is |(123) 


3.a 


lsomorphism class defines all the elements in a given set and which are isomorphic to each 
other. 


Comment 


Step 2o0f4 « 


To determine: the number of isomorphism classes of function fields x of degree 3 over F = ((r) 
that the ramified only at the points 1 and -1 


For the proof consider (C, f)be a branched cover 

Now, given a neighborhood [/ of a point; 

Pec 

Then if pis greater than 1 then It is said to be a ramified point 

It can be seen that on U/ the map / is one to one. 

Now, by the compactness of ¢, there is a finite open cover of C by which f 

is one to one at all but finitely many points, and hence can be ramified finitely at }and —} 


Therefore, the number of isomorphism classes of function fields , of degree 3 over 
F = C1) that the ramified only at the points 4 and -1 


b. 


To describe: the gluing data for the Riemann surface corresponding to each isomorphism class of 
fields as a pair of permutations 


Here, determining the permutation is defined by the gluing data of a Riemann surface. 


For this at each branch point p determine the permutation o of the sheets that occurs when one 
circles that points. 


Now, choose a base point fin the cut plane 7 and compute the » distinct roots of the polynomial 
J (b,x) numerically. Consider the root be y,,...,v,,and the sheets be § that contains the root y, 


Also, consider a point , in the vicinity of a branch point p, , then y, varies continuously. 


To determine, follow a counterclockwise loop around p,, as the loop crosses the cut C, , the 
roots will have been permuted by o, when the path returns to b, 


Doing like the gluing data that is, the pair of permutation is obtained. 


Hence, obtaining the gluing data for the Riemann surface corresponding to each 
isomorphism class of fields as a pair of permutations 
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Cc. 

To find: a polynomial f(1,x)such that K = F[s]/(/) 

Let f be a finite field 

Now, construct an irreducible quadratic polynomial f such that fis a polynomial. 
Then F[r]/()is a two dimensional algebra over F 


Since, FLX ]is an principal ideal domain, then any irreducible element is prime and any non- 
zero prime ideal is maximal 


Hence, F[r]/(/)isa field of degree 2 over 

Now, let; 

S={f +at+b:a,be F} 

This is the set of all monic quadratic polynomials in F [r] 

It can be seen that the quadratic polynomial is reducible over F if and only if ithas a rrotin f 
Thus, the polynomial is of the form; 


Sf (t,x)={0 +at+b:a,be F} 


4.a 


If § satisfies some irreducible quadratic equation in a field fF , then F(é) is a quadratic 
extension field of F 


Comment 


Step2o0f4 “ 


To show: that up to isomorphism, a quadratic extension of F is described by the finite set 
{ p,,-.+. p, } Of Its true branch points 


Adegree 2 extension x of F = i)can be obtained by adjoining the square root, say; 
K =F[x]/(x’-d) 

Where, dis a rational number in ¢ 

Now, change qby a square factor ,.?, because; 
F{x\/(x° -d)=F[y/(v* ra) 

By the isomorphism; 
mey 


Further, clear out the denominator of the rational function @ , and also assume that q is a square 
free polynomial in ¢, that is; 


d(t)=(t-a,)--(t-a,) 
This corresponds bijectively to finite sets of points p,,...,p,in the complex plane 7, p,being the 
point t=a, 


Consider, a two sheeted branched coverings y of 7-are also determined by gluing data at finite 
sets of points { p,,...,p,}, where p, are the branch points. 


Since, there are two sheets, the gluing data for p,is one of the permutations (1) or (12) 
If the permutation Is trivial, ignore the point p, 
Now, assume that the permutation at each point p,is transposition (12) 


In this way, isomorphism classes of two sheeted branched coverings also correspond bijectively 
to finite sets of points. 


Claim: to show that if y is a Riemann surface of the field extension x’; 

x =(t-a,)---(t-a,) 

Then y isa point p, :¢ = a,are the true branch points of .y , this means that the permutations of 
the sheets at each point is (12) 

Now, assume that this is true for the field extension; 

K:2* = 

Let 7 be the Riemann surface of the equation; 

2 =t-a, 

And, let y be the Riemann surface of the equation y* =(1-a,)---(t-a, ) 

By induction p,,..., p,are the true branch points of y, and p,is the branch point of Z 

The equation x = yz associates a point of y to a pair of points ye Y and ze Z 

Now, if ,,z, are the points of yand Z respectively and follow ralong the path, obtaining paths 
y(A)and 2(8) 

Since, yis not branched at p, ; 

y(2z)=y(0) 


= No 


While since, z is branched here, z(27) # 2(0) 
So, let x(@) = »(@)z(0) 

Then; 

x(2z) 4 x(0) 

This means _y is branched at p, 


Therefore, y is branched at other pints too. 


Hence, proved that up to isomorphism, a quadratic extension of is described by the 
finite set | p,,...,p,} Of its true branch points 


Abranch point of any multi-variable function is defined as the point on the function which is 
discontinuous when going around an arbitrarily small circuit around this point. 


Comment 


Step 20f6 ~ 


To write: a computer program that determines the branch points p, and the permutations o, for 
the Riemann surface of a given polynomial 


For any given polynomial, first find the derivative with respect to x and put it equals to 0 then 
substitute the value of x in the polynomial to obtain the value of ¢. This value of ris defined as 
the branch points. 


Program Plan: 
At first read coefficient of x*,x*and x from user and store it in array. 

After that read coefficient of t and c from user. 

After that use multiple if statements to check coefficient of ¢,¢, x’ ,x°and x. 
Use nested if statements to check whether coefficient is 1. 

Use multiple if statements to determine maximum number of sheets. 

After that call rootfind function to determine the roots 

After finding the root at last find the branches point 
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Section 10 


lia 


Solution: We will propose to prove that the subset of ‘C consisting of the algebraic numbers is algebraically 
closed. 

Let denote the algebraic numbers. 

Let us start with some lemmas. 


Lemma-l: The number a © C is algebraic if and only if the vector space V over Q is defined by 
V:= (1,a,a,a°, sivéce ) 
is finite-dimensional. 


Proof: Let us assume the dimension of V over Q is d. Then the set i a,a’,..., at} containing d + 1 element is 
linearly dependent over Q. 

It follows that a satisfies an equation of degree less than equals d. 

Thus a is algebraic over C. 

Conversely let us assume 


a" +a,a"!+...+a,_1a+a, = 0. 


This follows that 


a” = —aja"—! — ... — an_1a — An. 
Therefore we have a” € (1, a, a’, a’, Sacee a’) By similar manner we have 
+2 9 am 

gett gt, ce (hoe, eae) 


This follows that 


V=H=(1, Ga wes. gy 


Hence V is finitely generated. 
This completes the proof of first lemma. 
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Lemma-2: The number a € C is algebraic if and only if there exists a finite-dimensional vector space V of ‘C such 
that 


aVcV. 
Proof: By Lemma-1 we can take 
Vita, sind; 


So we have the if one. 

Now conversely let, dimension of V over Q is d. 

Let us choose v € V such that v # 0. Then the d + 1 elements of the set {v, av, a’v, ..., a‘v} are linearly 
dependent over Q. 

It follows that a satisfies an equation of degree less than equals d. 

Thus a is algebraic over C. 

This completes the roof of second lemma. 


Now we claim that Q is algebraically closed. 
That is, if a € C satisfies an equation 


2" +c2"!+...4+¢,=0, where c, € 0 


then a € a. 
Fort = 1,2,..,n, let us assume V; be a finite-dimensional (but non-zero) vector space such that 


GV C Vj. 


And then consider 
Vo := (1, a, a’: Br uaa A 


Let V be the vector space spanned by the products aid, ...U__ 1, where v; € Vj. 
Then clearly notice that 


aVcV. 


Now we will assert that 


a’*ly,09...0n-1 € V. 


This is immediate unless i = n — 1. 
Where we have 


a"v},V2...Un = Be a'v}...0j-1(CiVj)Vi41---Un-1- 
0<i<n 


Now notice that ¢;v; © Vj. Therefore note that 
a"V}V2...Un EV. 
And it follows that 
aVcV. 


Since V is finite-dimensional, from Lemma-2 it follows that a € v. 
This completes the proof. 


Result 


Considering ral denote the algebraic numbers, we have proved that Q is algebraically closed. 


To construct: an algebraically closed field that contains the prime field F,, 


For proving the required result it is enough to show that any field x is contained in an 
algebraically closed field 7 


For the proof first claim that; 


The monic irreducible polynomials of degree greater than or equals to 1 in K [x]can be well 
ordered. 


This is a consequence of the well-ordering theorem, but in the case of F. or any countable field it 


is possible to well-order these polynomials without the axiom of choice since, there are only 

countably many of them. Then, letting (_f, )be a well-ordering of these polynomials, and letting; 
L,=K 

And, L,be the extension of £, ,such that /splits completely which exists by the proposition 

which states that; 


Let - bea field and let f(x) be a monic polynomial in F[x]of positive degree. There exists a 
field extension x of F such that /(.x) splits completely in x 


Claim: L =U, L,is an algebraically closed field containing x 


Here, from the above explanation it remains to prove that L =U, L, is algebraically closed, but 
this is true since if; 


Sf (x)eL(x) 

It has a root @ 

Now by the result that; 

A root of a polynomial with coefficients that are algebraic over a field F Is also algebraic. 
Let f € A|x]be non-constant, and let « be a root of f-. 

It remains to show that q is algebraic over F . 

Suppose not and let a,,...,@, be the coefficients of # . Then; 

|F (a): F] <[F(a,a,.-..4,):F]} 


<nx II” 
t=O 
<00 
By corollary; 
Where m,is the degree of a,over F . 


This, there exists a polynomial in F|x]of degree < nx] [m, with «as a root. 
~~? 


This shows ais algebraic over 
Hence, lies in fs by construction. 
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Aloop is defined same as a circle that is the end of a loop is always connected to its beginning 
part. 


Comment 


Step 20f3 “ 


To show: that what happens to the loop as r-varies 
For the proof consider the rule; 


y= f(x) 
This defines a function from the complex x — plane to the complex y —plane 
Now, let C, denote a circle of radius r about the origin in the complex x — plane, written as; 


x=re” 
With, 0<@<2z 


Further, consider the function defined by the polynomial as; 
y=x’ 
=r 
Since, n@runs from 0 to 27n 
The point » winds n times around the circle of radius 


So, the radius of the path Is »” and the length of the leash Is a 


Since, fis a continuous function, the image f(C, )will vary continuously with 


When the ris taken to be small then the function makes a small loop 


As, the value of the is taken large the loop also becomes bigger as compared to the taken 
value of the radius that is 


But the for the different values of » being the value be small or big the loop never wind around 
the origin 


This means at some point when the loop will be zero that will be defined as the roof of that 
function, say that value be a ; 


s(a)=0 


Therefore, the range of the loop directly depends upon the value taken for the radius in 
the function, thatis 


The function fis a continuous function, so the image f(C, )will vary continuously with r when 
the radius ris very small, {(C,)makes a small loop around the constant term of f. The f(C_) 
winds n times around the origin if ris large enough. 


Now consider the following program that illustrates the variation of f(C,)with radius r. 


Program: 

#import the turtle library 

from turtle import * 

#Define the method spiral which takes three arguments 
#Where n is the radius that varies accordingly 

def spiral(n, angle, step): 

#For loop is used to change the value continuously 
for step in range(n): 

#Move to the further steps 

forward(step) 

left(angle) 

#call the function spiral 

spiral(100,25,100) 


x=input("Press any key to exit") 


Sample Output: 


SE © tennis esteem tm e Lemmrentotonmtae Ouninaietem © 


Miscellaneous Problem 


lia 


A transcendental element is a complex number which is a transcendental over the field of ration 
numbers, that is @ 


Comment 


Step 20f3 “ 


Consider K = F{a]is a field extension generated by a transcendental element «and let be an 
element of x’ that is notin -. 


To prove: ais algebraic over F (3) 
For the proof first suppose that; 
BEK\F 

Then; 

8= p(a)/q(a) 

Where, p(x),q(x) € F |x] 

Thus, 

q(a)— p(a)=0 


So, from the above explanation a is the root of 3g (x)— p(x) € F(3)[x] 
Hence, this implies that « is algebraic over F (3) 


2.a 


Solution: Let us assume f(x) = 2’ +2+1. 
We will factor f(x) in Fz. 
Now notice that by Farmats little theorem 


37 = 3( mod 7). 
Therefore we have 
f(3) =0( mod 7). 


Hence 3 is a root of f(x) in Fz. Let us now consider an element a in F7 such that a is a root of f(x) anda #3. 
Let us now consider the Frobenius map @ on F7 as 


o(x)=2", for x € Fy. 
Now if @ has minimal polynomial h, say, then a” must also be a root of h. But note that f(a) = 0. Hence we have 
a’ =-a-1. 
Now look at the equation 


(2 —a)(2+a+1) =2*+2-(a* +a). 


Therefore our polynomial h(a) must be divided by z? + a — (a? + a). 

This follows that any irreducible polynomial of the form z?+a+tin F;[z] must be a factor, since it must have a 
root like a. 

Now we will find the irreducible polynomials of the form x? + x + t in F;[z]. 
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Now note that if the discriminant of x? + x + t is not in Fz, then the polynomial 2” + x + t will clearly 
irreducible in F7/z]. 


Now the discriminant of x? + a + t is given by 
D=v1-4t. 


Then if D = 0 in Fz, then 2? + 2 + t is reducible. 
So 


D=0 => t=2,0,1,5 inFy. 


Hence for t = 3, 4,6 in Fz, D # 0. Therefore for t = 3, 4, 6 in Fz, the polynomial 2” + 2 + t is irreducible in 
F; [z]. 
Hence for a,b € Fz we have 


f(x) = (ax + b)(a? +24 3)(2?+24+4)(2? +246). 
It is obvious that a = 1, by comparing coefficients of x’. Now by considering the constant term we have 


72b=1( mod 7) 


2b=1( mod 7) 
8b=4( mod 7) 
b=4( mod 7). 


Hence we have b = 4. 
Thus the required factor of f(a) in F7 is given by 


e+2+1=(r+4)(2?+2+3)(2?+24+4)(2? +246). 


This completes the solution,. 


Result Sofs 


The required factor in Fz is given by a’ +2+1=(a2+4)(22+2+43)(22+2+4+4)(2?+2+6). 


irreducible polynomial is defined as the non-constant polynomial that cannot be factored into the 
product of two non-constant polynomials. 


Comment 


Step 20f4 « 


Let J (x)be an irreducible polynomial of degree 6 over a field F , and that « be a quadratic 
extensions of F 


To show: About the degrees of the irreducible factors of fin K[x] 
Let; 
K=F[a] 
Where, ais the root of some irreducible quadratic polynomial g e F[x] 
Let Bbe a root off, then; 
[K:F]=2 
[F(B):F]=6 
This divides [ K(f): F ]<12 
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So, by using the corollary which states that; 


Let 2 be an extension field of, let K and fF’ be subfields be subfields of 2 that are finite 
extensions of F , and let K’ denote the subfield of 4 generated by the two fields K and F* 
together. Let; 


[K':F]=N 
[K ; F)= m 
[F:Fl=n 
Then mand ndivide VN , and N <mn 
So, from the above written result; 
[K(B):F ]e {6,12} 
In either case 3 divides the previous case, / splits into a product of polynomials of degree 3 over 
K 


Comment 


Step 4of4 A 


In the previous case, f remains irreducible over x . These are the only possibilities for the 
irreducible factors of fin x’, for the only possibility is that the factors of degree 3 factor further to 
include linear factors, which is impossible since fis of degree 6 over F 


4.a 


Prime numbers are those numbers which are not divisible by any other numbers but is factor of 1 
and itself. 


Comment 


Step 20f7 ~ 


Let p be an odd prime. 

a. 

To prove: That exactly half of th elements of Fare squares and that if @ and # are non-squares, 

then @f is a square 

Let x be a field of order »" for odd, and consider the homomorphism; 
@:K° —>K* 

Such that; 
9(x)=x° 

The kernel of this homomorphism is {+1} 

That is the square root of unity 

Thus, by the "isomorphism theorem; 

The image is half the group. 

That is, half the elements are squared. 
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b. 

To prove: The same assertion for any finite field of odd order 

Let / be the finite field of odd order and consider the group homomorphism; 
9:F" > F* 

Defined as; 

a>d 

If @ ekerg Then; 

ae=l 

Hence; 

(x-a)| x -le F[x] 

Since, F[.x]is unique factorization domain, this is true by using the result which states that; 


The rings Z, 2fi]and the polynomial ring F[x]in one variable over a field fare unique 
factorization domains. 


This implies; 
a=tl 

Thus, |ker g| = 2 

Since, 


charF #2 
This implies that; 


le-l 


And, so the set of squares im@in p=has order 5 |F*|by the counting formuia which states that; 


Let @: G — G' be a homomorphism of finite groups. Then; 
First is; 

[G|=[ker oxime} 

Second is; 

|ker g|divides|G| 

Third is; 

\ime| divides both |G| and|G’| 


Now, let # be a non-square 
Consider the map y,: F* —» F* of sets defined by a + af 


This is a bijection and so to show #4 sends non-squares to squares, no it remains to show that 
sends non-squares to squares 


But this Is true since if @ is a square and @f ls also a square, then ,~'Is also a square 
This implies 7 is also a square 
This is a contradiction to the assumption 
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c. 

To prove: That in a finite field of even order, every element is a square 
Consider; 

w:K* {+l} 

Such that; 


y(xyen 


Since; 


As, x*is a multiplicative group of order p" —| 

So, mapping to square roots of unity that is {+1} 

Squares are certainly in the kernel of y 

On the other hand, since there are only (p" ~1)/2-solutions to 
The squares are the only elements in the kernel. 

Therefore, xis square if and only if y(x)=+1 


d. 
To prove: that the irreducible polynomial for » = J/2 +./3 over gis reducible modulo p for every 
prime p 
First; 
f=x*-10x +1 
This is the irreducible polynomial for y since; 
f(r)=0 
Qy)=Qa,f) 
And so; 
|dy):G=4 
In this field following is the factorization; 
J =(x~(v2+V3))(x-(v2-V3))(x-(-V2 + V3))(x-(V2-¥3)) 
If f reduces over F,,, then it must reduce to quadratic factors since; 
ver, 
Thus, can factor in one of the three following ways by pairing up the factors above; 
(x? -1-2V2)(x? -1+2V2), 
(x? +1-2V3)(x? +1+2N3), 
(x° -5-2V6)(x° -5+2V6) 


The first factorization can occur if 2 is a square mod p, the second can occur if 3 is a square 
mod p and the last can occur if 6 is a square mod p 


So, at least one of 2, 3, 6 is a square in F, , that is at least one of these factorization is possible 
and fis reducible mod p for all p 


5.a 
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Order of a group is defined as the number of elements which is present in the given set or it can 
be defined as th cardinality of th set. 


Comment 


Step 20f4 « 


To prove: That any element of GL, ( Zjof finite order has order 1, 2, 3, 4, or 6 
Let G be a finite subgroup of GL(2, 2) 

Then the mapping will be defined as; 

GN SL(2,Z)— SL,(F,) 
This can be used to find all finite subgroups of GL(2, Z) 
The first step to list all finite subgroups of SL(2,F,), this has 24 elements. 
Now, all the subgroups are having the orders 1, 2, 3, 4, 6 


a. 

By using the field theory; 

Here, the order nof finite order elements in GL (2, Z) this has to satisfy; 
o(n)<2 


Since, the minimal polynomial of an element of finite order must be divisible by the minimal 
polynomial over the rational of a primitive m— th root of unity 


Thus, the order will be of n =1,2,3,4,6 


b. 
By applying the Crystallographic Restriction; 


Consider the matrix properties; the sum of the diagonal elements of a matrix is called the trace of 


the matrix. In two dimensional and three dimensional every rotation is planar rotation and the 
trace is function of the angle alone. 


The trace foe two dimensional is 2 cos @and the trace for three dimensional is |+ 2cos@ 
Now, consider the case of 6-fold, then matrix will be; 
2-3/2 
lap 2 
The trace is precisely 1, an integer 
Thus further for different folds it can be said that the orders will be of n = 1,2,3,4,6 


Arational function is defined as an algebraic fraction such that both the numerator and the 
denominator are polynomials. The coefficients of the polynomials need not be rational and can 
be taken in any field such as K 
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a. 
To prove: that a rational function (1) that generates the field (() of all rational functions 
defines a bijective map 7’ — 7" 
Let 
S(theF 
=q) 
And; 
S=plq 
For some coprime p,q < (r] 
Now, (r](/) is then isomorphic to f which is isomorphic to F[x]/( p-qx) 
Consider F[y]/()this is also isomorphic to ¢ 
Now by using the proposition which states that; 
Let f(t,x)and g(r, y)be irreducible polynomials in C{r, x]and fr, y] respectively. Let 
K =F[x]/(/)and L = F[y]/(g)be the field extensions they define and let_y and y be the 
Riemann surfaces { f= 0} and { g= 0} . If K/F and L/F are isomorphic field extensions then 
X and yare isomorphic branched coverings of T 


By using the above result the Riemann surfaces; 

{p-qx=0} 

And; 

{y=0} 

These are isomorphic branched coverings of 7” 

Since, {y=0}is the complex ¢—plane 7”, the isomorphism of coverings is an isomorphism 
TT 


b. 

To prove: a rational function f(x) generates the field of rational functions C{x)if and only if it is 
of the form (ax +b)/(cx+d)with ad—be #0 

Any function (ax +5)/(cx+d)with ad —be # 0 generates C{.x.)by using the result which states 
that; 

That every element of [x] can be written as a sum of a polynomial and a linear combination of 
functions of the form 1/(x-a)’ 

Bu the above result any element in ({x)can be expressed as a C-linear combination of 
elements 1/(cx +d) and then by using the Euclidean algorithm; 


ax+b _ q(cx+d)+r 


ex+d ex+d 
r 
=9+——s iar eC 
So ae I P (ax+by 
This implies; ~~~ for any jcan be expressed as a (- linear combination of ; 
(ex+d) (ex+d) 
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Conversely; 
Suppose a rational function f(x)generates Cx) 


But from the explanation of the above part it remains to show that an Automorphism of the 
Riemann surface 7” are of the stated form. 


Suppose; 
fe 
q 
This defines an Automorphism would not bijective since then p has two zeroes that is, if had 
degree larger than 1, considering aes the same argument. 


Further, one of p,q must be non-constant also to induce a bijection 
Here, ad —be # Qcorresponds to having p,q coprime 


c 
To identify: the group of automorphisms of x)that are the identity on ¢ 
From the explanation of the above two parts Aut ((x))defined by; 
x—>(axr+b)/(cx+d) 
For ad-be #0 
This is the group under composition 
Claim: There is a surjective homomorphism; 
9:GL,(Q > Aut(qx)) 
Defined by; 


[ff] >a bylersa) 


This map clearly maps; 


(0 i) 


This is also surjective and is a homomorphism since; 


a’ b'\(a b) (aa'+b'c ab+b'd 

ce d')\ce d) \ac'+ed' be'+dd' 
Further both sides gets mapped to; 
ea dete 
e'x+d') \ex+d) c'(axt+b)+d'(cx+d) 


_ (aa'+b'c)x+(a'b+b'd) 


~ (ac! +ed')x+(be' + dd’) 


It remains to find the kernel of @ 


Also; 
(ax+b)/(ex+d)=x 

ex) 
if and only if; 


ax+b=x(cx+d) 
if and only if; 
c=b 

=0 
And; 


a=d 


Hence; 
0 
kerg= of} ' Java $0; by the first isomorphism theorem which states that; 


If 7 -K, there is a unique homomorphism 7 : R —» R' such that fr = f 
Then; 
Aut(Q.x)) = GL, (Q/kerg 
= PGL,(Q 
The projective general linear group of order 2 


7.a 


Homomorphism is defined as the transformation of one set into another that preserves in the 
second set the relations between elements of the first. 


To prove: that the homomorphism SL, (Z)—> SL, (F, )obtained by reducing the matrix entries 
modulo ps surjective. 
Let; 
a:Z>F, 
This be the quotient map reducing mod p 
First show that: if w,ve F, are both zero, then there exist ¢,d € Zsuch that; 
a(c)=u 
a(d)=v 
And; 
ged(c,d)=1 
Now, suppose y ¢ (and let 0< a, < pbe the lifts of u,vin % 
And, since; 
pf 
Then there exists x, y € Zsuch that; 
x¥+yp=l 
Since, ( p)is maximal in zand let; 


c= xv + yp 


a(c)=u 

a(d)=v 
And, since; 

x¥ =| mod p 
Also; 

ged(c,d)=1 
That is; 

l=cc+xd(l-a) 
If y=0, then necessarily y +0 
And further reversing the role of u,v gives the required result. 
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Now, suppose that; 


st 

(; ‘Jesn(e) 

Let 0 < §,7 < pbe the lifts of s,rin z 

Then suppose c,d as constructed in the above part, than; 

Sd —ic =1+ Np;N €Z 

So, again suppose; 

a=S+mp 

b=i+np 

Where m,n € Z 

Such that; 

N=cn-dm 

This is possible since; 

ged(c,d)=1 

And; 

ad —be =(§+mp)d-(i +np)c 
=§d-ic+(dm-cn) p 
=1+(N+dm-—cn) 


Hence; 


(: ‘estat 


e- ?, 


This map to; 


(; ‘)est(F,) 


Therefore, the homomorphism SL, (Z)—» SL,(F,) is obtained by reducing the matrix 
entries modulo p s surjective. 
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Chapter 16 


Section 1 


lia 


Solution: There are given some polynomials and we have to determine the orbit of the polynomials. Now if the 
polynomial is symmetric we will write it in terms of the elementary symmetric functions. 


(a) The given polynomial is uzu2 + udug + uzUy. 
The orbit consists of ujug + u3u3 + uzuy and uzuy + uu, + uzuz, corresponding to odd and even 
permutations respectively in $3. 


(b) The given polynomialis (uy + u2)(us + uz)(uy + uz). 

Now notice that the given polynomial is clearly symmetric. Therefore the orbit consists of only the polynomial 
(uy + U2)(u2 + uz)(uy + Us). 

Now note that the polynomial is a homogeneous polynomial of degree 3. 

Therefore we can write 


(uy + ug)(u2 + ug)(uy + ug) = ax + bry + cz. 


Let us now substitute the point (1, 0, 0). 
Then we have 


2 =2:= >. b=11. 


Let us now substitute the point (1, 1, 1). 
Then we have 


c+9=8 = c=-1. 
Therefore the required symmetric function is 


(ui + uz)(u2 + ug)(ui + ug) = ry — z. 


(c) The given polynomial is (uj — u2)(u2 — ugz)(ui — uz). 
The orbit consists of (ui — uz)(u2 — ug)(ui — ug) and (ug — u;)(u2 — ug)(ui — ug), corresponding to odd 
and even permutations respectively in S3. 


(d) The given polynomial is u3u2 + usug + usu — urus — uu — ugud. 
The orbit consists of usug + usu3 + usu = ujus ~ wus = usu? and 
usug + usuy + usus _ ugus _ ugu? — uu, corresponding to odd and even permutations respectively in S3. 


(e) The given polynomialis u? + u3 +....+u’. 
Now notice that the given polynomial is clearly symmetric. Therefore the orbit consists of only the polynomial 
up tus+...tua- 
Now note that the polynomial is a homogeneous polynomial of degree 3. 
Therefore we can write 
ud t+u+....+u3 = az? + bry + cz. 


Let us now substitute the n—dimensional point (1, 0, 0, ..., 0). 

Then we have a = 1. 

Again substitute the n—dimensional point (1, 1,0, ...,0) we have c = 3. 
Therefore the required symmetric function is given by 


u+ust+.... tui = 2° — 3ay + 3z. 


This completes the solution. 


Result Sof 


Those are not symmetric just write down the orbit elements corresponding to odd and even permutations 
respectively in S3 and else write the symmetric function along with their orbits. 


Aset of symmetric polynomials §is called as basis, if it satisfies the following conditions; 


First is that any symmetric polynomial can be written as the sum of polynomials from § with 
some coefficients 


Second is that no polynomial from § can be written as the sum of other polynomials from § 


Comment 


Step 20f4 “ 


To find: two basis for the ring of symmetric polynomial as a module over the ring R 
Let s, =)” x,.....x, be the fundamental symmetric polynomials 
This symmetry can be written as; 


k[s,,.--55,] k[s,,.-.5,][%] 
CALs --5]E) 


é A[s,.-0-05,][¥]---[x,] 
=k[x,...-.%,] 


Consider the set of monomial polynomials as described below; 
{m,,2=(A, 2,...2 4, 20)} 

Further let 4 =", +2a,m, 

Where, 

{a,,A=(n2/, 2-24, 20),meZo} 

Clearly a, satisfies both the condition for being a basis 


Therefore, one of the basis of symmetric polynomials is m, , that is the set of monomial 
polynomials. 


Next consider the power sum polynomials p, , which is defined as; 


Py PL Parr 
p, =m,, where A =(x,0,...,0) 


Further expand the power sum polynomial as given below; 
Pp, =a,m, + Yb, mu 
word 
Where, b, €Z, 
Here, a, is a natural number. 


Thus, the given sum of power series of polynomial satisfies the conditions for being a basis. 
Hence, p, is also a basis of symmetric polynomials 


Therefore, the two basis of symmetric polynomials is {m, and p, | , that is the set of 
monomial polynomials. 


k k 


Given: We have uw, = uk + ub +... + uk. 


To Prove: 
(a) Newton's Identity: w, — s;wp_ +... + 8p_1W) F ks, = 0. 
(b) wy, ...,Wp generate the ring of symmetric functions. 


Proof: 
(a) Let us now consider the polynomial 

f(x) = (w — uj) (x — up)... (x — Un). 
Now notice that 


n 


f(z) = )0(-1)'s2"". 


i=0 


Let us represent the derivative of f(a) as f’(x) and it yields that 


f(z). 
j=0 
= ‘ ee | = WwW; 
7 (SH siz” le» git! 
£0 Py : 
= (do(-1'se"") (>: $4), sinces; =O Vi>n 
i=0 5-0 
= (—1)'s;wjx"1-(9) 
i+j=l 
= >» (So(-ay'ssns)a, since w_; = 0 Vi>l 
1=0 \ i=0 


= y(-tlar(n = jee, 


So we have got the derivative f’(a) of the function f(z). 
Now notice that for each 1 > 0, we have 


l 


So(-D'siwi-i = (—1)'(n - Dai (1) 


i=0 


Now if we assume | > n then RHS of (1) will be zero and we have 


l 


do(-)'siwii == 0. 


i=0 
Now if we assume | < n, then we have 


I 
So(-Disiwi — (-1)!(n — Is = 0. 


i=0 


This completes the proof of Newton's Identity. 


(b) Now look at the above Newton's Identity. 
We conclude that the symmetric polynomials 


= (Sys) 


is defined by recursively via solely the given Newton sums wy . 
Note that the denominator in the recursion formula is an integer, therefore this definition is valid in the ring of 
symmetric functions. 


This completes the solution. 


Result S ofS 


First we prove the Newton's Identity by using derivative of f(a) and then using that we have solved that 
W 1, Wo, ..,W; generate the ring of symmetric functions. 


Section 2 


lia 


Solution: We will propose to prove that the discriminant is a symmetric function. 
Recall that the discriminant function is defined by 


D(u) = (ur — up)?(ui — ug)?....(un—1 — Un)? = [] (ui — uy)?. 
i<j 


Let us consider that the variables u; and u; are swapped in the above equation D(u). 

Now notice that the factors of D(u) that does not contains u; and u; both are unaffected. And now the factors 
like (u; — uz)? or (uz — uj)?, where k # i, j transform into each other. 

Now consider the factor (u; — u;). After swapping it will become (uj — u;)?, which is the same polynomial. 
Therefore the discriminant remains unchanged under transpositions. 

And notice that the transpositions generate all permutations. 

This completes the proof. 


Result 20f2 


Considering the discriminant function D(u) we have shown that swapping any two variable would not change the 
actual function. 


Solution: 

(a) We will propose to prove that that the discriminant of a real cubic is non-negative if and only if the cubic has 
three real roots. 

Notice that, since complex roots are always comes in pair, so a real cubic either has three real roots or one real 
root. 

So there are two cases: 


Case-l: It has three real roots. 
In this case the discriminant will obviously be non-negative. 


Case-2: It has one real root. 
Let r be the real root and z, Z are the complex roots. 
Note that the discriminant will be 


D = (r —z)*(r —z)?(z — z)’. 


Now note that (z — 2) is purely imaginary and non-zero, since z is not real. 
Therefore (z — 2)? is anegative real number. 
Now the product of the other two factors can be rewritten as 


(r — z)*(r — 2)? = (r? —r(z +2) + 22). 


Since z is non-real, notice that z + Z and zZ are both real. 
Therefore (r — z)?(r — Z)? is positive and since r # z andr + Z, so (r — z)?(r —Z)? 40. 
This proves that the discriminant is the product of a negative real and a positive real, and is therefore negative. 


(b) Given that a real quartic polynomial has a positive discriminant. 

Notice that, since complex roots are always comes in pair,a real quartic has zero, two, or four real roots. 
By the hypothesis, since the polynomial has a positive discriminant,all four roots are distinct. 

So there are two cases: 


Case-1: It has four real roots. 
In this case the discriminant will obviously be positive. 


Case-2: It has exactly two real roots. 
Let z, y are the real roots and z, Z are the complex roots. 
Note that the discriminat will be 


D = (x —z)(y — z)*(e — 2)P°(y —2)°(z —2)°(@ -y). 


Now note that (z — Z) is purely imaginary and non-zero, since z is not real. 
Therefore (z — Z)? is a negative real number. 
Now consider the product below as 


(a2 — z)?(a — 2%)? = (2? — a(z +2) + 22)’. 
Since z is non-real, notice that z + Z and zz are both real. 
Therefore (x — z)?(x — Z)? is positive and since z 4 z and z # Z, so (x — z)*(x —z)? 40. 
Similarly notice that (y — z)?(y — Z)? is positive and since y # z andy 4 Z, so (y — z)*(y—Z)? £0. 


Now the factor (a — y)? is always positive. 
So in this case the discriminant in this case is negative. 


Case-3: It has no real roots. 
Let z, Z and w, W are all the complex roots. 
Note that the discriminant will be 


D = (z—2)7(w — @)?(z — w)?(z — 8)? (w — Z)?(z — w)?. 


Now notice that from Case-2, the factors (z — Z) and (w — @)? are each real and negative. 

And the factors (z — w)?, (z- w)? are complex conjugates of each other so their product is real and positive. 
By the similar argument the product (w — z)(z - wo)? is real and positive. Thus, given the information that the 
discriminant is positive. 


Therefore from above three cases it follows that the number of real roots of the quartic is either 0 or 4. 
This completes the solution. 


Result “Ot 


First we have shown that the discriminant of a real cubic is non-negative if and only if the cubic has three real roots 
and then we have proved that the number of real roots of a quartic is either 0 or 4, whise discriminant is positive. 


3.a 


(a) 
Consider a cubic polynomial, 
P(x) =x? -3,x7 +5,x-5, ------ (1) 
With reference to the equation (16.2.5) it can say that the discriminant of (1) is given by 
—4s;}'s, +5783+185,8,8, — 48) — 278} «...-. (2) 
Consider a depressed cubic polynomial, 
f (x)=x° + preg --- (3) 
With reference to the equation (16.2.8) it can say that the discriminant of the above equation is 


To transform the above cubic equation in depressed cubic equation f(x)=x' + px+q 


substitute xay+t in (1), 


3 2 
(x)=(y+2) -s(y+4] +a(yett)-s, 


Simplify the above expression, 
= +She3y'(S)+39(4) -s ee ee +5,y+22b-s 
27 3 Sys: a tile iia i 
s 7 oe: S55, 
ay thers ty t-sys si tet ets, 
Be (5) 
mn 2 mo hs 
~yty[Eon-2a}eh Sates 
oe 3s, -s; 4 28 + 95,5, ~ 275 
3 27 
Compare (3) and (5) 
2 
pee 
es Os pa. (6) 
“es -2s! +95,5, - 27s, 
2 27 
Substitute (6) in (4) 
2 3 2 
4 3s, -5) 27 ~2s; +9s,s, -275, 
K | 27 


4 & «} 2 
= 73s -s}) - ls +9s,s, -27s,) 
4 
= a ie) +9s,s! — 27535; +2782) 
- (4st —36s,5; +108s,s; + 81535; —486s,5,s, +7295; ) 
__1 (4s? +36s,s/ — 108835) +1088) + 487 
27\ -36s,s;) +108s,s) +81s38; — 486s,s,5, + 729s 
= = 55-2783 +108} +108s,s) — 486s,s,5, +7295; ) 
= —4s}'s, + 5783 +185,8,8, —48} — 275} «....- (7) 
The equation (7) is same as equation (2) 


Thus it can say that the discriminant of cubic and depressed cubic equation are same that is 
Tschirnhausen substitution doesn’t change the discriminant of the cubic polynomial. 


Hence Prove 


{b) 
Consider a cubic polynomial, 


P(x)=x°-s,x° +5,x-5, 
To transform the above cubic equation in depressed cubic equation 
S (x) =x + prt on. (8) 


Substitute y= y+ a in the above equation, 


3 2 
P(x)=(y+4} -s{v+4) tu(ye%}-s 


Simplify the above expression, 
4H 4352/5) 43y(4) 9 (2 4542 58, 
sy +359 737 3 +3) 3 -s,| ¥ +t +5,y+ F —S, 
s s2 e.2 S58, 
a2 tet Vt IZ Hy pm tts 
es (9) 
s 2 s ss 
-y+y(Eos 36 pms, 


“yey 3s, -s; le ~2s; +9s,s, -27s, 
| 27 


Comparing (8) and (9) 


ps a 
= -2s} +95\8, 275, 
. 27 


Hence, the coefficients p and q that are obtain from the general cubic by the Tschirnhausen 
3s,-s! 
3 


_ -2s} +9s,s,-275,|, 
nila 27 


Consider the provided statement to determine the discriminant of the polynomial by using 
undetermined coefficients. 


As it is known that from lemma 16.2.4, let D_ (p,q) be the determinant of x" + px +g then the 
discriminant D, of x" + px+q,n>2 |s given by, 


(n-1e-2) e (et) 
D,=(-1) 0? (a=1)™ p"+(-1) 2 n'g™ 
Comment 
Step 2o0f4 “ 
(a) 


Provided polynomial function is, 
x+ px+q 
AS y>2 then the discriminant is provided as below; 


(13-2 


MI 4s) 
D,=(-1) (3-1) p+(-l) 2 3q 


CX) 42) 
=(-1) > (2) p'+(-1)? (27)¢° 
=(-1)(2)' p? +(-1)' (27) 4 
=-4p'-27¢ 


Hence, the discriminant of the polynomial is |~4 p’ — 27q?|. 


(b) 

Provided polynomial function is, 

x’ + pxt+q 

As n> 2 then the discriminant is provided as below; 


(4-14-2) 
2 


D,=(-1) (4-1) pty tg" 
=(-1)'F (3)' p*+(-1) > (256)¢? 
=(-1)" (3) p* +(-1)'(256)q? 

=-27 p* +256q° 


Hence, the discriminant of the polynomial is D, =|-27 p* + 256q°]. 


(c) 
Provided polynomial function Is, 


x’ + prtq 
As n>2 then the discriminant is provided as below; 
(=iXS-2) $4 a . 
D,=(-1) 2 (S-1)” p*+(-1) 2 S*q*" 
(0) 4 44) 
=(-1) > (4) p*+(-1) > (3125) ¢" 
=(-1)"(4)' p* +(-1)" (3125)q* 
=256p* +3125q* 


Hence, the discriminant of the polynomial is D, =|256p* +3125q*| - 


For a polynomial P(x) of degree mwith roots 1, ,1,,..4, which is given as follows 
P(x)=x" -5,x"' +5,x"7 -..t5,, 

Where s, denote the elementary symmetric function. 

For such polynomial function the discriminant is denoted by D(w)and is defined as 


D(u)= I(« —u, y 


i<j 


Consider the polynomial P(x) of degree 4 given by 

P(x) =x* =5,x° + 5,07 -syxt+5, 
Let w,,1,,1,,u,be the roots of the above defined polynomial 
Then discriminant of P(.x)is given by 


D(u)= I(« =u, y 


=(u,-4, y (u,-u, y (u,—u, y (u, =u, y (u, =u, E (u,-u, y 


Use the following transformation in order to evaluate the discriminant in the terms of 
§, =U, +, +, +U, 
Sy = UM, + yl, HUM, + HAM, + UU, + UU, 
Sy = UM, + UUM, + UU, + UU, 


Sq = UMMM, 
Then the discriminant A(s,,s,,5,,5,)!S given by 
A(5,,583,55,5,) = (sists? —4s}s) —48}s} +18s}s,s, — 27s} +2568} ) +s,(q)+si(p) 


=r+s,(q)+si(p) 
are expressions obtained from s,,5,,5,,5, 


Clearly the term s,(q)and s;(p) are divisible by s, 


S\48p5 55554 


where p,q 


So, the only terms in the discriminant which are not divisible by s, are coming from the expansion 


of r only. 


Since y = 5?s3s7 —4s}s) — 453s +18s}s,s, - 27s} + 256s}, then the last term is divisible by s,. 


So the only terms which are not divisible by s, are as follows 
53838; ,48}5) .4s383,18838,s,And 275? 
So the coefficients of the terms which are not divisible by s, are given as follows 
sisis; > 1 
sisi 4 
ss 34 
53858, 218 
Therefore the coefficients in A(5,.55.555584) of all monomials not divisible by s, 
1,4,4 and 18. 


For a polynomial P(.x)of degree nwith roots 1, ,1,,..4,, Which is given as follows 
P(x)=x"-5,x"' +5,x"" -...45,, 

Where s, denote the elementary symmetric function. 

For such polynomial function the discriminant is denoted by D(w)and is defined as 


D(u)= T1(« =u, y 


i<j 


10 


Let uw! =u, + for j=1,2,3 
Then the elementary symmetric functions are denoted by s/,s},s,and defined by 
5 
= u(t) 
det 
sh =ujus tubs + ulus 
5h = Muu, 


Now differentiate each s’ with respect to ¢ 


For j=, 
rs 
n Adult 
d(si) (2 ( ) 
dt dt 
us, a, , dats 
da dt dt 
=14141 
For j=2, 
d(sy) _ d (uj + usu, +uius) 
dt dt 
_ a (uu'’) | d(uu'), duu) 
dt ar es dt 
=2(uj+uh+u,) 
For j =3, 
a(si)_ d(ujusus) 
a da 
wy, Ai) 


dt 
= Pe +uhuy + ulus 
Now evaluate A(u') 
A(u') = (uj us (uj —u5 )(u — a5) 
=(u,+t—u, -1)(u, +1—u, -0)(u, +t-u, -1) 
=(u,—u,)(u, —u,)(u, — uy) 
Now differentiate both sides with respect to ¢ 
d(A(u')) “. d((u, —u,)(u, — uy )(u, uy )) 
dt dt 
=0 
Now since A(u’)=A(u), 
Using above calculated values and put them in the discriminant of a cubic equation the result 
holds good. 
That is, the discriminant of cubic equation comes out to be as follows 
A(u) =—4u)u, + upu + 18uyuu, —4u3 270} 
Therefore, the result stated in the question has been proved. 


7.a 


11 


Consider the provided statement to prove that (p-a) = D(u).As itis provided that, there are 
n variables such that m = udu} ---u""' and p(u)= > a(m)_ 
ae, 


Comment 


Step 20f3 * 


Let R[u,--+u,] Be the polynomial ring and let () = [](u, ~¥,). tis claim that 
u,—u, | p—q for all i< j. This is equivalent to showing that p—g=0 if u,—u, =0. 
Therefore it is assume that u,=w, for i<j andlet r=(ij)eS,.Then, p(u)=p(r(u)) and 
q(u)=q(r(u)) then, 
P(r(™)= % o(e(™) 

= 2D o(m) 

ona 

=q(u) 

Similarly, p(r(u))= p(w), since A, has exactly two cosets in S, . 


Therefore, p(u)—q(u)=q(u)—p(u) and p(u)—q(u)=0. 


Since, 5(w) is homogeneous of degree aa) as are p,q,u,—u,| p—q,Vi< j. Itimplies 
that, 
p-q=a] |(u,-u,).aeR 


i<j 


As q=+l1 because in the equation p-4=a] | sen(o)o(m) 


The coefficient on m is 1, while in the expression 5(u)=T](u -u,) the coefficient on m is 


“— 


+]. Therefore, 
(p-a) =5(uy 
= D(u) 


Hence, provided statement is proved. 


Section 3 


lia 


Given: f is a polynomial of degree n with coefficients in F and K is the splitting field for f over F. 
To Prove: [K : F] is a divisor of nl. 


Proof: We will propose to prove that [K : F' divides n! by using induction on the degree of f. 

Now notice that if the degree is 1 then the proposal is trivial. 

Now assume the proposal is true for all degrees smaller than n and consider that f has degree n. We will solve it 
in two steps. 


Step-l: Let us assume that f is irreducible. 
Leta € K is aroot of f. Then we have 


f(z) = (x — a)g(z). 
Clearly notice that 
[F(a): F] =n and g(x) € F(a)|a). 
Now notice that there exists a field L satisfying 
F(a) CLOCK 
which is a splitting field of g, since g splits completely in K and by the inductive hypothesis, we have 
[L: F(a)] divides (n — 1)!. 


Now note that since L contains all the roots of g along with a, it contains all the roots of f. 
Therefore we have 


This follows that 


Now we have 
[K : F] =|K : F(a)|[F(a): Fl 
=n [K : F(a)] 
=nx [L: F(a)}. 


Since [L : F(a)| divides (n — 1)! we have [K : F| divides n(m — 1)!, thatis [K : F| divides nl. 
Step-1 is completed. 


Step-2: Let us assume the f is not irreducible. 
Then f can be written as 


f = gh, where g and h both have positive degree. 


Let us consider H be a subfield of K obtained by adjoining the roots of g to F’. Then notice that H is a splitting 
field for g. 
Now by induction hypothesis we have 


|H : F] divides m!, where m=deg(g). 


Now adjoining the roots of h to H must yield K. 
Therefore so K is a splitting field for h when considered as a polynomial over H. 
Now the induction hypothesis implies 


[K : H] divides t!, where t=deg(h). 
Therefore we have 


[K : F]=|K: H][H: F] 
=> [K : F] divides (m!) x (t!) 
==> [K : F] divides (m +t)! = nl. 


This follows that [K : F] divides (n!). 
This completes the proof. 
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Result 


3 of 3 


First we consider f is irreducible and proved the proposal and then proved without assuming that f is irreducible. 


{a) 
Consider the following polynomial: 
x-2 
To find the root from the above polynomial, then 
a’-2=0 
a’=2 
a=2" 
a= 2 
Thus, a root of »*_2 is g=¥2- 
Then after factoring and applying quadratic formula, 
x’ -2=(x-a)(x-aw)(x-aw’) 
Where, @ is a complex cube root of unity. 
wo +@+1=0 


And w¢R hence w¢Q(a) 
So, the splitting field of 2 has degree 3 2 —[6] in fact the splitting field is O(a,a). 


(b) 
Consider the following polynomial: 
xt-1 
To find the root from the above polynomial, then 
x*-1=0 

x‘ = 
The above function ,* .4 means that the fourth root of unity is the roots of the polynomials. 
Then after factoring and applying quadratic formula, 
xf -1=(x° +1)(x+1)(x-1) 

=(x+i)(x-i)(x+1)(x-1) 

So the splitting field is (i) which has degree 2 over Q since ; satisfies the irreducible 
polynomial x? +. 
Therefore, the function ,* _ 1 has the degree of the splitting fields is [3] . 


(c) 
Consider the following polynomial: 
+l 
To find the root from the above polynomial, then 
x+1=0 
x‘ =-l 
x =ti 
x= +V$i 


The above function ,* 1 means that the fourth root of unity is the roots of the polynomials. 


The splitting field will contain both j and ,/3 so, claim that the degree of the splitting field is 4. 


Therefore, the function ,* , | has the degree of the splitting fields is [4] Z 
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Let F =F, ()be the field of rational functions over the prime field F, . 


To prove the polynomial ,? _,, is irreducible over F , and that it has a double root in a splitting 
field. 


Comment 


Step 2o0f4 ~ 


First show that the polynomial y? — ,,has a double root in a splitting field. 
Let @ be a root of the polynomial in a splitting field, that is 
x-u=0 
a -u=0 
a@=u 
And note that in characteristic 2, 
Then, 


(x-a) =x -a@ 
=x -u 


Therefore, @ is a double root in a splitting field. 


Show that the polynomial ,? —,, is irreducible over F . 
Suppose ,* _,, is not irreducible, then it is reducible and it would have a root - some rational 


function f(w)as the form of Plu) 


q(u) 
However, the degree of f(1) computed as the difference of degrees of the numerator and 
denominator, then have to ; which is not possible because degree of polynomial is always 
whole numbers. 
So, assumption was wrong. 
Therefore, ,? —,, Is irreducible. 


Hence proved 
3.2Determine the degrees of the splitting fields of the following polynomials over Q 


(a) x-2 
Solution; 
The three roots of x°-2 are x°-2=0 


Solving we get three roots of x°-2are 2121/9 —1+ V3. + og peas) = ), 


The smallest field containing Q and the above roots is same as the spliiting field of x?-2 over Q is 
Q(2"9, 37 ) so deg [Q(2")-Q}=deg(x*-2)=3 


Again x2+3 <Q[x] is the irreducible polynomial over Q < Q (21 ) is of lowest degree which is 
satisfied by /3j 


Hence [Q(219, 3, }= 3x2=6 
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(b)x*-1 
Solution:x4-1=(x2-1)(x2+1)=9x-1 )(x+1 )(x-i)(x+i) 
The roots are +1, +iwherei = J-1 


Hence the splitting field of x4-1 over A are Q(i) and [Q(i):Q]=2 since x2+! Is the irreducible 
polynomial of degree 2 over Q which is satisfied by i. 


(c) the roots of x*+1 are given by 


I ee Nite posed sere A Seg 
Fy ty l-0,- + i) 
Splitting field K of x*+1 over Q is k=Q( telieDt-i 


We show K=Q (/2, i) 
=> ist 
vz 
=> \2iek 
AlsoQ 


© KandthusQ(V2, i) < K 
Againy 2 ieQ(V2.i) 

eae 2 
tpt eQW2,/) 
=> K <Q(V2,i)asO0 c OV2,i) 
K =Q(V2,i) 


now 
Now x2+1 £Q(/2)[xisirreducibleoverQ(/2) 
=> [0(V2, i): O(V2)] = deg Irr(Q(V2, i) = 2 


As i satisfies x2+1 


(Q( J2): 0) = deg Irr(Q, V2) = deg (X?-2)=2 

[K:Q}[K:Q( J \ILQ( 2 :Q)=2x2=4 

| 

Let F = F2(u) be the rational function field over the field of two elements. Prove that the 
polynomial x? - uis irreducible in F[x] and that it has two equal roots in a splitting field. Solution: 
First, let a be a root of the polynomial in a splitting field, and note that in characteristic 2, (x- a)? 
=x?2-q?2=x?-u. Therefore, a is a double root. Now, suppose x 2 - u weren't irreducible, then 
it would have a root - some rational function f(u). However, the degree of f(u) (computed as the 
difference of degrees of the numerator and denominator) would then have to be 1/2, which 
doesn't happen. 


Section 4 


lia 


(a) 
Consider the provided statement to determine all the automorphism of the given field. 


As provided field is Q(¥2) and Q(¥/2,0), 


2a 
a=e* 


It is known that any automorphism @ of field must leave Q fixed. As from the previous 
exercise, it is obtained that (1) =1.As multiplicative inverses are preserved through g then 


any rational which is in the form of P must be fixed. 
q 


It is assumed that ge AutQ(¥2). Then @ is determined by o(¥2) and It is also necessary 


that o(¥/2) =2. Therefore, 
9(V/2)= 0 V2, j € {0,1,2} 


Then, Q(¥2)cR and we< hence j=0 and p=id. 


Now itis assumed that g € Aut Q({/2,«) then @ is determined by g(¥2) and g(a). 


Itis necessary that o(¥2) =2 and g(o) =p 
Therefore, 
9(¥2)=«/¥2 
() =o 
Where the value of j,k €{0,1,2},4 #0, otherwise ¢ is not surjective. 


Hence, Q(¥2,«) has [6] automorphisms. 


(b) 
To find all automorphisms of x’ for the provided polynomial function, 
Sf (x) =(x? -2x-1)(x? -2x-7) 
=x" =2x) -7x? -2n') +4x? + 14x—27 +2047 
=x" -6x° —4x° +16x+7 
The roots of the equation (x* -2x-7) is calculated as below, 


(V4) 


2-1 


_ 2+ V4+28 


2 

2442 
2 

=142V2 


The roots of the equation (x* ~2x-1) is calculated as below, 


+ -(-2)+ y(-2)' -4-1-(-1) 
21 
. 24/444 


2 
2+2V2 
2 
=1+/2 


Therefore, the roots of the equation are 1 + /2,1+ 2/2 . Hence, K =Q(v2) have only the 
trivial automorphism and the automorphism sending from ,/9 to _/3. 
Hence, the number of automorphism is [i]. 
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Section 5 


lia 


Solution: We will determine the group of automorphisms that following sets of automorphisms of the field of 
rational functions (C(t) and the fixed field. 


(a) o(t) =t"} 

Note that The automorphism o a here is an involution. 

Therefore the group it generates consists of only itself and the identity element. 

Let us now consider K = C(t +t~}). 

Notice that KC is a sub-field of the fixed field. Now observe that t is a root of the polynomial f(a), which has 
coefficients in AK’, where 


f(x) =(«—t)(e-t") 


=o? —(t+t )¢+1. 


Therefore the degree of (C(t) : K] is atmost 2. 
Now by Fixed Fleld Theorem it follows that KC itself is the fixed field, since K is a sub-field of the fixed field and 
the fixed field has degree 2. 


(b) o(t) =it 
Notice that the orbit of t under a is t, it, —t, —it, t....... 
Therefore, 7 generates a cyclic group of order 4. 

Let us consider now K = C(t*). 

Now note that 


[C(t): K] <4. 


Therefore the degree [(C(t) : A] is at most 4 and K is a subfield of the fixed field, over which (C(t) has degree 4. 
This follows that K is itself the fixed field. 


(c) o(t) = —tandr(t) = t7! 

First notice that both o and T are involutions. Therefore the automorphism group is the Klein four-group, 4 order 
abelian group with all non-zero elements has order 2. 

We will propose to prove that the fixed fieldis K = C(t? + t7*). 

This follows from the fact that K is fixed by both o and 7 and note that t is a root of the polynomial f(a) where 


f(z) =a — (0? +t7*)2? +1. 
Now note that 
(c(t) : K] <4. 
Therefore the degree [(C(t) : K] is at most 4. 


(d) a(t) = wt and T(t) = 1; where w = e27i/3 
Now notice that o has order 3 and T has order 2. 
Now we have 


o(r(t)) =w tt 
=w*t!, since w> =1 
=1(o7(t)). 


It follows that the automorphism group is the symmetric group S3 and note that the degree of (C(t) over the fixed 
field is 6. 
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We will propose to prove that the fixed field is K = C(t? + 7%). 
This follows from the fact that KC is fixed by both o and T and note that t is a root of the polynomial f (x) where 


f(z) = gf = (t3 7 t-3)23 +1. 
Now note that 
(C(t) : K] <6. 


Therefore the degree [C(t) : K] is at most 6. 
This completes the solution. 


Result Sof 5 


We have used Fixed Field Theorem and the given automorphisms to determine the group of automorphisms that 
following sets of automorphisms of the field of rational functions C(t) and the fixed field. 


Field is defined as the nonzero commutative division ring whose nonzero elements form an 
abelian group under multiplication 


it-i 


To show: that the automorphisms o(1) = ‘and ot a 1) generate a group 
=§ 
isomorphic to the alternating group A, , and determining the fixed field of this group. 


First calculate the products of 0,7 by taking jd =1: 
or=-t 
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Thus, there are 12 elements in this group G . 

Consider the four pairs of 3 points defining circles in Cp': 
{{0,-i.1} {-L.i,2e}} 

{{0,-1,1},{-i,1,20}} 

{{0,i,1} {-1,-i,20}} 

{{0,-1,i} {Lé,co}} 


Now, label these four pairs as 1, 2, 3, 4 respectively 

And, o permutes these pairs as (123)and r as (234) 

Hence, Gis isomorphic to a subgroup of S, 

This means it has an order of 12 

Further by using the result which states that; 

The only subgroup of order 12 of the symmetric group §, is alternating group A, 
Thus, G= A, 


To find the fixed field, put the subgroup of A, isomorphic to the Klein 4-group C, x C, 
Further by using the result of the theorem which states that; 


Let #7 be a finite group of automorphisms of a field « and let / denote the fixed field x”. Let 
f,be an element of x, and let {B,,....B, } be the H -orbit of f,, then the irreducible polynomial 
for Bover Fis; 


g(x)=(x-£8)...(x-£,) 
=x —bx t+ tb, 


By using the above result the irreducible polynomial for ¢ over the fixed field is the polynomial 
whose roots form its orbit; 


(x=1)(x+0)(x-1/1)(x+1/1) = (x -? )(* 7 vr) 


=x" -(? ie a +1 


Now, letting; 


u=Per 


Then; 
[a):qu)]}<4 
Now, fix wby C,xC, 
Hence; 
quycqne 
Further by using the fixed field theorem; 
[an):any"* |=4 
This follows that; 


q)=any" 
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Claim: to find the subfield of ({w)that is fixed by all of 4,and since, aand C, xC,generate A,, 
then it remains to show that the subfield of Qu)is fixed by o; 


o(u)=o(r) 


(“ty (ty 

s|—/| +] — 

t-i t+i 
2(1* -6r +1) 


(? +1) 


And; 
1 
a(t) 


-(53) (3) 

t-i t+i 

“ -2(r° +61 +1) 
a) 


_ -2(u+6) 
pea 


a (u)=o7 (1) + 


Hence; 
(x-u)(x-o(u))(x-o7 (u))=x° 4) 2 2614 Mle -*4) 
Now, let; 
od u(uw ~36) 
w-4 


Here, vis fixed by o and; 
[Qu):Qv)]<3 
Thus, by the fixed field theorem; 
qv) =qu)” 
=q))* 

Explicitly as; 
yall! +1)(¢° -34¢' +1) 

7 r(r -1) 


Hence, the required field is |v = 


Consider a filed extension ,/ K which is algebraic if every element of 1 is algebraic over x that 
is every element of jis algebraic over x’. Field extensions that are not algebraic which contain 
transcendental elements are called transcendental 
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Let F = {r)be the field of rational functions in ¢ 

To prove: That every element of # that is not in Cis transcendental over C 
Suppose that; 

veqr)/C 

This be the field of rational 

Consider ris transcendental then there exists; 

f(x).8(x)e qx] 


Such that; 
g(40 


Since, y €Cc 


The rational function a is non-constant 
a(x 


Now, on the contrary suppose that vis algebraic over C 
Then there is a non-constant polynomial; 
h(x)e Cx] 
With degree » >1 
And with; 
h(v)=0 
Also; 


yell 
g(t) 


Then following is obtained; 


ua) 

h| —— |=0 

(a 

And, since: 

x(oyx1{ 2) eq 

This Is a polynomial which is satisfied by ¢ 
Hence, ¢must be algebraic over ¢ 


This is contradiction 
Therefore, every element of f thatis notin ( is transcendental over © 


Section 6 


lia 
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Consider the provided statement to check ,/—3] isin the field Q(a) andisitin x. 


Polynomial functionis ,? 4 4 and let @ be a complex root of the polynomial function. From 
the multiplicative property of degree v-31 € Q(a) as a@ has degree 3 but V1 has degree 2 
over Q. 


Comment 


Step 20f2 ~ 


If h(x) =x° + px+q isa polynomial function then their discriminants is provided as 
D=-4p’ —27q° . Then In the polynomial function »° 4,41 where p=1,q=1 so the 
discriminant will be as below: 
D=-4(1)' -27(1) 
=—4-27 
=-31 
However, as /—3] « K because the discriminant of »’ 4 +1 is 3] as calculated above and 
the square root of the discriminant is a product of differences of elements in x’ . 


To determine [K :Q],prove that x’ is a Galois extension of Q, and determine its Galois group. 


Comment 


Step 20f2 “ 


Let, 
K=Q(vi.v5.45) 


Then x’ is the splitting field of polynomial over Q of (x? -2)(x* -3)(x* -5). 


The Galois group is generated by a, r and p which are respectively interchange with the roots 
of x?-2, x7-3 and y?_5. 


Every element has exponent 2, then [K :Q]=2x2x2=8. Since the dimension of 
Q(v2.v3.v5) as a Q-vector space is §. 

That is, 

{1,V2,V3,V5,/2V3, V2V5, v3V5,/2v3V5} 

Thus, {1,¥2,V3,V5,/2V3,/2V5,v3V5, V2V3V5} is a Q-basis for K. 


Therefore, -automorphism extension of Q is |[K :Q]=8}. So if the Galois group is 
G =Gal(K /Q) then ||G| =8]. 
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Field is defined as the nonzero commutative division ring or can be defined as the ring whose 
nonzero element forms an abelian group. 


Comment 


Step 20f3 “ 


Consider K = |, = F be a chain of extension fields of degree 2. 
To show: that K can be generated over F by the root of an irreducible quartic polynomial of the 
form x4 + bx? +e 
For the proof consider L/F to be extension of degree 4. 
Then; 
L=F(a) 
Where, a is a root of a polynomial of the form x* 4+ x? +¢ 
Now, if; 
a@eF 
Then; 
f(x)=(x-@")(x-f’) 
This does not factorizes in x 
Thus, the polynomial is irreducible 


If L=F(a) 
Then; 
ed: -atVa’ —4b 
2 
And, hence; 
F(a’) =F(Va’ ~4) 
This should be a quadratic extension of - 
That is F (@)would be of degree 2 over F and not 4. 
And, if L/F is an extension of degree 4 having a quadratic intermediate field; 
k=F(Va) 
Then, jis a quadratic extension of x so, 
L=K(JB),BeK 
That is; 


B=ar+sVa 
eK 
Thus, @ is the root 


Therefore, x canbe generated over /- by the root of an irreducible quartic polynomial 
ofthe form \* + hx? +e 


Section 7 


lia 
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Solution: We will determine the intermediate fields of an extension field of the form F(,/a, Vb). 
Let us assume that V/b ¢ F(,/a) and /a ¢ F(v). 


Then notice that it is obvious 
[F(/a, Vb) : F] = 4. 


Therefore any intermediate fields must be quadratic extensions of F’. Therefore notice that F(,/a), F(./b), and 
F(,/a, Vb) are three such intermediate fields explained above. 

Now if there is any other intermediate field besides F(,/a), F(./b), and F(,/a, /b) it must be generated by 
an element of the form 


x =aVa+ BvVb+65Vab, where a, 8,6 € F. 
Now we have 


xX? = (aVa + BVb + 6Vab)? 
= (a*a + 8°b + &ab) + 285b/a + 2adavb + 2a8-Vab. 


Now if we have 
la: 8: 6] = [286b: 2ada : 2a} 


then x will have degree 2. 
Now notice that if ad = 0, then it is easy to see that this condition forces at least one other to vanish, so one of 
the three intermediate fields F(,/a), F(/b), and F(,/a, Vb) is obtained. 


Otherwise let us assume 
a’ da = B76b. 
Then we have 
aa = +8vb. 


Now notice that if a8 4 0, then we contradict the fact that ,/a ¢ F(v). 
Therefore there are no other intermediate fields other than F(,/a), F (vb), and F(,/a, vb). 
This completes the solution. 


Result 20f2 


The intermediate fields of an extension field of the form F(,/a, Vb) are F(,/a), F(V/b), and F(,/a, vb). 


Fundamental theorem on Galois Theory states that given a field extension E/ F that is finite and 
Galois there is one-one correspondence between its intermediate fields and subgroups of its 
Galois group 
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Let K/F be a Galois extension such that; 

G(K/F)=C,xC, 
a. 
To find: The number of intermediate field of 7, where [L: F]=4 
Since, given that; 

G(K/F)=C,xC, 
Therefore, number of elements will be; 

C,xC,, =2x12 

=24 

And also; 


[L:F]=4 


Now, the number of intermediate field will be the number of subgroups having the number 


elements; 


C,xG, _24 


[L:F] 4 
=6 
Now, the field's having six elements are; 
((0,2)).((1,2)) and Z, x (4) 


Therefore, there are three intermediate field of ; where [L:F]=4 


b. 
To find: The number of intermediate field of 1 where [L: F]=9 
Since, given that; 
G(K/F)=C,xC, 
Therefore, number of elements will be; 


C,xC,, =2x12 
=24 
And also; 


[L:F]=9 
Here, clearly 9/24 
Therefore, there is no field with [/.: F]=9 


c 
To find: The number of intermediate field of 7 where Gal(L/M)=C, 
Since, given that; 

G(K/F)=C,xC, 
Therefore, number of elements will be; 

C, xC,, = 2x12 

=24 

Now, it is required to find the number of subgroups of C, x C,, , that is isomorphic to C, 
That is; 

((0,2))and((1,2)) 
These are the subgroups of C, x C,, , that is isomorphic to C, 
Therefore, there are two intermediate field of , where Gal(L/M)~=C, 


3.a 
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If y is an extension of f which is in turn an extension of x’, then Ff Is said to be an Intermediate 
field of the field extension L/K 


a. 
To find: the number of intermediate fields 7 with [ L: F) = 2will be there when K/ Fis a Galois 
extension with Alternating group A, 


Here, use the result that, an extension K//F such that [K : F) = nand a positive integer ¢ 
dividing m such that there is no intermediate field K — | < K with [L : F} =2 

The group A, is defined as the group of even permutation on four elements. 

Now, A, is defined as; 


' 
A, =~ 
2 


Here, mis the order of A, 
Since, the cardinality of A, is 4 
Thus, n=4 

That is; 


4! 
|A,|= 2 


_ 1x2x3x4 
2 
=12 


Since, [L: F]=2 
So, by using the above stated result the number of intermediate fields will be; 


12 16 
2 


Therefore, the number of intermediate fields / with [L : F) =2 willbe there when, K/F 
is a Galois extension with Alternating group 4, is [6] 


b. 


To find: the number of intermediate fields 7, with [z ‘ F] = 2 will be there when, K/Fis a Galois 
extension with Dihedral group D, 


Here, use the result that, an extension K/ F such that [K Ys ] =nand a positive integer ¢ 
dividing n such that there is no intermediate field K 1c K with [L: F]=2 


The Dihedral group D, is one of the two non-Abelian groups of the five groups which is total of 
group order 8 


That is, 
|D,| =8 
Since, [L: F]=2 
So, by using the above stated result the number of intermediate fields will be; 


LP 
2 


Therefore, the number of intermediate fields ,; with [z ‘ F] =2 willbe there when, K/F 
is a Galois extension with Dihedral group D, is [4] 


4.a 
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Consider the provided statement to determine all intermediate fields of the given expression. It is 


provided that F =Q and K = Q(V2,v3,V5). 
itis assumed that ‘Is the splitting field of the polynomial (x* —2)(x’ —3)(x*—$) and 
F CK isa Galois extension of order 8 where the Galois group is provided as below: 
G=C,xC,xC, 

=(0,,05,05) 
Where ag, is the field automorphism over @ such that the map under consideration sends the 
element J/g to the element _ Jf. 


The lattice diagram for the subgroup of G = C, x C, xC, is given as below: 


ao 
(05) (o2) (9203) (020305) — (305) (0205) (3) 


(03,05) (02, 05) (02,03) (05,0203) (02,0305) (0203,0205) (03,0205) 


C2 x C2 x C2 


It corresponds to the lattice diagram of intermediate fields when it is computing as fixed fields 
according to the theorem 16.7.1, then lattice diagram is provided as below: 


v2, v3, v5) 


Q v2, V3) QA v3, V5) Q(V5, V6) Q( v6, V10) Q( v2, V15) Q( V3, V10) Q( v2, v5) 


Q(v2) QAv3) Avs) Avs) Av15) — Q@_v30) — QV/I0) 
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Cubic irreducible polynomial is defined as, if f is a field, a non-constant polynomial is irreducible 
over F if its coefficients belong to F and it cannot be factored into the product of two non- 
constant polynomials with coefficients in Ff. 


Comment 


Step 20f3 “« 


Let f(x) be an irreducible cubic polynomial over Qwhose Galois group is S, 


To determine: the possible Galois groups of the polynomial (x* -1) f(x) 
For the proof consider F be the splitting field of f over Gand £ the splitting filed of ,* _1 
This means that is the splitting field of 7 4.41 


The splitting field of (x* -1) f(x) will be the smallest extension containing both the roots of f 
and those of x? +.x+1 


Let; 

G =G((Smallest extension )/Q 

Now, for the case if; 

f=x-2 

Then; 

G=S, 

Else, E() F has dimension 1 over g 

That is; 

ENF=Q 

And, thus; 

G=G(E/QxG(F/Q 
=(42Axs, 

Thus, the possible Galois groups of the polynomial (x’~1) f(x) is 


6. a 
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Given: K / F is a Galois extension whose Galois group is the symmetric group S3. 


Solution: We will propose to prove that K is splitting field of an irreducible cubic polynomial over F’. 
Notice that S3 is a group of order 6 and consider the subgroup generated by the element (1 2) in S3. This 
proves the existence of index 3 subgroup of $3. 

Then there is an intermediate field L with degree 3 over F’. 

Now notice that since 3 is prime, we have 


L=F(a), wheeace L—F. 


Let us now assume that f be the minimal polynomial of a over F’. Then f is a cubic polynomial. 

Now recall that $3 has only one non-trivial proper normal subgroup which is A3 of order 3. So S3 has no normal 
subgroup of index 3. 

This follows that L/ F' is not a Galois extension. 

Hence by the definition f does not split completely in L. 

Now note that K is a splitting field over F' and f has a root in K, it follows that f splits completely in K. 

Now notice that the field generated over F’ by the roots of f is strictly larger than L. 

Now we have 


[K : F] =2. 


Therefore his field can only be K. Therefore K is the splitting field of the irreducible cubic f. 
This completes the proof. 


Result 20f2 


Considering the note that S3 has no normal subgroup of index 3, we have assert that K is a splitting field of an 
irreducible cubic polynomial. 


7.a 


Solution: 
(a) We will determine the irreducible polynomial for i+ /2 over Q. Now 
notice that 


QCQli+ V2) and Q(i+ V2) C Qi, v2). 
Therefore we have 
QC Qi+ V2) ¢ Qi, v2). (1) 
Now we will prove that [Q(i, V2) : Q] = 4. 


Claim: Let F be a splitting field for f(a) = 2+ +1. Then we have order of 
the group Gg is 4. 
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Proof of the Claim: Notice that the polynomial f(a) has roots 


{V—I, MA v-, xiv—1, xiv—T}. 


Now notice that 


Jata it 


=o) 


v2 + iv2 


2 
_ (1+i)v2 
ae. 


Since y4 = i, a splitting field for f(x) is given by F = Q(i, V2). Now observe 
that 
[Q(i, V2) : Q| = [Q(é, V2) : Q(V2[Q(v2 : Q] =2x2=4. 


Since we know that [Q(i, V2) : Q( V2] = 2 and (Q( V2 : Q] = 2. Hence order 
of the group Gig is 4. 
We proved the Claim. 


Now from the above Claim we observe that [Q(i, V2) : Q] = 4. 
Therefore from (1) it follows that the degree of Q(i + V2) is either 2 or 4. 


Now note that i + ./2 can not have degree 2 over Q. Hence the degree of Q(t+ /2) is 4 over Q. 
The minimal polynomial is therefore given by 


(a —i — V¥2)(a —i+ V2)(a+i- V2)(x+i+ V2) = 21 — 227+9. 


(b) We will propose to prove that the set {1, 7, V2, iVv2} is a basis of Q(i, V2) over Q. 
Note that by the above claim we have 


[Q(, V2): Q =4. 


Now trivially every element of Q(i, /2) can be written as a linear combination of the elements of the set 
{1, i, /2,iv2}. 

Therefore {1, i, V2, iV2} froms the minimal spanning set for Q(i, /2) over Q. 

Hence the set {1, i, V2, iv/2} is a basis of Q(i, 2) over Q. 

This completes the proof. 


Result 


First we prove that z+ — 22? + Qis the required minimal polynomial and then proved that the set 


{1, i, V2, iV2} isa basis of Q(i, V2) over Q. 


8.a 


Sof 3 
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Galois group Is defined as the group of the field Automorphism under the given criteria of the 
composition. 


Comment 


Step 20f5 “ 


To determine: the irreducible factors over each of the fields 
The splitting field of y* 4 2 Is; 
Qa,i) 
Now, the corresponding extension is given as; 
82.1): q3) 
This extension has order 4 
Now, the automorphisms of the Galois group are determined by; 


2 +2 
And; 
iti 


Therefore, the required Galois group is 


The splitting field of ,* + 2/s; 
Qa,i) 

Now, the corresponding extension is given as; 
42.i):qv2./) 

This extension has order 2 

Now, the automorphisms of the Galois group are determined by; 
2 +432 

And; 
iti 


Therefore, the required Galois group is 


The splitting field of ,* 42s; 
Qa,i) 

Now, the corresponding extension is given as; 
q¥2,i):de) 

This extension has order 2 

Now, the automorphisms of the Galois group are determined by; 
2+ +42 

And; 
iti 


Therefore, the required Galois group is 
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The splitting field of y* 4 2 is; 
Qe,i) 

Now, the corresponding extension is given as; 
qi i ) :Qa,i) 

This extension is trivial 


Therefore, the required Galois group is |(e) 


9.a 


A Galois group is defined as any group that forms an field automorphisms under the given 
composition 


Comment 


Step 20f4 “ 


Let ¢ =e" 
To prove: That K = (¢)is a splitting field for the polynomial ,* _j over Gand to determine the 
degree of [K:Q 
Since; 
¢*-1=0 
That is; 
x =1=(x=1)(x* +2? +27 +241) 
=(x-1)(x-¢)(x-*)(x-¢")(x-S") 
Thus, Kis x*—] 
Therefore, K =({¢) isa splitting field for the polynomial ,*_) over Q 


That is this is a splitting field and since ¢ #1, ¢ is the root of an irreducible that is a cyclotomic 
polynomial, this polynomial is of degree 4 


Tm 


33 


To prove: that x is a Galois extension of gand to determine its Galois group 
Let o, send ¢ to ¢! 
Then o,,...,0,are all automorphisms of x’. 
Since, 

|Aut(K/Q|=4 

=[K:q 

Now, K/Qis Galois, and the Galois group is 27/4Z 
Therefore, x is a Galois extension of G 


Comment 


Step 40f4 “« 


Also; 
a =, (16) 
=0,(8)o, 
=a] 
Thus, Gal(K/Q)is of order 4 and has an element of order 4 
Thus, it cannot be V,and must be 7/4Z 
Hence, its Galois groupis 7/47 


10.a 


Consider the provided statement to prove the given condition. 


As itis provided that K / F be a Galois extension with the Galois group and also #7 bea 
subgroup of G. 

Itis assume that K,F have characteristic zero and x / F isa finite extension. Therefore, the 
chain of extensions is considered as fp — x” x . From the primitive element theorem there 
exists fe K" such that K” = F(£). 


Comment 


Step 20f2 “ 


Itis claim that G, =H therefore clearly HCG, so tis supposes that g «TE. 


Then from Corollary 16.7.2, H'= H ¢(H,o) and x" — K". 
Every element in x is fixed by yy" so x” — x! but then from Corollary 16.7.2, 
[K:K" |=|H| 
=|] 
Therefore, it contradicts that 47 ¢ H' and hence given statement is proved. 


1i.a 


Splitting field of a polynomial with coefficients in a field is defined as the smallest field extension 
of that field over which the polynomial decomposes into linear factors. 
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Let @ = 2,8 =J3. and y=a+f.Let p be the field (a, A), and let «be the splitting filed of 
the polynomial (x’ ~2)(x* -3)over Q 
a. 
To determine: the irreducible polynomial f for y over Qand its roots in C 
For the proof first consider; 
(y-B) = -3By +97-38 
=2 
Hence; 


5 
_¥ +97-2 
id 3y° +3 
So: 


Uy)=Qa,A) 
Since, a has degree 3 and #has degree 2 over g, then by using the result of the corollary 
which states that; 


Let K be an extension field of a filed ~, let K and f’be subfields of K that are finite extensions 
of fF, and let x’ denote the subfield of K generated ny the two fields x and fF’ together. Let; 


[K':F]=N 

[K:Fl=m 

[F':Fl=n 
Then, mand ndivide y and N <mn 


So, by using the above result; 

[L:G=6 

Thus, the irreducible polynomial for 7 has degree 6. Now, let; 

I (x)=((x-A) -2)((x+ 4) -2) 

f(7)=9 

By construction; 

J (x)=(x' +9x-2-38 (x? +1))(x° +9x-2+3A(x" +1)) 
=(x°+9x-2) -27(x? +1) 
=x° -9x* —4x° +27x° -36x-23 

Since, degree of f(x) =6 

Thus, it is an irreducible polynomial for y 


Now, = Cis a root of f(x) if and only if; 


ztp=o'a 
Where, 
o=e8™ 


J €{0,1,2} 
Hence, the roots of f(x)are +8+@/a 
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b. 
To determine: the Galois group of K/Q 
For the proof first denote; 
G=G(K/Q 
So, from the first part, f° (x) splits completely in « by the splitting theorem 


Similarly, (x* -2)(x* -3)splits completely in the splitting fields for f(x) since @, 8 can be 
obtained as linear combinations of the roots of (x) 


Thus, Kis the splitting field for f(x) 
if je {l,2}; 


tB+o'a =2p NB, 


Vip 


=t B caine va - 
Hence; 
K =Q,i) 
= Qa, f.i) 
And so by using the multiplicative property of the degree; 


[k:Q=[K:Qy)][qy):9 


=12 


Now, let XK, be the splitting field for ,> _2.and let K,be the splitting field for ,.* _3. So, the 
following lattice will be formed; 


splits x - 
4: x -2 


splits x - 


splits x — 3 


Further by sung the theorem which states that; 
Let K/F be a finite extension and let G be its Galois group. Then xis a splitting field over f 
So, by using this result; the subgroups; 

G, =G(K/K,) 

G, = G(K/K,) 
In fixing these subgroups of G by K,, K, respectively are normal subgroups of G . This is true by 
using the result of the theorem which states that; 


Let K/F be a Galois extension with Galois group G , and let 7, be the fixed field 7, of a subgroup 
Hof G. The extension //F is a Galois extension if and only if #7 is a normal subgroup of G . If 
so, the Galois group G(L/F)is isomorphic to the quotient group G/H 


36 


Claim: 
G=G,xG, 
=C,xS, 
For this consider the multiplication map; 
u:G,xG, ~G 
First claim that 41 /s injective 
So, by using the result of the theorem which states that; 


Let K/F be a Galois extension with Galois group G , and let g be a polynomial with coefficients 
in F that splits completely in K . Let its roots in K be £,,..., A. then, if Kis a splitting field of g 

over /, the operation on the roots is faithful and by its operation on the roots, G embeds as a 

subgroup of symmetric group S, 

Now, it remains to show that any o € G, 1G, operates as the identity on +8 + w/a 

Since, 


wae K, 
tPek, 


Hence; 

G,NG, = {I} 

Now, also, 

|G, xG,]=12 
=|4 


Thus, //is also surjective, and is therefore an isomorphism 


Section 8 


lia 


The Klein four groups are defined as the direct product of the group with itself and this group 
consists of the elements under coordinate wise-multiplication. 


Comment 


Step 20f3 ~ 


Let K/F be a Galois extension whose group Gis a Klein four group D, 
To prove: that « can be obtained by adjoining two square roots to f and how G acts on K 
For the proof use the result of Main theorem which states that; 
Let x be a Galois extension of a field ¢ and let G be its Galois group. there is a bijective 
correspondence between subgroups of G and intermediate fields and this correspondence 
associates to a subgroup js its fixed filed, and to an intermediate field 7 , the Galois group of x 
over 7. Then the maps; 

H— kK" 

L—+>G(K/L) 
These are inverse functions. 


Thus by using the result of above defined main theorem, it the Galois group has three subgroups 
of index 2 then x contains three subfields containing ¢ which have degree 2 over 
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Further, let two of these subfields be F(#)and F(y) 

Since, these subfields are distinct and both have degree 2 over F, # ¢ F(y)and y ¢ F()but 
Buy eK 

Thus, F(,y)has degree 2 over F( 8), F(#,y)has degree 4 over fand K > F(f,7) 
This implies that; 

K=F(B,y) 

Thus, xis the splitting field for; 

(x-B)(x+B)(x-7)(x+7) 

Where, splits in F(8)and (x-y)(x+)splits in F(y) 

Thus, K/F is a biquadratic extension 


Therefore, x can be obtained by adjoining two square roots to - and there is a bijective 
correspondence between subgroups of (; and intermediate field x 


2.a 


A Galois group is defined as a field which will be obtained by field automorphisms and under the 
composition. 


To determine: the Galois group of each of the following expression over Q 
a. 
Consider the expression; 
x-2 
Now, the roots that is the factors of the given polynomial are one real root that is, ¥/2 and the two 
complex roots that is; -/—2,(-1)"* ¥/2 
Clearly, the factor does not lie in 
Thus, the function is irreducible 
Now, finding the determinant to look at if it is coming to be a square or not. 
Now, the equations of the form; 
f(x)=x+q 
The discriminant will be; 


A=-27q° 
Comparing the function ,* — 2, then; 
q=-2 
Substituting the value; 
A=-21q° 
=-27(-2) 
=-108 


This is not a square 
Since, the function is irreducible and the determinant is also not a square. 
Therefore, the Galois group is [S.] 
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b. 
Consider the expression; 
x’ 43x+14 


Now, the roots that is the factors of the given polynomial are one real root that is, -2and the two 
complex roots that is; 1-i./6,1+iV6 


Clearly, the factor does not lie in Q 
Thus, the function is irreducible 
Now, finding the determinant to look at if it is coming to be a square or not. 
Now, the equations of the form; 
f(x)=x' + px+q 
The discriminant will be; 
A=-4p'-27¢° 
Comparing the function x? +3x +14, then; 


p=3 
q=i4 
Substituting the value; 
A=-4p'-27q’ 
=-4(3)'-27(14)° 
=—5400 
This is not a square 
Since, the function is irreducible and the determinant is also not a square. 


Therefore, the Galois group is [s,] 


c. 
Consider the expression; 
xv -3x°+1 


Now, the roots that is the factors of the given polynomial are three real root that is, 
0.53209, 0.65270, 2.8794 


Clearly, the factor lies in g 
Thus, the function is reducible 
Now, finding the determinant to look at if it is coming to be a square or not. 
Now, the equations of the form; 
f(x) =ar' +bx? +d 
The discriminant will be; 
A=-4b'd-27a°d* 
Comparing the function y’ — 3,7 +1, then; 


a=l 


b=-3 
d= 
Substituting the value; 


A=-4b'd-21a'd* 
=-4(-3)(1)-27(1)' (1) 
=12-27 
=-15 
This is not a square 
Since, the function is reducible and the determinant is also not a square. 


Therefore, the Galois group is 
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d. 
Consider the expression; 


x -21x+7 


Now, the roots that is the factors of the given polynomial are one real root that is; 
—4,7409, 0.33513, 4.4058 


Clearly, the factor lies in g 
Thus, the function is reducible 
Now, finding the determinant to look at if it is coming to be a square or not. 
Now, the equations of the form; 
f (x)=x° + pxr+q 
The discriminant will be; 
A=-4 p - 27q¢° 
Comparing the function x? +3x+14, then; 


p=-21 
q=7 
Substituting the value; 
A=-4p’-27¢° 
=-4(-21)'-27(7)° 
= 35721 
This is a square 


Since, the function is reducible and the determinant is a square. 
Therefore, the Galois group is 


e. 
Consider the expression; 
x +x*-2x-1 


Now, the roots that is the factors of the given polynomial are one real root that is; 
1.8019, -0.44504, 1.2470 


Clearly, the factor lies in g 

Thus, the function is reducible 

Now, finding the determinant to look at if it is coming to be a square or not. 
Now, the equations of the form; 

f (x)=ax’ +bx +ex+d 

The discriminant will be; 

A=b'c? —4ac’ —4b'd -27a°d’ +18abed 
Comparing the function x? + x* ~2x—1, then; 

a=l 

b=1 

c=-2 

d=-l 
Substituting the value; 

A=b'c? —4ac’ —4b'd —27a°d? +18abed 

=(1)' (-2)' -4(1)(-2)° -4(1)" (1) -27 (1) (-1Y' +18(1)(1)(-2)(-1) 


=1 
This is a square 


Since, the function is reducible and the determinant is a square. 


Therefore, the Galois group is 


f. 
Consider the expression; 
xv +x? -2x4l 


Now, the roots that is the factors of the given polynomial are one real root that is ~2,1479; and 
two complex root 0.57395 — 0.36899i,0.57395 + 0.36899 


Clearly, the factor does not lie in g 
Thus, the function is irreducible 
Now, finding the determinant to look at if it is coming to be a square or not. 
Now, the equations of the form; 
f (x)= ax’ + bx? +ex+d 
The discriminant will be; 
A=b'c* —4ac’ - 4b'd —-27a°d* +18abed 
Comparing the function .? + ,? 241, then; 
a=l 
b=1 
=-2 
d=1 
Substituting the value; 
A=b'c* —4ac’ -4b'd -27a°d? + 18abed 
=(1)' (-2)° -4(1)(-2)' -4(1)' (1) 27(1)' (1)? +18(1)(1)(-2)(0) 
=-79 
This is not a square 
Since, the function is irreducible and the determinant is also not a square. 


Therefore, the Galois group is 


A quadratic polynomial in xis defined as an expression of the form; 


av +bx+c=0 
Where, a,b,c are constants 


Comment 


Step20f3 “ 


To determine: the quadratic polynomial g(x) that appears in f(x) =(x—a,) g(x) explicitly in 
terms of @, and the coefficients of f 
For this consider the general cubic equation as discussed below; 
First denote; 

L=k(a@,,a@,,a,) 

F =k(a,,a,,a,) 

K=F(a,) 
The polynomial will be denoted as; 

f (x)=x -ax’ +a,x-a, 

=(x-a@,)(x-@,)(x-a,) 

This is irreducible in F [x] 


The symmetric group S$, acts on 7 by permuting @,and fixes the field -. 


A 


The field K = F(a, )is generated over ¢ by the element aq, , which is a root of the irreducible 
polynomial f(x) € F[x] 
So; 
K=F[/(s(0) 
This has basis {l.@,a°} over F 
Where; 
a,=l 
a,=a 
a=a 
That is; 
dim, K =3 
Now consider f(x) a polynomial in K [x] 
It has a linear factor corresponding to the root @, € K ,SO, it factors as; 
F(x) =(x-a,)g(x) 
Where, g(.x)is a quadratic polynomial in K [x] 
That is; 


g(x)=(x-a@,)(x-a,) 


Substituting the values; 

g(x)=(x-a@)(x-a’) 
=x(x-a*)-a(x-a’) 
=x -xa? -ax+a’ 
=x'-x(a*-a)+a° 

In particular; 

g(x)=x° -x(a@; -a)+a} 


Therefore, the quadratic polynomial q(x) that appears in /(x)=(x-a,)g(x) explicitly 


in terms of a, and the coefficients of f is |g(x)=x*~x(a;-a)+a; 
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Consider the provided statement to check g(x) have arootin K. 
As itis given that g(x)=x' +x+1 and a isa root of the polynomial such that K =Q(a). 


Let f(x)=.x* +2x+1 and from the rational root test, it is find that f(x), g(x) both are 
irreducible in Q[x]. Then from 16.2.8, if h(x) =." + px+q is a polynomial function then their 
discriminants is provided as |) = 4p’ —27q°. 


Comment 


Step20f3 “ 


Therefore, the discriminant of the polynomial functions g(x) =.x'+x+Iwhere p=1,q=1is as 
below: 
D=-4(1)' -27(1) 

=-4-27 

=-31 


The discriminant of the polynomial functions f(x)=x°+2x+1where p =2,q =1is as below: 


D=-4(2)' -27(1)' 


=~4(8)-27 
=-32-27 
=-59 


Since, both obtained discriminant are not squares. 


From the theorem 16.8.5, as their splitting fields L,,L, have degree 6 with Galois group over 
Q. If g(x) has arootin x then it splits completely in x by the splitting theorem. Since both 
have degree 6 over Q therefore L, = L, .As the Galois group is $, there should be one 
intermediate field of degree 2 over Q but the discriminant of polynomial functions are 
Q(v-59) and Q(v-31) therefore there is contradiction. 


Acubic polynomial is a polynomial of degree 3. A closed-form solution known as the cubic 
formula exists for the solution of an arbitrary cubic equation. 


Comment 


Step 2o0f3 « 


Let a, be the roots of the cubic polynomial; 
J (x)= + pr+q 

To find: a formula for a second root @, in terms of the element a, ,d and the coefficients of 
Let the root of x’ + pr+qbe @,,@,,@, 
Then, 

a,+a,+a,=0 

Further; 

a, =-(a,+a,) 

And; 

a} =(—pa, +4) 

Also; 

q =@,a,a, 


= -(aja, +aa; ) 
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Solve the above expression further; 
6 =(a,-a@,)(2a,+a,)(a@,+2a,) 

=2(a) -a})+3(a/a, -a,a;) 

=2p(a, -a,)+(aa, -a,a}) 
Here, both gand § are quadratic in @, , further eliminate the quadratic terms; 
5-34 =2p(a,-a,)+6a/a, 
Then solve for; 

5-3q =2pa, -2 pa, +6a}a, 

5-3q-2pa, =(-2p+6a; )a, 


_ 5-3q-2pa, 


> 6a} -2p 
Therefore, a formula for a second root q, in terms of the element @,,3 and the 


niche’ 7 ta: le wet oF 
u 


Section 9 


lia 


Symmetric group Is defined as S, on a finite set of groups whose elements are all the 
permutation operations. 


Comment 


Step 20f4 “ 


Let x be a Galois extension of #7 whose Galois group is the symmetric group S, 

To show: which integers occur as degree of elements of x over 

For the proof first consider the permutations as, o 

That is, associate each o in the Galois group of f(7)over K its permutation on the roots of 
f(T) 

Consider these permutations as; 
Hell 

Now, these ¥;,7,,7;,1, Will be homomorphism from the Galois group to S§, 

This homomorphism is injective since its kernel is trivial 

An element of the Galois group that fixes each ,;is the identity on the splitting filed. 


Further two different choices for indexing the roots of _/(7")can lead to different subgroups of S, 
but they will be conjugate subgroups. 


Like; 


(oes 724) 


This is the permutation turning one indexing of the roots into the other. 
Now, the Galois group of #(T)over x does not have a canonical embedding into S, 


That is image in S, is well-defined up to an overall conjugation. 


Comment 


Step4of4 “ 


For aroot rof f(T)in x; 
[K(r):K]=n 
This is a factor of the degree of the splitting field over K 


Therefore, the value of the integer which occur as degree of elements of Kk over / will 
be the degree of the splitting field over « 


Nested radical expression is defined as the radical expression which contains a square root sign 
and then contains another radical expression with a square root. 


Comment 


Step 20f4 ~ 


To write: the element q@ + @’ as a nested square root and what other nested square roots does x 
contains 


For this consider @ to be a nested square root such that; 
a= Va + Vb 

Where a,b are constants 

Now, q@’is defined as the conjugate thus; 
a’=Va- vb 

The nested form can be written as; 


_(a+a')+(a-a’) 
2 
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That is, consider; 
A=at+a’ 
Here, consider; 
a=4 
b=5 
Now, squaring both sides; 
(4) =(a+a'y 
-(VorJb +Va-We) 
-(Vaevs) +2( 4+ V5)( Va) + (Jas W5) 


= 4+ V5 +2, (4+ V5)(4—V5) +4-V5 


=8+2V16-5 

=8+2Vi1 

Thus, 

A=V8+2Vi1 

Therefore, the value for q +’ as nested square root will be | /¢ , 5/1] 


And, consider; 
B=a-a' 
Now, squaring both sides; 
(BY =(a-a'y 
- (lord Jo) 
=(Va+W8) -2( Va+v5)(VaW5)+( Va) 


=4+¥5-2\(4+¥5)(4-v5) +4-V5 


=8-2V16-5 

=8-2Vi1 
Thus, 

B=\8-2Vi1 
Now, let x be a splitting field of f such that; 

FcF(a)cF(a,a') 
And; 

F(a,a')=K 

Therefore, over the splitting field x the nested square root will be of the form +a,+a'where ais 
of the form Ja+ Jb 


Therefore, the nested square roots in x’ will be of the form [ta,ta’,+4,+B] 
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Rational numbers are those numbers which are of the form of 2. and q # Owhere, both p,q eZ. 
q 


Comment 


Step 20f3 « 


To show: whether ,/4 4 /7 be written in the form Ja + J , with rational numbers aand 
For this consider; 


Va+vb = 447 


Now, squaring both sides; 
(Va+ vb) =(Va+v7) 
(Va) +2(Va)(vb)+(Vb) =4+V7 
a+2Vab+b=4+V7 
(a+b)+2Vab =4+7 
Now, comparing the terms; 
atb=4 
2Vab = V7 
Now, squaring both sides; 
(-vai) =(v7) 
4ab=7 


Now, first take the equation; 
a+b=4 
a=4-b 
Substitute this value in 4ab = 7; 
4(4-b)b=7 
(16—4b)b=7 
16b—4b? =7 
4b° -16b+7=0 


Now, finding the values by the method of middle term splitting; 
4b? -2b-14b+7=0 
2b(2b-1)-7(2b-1)=0 
(2b-7)(2b-1)=0 
That is; 
2b-7=0,2b-1=0 
ba? pak 
2 2 


When, b= 


Thus the /4 4 7 can be written in the form Ja + Jb , where; 
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An irreducible polynomial is defined as a non-constant polynomial that cannot be factored into 
the product of two non-constant polynomials 


Comment 


Step 20f6 ~ 


a. 
To prove: that the polynomial ,* — gy? +1 is irreducible over g in two ways 
First way; 
Consider the given polynomial: 

x -8x°4+11 
Now, there will be four factors of the given polynomial as the degree is 4, where, the roots are; 
Since, gis the set of rational number. 
So, clearly the roots obtained for the polynomial does not lie in the given field, that is q 
Therefore, the polynomial y* gy? 41] is irreducible over 


Second way; 
Consider the given polynomial: 
x -8 411 
Since, from the above part clearly the given polynomial is not factorizable. 


Thus, this means that the polynomial is a prime integral and also, the filed Qforms a totally 
ordered field under addition and multiplication. 


Thus, the field of rational numbers is integral domain under addition and multiplication. 
Let the polynomial to be a prime integral, that is denote it by p , such that; 
p=\xp 
Where; 
a=! 
b=p 
And; 
a<p 
b<p 


Now, by using the theorem which states that; 
In an integral domain p , a prime element is irreducible. 
Here, 


QeR 
So, clearly from the theorem, the polynomial ,* — gy? +1) is irreducible over q 


b. 
To prove: that the polynomial y* —3,? +9 is irreducible over g in two ways 
First way; 
Consider the given polynomial: 
x 3x7 +9 
Now, there will be four factors of the given polynomial as the degree is 4, where, the roots are; 
~5i( 3-3) 5(3-iv3),5i( V3 +3). (3+1V3) 
Since, Qis the set of rational number. 


So, clearly the roots obtained for the polynomial does not lie in the given field, that is Q 
Therefore, the polynomial ,* g,* +1] is irreducible over Q 


Second way; 
Consider the given polynomial: 
x3 +9 
Since, from the above part clearly the given polynomial is not factorizable. 


Thus, this means that the polynomial is a prime integral and also, the filed gforms a totally 
ordered field under addition and multiplication. 


Thus, the field of rational numbers is integral domain under addition and multiplication. 
Let the polynomial to be a prime integral, that is denote it by p , such that; 
p=\xp 
Where; 
a=\ 
b=p 
And; 
a<p 
b<p 


Now, by using the theorem which states that; 
In an integral domain R , a prime element is irreducible. 
Here, 


QcR 
So, clearly from the theorem, the polynomial ,* — 3? +9 is irreducible over Q 


c. 
To determine: all intermediate fields when x is the splitting field of »+ gy? 41] 
Since, the given polynomial is of the form; 

ax‘ +ex°+e=0 
Then, the determinant is of the form of; 

A= 25S6a'e’ -128a'c’e’ +16ac*e 
Comparing the given polynomial; 

a=l 

c=-8 

e=l11 


Now, substitute to fond the determinant; 
A = 256a'e’ -128a*c*e? + 16ac*e 
= 256(1)' (11)’ —128(1)' (-8)' (11) +16(1)(-8)' (11) 
= 70400 
From the first part the polynomial is irreducible and the determinant is positive but not a square. 
Thus, the intermediate polynomial will become S, 


Therefore, the intermediate fields when x is the splitting field of ‘gy? 41] is S, 


Nested radical expression is defined as the radical expression which contains a square root sign 
and then contains another radical expression with a square root. 
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Consider a nested square root ~ — + ./; with r,tin afield ¢ . Assume that a has degree 4 
over fF’, let f be the irreducible polynomial of a over F , and let K be a splitting field of f over 
F 
a. 


To compute: the irreducible polynomial for @ over f and prove that G(K/F )is one of the 
groups D,,C,or D, 

First consider @? « Fand @} € F(a,) 

Here, q@}is not an element of # because if it were, 

K'491 < F(a,)(a,) 

This would be the splitting field of (x*-@;)(x° -@?), but this would violate the non-normality 
of; 

{1,(12)(34)}<D, 
And, since; 

[F(a,:F)]=2 

a} €F(a,)-F 

Thus, conclude that; 

F(a,)=F[a; | 
Thus, 

F(a,,a,)=F[a,] 


Therefore, the irreducible polynomial for @ over / is of the form 


Now, since; 


[F[a?]:F]=2 

Then, @? satisfies an irreducible polynomial x° + hx +c € F[x]and so, a, satisfies the 
polynomial; 

x +he +ce F[x] 

This must be irreducible since; 

[F[a,]:F]=4 

Here, xis the splitting field of; 

xw+be+e 

Since, the polynomial cannot split in; 

F[a,] = Ki 42) 


Since, {/,(12)(34)} is not normal in D, 


Therefore, 


b. 

To explain: how to determine the Galois group in terms of the element ,-? — 7 

Since, the element is of the form ,* _, then the use the result which states that; 

Let f(x)be an irreducible quartic in Q[x]. If disc f > O then G, = Z/4Zotherwise G, = D, 
Clearly for the element of the form ,-? —; 

The determinant that is the; 

disc f >0 

Therefore, the Galois group in terms of the element ,-? _, is of the form of 
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c 
Assume that Galois group of K/F is the dihedral group D, 
To determine: generators for all intermediate fields Fe LcK 
The Dihedral group D, can be constructed as follows; 
D, > {1,(12)(34),(13)(24),(14)(23)} 
> {/,(12)(34)} 
>t} 
Where each subgroup is normal in D, 


Now, by the construction theorem the, another corresponding ladder of fields can be represented 
as given below: 
K* =F 
c KAA 4)123)} 


=F(a,)(a,) 
cK 
Therefore, the generators for all intermediate fields ~ —j — K of Dihedral group ), will 


be |{/,(12)(34),(13)(24),(14)(23)} 


Consider the provided statement to compute the discriminant of the given quartic polynomial and 
also determine its Galois group over Q. 


As provided quartic polynomial is y* +1, 
The discriminant D, for the polynomial function x" + px+q whose degree is greater than or 
equal to 2 is given as below: 


D, = (DD yy p" (1D ge 


Therefore discrimminant of + +1 is provided as below where n = 4, p =0,q =1. Then from the 
theorem 16.2.4, the discriminant is D, = -27 p* + 256q’ . Therefore, 


D, =-27 p* +256q° 
=~-27(0)' +256(1)' 
= 256 


From the proposition 19.9.5, it implies that the Galois group G is A, or D,. The roots of the 
polynomial function ,* 44 are as below: 


a, =J5(I+i) 


The values of #,,8,,8, areas follows #, =0, 8, =2, 8, =-2 and g(x)=x(x-2)(x+2). 
Therefore, from proposition 19.6.8 the value of G = D,. 


Nested radical expression is defined as the radical expression which contains a square root sign 
and then contains another radical expression with a square root. 
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Consider that an extension field K/F has the form K = F(Va.vb) 
To determine: all nested square roots Vravt that are in K, with rand sin F 
Here the mapping is defined as; 
K = F(Va,vb) 
=Vr+vt 
Now, this can be denested as follows; 


Vreviz=(vr+vi) 


= V(c+d)+2Ved 
Va+Vb 
Where; 


r+t=a 


b 
rt=— 
4 
This means that » and sare therefore, the solutions of * ~ar+ = 0 


Similarly, it holds for; 


Va-Vb =Vr + vi 


If the roots are rational for Jw+ Vx +. J/y + vz : 
Va +Vb+Ve=\(Va+vo+Ve) 


=Va+vb 
Where, 
a+b+c=w 


ab+ac+be =~*Y*= 


abe = 9% 


Thus, a,b,c are solutions of the cubic equation; 
wu? 22942, S02 =0 
4 8 
Therefore, the nested form depends upon the degree of the function. 


Method 2. 
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Given: K is a field extension of F given by the form K = F(,/a, Vb). 


Solution: We will determine all nested square roots yr + Vt that are in K andr, t are in F. 
Let us consider the following cases. 


Case-1: t is a perfect square in F’. In this case it is all trivial. 


Case-2: t is not a perfect square in F. 
Now notice that »/t € F(./r + Vt). And therefore we have 


Vi € F(Va, vb). 
This follows that, t is of the following form 
t=k’a or t=k*b or t=k’ab, where ke F. 
Now notice that k2a and kb are symmetric one, so we can consider the forms as 
t = ka or t = k’ab. 
So we have 
F(Va, Vb) = Va, Vab). 
Let us now look at the equation for m,n, p,q © F 


(m+ na + pvb + qvab)? =r+kyVa. 


Equating the coefficients we have 
mq +np=0 (1) 
mp + ang = 0. (2) 


Let us consider that all four variables in the above equations are non-zero. 
23 n 

Now from (1) we have q = —=. 

Now substituting this into the second equation we have 


2 2 
m =anr. 


And this is possible only ifm = n = 0. 
So basically we have eitherm =n = 0orp=q=0. 
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Thus a square root of r + kV/a must have one of the following form 
m+nva or Vb(m+nya). 
Now notice that 
(m+nvVa)? = (m? + an?) + 2mnVa 
and 
(vb(m + ny/a))? = b(m? + an?) + 2mnby/a. 


This follows that /r + /t € F(,/a, /b), where r = m? + an? and t = 4am?n?, for m,n € F. 
Or we can assume r = b(m? + an”) and t = 4ab?m?n?. 


By the similar argument we can show that the elements of the form m + nv/b and Ja(m + ny) can equal a 


nested radical of the form \/r + Vt. 


This completes the solution. 


Result 30f3 


We have determine all nested square roots /r + +/£ that are in K andr, tare in F. 


8.a 


To determine: whether or not the following nested radicals can be written in the form of unnested 
square roots if yes then fiend its expression 


a. 
Consider the given expression; 


V2+Vi1 


Let @ be the nested square root, that is; 


a=V2+Vi1 


To determine the irreducible polynomial for a over Ff , then its roots will be +a@,+a’ 
Here; 

a= 2 -Vil 
To find the unnested part find; 


aa ltt )+(a-a’) 
2 
For this, consider; 


a=a+a'’ 


= J2+Ji1+ 2-1 


Squaring both sides; 

a =(V2+Ji1+2-Jn) 
-(\B ai) «(Ai +2( ae si|( aT) 
=2+ Vil +2-Vii+2{ \(2+Vin)(2-vii)) 
=4+2(V4-11) 

=4+J/-8 


This is not possible as there is a negative integer in the square root. Thus the unnested 
form is not possible. 


b. 
Consider the given expression; 


Vio+sv2 


Let @ be the nested square root, that is; 


a= V10+ 52 
To determine the irreducible polynomial for @ over F , then its roots will be ta,+a’ 


Here; 


a’ = 10-52 
To find the unnested part find; 
Fe _(ata )+(a-a’) 
2 
For this, consider; 


a=a+a' 


= Vi0+5V2 + Vio-sV2 


Squaring both sides; 

a =(Viors + Vio-3) 
~(vio0e33)'+{Jio-5¥2)'+2( oss) vio-55) 
=10+ 52 +10-Sy2-+2 (10+sV2)(10-sv2)) 
=20+2(Vi00-50) 

=20+2V50 


And; 
b=a-a' 


= Vi0+sv2 - i0-sV2 


Squaring both sides; 

w -(ioss¥3 -Vio-s3) 
-(vi0+5¥3)'+(Vio-s) -2{Viowss)| Jio-58) 
= 10+ 5v2+10-5y3-2( (10+5¥2)(10-5v2) 
= 20-2(Vi00-50) 


=20-2V50 
This one is also not possible as unnesting is not being processed. 


c. 
Consider the given expression; 


vi1+6y2 


Let @ be the nested square root, that is; 


a= Vi1+6V2 


To determine the irreducible polynomial for @ over F , then its roots will be ta,+a’ 
Here; 


a’ =\i1-6V2 
To find the unnested part find; 


ae (a+a')+(a-a') 


For this, consider; 
a=at+a’ 


= Vi1+6V2 +Vi1-62 


Squaring both sides; 


a =(Viive + Vito) 
-(vit-e) +(Vit-623)'+2{Viteo8)(Mit-08) 
=11 +603 +1162 +2{ (11+6V2)(11-6v2) 
= 22+2(Vi21-72) 

=22+2V49 

=22+2(7) 


=22+14 
=36 


That is; 


a= 36 


=6 


Next, consider; 
b=a-a 
= Vi1+6v2 -vi1-6v2 


Squaring both sides; 

b =(vit+ov2 -vit-ov2) 
-(Vi1+6v2) +(vit-ov2) -2(Vit+6y2}(Vi1-6v2) 
=11+ 6/3 +1163 -2{ (11+6V2)(11-6v2)) 
= 22-2(Vi21-72) 

=22-2V49 

=22-2(7) 

=22-14 


=8 
That is; 


b=\8 


So, the unnested form will be; 


wis (a teylene) 
ofa 
2 
_ 6+2V2 
eo e 


=3+ 2 


Therefore, the unnested form will be 


Now, finding an expression for this unnested square root term; 
S(x)=(x-@)(x+a)(x-a')(x+’) 
Substituting the values; 
1(2)=(s-Vite68)(s+ Vite) Vi) (x ViT~@B) 
-(» -(vieo) |v -(vit-6) | 
=(x -(11+6¥2))(x° -(11-6V2)) 
=(x°) =x (11-6¥2)-x (11+6¥2)+(11+6V2)(11-6y2) 


=x* =x? +6V2x? -1 1x? -6V2x7 +121-72 
=x*-22x7 +49 


Therefore the required expression is | ,* 37,7 4 49 


d. 
Consider the given expression; 
6+ vil 


Let @ be the nested square root, that is; 


a=V6+Vi1 


To determine the irreducible polynomial for @ over fF , then its roots will be +a,+a’ 


Here; 


a’ =6-Vil 


To find the unnested part find; 
qu ltte )+(a-a') 
For this, consider; 


a=a+a’ 


= V6+Vil+V6-Vil 


Squaring both sides; 
(SET) eI) +2 oT Se) 
=6+ iT +6-Vil+2{ (6+Vii)(6+vn)) 
=12+2(V36-11) 

=12+2(V/25) 


=12+2(5)  Thatis; 
=12+10 
=22 


a= 2 
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Next, consider; 


b=a-a’ 
=V6+Vi1-V6-Vil 
Squaring both sides; 


= (Vox -Yo—Jny 
(sei) + Ta) lee fe 
=6+ ii +6-Vit-a{ (6+ V11)(6+Vi1) ) 
=12-2(V36-11) 

=12-2(V25) 


=12-2(5)  Thatis; 
=12-10 

=22 

b= V2 


So, the unnested form will be; 
a= (at@)+(a-@') 
2 


Therefore, the unnested form will be ¥22+V2 
2 


Now, finding an expression for this unnested square root term; 
S (x)=(x-@)(x+a@)(x-@')(x+a’') 
Substituting the values; 


I (x)=(x-V6+Vi1|(x+ V6+V11)(x-Vo-Vit)(x+ Vo-vit) 
-(-(e-Fi) | #-(Je—y) 
-(e-(o+i)e-(o-) 
=(“) ~x (6-Vil)-2 (6+ vil) +(6+V11)(6-Vil) 


=x* -6x? + VIL? - 6x? - Vibe +36-11 
= x*-12x7 +25 


Therefore the required expression is | »* _)2,? +25 


Consider the given expression; 


Vi+J6 


Let @ be the nested square root, that is; 


a=Vii+ie 


To determine the irreducible polynomial for @ over F , then its roots will be +a,+a’ 


Here; 


a’=Vi1-V6 
To find the unnested part find; 


A (a+a')+(a-a’) 


For this, consider; 
a=a+a’ 
= Vi1+V6 +Vi-V6 
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Squaring both sides; 


a (fied oir) 
aT) ir) lr) 
=11+V6+11-V6 +2{ (11+ V6)(11-Vé6) 
=11+2(Vi21-6) 

=11+2Vi15 


Since, the square root has not been absorbed. Therefore, this cannot be written in the 
form unnested square roots. 


The discriminant is defined as a symmetric function in the roots; it can be expressed in terms of 
the coefficients of the polynomial. 


a. 
To determine: the discriminant and the resolvent cubic of a polynomial of the form ; 


f(x)=x' +rxts 

In general the determinant of the fourth order equation, that is; 

a,x‘ +a2 +a,2 +a,z+a, =0 

Its discriminant is given by; 
(aaa; -4a}a} -4a}aya, + 18a}a,a,a, -27a$ai + 256a,a} ) + 

D, =| a (4a}a; +18a,a,a, + 16ala, -80a,a3a,a, — 6a; a3a, +144a;a,a; )+ 

a3 (-27a} + 144a,a}a, ~128a3a} -192a,a,a3 ) 

Now, from the given expression f(x) =x* +rx+s comparing the coefficients; 


a,=1 


a = 8 

Now, substituting these values in the formula for the discriminant; 

D, ={(0-0-0+0-27r* + 256s’) +5(0+0+0-0-0+0)+s"(0+0-0-0)| 
=-27r* +2568" 


Hence, the required discriminant is [-97,* 4 256° 


Further to find the cubic resolvent; 
When f(.x), that is the function is a quartic defined as; 
Sf (x)=x' +ex+d 
With roots y;,r,,7,,1,then its cubic resolvent will be defined as; 
R, (x) =x -4de-c* 
Now, comparing the values from the given equation, f(x)=x* +rx+5, thatis; 
c=r 


d=s 
Substituting this value in the cubic resolvent formula; 


R,(x)=x -4(s)x-r? 
=x -4sx-r’ 


Hence, the required cubic resolvent is 


b. 
To determine: the Galois groups of y* +87 +12and y*+8y—120ver Q 
First finding the Galois group of »* + gx +12 0ver Q 
From the above resolvent formula the resolvent cubic will be; 
x? =4(12)x4(8) =x -48x +64 
This expression does not have rational roots and its discriminant will be; 
-27x8* + 256x(12)' =27(2-2") 
=81x2" 
Since, this is a perfect square 
Therefore, the Galois group is 


Now, finding the Galois group of y* +g,—120ver Q 
From the above resolvent formula the resolvent cubic will be; 
x -4(-12)x+(8) =x) +48x464 
And its discriminant will be; 
-27x8* + 256x(-12)' = -27(2" -2"") 
=-81x2" 
<0 
This implies the roots are not rational 


Therefore, the Galois group is 


c. 
To show: that the roots of the polynomial ,* 4 ,— 5 be constructed by ruler and compass 
Roots are defined as the zeroes of the function at which the value of function gets vanish. 
Now, consider the statement given below; 


Suppose there are points; 
F=(4,,b).-P, 
=(a,,b,) 


Consider this in the real Cartesian plane. 


Then it is possible to construct a point O = (a, B)with tuler and compass if and only if @and # 
can be obtained from a,,...,a,,5,,...,5, by field operations and the solution of a finite number of 
successive linear and quadratic equations involving the square roots of positive real numbers. 


This quartic equation is not possible to solve to obtain its roots. Therefore, from the above 
theorem it can be said that it is not possible to construct it using the ruler and compass. 


10.a 


Galois group is defined as the group of field automorphisms which true under any composition. 


Comment 


Step 20f3 ~ 


To find: the possible Galois group of an irreducible quartic polynomial over gthat has exactly two 
real roots. 


For this, if fis irreducible then its Galois group acts transitively. 
Now, the transitive subgroups of S, are; 
S,,A,4,D,,C,,andC, x C, 


If f has exactly two real roots, then it has two complex roots and complex conjugation is an 
element of its Galois group 


That is the all the sets are of order 2 
Therefore, the possible Galois group of an irreducible quartic polynomial over q that has 


exactly two real roots is |S,.A,,D,,C,,andC, xC, 


b. 


To find: the possible Galois groups over Qof an irreducible quartic polynomial f(x) whose 
discriminant is negative. 


For this consider F be a field of characteristic not equal to 2. 
Denote the negative determinant by 


First look for the reducibility of p(x)over F( Va) 

If ,is not a square and the resolvent cubic is reducible, then; 
Gal(p/f)=D, 

If and only if p(.x)is irreducible in F(Va) 

Now, if a is a root of p and has degree 8 over F 

But this implies that; 


[F(Vaa):F(va)|=4 

From this it can be derived that p must be irreducible over F (Va) 

Therefore, the possible Galois groups over Q of an irreducible quartic polynomial / (x) 
whose discriminant is negative will be 


Tica 


Splitting field of a polynomial with coefficients in a field is a smallest filed extension of that field 
over which the polynomial splits or divides into linear factors. 
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Let F = qQand let x be the splitting field of the polynomial f(x)=x* —2over /. the roots are 
a,-a,ia,—iawith q = 3/2 
a. 
To determine: the Galois group G = G(K/F and the subgroup H = G(K/F(i)) 
Since, 
x*-2=0 
That is; 
x= 
Let a be some root, so; 
a= 
This implies that K = di. 2 Jis the splitting field for the polynomial 
Since, 
L= 92) 
That Is the total degree of the extension Is; 
2x4=8 


But then, 
Gal(K/Q<S, 
This is a subgroup of S, ,of order 8. 
This implies that it is a Sylow-2 subgroup of, all of which are isomorphic 


Also, it is known that D, , the Dihedral group of order 8 is such a subgroup so, that it gives an 
isomorphism 


Therefore, the Galois group is [G=D,] and the subgroup is 


b. 
To show: that each element of #7 permutes the roots of f 
low, every element of Gal( /K ) must permute the roots of ,* _ 2 


Further, since Fis the splitting field of the polynomial that generates its roots from the subgroup 
H =G(K/F(i)) 

Now, label the roots as @,—a,ia,—ia and consider; 
Gal(F/K)c¢ S, 

Now, take th permutation as; 
h=(1,3,2,4) 

And itis obvious that ghg = h”'so, that g,h generates the Dihedral group of order 8. 

Thus, the lattice of the subgroups that is the permutation of /7 to the roots of fis given below; 


> kg, h) 


oi i 
Fe ot 
Lae 
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Cc 

To find: all intermediate fields 

Now, the fixed field of the group generated by g, h?is the intersection of the fixed fields for g and 

for 4? which were Q{a)and di.v2 ) respectively. The intersection of these is qv2 ). Similarly, 

the fixed field of group generated by gh, h’ is the intersection of Qa —ia)with di, V2)s0, the 

desired fixed field must be Q{iV/2 ) and j./7 Is in both fields, so, the desired fixed field must be 
qiv2). 


The lattice that is the intermediate fields are given below; 


FS Aa, i) 
Q¢ia) 1 Qa. - ai) 
wie | ye ne Qa ai) 
a al 
Q 


12. a 


To determine: the Galois group of each of the following expression over g 
a. 

Consider the expression; 

x'+4x7+2 

This polynomial is irreducible by Einstein criterion 
The resolvent polynomial for this polynomial will be; 
g(x)=x° -4x° -8x +432 

This has 4 as a root 

Then; 

g(x)=(x-4)(x° -8) 

This polynomial has only one rational root. 


Hence, by Lagrange’s theory; 
G=C, 
= D, 


Now, the polynomial of the form ,* + gy? + )Can be factored of the form as; 
(x-a)(x+a)(x-)(x+ B)=(x° -a?)(x° - f°) 
=x* -(a’ +B)x* +0 
For the polynomial ,* 4 4? +2 this formula gives; 
44x ¢2=x-(2+P)P +a Pk 
So that; 
2+P=-4 


ap =2 
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Next consider g?and g, the roots of x* 4 ax? +5 
Further by the quadratic formula, 

{a*, f°} =-2+2 

Hence; 

o[a*}=o[ v2] 

And, since; 

ap =2 

That is; 

ap=+V2 

Thus; 

ape Q[a’*| 

So, O[a, A], the splitting field 7 of x* + 4x? +2 is equals O[a] 
Thatis, [L:K]=4 


Therefore, the Galois group is 


b. 

Consider the expression; 
xi4+2x74+4 

Now, use the result which states that; 


Let _f(X)be an irreducible quartic in O[ XJ. If disc f > Othen G, = 2/4Zand therefore if 


disc f <Othen G, = D, 
The discriminant of the expression of the form; 
at+er+e=0 
The discriminant is given by; 
A=256a'c* —128a°c*e* +16ac*e 
Comparing the values; 
a=1 
c=2 
e=4 
Now, substituting the values for finding the determinant; 
A=2S6a'c* —128a'c*e* + 16acte 
= 256(1)' (4)' ~128(1)' (2)' (4)° +16(1)(2)' (4) 
=9216 
>0 
This means, that; 
disc f >0 


Therefore, the Galois group is 


Cc. 
Consider the expression; 
x+l 
Let F be the splitting field for; 
f(x)=x*+1 
Then the polynomial f(x)has roots {/-1,¢,9-1,¢39-1,¢29-1} 
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That is; 


1 
V-i=? 
Lid 
EY 


V2 +iV2 


2 
_ (1+é)v2 
— 


Since, 

o,=i 

A splitting field for f(.x)is; 
F=qvi.i) 

This shows that G,.. Z,x Z, 


Hence, the Galois group is | Z, x Z, 


d. 
Consider the expression; 


wtxel 
Now, use the result which states that; 


Let f (X)be an irreducible quartic in Q[X’]. If disc f > O then G, = Z/4Zand therefore if 


disc f < Othen G, =D, 
The discriminant of the expression of the form; 
ax‘ +dv+e=0 
The discriminant is given by; 
A=256a'e’ —27a°d* 
Comparing the values; 
a=l 
d=1 
e=l 
Now, substituting the values for finding the determinant; 
A=25S6a’c’ -27a°d* 
= 256(1)'(1)' -27(1) (1)' 
= 229 
>0 
This means, that; 
disc f >0 


Therefore, the Galois group is 
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e. 

Consider the expression; 

ex evrtxel 

For finding the Galois group first substitute; 

x=x-l 

That is; 

xfer ex? txt l=(x-1)'+(x-1) +(x41) +(x41)41 
=x -3x° 44° +2043 


This polynomial satisfies the Einstein's criterion for the prime 5, this implies that 
xt +x? +27 +.x+1/5 iteducible over O 


Now, the roots of this function are the primitive 10" roots of unity, so, it follows that; 
[F:Q]=4 

That is; 

Gal(F/Q)= 2, 


Therefore, the Galois group is 


f. 
Consider the expression; 
x¢x? +l 
Now, use the result which states that; 
Let f(X)be an irreducible quartic in Q[X’]. If dise f > O then G, = 2/4Zand therefore if 
disc f <Othen G, = D, 
The discriminant of the expression of the form; 
at+er+e=0 
The discriminant is given by; 
A =256a’c’ -128a°c*e* + 16ac*e 
Comparing the values; 
a=l 
c=l 
e=!1 
Now, substituting the values for finding the determinant; 
A= 256a'c* -128a°c*e* + l6ac*e 
= 256(1)' (1)' -128(1)° (1)’ (1)° +16(1)(1)" (1) 
=144 
>0 
This means, that; 
disc f >0 


Therefore, the Galois group is 


13. a 
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Consider the provided statement to determine the Galois group G of 2nd aso determine al 
intermediate fields. Given polynomial function is, 

x'-2x-1 

Further, the given polynomial function can be written in the form of (x*)’ -(2*)-1 where it is 
compare with quadratic equation as a=1,b = —2,c = —1 then, 


re ~(-2)+,(-2) =41=1 
2-1 
_2+¥8 
=F 


_2+2V2 
2 


=1+ 2 
As the roots are 14 /2,1-/2 then, a, = V+ 2,0, = Vi-V2,a, =-a,,a, =-a, 


Let 8, = 2i,8, =—2,3, =—2i therefore g(x) =(x+2)(x* +4). As in the previous exercise 
G is a subgroup of D, = (0,7), where o =(1234),7 =(24) therefore by proposition 16.9.8 
G=D,. 

As p=a° =(13)(24) then i coresponds io an automorphism 7. This fs called N the normal 
subgroup of order 2 which is generated by p.AS a? =1+./2 and aja, =i both are fixed by 
p. Hence, Q(v2,!)¢ kK* 


Therefore from the theorem 16.5.4, the chain of fields is provided as QC Q(V2,i)c KY CK 
nas [Q(v2,i):Q|=4[K:«*|=2. 


The lattice diagram for the subgroup of D, is provided as below: 


{e} 
eee | 
{e,r} {e, 707} {e,o7} {e, ta} {e, ra} 
i Ay oe LS ng De th 
{e,o7,7,707} — {e,0,07,0°} = {e,0?, ra, T0*} 


= A ew 


This lattice diagram corresponds to the little diagram of intermediate fields is provided as by 
computing fixed fields, 


K 
Fifi Wiig 
Q(ar) ~ Qlar) Q(V2,i) Q(ar—a2) ~ Q(ar +02) 
el (ie ci ee, Ml 
Qi)  Qliv2) QA v2) 


Q 
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Let F =Q@)where g = ¢" 

a. 

To determine: The Galois group over F of the splitting field of 242 

Let; 

a =¥2+,2 

With the splitting field K/F 

Here, @ satisfies the polynomial ; 

f(x)=(x°-2) -2 
=x°-47' +2 

The quadratic equation gives that; 

v =24,2 

Hence; 

a’ =42- 2 


Write the roots as; 


Thus, if; 
aa, 
Then; 
a, > wa, 
a, >a, 
The permutations with the property are generated by; 
o =(123456) 
rt =(246) 
This is in S, 
These form what is called the semi direct product C, x C,and so; 


G(K/F)<C,xC, 


Now, fis irreducible over F by Eisenstein’s criterion using p = 2 which is prime by using the 
result which states that; 


Let R= Jo] 
With; 
o=e™ 
Let p be a prime integer not equals to 3 then ( p)is the maximal ideal of pif and only if 
p=—Imodulo3 
Hence; 
[F(a):F]=6 
Also; 
V2 €F(a) 
Hence, g'has degree 3 or 1 over F(a) 
Thus; 
[K:F]=6orl8 
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Claim: [K : F] =18 
Consider; 
o° =(135)(246) 
It is in all subgroups of C, x C,of order 6, hence, extends to an # ~Automorphism of K 
Let NV be the subgroup of order 3 generated by g? 
The fixed field x" contains; 


aa’ =;[2(2+2) 
Let be the field generated by this element over f. The claim pe LEK” EK 


This has by using the result of the theorem which states that; 


Let 77 be a finite group of automorphisms of a filed x and let f — x” be its fixed field. Then x is 
a finite extension of  , and its degree [K : Fis equal to the order |H|of the group. Then; 


[K:K"]=3 
And; 

[L:F]23 

Hence; 
[K:F]=18 

And so; 
G(K/F)=C,xC, 


b. 

To determine: The Galois group over F of the splitting field of \/>, > 
Let; 

a= V2+%2 


With splitting field K/F 
Here, @ satisfies the polynomial; 
Aa)=(0-2) 2 
=x° -6x* +12x? -10 
The root of f (x)are; 
aa 
a, =\2+0¥2 
a, =V2+0°%2 
a, =-a, 


a,=-a, 
a, =-a, 


Thus if; 
aa, 

Then; 
G5 >a, 

The group G of permutations satisfying these is generated by the subgroup of §, isomorphic to 
S,permuting {{1,4} {2,5} ,{3,6}}isomorphic to S, and; 


C, = ((14)(25)(36)) 


<5, 
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Now, $,C, = {1}and if; 
aeS, 
rec, 
or=to 
Hence, S,,C,are normal in G, G=S,xC,and G(K/F)<G 
Claim: [K:F]=12 
Consider; 


p=({1.4} {2,5} {3,6}) 

eG 
It is contained in every subgroup of G order 6, hence extends to an # —Automorphism of x’. 
Let NV be the subgroup of degree 3 generated by p. The fixed field x’ contains; 


aaa, = 10; 


Let 1 be the field generated by this element over - . The chain ep - 7, -K" ¢ K has 
[ K :K" ]=3by the above discussed fixed field theorem and [L: F]=2 


But; 

[K*:L]>1 

Since; 
a,+a,+a,eK*\L 


Hence, [K: F]=12 andso G(K/F)=S,xC, 


15.a 


Nested radical expression is defined as the radical expression which contains a square root sign 
and then contains another radical expression with a square root. 


Comment 


Step 20f3 « 


Let x be the splitting field of an irreducible quartic polynomial f (x)over F and let the roots of 
Sf (x)in K be @,,a,,a,,a, 

Suppose that the resolvent cubic g(x)has a root #, = aa, +a,a,in F 

To express: The root a, explicitly in terms of nested square roots 

Let x be a splitting field over # of an irreducible polynomial f of degree min F[x]and let pbe 

the discriminant of f 

The Galois group G( K/F) is a subgroup of the alternating group A, if and only if pis a square 

In F 
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By the Lagrange expressions the roots @, of quartic polynomial will be of the form; 
Braa,+aa, 
And, |et; 

g(x)=(x-B) 
Now, consider the four roots of the polynomial to be +@,+a’, where ais the nested square root 
That is; 

a=a 

a,=-a 

a,=a' 

a,=-a' 
This implies that; 

a, =~-a, 

a,=-a, 
Now, substituting the values; 

B=a,(-a,)+a,(-a,) 

=-a) ~ a; 


a} =-p-a} 


Therefore, the root «, explicitly in terms of nested square roots is 


16. a 


The quartic can be solved by changing it in the general form that would allow it to be 
algebraically factorable and then finding the condition to put in this form. The equation that must 
be solved to make it factorable is called is called the resolvent cubic. 


Comment 


Step 20f5 “ 


To determine: the resolvent cubic of the general quartic polynomial 
Consider the quartic polynomial; 


f(x)=x* tax +a, -ax+a, 
Introduce a new variable taxtt 


Now remove the cube term, then the equation becomes; 


+ pr+qt+r=0 
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Suppose the equation is; 
f+P+2+1=0 
Here, the quartic part is a complete square. Therefore, the equation can be rewritten as; 
+(t+l) =(C +it+i)(P -i-i) 
=0 
This is obtained by using the property; 
@ +b? =(a+ib)(a-ib) 


Comment 


Step 4o0f5 ~ 


Now, consider the equation; 

+P -41-3=0 
Here, the quartic part is not a complete square but after shifting ;?by 1, then the following is 
obtained; 


(? +1) ~(P +4144) =(P -1-1)(P +143) 
=0 
And, it is equivalent to two quartic equations 


Now, the general case of the equation; 

+ pP+qt+r=0 
With indeterminate Zit can be written in the form; 

(? +B) +(p-2p)f +qt+(r-f?)=0 

Now, use that the quartic part is a complete square if and only if its discriminant is zero, that is; 
D=q' -4(p-2f)(r-f") 

=0 
This gives the cube equation for # 


17. a 
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Degree is defined as the maximum power of any given function that the largest exponential 
number raised to the power of the variable. 


Comment 


Step 20f4 « 


To determine: the real numbers @ of degree 4 over Qthat can be constructed with ruler and 
compass, in terms of the Galois groups of their irreducible polynomials. 


For the construction let @ are a real number and a root of an irreducible polynomial f over the 
rationals. 


If wis constructible then, O(a)is an extension of degree power of 2 but O(a)is not necessarily 

a splitting field. 

Claim: the degree of the splitting field of f is a power of 4 

Now, compute a root of a of f by constructing a chain of quadratic extension; 
2<O(a,)<O(a,)<...<O(a,) 

Where a, =@ 


Now, compute another root say, fof f by choosing the sign in some of the square roots, giving 
another chain of quadratic extensions; 


0<O(8,)<O(B,)<...<O(B.) 
Where, f, = 8 


Further; 
O(B,)=2(a,) 
This is not necessarily be true for the other extensions 
The latter two extensions are not the same, since the first one is real and the second one is not 
In this case, the Galois group is D, , the dihedral group of order 8. 
The trick is to build the splitting the filed by merging the chains like 
Q<O(a,)<O(a,)<...< O(a, )together, to form; 
Q<O(a,)<O(a,.a,)<O(a,,@,,8,)<O(@,,@,,8,,4;)..- 
This chain will terminate in the splitting field of 


Comment 


Step 4of4 “ 


Now, it is known that O(a, B, )is of degree 2 over O(a, ) 


This means that O(a,,a,. B, jis of degree 1 or 2 over O(a,,a, ). since £, satisfies a quadratic 
equation over O(a, )and that equation is also quadratic equation over O(a,,a,) 


This implies that the value of @ will depend upon the degree of the irreducible function 
f , that is it will be mostly of the form of fourth degree of an equation 


18. a 


The Klein four-group is defined as the group Z, x Z, that is the direct product of two copies of the 
cyclic group of order 2. 
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To prove that any Galois extension whose Galois group is the dihedral group D, is the splitting 
field of a polynomial of the form y* + by? +¢ 


On the contrary assume that the polynomial x* + bx* +c « Qx]is irreducible 
Claim; that its Galois group is the Klein subgroup if J  Q, the cyclic group of order 4 if; 


Va = 46/2 <G 

If this is not true than any Galois extension whose Galois group is the dihedral group D, is the 
splitting field of a polynomial of the form x* + bx? +¢ 

It is already known that the possible Galois groups are K,, Z, or D, 
The roots are @, 8,-a,— which satisfy the following relations; 

ap = b 
a-f = Va? -4b 

a’ B- Ba’ = VbVa* — 4b 

If vbeQ 

Then; 

apeQ 
Let s ¢ Gbe such that; 

s(a)=, 
Then; 


7 
(9) 5(a) 


=a 


Similarly, if; 
s(a)=-B 

s(-A)=a 

Finally if; 

s(a)=-a 

s(B)=-B 

Thus, every element of Galois group has order 2. this implies that the Galois group is the Klein 
group 

Now, assume that; 

Joa? - 45 <Q 


Then; 


a’ p-fa’_Q 
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Let s be an element of the Galois groups which maps ato # 
It s(B)=a 
Then; 
s(a*B- fa) =f'a-ap" 
This is impossible. Therefore; 
s(B)=-a 


Thus, s must have order 4, implies that the Galois group is Zz, 


Finally, the splitting field must contain { vb ).q va" ~b)and vb Vah2 -45) 


Comment 


Step 50f5 “ 


The irreducibility of the polynomial implies that \/4? — 4p is not rational. Therefore, if; 
Vb, Va? -4bVb eG 

The splitting field contains at least three subfields of degree 2. 

Hence, the Galois group is either K,or D, 

However, if the group is K,, then ais fixed by any element of the Galois group. 

Since, /p is not rational. 

Thus, the only possibility is D, 


Therefore; any Galois extension whose Galois group is the dihedral group D, is the 
splitting field of a polynomial of the form 4 4),? +¢ 


Section 10 


lia 
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Solution: We will determine the degree of C7 over the field Q(C3). 

Now notice that the degree of ¢3 over Q is 2. 

Therefore its degree over Q(¢7) is either 2 or 1. Let us consider that the degree is 1. 
Then notice that 


¢3 € Q(¢7). 


Therefore (C7) contains the subfield Q(./—3). 

Now recall that, let p be a prime different from 2, and let L be the unique quadratic extension of Q contained in 
the cyclotomic field Q(¢,). Now if p = 1( mod 4), then L = Q(,/p) and if p = 3( mod 4), then L = 
QY=P). 


It follows that the unique quadratic extension of Q contained in Q(z) is Q(./—7). 
Therefore we contradicts the above fact. Therefore we have 


[(Q(¢z, Cs) : Q(¢7)] = 2. 


And now note that 


— [2G G) : AUDIAG):Q _ ¢ 


[Q(¢z, ¢3) : V(¢3)] [O(és) : Q] 


Thus the degree of C7 over the field Q(C3) is 6. 
This completes the solution. 


Result 


The degree of C7 over the field Q(C3) is 6. 


Generator of any set is defined as the set of group of elements which are contained in the whole 
but not in any of the subgroups. 


Comment 


Step 20f3 ~ 


First consider; 
Seon 
Clearly, the residue of 3 is a primitive root modulo 17, so the Galois group G = G(K/F)isa 
cyclic group of order 16. 
Since; 
$79 
The fixed fields of the subgroups can be defined as; 
F=L, 
=k” 
And; 
L, =k®) 
= =k") 


Let f,, 8, denote the orbit sums. Then { f,, 8,} is a G—orbit. So, the irreducible polynomial for 
Band ZB, is; 

(x-A)(x-B,) 
To further solve the polynomial, consider as follows; 

P(B)=B, +B, 

P(B)= BA; 
Since, p,is the sum of all ¢‘this means that; 

p,(B)=-1 


Now, p, ()«€ Cso, expanding the term 3, 8, gives 64 summands of the form of ¢‘ appears four 
times, thus; 


P: (A) =-4 
Then, the polynomial becomes; 
(x-A)(x-A)=x +x-4 
Also, its discriminant is 17 . So; 
kK) = F(Vi7) 

Similarly; 


K) = F(¥i7) 


Therefore, the generators of ¢ = ¢,, for the intermediate field L, is 


3.a 


Consider the statement to find the degree of the given element over Q with ¢ =¢,. 
If it is assume that to find the degree of @ ¢Q(¢) then from proposition 16.10.2, 


“)- 


It consists of @, which is givenas o,(¢)=¢' where 1<i<6.If H <C, is the subgroup 
fixing @ then from the theorem 16.7.1, 
Q(a)=Q(¢)" 
Therefore, from the multiplicative property of degree it gives the result as below: 
Q(¢):Q 
Q(¢):0(¢)" 


ies 
|H| 


[Q(a):Q]= 


(a) 
Let ¢=¢, and the provided elementis, ¢+¢° 
From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 
Q(¢):Q 
Q(¢):Q(¢)" 
aie 
(Al 
So {a,} fixes ¢4¢° therefore the degree of +¢° is 6]. 


[Q(a):Q]= 
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(b) 
Let ¢=¢, and the provided elementis, ¢°+¢* 


From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 


Q¢):Q 


[(2):2]-ro 010)" 


“lal 
So {a,,0,} fixes ¢?+¢* therefore the degree of ¢?+¢* is [3]. 


(c) 

Let ¢=¢, and the provided elementis, ¢°+¢°+¢° 

From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 

Qs): 


[Q(2):2]}=ro 010)" 


|| 


So {o,,0;,0,} fixes ¢°+¢°+¢* therefore the degree of ¢°+¢*+¢° is [3]. 


Consider the statement to find the degree of the given element over Q with ¢ =¢,,. 
If it is assume that to find the degree of @ e Q(¢) then from proposition 16.10.2, 


429): 


Itconsists of g, which is given as o,(¢)=¢' where | <j<12. If H<C,, Is the subgroup 
fixing @ then from the theorem 16.7.1, 
Q(2)=Q(¢)" 
Therefore, from the multiplicative property of degree it gives the result as below: 
Q(¢):@ 
Q(¢):O(¢)" 


elds 
|| 


[Q(a):Q]= 


{a) 
Let ¢=¢), and the provided elementis, ¢+¢" 
From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 
Qs):Q 
Q(5):2(¢)" 
=J2 
\H| 


So {o,,0,} fixes ¢+¢' therefore the degree of ¢ +¢" is [6]. 


[Q(a):Q]= 
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(b) 

Let ¢=¢,, and the provided elementis, ¢+¢? 

From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 

Q(¢): 


[Q(2):Q)= 1-06)" 


So {a,,0,,} fixes ¢+¢? therefore the degree of ¢ +¢ is [6]. 


(c) 
Let ¢=¢,, and the provided elementis, ¢+¢°+¢* 
From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 
ol. Lals):2 

ed crawray 
me 

|H| 


So {o,,0,,0,} fixes ¢+¢°+¢* therefore the degree of ¢ +¢°+¢% is [4]. 


(d) 
Let ¢=¢,, and the provided elementis, ¢7+¢°+¢° 
From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 
Q(¢):Q 
Q(¢):0(¢)" 
-/12 
|H| 


So {a,,,0,,0;} fixes ¢7+¢°+¢° therefore the degree of 7 +¢°+¢° is [4]. 


[Q():Q]= 


(e) 
Let ¢ =¢,, and the provided elementis, ¢+¢°+¢%+¢" 
From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 
Qs): 

Q(¢):0(¢)" 
me 

\H| 


So {6,,0,,0,,0;} fixes ¢+¢°+¢%+¢" therefore the degree of ¢+¢°+¢% +c" is By. 


[Q(a):Q]= 


(f) 

Let ¢ =¢,, and the provided element is, £+¢7+¢°+¢" 

From the above calculation it is observed that, the degree is provided as below from the 
multiplicative property, 


2):0) = L2t$):9] 
[o{e):2} Q(¢):(¢)" 


ait 
|| 


SO {65,0):,04.02} fixes £+¢7 +¢% +" therefore the degree of ¢+¢*+¢* +6" Is [I]. 


(g) 
Let ¢=¢,, and the provided element is, C465 4544574545" 
From the above calculation it is observed that, the degree Is provided as below from the 
multiplicative property, 
Q(¢):@ 
Q(5):0(¢)" 
-/2 
\H| 
$0 {0,011 F,91Fs1Fu,F2} fixes $+ 0° + 0°46 +5 +2" therefore the degree of 
S454 g%4 574g" +¢" is 2]. 


[Q(2):Q]= 


If Lis an extension of fF and fis an extension of x, thatis 7 ¢ F ¢ K , thenis defined as the 
intermediate field of the field extension 1/K 


Let K=(¢,) 
a. 
Consider the case for p =5 
That is; 
K=(Q¢,) 
Now, ¢,is defined as the fifth root of unity 
And, by using the Einstein criteria which states that; 
|A¢):G=p-1 
Here, p=5so; 
|Q¢):G=5-1 
=4 
So, this means that any intermediate field between ¢,) and Qof the form of; 


OS +3 +05 +0, +1=0 
Dividing both sides by ¢?; 
ol thd Thad Pe _o 
SS és 
$$ +05 414+ 05' +057 =0 
That is; 


2 
(« +4 (ood }-1 =0 


= 2c00 2 
5 


This implies that; 
q Vs ) cQ 


Hence, the intermediate field for K = (Q¢,) is | V5) 
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b. 

Consider the case for p =7 

That is; 

K=(¢) 

Now, ¢, js defined as the fifth root of unity 

And, by using the Einstein criteria which states that; 
|QS):Q=p-1 

Here, p =7 SO; 


|QS):q=7-1 
=6 


So, this means that any intermediate field between ({¢, )and gof the form of, 


CAGE +S +05 +07 +0, +10 
Dividing both sides by ¢?; 
G+ ++ +e +e, +1 _ 0 
3 e 
Op +05 +0, +14 05' +077 +0," =0 
That is; 


3 2 
(« al {+2} -o(¢,+2}-1=0 


Step6o0f 10 “ 


Hence, the intermediate field for K = Q¢,) is |QV7) 
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c. 
Consider the case for p=11 
That is; 
K=Q,,) 
Now, ¢,,is defined as the fifth root of unity 
And, by using the Einstein criteria which states that; 
|4S):G=p-l 
Here, p=11S0; 
|\Q¢):Q=11-1 
=11 
So, this means that any intermediate field between Q{¢,,)and gof the form of; 
Cn tS ton tSn ton ton tou ton ton tou tl =O 
Dividing both sides by £3; 
on tnt entsutent en ten ton tGi tou tl aw. 
Cie ou 
ontop +o) tOhtGutlegn ton ten ton ton =0 
That is; 


ed] ford ord] ord] ard 


Now let; 


o-(oez) 


That is; 


1 
a sute 


=e" +r 


Hence, the intermediate field for K = Q{¢,,) is |Q vil) 
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d. 
Consider the case for p =13 
That is; 
K=Q,;) 
Now, ¢\,'8 defined as the fifth root of unity 
And, by using the Einstein criteria which states that; 
IQS): G=p-1 
Here, p =135s0; 
|Q¢):Q=13-1 
=12 

So, this means that any intermediate field between ¢,, and Qof the form of; 
oa tSh to tontententontsatsaton toate tl=0 
Dividing both sides by ¢°; 

oi ton +o ton ton tention tonto ton tonto +l _ 0 

oh oh 

SatSatSaton ton tSutlton toa ton toa toa toy 20 
That is; 


(0+) ++) +(én+2} +(én+2) +( n+) -o(6,+2-}-1-0 


This implies that; 
q V3 ) cQ 


Hence, the intermediate field for K' = Q{¢,,) is |qvi3) 
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(a) 
Consider the provided statement to prove the field Q(¢,) contains a unique quadratic 


extension of Q such that 0 fae(4,())=0 V1!) that is real if p =1(mod4) 


and complex if p = 3(mod4). 


Comment 


Step 2o0f4 “ 
The Galois group G of Q(¢,) over Q is cyclic and which has order p—1. Therefore there is 
a unique subgroup of G that having index 2. So, there is a unique subfield of Q(¢,) thatis a 
(aisc(9,(x)) Qs, 
quadratic extension of Q as 2 ac(o,(a))e Ee) that generates the unique quadratic 


subfield of Q(¢, ). 


(b) 
Consider the provided statement to prove the Kronecker-Weber Theorem for quadratic 
extensions. 


As from the Kronecker-Weber Theorem, every Galois extension of the field Q whose galois 
group is abelian is in one of the cyclotomic fields Q(¢, ). 


Comment 


Step4of4 “ 


if p=3(mod4) then Q(/-p)<Q(¢,) andit p=1(mod4) then Q(/p)< Q(¢,) 


A quadratic extension of Q Is of the form Q(va ) where qd belongs to a square free integer. 
Then, it is assumed that d=+p,p,---p, where p,, p,,---, p, are distinct primes. 


Therefore, Q( Vd) < Q(¢,,.¢,,+"**+¢),/) is proved. 
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Let j be a field and let x be an extension of the field 7. Then Kis said to be Galois extension 
of the field 7 if the extension x is a splitting field of some separable polynomial, 


That is it is sufficient to find a polynomial over the field f whose roots lie entirely in the 
extension x. 


Comment 


Step 20f5 “ 


(a) 
Let ¢ =e" "and K =Q(¢,) 
Consider the polynomial p(x) =x" —1 
Now factorize the polynomial p(.x) 

p(x)=x"-1 

=(x-1)(l4+x4x7 +...42°" 

Now the expression (1+.x+.7 +....+.x”"") can be factored in the following way 
(I+x42° tnt X™')=((x-¢)(x-¢7)...(x-6"")), where ¢‘denotes the ;** root of unity. 
Then the polynomial p(.)can be written as 

P(x) =(x=1)(x-E)(x-¢" )ono(x-6"") 
Thus, the above extension field is a splitting field for the separable polynomial over Q. 
Hence the extension field x is a Galois extension of @. 


(b) 

Let ce G(K/Q) 

Define a map / from G(K/@)to U, where yy is the group of units in the ring Z/(n)as 
f:G(K/Q@)>~U 

Such that f(o)=a, modn, where o(¢) = ¢“ for every root of unity 

Let o,9€G(K/Q) 

Let ¢, be the #-th root of unity. 

Consider op(¢,) 


o(5,)=o((S.)) 
= o(o ) 
“(sy 
=o" 
Thus, op(¢,) =" 
But, ap(¢,)=¢." 
Since the left hand side of above two equations are equal so right hand side must be equal too. 
Thatis, ¢%* = ¢%e 
Now since the order of the, primitive root of unity 6, 'S a, thus 
4,, =a,a,, modn. 


So, the above map is a homomorphism. 
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Injectivity 
Let ce Ker(/). 
This implies that o gets mapped to the identity in Y. 
Thus, 

a, =|modn 
Consider o(¢,) 

a(6,)=¢" 

=¢, 

So for every ye K, o(x)=x 
Hence, ovis the identity element in x . 
Thus ais the identity in the group G(K/@). 
This implies that the map is injective. 
Therefore, the result stated in the question has been proved. 


(c) 
Let ¢, be primitive ,’" root of unity. 
LetaeU 
Then, a Z such that (a,n)=1 
In order to prove surjectivity, it suffices to show that ¢ and ¢* have same minimal polynomial. 
Consider the prime factorization of a 
a= p,P,...p,, where no p,divides n 


Instead of proving the above said statement for ¢ and ¢*, itis sufficient to prove this condition 
for ¢,and ¢?, where pis a prime not dividing n. 


Assume on contrary that ¢, and ¢? do not have same minimal polynomial 
Let f(r) denote the minimal polynomial for ¢, 

Let g(r) denote the minimal polynomial for ¢” 

Then by the assumption, f(r) # g(r) 

Since all the," roots of unity satisfy the relation ;" | =0 


So, g(s)|r"-1 and f(r)r"-1 , and since f(r) # g(t) 
Thus, ¢" -1= g(t) f(1)h(1), where h(r) € Q[r] 
Under mod p arithmetic 
(1° -1)mod p =(g(#) f(#)h(1))mod p 
f-P=g* (Nf (dh (s) 
Since p does not divide so the above polynomial is separable. 
The expression ¢" —1° = g(r) f*(1)h’ (1) implies that frand g°are relatively prime 
Also f,g are monic polynomials so following equation holds 
deg(f)=deg( /*) 
deg(g)=deg(s") 
Thus, f"and g*are both non-constants 
Now since g(¢?)=0 
This implies that ¢? is a zero of g(r) 
This further implies that ¢, is a zero of the polynomial g(r”) 
But ¢,is also a zero of f(r), so f(r)divides g(r”) 


Thus, g(r”) = f(t)s(1), where s(t) Q[r] 
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Under mod p arithmetic the above equation becomes 
g°(0)' = F()s° (1) 

This implies that every irreducible factor of f° (1) is a factor of g* (r) 
This contradicts the above derived fact that sand gare relatively prime. 


This contradiction arises due to the wrong assumption that ¢, and ¢/ do not have same minimal 
polynomial, where pis a prime that does not divide n. 


Hence ¢, and ¢? have same minimal polynomial. 
Thus, the map defined in part (a) is surjective and thus a bijective homomorphism for every n. 


Therefore the map defined in part (a) is a bijective homomorphism for every n and in 
particular for n =6,8,12 - 


Galois Theory is defined as the method of applying the group theory to the given solution of the 
algebraic equations. 


The conditions for finding the Galois group is given in the below mentioned table; 


[_[isasquare | Disnorasquare 


| reducible |] Ds | yor, | 
[imeducible] 4, | Ss 


Where, pis the discriminant 


a. 
Consider the given polynomial; 

x*-1 
The discriminant for this polynomial is given by; 

x -1=(8)'(1)'(-1)' 

= —16777216 

Since, the discriminant is negative so, it is not a square. 
Also, the roots of x* —1 = gare -1,1,-i,/,-4/=1,4/=1,-(-1)"* 
There are complex roots. So, the polynomial is irreducible in g 
Hence, by using the above given table for the Galois group 


The Galois group for the polynomial ,* _ is 


b. 
Consider the given polynomial; 
x? -1 
The discriminant for this polynomial is given by; 
x? i =(12)" (1)"(-1)" 

= -8916100448256 
Since, the discriminant is negative so, it is not a square. 
Also, the roots of x"? —| = gare -1,1,~i,i,-Y-1,9-1,-(-1)" 
There are complex roots. So, the polynomial is irreducible in Q 
Hence, by using the above given table for the Galois group 


The Galois group for the polynomial"? _ 1 is 


c. 
Consider the given polynomial; 
x-1 
The discriminant for this polynomial is given by; 


x’ -1=(9) (1)"(-1)" 
= 387420489 
Since, the discriminant is positive and also, it is a perfect square. 


Also, the roots of x? 1 = gare -/-1,(-1)"” ,-¥-1,(-1)"",-(-1)” 
There are no complex roots. So, the polynomial is reducible in Q 
Hence, by using the above given table for the Galois group 


The Galois group for the polynomial ,* —| is 


For a polynomial P(x) of degree nwith roots 1, ,w,,..24, which is given as follows 
P(x)=x"-s,x"' +5,x"7 -...45,, 

Where s, denote the elementary symmetric function. 

For such polynomial function the discriminant is denoted by D(w)and is defined as 


2 
D(u)=T](u,-)) 
i<j 
Let ¢, denote the primitive ,," root of unity over the field of rational. Then the cyclotomic 
polynomial is denoted by @ , and is given by 


2 a 
@, (x)=l+x¢x7 +..427" 


(a) 

Let f(x)=(x-a,)(x-@,)....(x-a@,) 

Now consider the derivative of above function 

Choose (x—a, )as the first function and the rest of the expression as second then 


MED (ea, )[(x-a,) (aa) ] +((1~a5) (2-2) 
Now at x=a, 
S'(@,)=(@,-@,)....(a@,-@,) 


In order to evaluate f(a, ), choose (x — a, )as the first function and the rest of the expression 
as the second, then 


d(f(x)) ; 
a(x) (2, )...(x-a,)] +((x-a,)...(x-a,)) 


Now at x=a@, 

S'(@,)=(@, -@,)--(@, -@,) 

In general f"(a,), 1<i< nis given by 

f'(a,)=(-1) (a, -a,)....(@, -@, )(a,, -@,)(a,-a,,,)...(@,-a,), where i# j 


Then the expression /*(a@,) f’(a,)...f"(a, )is given by 


Mr(a)=(-" “(Te -«)}) 
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Now since 142434402) 


Thus, 
Mle. -a, y “(TI @) 
“9 (Er) 


So the sign depends upon the degree of the function f(x). 


Therefore, the result stated in the question has been proved. 


(b) 

Let f(x)=x"-1 

Then the discriminant of the function is given as shown in part (a) 
So, 


f'(x) = px?" 

Now there are p roots of the polynomial ,* — given by the set 
ARLES SSG semen? th, WHETE ¢° ae?” 

Then, 


A=L(NS(QL(CYLM(CYL(ENL(EDL(ENL(E) 
So, forevery I<i< p-l 

t'(s')=n(syr” 

Thus, 


A= fi(o"") 
= pr(crny® 


(p-Ihp-2) 
2 


- p(o”) 


= prone 


Now let ¢, be a primitive "root of unity 

Then, 

x? —L=(x-1)(l4xtx7 +..427") 
=(x-1)®,(x) 

Differentiate both sides with respect to x, then 

pr”! =@, (x) +(x=1)®, (x) 

Then for each 1<i< p-1 

P(S,)=(¢,-1)®, (6) 


89 


Thus, 


F1,(¢4)=F(o(6:)"" le» 


p 


Tie -1) 


=p” 
From the above derivative formula 
Ae) : 
A(®,(x))=(-1) > (p”*) 
Since the Galois group of Q(¢,,) over the field of rational number is a cyclic group of order » —| 
and say is denoted by G. 


Thus, there exists a unique subgroup say #7 of the Galois group of Q(¢,, )over the field of 
rational number such that 


[G:H]=2 
Then there exists a unique subfield of Q(¢,, )which is a quadratic extension of Q 


And A(®, (x)) < Q(¢,,)/Q. soit generates that unique subfield of Q(¢,, )which is 


mentioned above. 


Now when p=Imod4, this implies that p = 4k +lwhere k eZ 
a(, (x) (x)) = -1)"F (p") 


“(al )(or*) 


= (-1)""“"(pr) 
“Jp 


Similarly, when p = 3mod 4, then [a(@, (x) = \=p 


Therefore, the result stated in the question has been proved. 


10.a 
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An Eigen vector is defined as the vector which when gets operated on by a given operator gives 
a scalar multiple of itself. 


Comment 


Step20f3 « 


Let F be a subfield of cthat contains "root of unity such that; 
fae 

Here, pis a prime 

Let x be a splitting field of g over F 

Now, the Galois group G = G(K/F) contains an element o different from the identity. 
Let fof gis notin F 

So, define a mapping; 

o:G>G(K/F) 

Such that; 

o(B)=¢"B 

For some vwith 0<v<p 

In general; 

a (p)=o"B 

Now, choose any o for any cyclic Galois G then; 


o’ =1 

So, any Eigen Value of o must satisfy the relation; 
A’ =l 

This means that Z is a power of £ 


Further, let @be an Eigen vector of a with » = #”, then; 
o(A)=A(A) 
And; 
a(b)=(4p)" 
=b 
Since, ois generated by G and pis fixed, so; 
F(p)=K 


Now, consider the roots of that yield to an Eigen vector for the operator a and consider the 
permutation of roots @,,...,@, and let 2 be an Eigen value of o such that; 


B=0,+10,+---+2""'o, 
Now, replace; 

A=o' 

B=y, 
This implies that; 

B=0,+¢'0, a ee 
Here, if # =O then it will be an Eigen vector with Eigen value 2-'. 
Therefore, at least one of the elements y, =o, + ¢'o,+---+¢\" "a, is not zero 


Section 11 


lia 


Discriminant is defined as the function of the coefficients of a polynomial equation whose values 
tells about the roots of the polynomial. 


To prove: that if the discriminant of an irreducible cubic polynomial in F[x]is not a square in Ff, 
then the roots cannot be obtained by adjoining a cube root to - 


For the proof consider a,b,c to be Independent indeterminates over a field x 
Let z be a zero of the cubic polynomial; 
x t+ar+bxte 
Let this polynomial be in some algebraic closure of K = K (a,b,c) 
Claim: That f(x) =x’ + ax’ +hx-+cis irreducible in K (a,b,c)[x] 
Since, a polynomial with coefficients xin the ring; 
K(a.b)fellx}= K(a.P)fxJfe] 
But, it is known that; [ K (z): K ]is equal to the degree of the minimal polynomial of z over K 
Since, / is irreducible it is the minimal polynomial of z over x’ , SO; 
[K(z):K]=3 
Then its determinant will be; 
A=(z-u) (u-v) (v-z) 


And, this determinant lies in the splitting field and is a square in the splitting field. But if the 
determinant is not a square in the field x, then the splitting field consists of the quadratic field 
K(va)and which is of degree 2 over K 


Now, use the fact that, a,b,c are indeterminants and if the characteristic of x is not 2, then, map; 
a0 
c-0 


So, that f(x)becomes x) + py 
The zeroes of this polynomial will become (9 and +Vb , SO, the discriminant is; 
s=(0-vb)' x(0+ vb)’ x(-vo- vo) 
=bhxbx4b 
=4)° 
=(2b*)b 
The indeterminate # Is not a square. 
That is since this map Is not a square; the discriminant is not a square in K (a,b,c) 


But also, in characteristic 2, separable quadratic extensions are not all obtained in square roots 
rather adjoined by a cube root. 


Therefore, if the discriminant of an irreducible cubic polynomial in F[x] is not a square 
in Ff , then the roots cannot be obtained by adjoining a cube rootto - 
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a. 
Let F ¢ Gbea splitting for f 
Suppose fe Garootof f 
Then, this implies that; 
Br =b 
That is; 
f=x?-b 
=x"-£ 
=(x-A) 
Let f =g,,...,g, be a factorization of fin F[x]into monic irreducible polynomial and has fas 
its root. 
Thus, each; 
8 = "rp 
This implies the degree of n, , divides p 
Thus, fis irreducible over 
This implies that either; 


SNe y 
Or; 
Nyy =x-B 


Therefore, forevery feF , f splitsover Ff 


Further, let #be the root of fin G such that; 
G=G[B,e] 
As, each root in fis of the form 8 
This says that / splits over G 
Clearly, it is known that; 
JE: qe]=p 
Also, Gis Galois over Gf) F . So, by definition of towers; 
lF[A]:F|=(F.6):F| 
=|G:GNF| 
This expression divides; 
le:qe]=p 
Then, Go F 
This implies that f splits over F 
Thus, / is irreducible 
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b. 

Consider the characteristic of fto be p 

Suppose / is irreducible defined as; 

f=ab 

Where, fis a root of a 

Then, in K(A)[x]; 

f=(x-py 

This means; 

a=(x-p)' 

Also, all other factors of f are of the same form. 

So, the degree of the root will be 1 or p for all factors of f 
Since, the characteristic of Fis p 

And, the degree of roots in terms of polynomial is 1 or p 
Also, it is given tha5t ,” — qis irreducible F [x] 


Therefore, ithas arootin Ff 


3.a 


Galois extensions are defined as those extension fields which are both normal and separable. 


Consider be a subfield of cthat contains j, and let x be a Galois extension of 


Let @ be a generator for the cyclic group C,, it will be regarded as an # -linear transformations 
of K 


Let F [a] be the ring of - -linear transformations of x generated by # whose elements have the 
form of oJ +¢,B++-+c,B" 

Now, take the homomorphism mapping; 

g:F[x]>F[A] 


Such that; 
9(f(x))= F(A) 
Where, g(1)=/ 


Here, the kernel of gcontains y* —| and the characteristic polynomial det (8 — y/) 
Hence, the roots of f(y) are roots of y* —j and have multiplicity 1 since, the roots y* —j have 
multiplicity 1. 

Now, since p(y) divides det(a—y/), the roots of f(y)are -Eigen values 


Thus, it can be seen that the roots of /(.x)are fourth roots of / of multiplicity 1 and are Eigen 
values of # 
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Ifneither jnor —jis a root of f(y)then f(y’) is one of the following; 
yoLy+l 

That is; 

(y-1)(y+t)=y"=1 

This cannot be possible since, # has order 4 not 1 or 2. 

Now, suppose then that jis a root of p(y)and so #-Eigen value 
Then there isa #-Eigen vector g e K of value j 

The G —orbit of @ e Gis; 

{a, Ba, f’a, fa} ={a,ia,-a,-ia} 

And, so the irreducible polynomial for @ ¢ F[x]has degree 4 
Hence; 

K=F[a] 

Also; 


B(a*)=(6a)" 


4 


Consider the provided statement to carry out computation to arrive at Cardano's formula. 
As it is known that, Cardano’s formula is used to solve the cubic equation. 


Comment 


Step 20f3 “ 


Let is assumed that the cubic equation is ax’ + bx? +cx+d =0,a #0 where a,b,c,d €Z. 


Now divide the standard cubic equation by a then, 
d 


b c 
v¢a—x+—x+—=0 
A ® GO ia 


Now substitute the value of x such that rey then the equation will become, 
a 


Pe ere le, 
a a a 


( 2) +4 2) +2 -£)+4-0 
4 3a a 7 3a a : 3a) a 


6 ? 2 be (5) 0b d 
a y a 3a° a 


», 20 ty wg 
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This equation can be also written in the form of y’ +uy+v=0 where, 
B oc d 2%» be 
Be ee se 
3a a a 21a 3a 


Therefore the discriminant of the cubic equation is, 


From the Cardano’s formulas, the roots of the cubic equation are shown as below; 
y=at+p 


no EA}oo(e 


no Ee 


Where a-| ea} | Ea} sate B istaken ap =P. 


There is some condition from which it is obtained that which types of roots has been obtained. 
(i) If 4 <Othen the equation has three real roots. 

(li) If A> Othen the equation has one real root and two roots are complex conjugates. 

(iil) If 4 =Othen the equation has two real roots and if yy = y =) then it has one real root. 


5. a 


(a) 


Consider the provided statement to express the roots of polynomials by using Cardano’s formula. 


As it is known that for the polynomial function f(x) =.x° +3px+2gq the result of this in 
computation in Cardano’s formula is as below: 


u={-a+ Va? +0" +i-a-Va +P 


Therefore for the given polynomial function f(x)=x°+3x is q=0,p=1 then, 


u={lo+ Jor +(1) + -(0)-J(oy +(1)' 
u=Vo+vi+i¥o-Vi 


Hence, the root of the polynomial is expressed as |/94 J} + /o— i]: 


Comment 


Step 20f5 «~ 


For the polynomial function, f(x)=x +2 the value of p,q isas p=0,q=1 


w= is ((y +(0)° +-()-V(' +(0y 


Hence, the root of the polynomial is expressed as mi+Vi+d-1-Vi ; 


For the polynomial function, f(x) =x’ -3x+2 the value of p.g isas p=-l,q=1 


w= as y +(-1) +--Joy +(-1) 
= ¥-14+V1-1 +-(1)-vi-1 


= ¥-14+J0+9-1-V0 
=Va+ 


Hence, the root of the polynomial is expressed as | {/—] 4 ¥/—]|. 
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(b) 

To find the correct choices of roots in Cardano’s formula of the given polynomial function. 

For the polynomial function f(x) =x’ + 3x, the solutions are 9, +;,/3 . To find the root 0, first of 
all choose vi have same sign to be +] in both terms and then choose Voi ese and 


lea 
UFl =Fe *® ke {I,2}- 
For the root ;,/3 choose \/j to have different signs such as +1,1 so that, 
u=%o+Vi+¥o-Vi 


=2¥t1 
=+2¥1 


Then choose fj _. 5" k =) f choose + inplace of + and & =2. If — is choose in place of 
+ for the root _j,/3 would be switch our choice for x . 


For the polynomial function f(x)=x +2 then choose the same square root that gives 


W-14-14+¢-1-Vi =Y2 and each choice or cube root gives a solution. 
For the polynomial function f(x) =x -3x+2, it'can be factorized as below 
x =3x4+2=(x-1)'(x+2) 


Therefore, from the above calculation it is obtained that 1,-2 are the solutions. The root —2 is 
obtained by choosing —| for both. —1 is obtained by choosing a primitive cube root of unity @ 
for one root and gq for other root. 


Section 12 


lia 


Any Galois group containing a subfield is said to be solvable it has a abelian subfield of the same 
degree 


Comment 


Step 20f3 ~ 


Consider x to be a subfield of degree 10 

Then this subfield must contain a subfield of degree 5 

Let such a subgroup be of the form Q(aa’') 

This subfield is unique as each order 2 subgroup lies in a unique 2-sylow group 

Now, by the conjugacy of 2-sylow and the uniqueness of the Sylow, it remain to check that the 
centralizer of the order 2 element gis (co) 

Now, the degree 10 extension has Q(aa’ )as its unique subfield of degree 5 over Qand has 
o(vs Jas its unique subfield. 
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Now, Galois group G is said to be solvable if there exists a chain of subgroups; 
G, 2G, 2...2G, 

Such that; 
G,,, $G, 

And; 
G,/G,. 

This should be an abelian group 


Since, every Abelian group is solvable. So, it is enough to show that subfield of degree 10 is 
abelian. 


For this it is enough to show that subfield of degree 5 is abelian or not. 
Take any subfield of the form of; 

x°-2x+2 
Now, this expression Is not abelian. 
So, clearly it can be said that subfield of degree 5 is non-abelian. 
Therefore, Galois group 10 is not solvable. 


Consider the provided statement to determine the transitive subgroup of S, . 


As it is known that, a subgroup G of S, is transitive if and only if 5 divides the order of G and 
if and only if G contains a 5-cycle. 


Comment 


Step 20f3 “ 


Any group which is irreducible polynomial of degree 5 is isomorphic to a transitive subgroup of 
S,and their order is a multiple of 5. Therefore only divisors of |s,| =120 that are multiples of 5 


are 5,10,15,20,30,40,60 and 120. 

By Cauchy's theorem, G contains an element of order 5. The only elements S, of order 5 are 

the 5-cycles. However, if o is a 5-cycles, then for each i, je {1,2,3,4,5} . There is a power of 
@ which send ; to /. Therefore G is transitive. 


The transitive groups of degree 5 is shown As below; 


Degree | Order | Description | Generators 
a 
5 [eas 8) 045).05104) 
520 [as 3) | (235).2359) | 


Threfore, the transitive subgroups of §, are |{5,,4,} U{(o),U,,V, |o a S-cycle}| in which 


U,, are conjugated and all the V, are conjugated. 
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Consider the provided statement to prove that the group is either S, or A,. 


Itis assumed that x isa splitting field of /. If G=S, then the discriminant of f is nota 
square in F, If f isreplacedby F(5) where § is a square root of the discriminant in x’. 


' 
The Galois group of x5) isin A,. 


Comment 


Step 20f2 “ 


Itis assumed that the Galois group of f is A, but thatsome root @ of f is expressible by 
radicals over fF. Itcan be said that @e F where F = F, c---c F, and every extension in the 
chain is Galois with cyclic Galois group. 


As the Galois group of f over F is a simple group that is 4,. From the previous theorem, it 
can be seen that the Galois group of f over F, is A,,Vi. 


As since ae F, thenitis seen that f is not irreducible over F_ therefore in particular the 
Galois group of f over F, is not act transitively on the five roots of f in the splitting field. 


Hence, if an element of order 3 then it is either S$, or A, is proved. 


Every symmetric polynomial 4 (en )with coefficients in a ring Rcan be written in a unique 
way as a polynomial in the elementary symmetric function s,,s,,..-5, 

Let G be a group and if following conditions hold 

1. Asubgroup of Gis isomorphic to S$, 

2. Gis isomorphic to a subgroup of S,, 

Then, G=S, 


{a) 

Let f bea field 

Let F(w)be field of rational functions in u,,4,,....%, - 

Then, F(u) =F (u,.t,,-..0t, ) 

Let s,,s5,....s, be elementary symmetric functions in variables 1, ,1,,....t, 

Consider the polynomial g(x)in F(s,,s,,....5, )[x]given by 
B(x) =x = (uy ty tt, x + (tyes Hayy Hoe by tt, > H+ (=H)! (aytegey..tt, ) 

Then, g(x)can be re-written as 
g(x)=x"-s,x"! +5,x"? -....+(-1)'5, 
g(x) =(x-u,)(x-u,)(x-,)....(x—u, ) 

Clearly, the above polynomial splits completely in the field F (1, ,1,,....%, ) 

So, F (1, ,1;,....u, )behaves as the splitting field of the polynomial g(x) over the field 
F (5;133400058,)- 

Since the polynomial g(.)has no repeated roots, so g(x)is separable. 

Hence, F(u,,t,,....%, behaves as the splitting field of a separable polynomial over 
F(5,,S,.058,): 

This implies that F (1, ,1,,...,4, )IS the Galois extension of the field F(s,,s,,...,5, ) 
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Consider the group S, 
Let S, acts on the field of rational function by permuting the variables 


Let o eS, and assume that o(u,)=w,,, 


Since, F(5,,83y-0095, IS field of symmetric polynomial, so permuting the variables does not 
change elements of F(s,,53,....5, ) 
This implies that a does not change F- 
Hence it can be concluded that a € S, fixes F(s,,5,,....5,) 
Since o € S, was arbitrary, so every permutation fixes F'(s,,5,,....5,)- 
This implies that Galois group of F'(u,,u,,...,t, )/F (5,,,....5,) denoted by G has a subgroup 
say #7 such that 
HS, 
Conversely, 
Let ae Gbe arbitrary 
Then, asends u,,1<i<ntoarootof g(x) 
Since roots of g(x) are u,,u,,...,4, , 80 assume that asends y, to u, 
Thus a permutation r can be defined in the following way, 
r(i)=j.1sijsn 
Since, ae Gwas arbitrary 
So every element of the group G can be related to a permutation of u,'s 
This implies that G is isomorphic to a subgroup of S$, 


Now since Gis isomorphic to a subgroup of S,and Ghas a subgroup fy such that #7 is 
isomorphic to S$, . 
This implies that G = S, 


(b) 
Let w= mu, + Ut, + Ul, + Uy, + Ut, 


Consider the polynomial g(..)as defined in the above part (a) 


g(x)=x"-s,x7"' +5,x"? -....+(-)'s, 


Here, 


Sy =Suu, 


i<j 
Then, 
Sy SUM, +My HUM, HU, + Uy, + UU, 
F Uy, + UU, + Ugly + UU, 
Since, w= mt, + uy, + Ul, + Ul, + gt, 
So, s,=w+p, where pdenotes mi, + uu, + Ul, + Uy, + UU, 
Then g( x)can be re-written in terms of wand elementary symmetric functions as 
g(x)=x" —s,x"' +(w+ p)x”? -...+(-1)'s, 
=x" ~s,x"' +(w+s,-w)x"? -....+(-1)"s, 


=x" —5,x"' + wx"? +(s,-w)x"? -....+(-1)"s, 


So use the result in part (a) to conclude that for » = 5 the Galois group for F()over the field 
F(s,w), where w= uu, +u,u, + uu, + uu, + u,u, |S Isomorphic to S, . 
Therefore, the Galois group for the field mentioned in the question is [s.] - 
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{c) 
Let |G|=n, 
Let Ff be any field 
Let F(u,,....u,) = K bea field in mvariables 1, ,1,,....0, 
Then according to the symmetric function theorem, 
Any symmetric polynomial h(w,,....¢,) in F(1,,....4, )Can be expressed as polynomial in the 
elementary symmetric functions 
So, 
F (ti,y.+-9tt, )” = F (5,553s-0-08y) 
Thus the field F (1,,...,u, ) = K is Galois over F'(5,,,,...,.8,,) 8 Shown in part (a) 
(F(t, )=S,- 


Now by Cayley's Theorem, every finite group can be embedded into a symmetric group with 
choice of n 

So, Gis isomorphic to a subgroup Qof §, . 

Let L, denote the fixed field of Qin x. 


Here, Atty, ri 


Then by Fundamental theorem of Galois theory, K/L, is Galois and Aut, (K)=H =G 
Therefore, every finite group is a Galois group for some field and its Galois extension. 


5. a 


Consider the provided statement to prove that elements of x can be constructed by ruler and 
compass. 


As itis provided that x is a Galois extension of Q which degree is power of 2. If it is to be 
shown that any element which has degree 2 can be constructed by ruler and compass. Now it is 


to be proving that (v3) cannot be constructed with ruler and compass. 


Comment 


Step 2o0f2 “ 


As it is provided that there is a finite extension x of Q that contains (v3) and it is also 
provided that [K :Q] = 2". Then evidently it can be said that Q(v2)' cx: 


As 2K therefore Va =(¥2) ek is closed under products. Hence, any sums of their 
rational multiplies also belong to x . 
From the theorem, 
2" =[K:Q] 

=[x:9(¥2)]-[0(¥2):2] 

=[K:Q(¥2)]-3 
Therefore, from proposition 16 as 3 divides 3" is not possible. Hence, elements of K can be 
constructed by ruler and compass which degree is power of 2 is proved. 
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Given: Given f is a polynomial and the Galois group of f is anon-abelian simple group. 
To Prove: Roots of f are not solvable. 


Proof: Let us consider that f is irreducible. Now recall that if F be a subfield of the complex numbers, a is called 
solvable over F if there is a chain of subfields 


F=F,CF,c..CF.=K 


of C such that a is in K and for j = 1,...,7, Fj,1 a Galois extension of F; of prime degree. 

This follows that either all roots of f are solvable or no roots of f are solvable. 

Now we all know that the group As is a simple non-abelian group of order 60 and it contains an element of order 
5. 

Now consider an arbitrary non-abelian simple group G instead of As, then we have any sequence of the above 
form 


F=FoCFic...CF.=K 


terminates in a field IK over which the Galois group of f is still G. 
This follows that f does not split completely over K. 
Now by the Splitting Theorem it yields that f does not have any root in K, therefore no root of f is solvable. 


Now consider that f is any polynomial (irreducibility condition of f is dropped now). 

Let us assume that KC is the splitting field of f and let a € C bea primitive element for the extension K/Q. 

Let us consider g be the minimal polynomial for a. Since g is irreducible, we can apply the result we derived above 
for irreducible polynomials that g has no solvable root and this follows that a is not solvable. 

Now some roots of f are solvable but at least one root of f must be not solvable. 

Therefore, at least some elements of K are not solvable, which implies that the roots of f cannot all be solvable. 
This completes the proof. 


Splitting Theorem: Let IK be an extension of a field F that is a splitting field of a polynomial f(a) with coefficients 
in F. If an irreducible polynomial g(a) with coefficients in F has one root in K, then it splits completely in K. 


Result Sof 


Considering an arbitrary non-abelian simple group G with the sequence of F and applying Splitting Theorem we 
have proved that roots of f are not solvable. 


Consider the provided statement to find a polynomial of degree 7 over Q whose Galois group 
is S,. 

Itis claim that S,, is generated by a p-cycle and a transposition for p prime. Let it is assume 
that (ab---cd),(ef) be the p-cycle and transposition. When renaming as ¢ =| then itis 
assume that, 


(ab---1---cd) =(1---edab),(1f) 


Therefore, (1---cdab--+)' =(1f---) where the range of k isas 1<k < p-I1 since pis prime. 
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Therefore, the generators are (1f---),(1f) byrenaming f =2 and rest of the elements in 
(If-++) accordingly, the generators are as a =(12---p), 8 =(12). Now, 
a'Ba=(\p) 
a'(Ip)a=((p-l)p) 
a'((p-1)p)a=((p-2)(p-1)) 
So, it can generate all permutations of the form ((k - I)k) and these generate §,. There is a 
function f(x) such that, 
Sf (x) =(x° -2)(x? -4)(x? -32)+2 
=x’ —36x° —2x* +128x’ + 72x? - 254 
From the Eisenstein criterion, it is irreducible and it has 5 real roots and 2 complex roots. The 
permutations of its roots that fix the real roots in conjugation that corresponds to a transposition 


in G, as Goperates transitively on the roots hence it contains a 7-cycle and the Galois group. 
Hence, the obtained group S$, is proved. 


Consider the provided statement to prove that the symmetric group S,, is generated by any p— 
cycle together with any transposition. 


Comment 


Step 20f35 « 


Itis assumed that a and pis elements of the symmetric group S, where a has order p and 
b isa transposition then {a,b} generates S,. 


Now without loss of generality let b=(0,1)and as ahas order p and p is prime then itis to 
be proved that a is p—cycle. Therefore, a‘ =(01---),3k 

Now re-index the other elements so that a* =(01---p—1). Let ¢=q! then, 

che" =(01--- p-1)(01)(p-1---01) 


=(0)(12)(3)--(p-1) 
=(12) 


Now from induction method, 
c’be* =e(c' bce! 

=(k+1,k+2) 
Therefore, as =(01),(12),--(p-2 p—l)are generated by {a,b} . 
Let (xy) be a transposition then, (x x+1)(x+1x+2)---(y-ly)=(xy) and (xy) is also 
generated by {a,b} . As every permutation can be decomposed into transpositions, therefore it is 
concluded that {a,b} generates S, is proved. 


Miscellaneous Problem 


lia 
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Galois extensions are defined as those extension fields which are both normal and separable. 


Comment 


Step 20f2 ~ 


Consider F, c F,be field extension. 

If K,is the splitting field of F, e F(X )and K,is the splitting field of Fe F(x)and K,is the 
splitting field of F, 

Then since, K,K,is the smallest subfield of x generated by the roots of F, and F, 

Hence, the splitting field of FF, « F[x] 

That is; 
Fc F,eF[x] 

Now, if every irreducible polynomial f(x) € F[x]that has a root in K, [) K, splits completely in 
G 

Thus, g(.x)splits completely in x and by the uniqueness of the factorization in K[x]of g 

Therefore, g[x]splits completely in K, 1K, 

Since, it is given that F; c F, 

And, clearly G(K,/F,)and G(K,/F,)are Galois extensions 


Therefore, |G(K,/F,)< G(K,/F,) 


Consider Fo KL 
And, let L/F and K/Lbe Galois extensions 
To show: that whether K/F is necessarily a Galois extension or not 
For the proof consider; 
kK =0(¥2) 
Let 1 be the splitting field over Qof ,? 2 
Then K/Qwill not be a Galois Extensions. 
Since, it contains only one root of the irreducible polynomial; 
v-2€Q[x] 
Here, Kis the subfield of but the other roots of , _ 2 are not the real numbers. 
Therefore, k/ F will not be necessarily a Galois extension. 
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Consider the following matrix: 
Ca eS ae 
Ly as a 
Das x) ee 


To prove that the determinant of matrix is a constant multiple of the square root of the 


discriminant 6(u)=[T ,.,(u,-,) 


Comment 


Step 20f8 “~ 


Use the principal of mathematical induction to compute the determinant. 


iss<js2 


Suppose that the result Is true for all » >2. 


Ve ee ee 
46 ee pe 
Galte: Pio ose? He Tl (u,-m,) 
A. GP ate lee /te 
ie a: Sie 
For any x,,....%, €F 
Comment 
Step4of8 “ 


Now show that this is true for » +1. 


Fix 4,....4,,, €F and consider (n+1)x(n+1) matrix. 
Da ie sc at 
Page eee cas 
1 u, lee 


105 


By subtracting x, times the ,,* column of this matrix to the ( +1)” row, to obtain the matrix, 


te) ae ees 0 
D ay a ae eae 
2 mel ” asl 
1 Lo Uns ‘ae Xaet XXnet 
Comment 
Step 60f8 “ 


By subtracting x, times the (n-1)" column of this matrix to the," column, to obtain the 


i ag. Gage 0 0 

Low, ue. wl? ug unt? uf -uuy 
2 a-2 at a2 ”“ at 

lw W .. WM My me, ul —uuy 


et. a2 at 


2 * 
1 uy MF; wee ee gg Mg Mag ~ Oat 


1 0 0 0 0 0 
lo w-u wun, us -uuy? uy -—uuy" 
2 at - ” at 
1 uu, uy yy uy uy uy —uuy 
2 at a2 ”“ at 
| My Uy Ugg ~UMyes Me es — Mes ~ MMe 


Therefore, the determinant is, 


uu wu, wT ues? ul unt" 
2 ee meee eee 
Wwn-u, Mau, Ut ae ul uy 
det , 1 , t uw a] : mu 5 Sis 3 
2 at a2 ” at 
May ~My Magy ~ UM ae Me ~My ne ~ Mines 


Since the determinant is linear in each row. So the determinant of the above matrix is, 


(u, -u,) 
Ise<ssmet 


So, determinant of Vander mode is: 


5(u)=[] (4 -™,) 
Hence proved 


(b) 
To determine the constant; 


Since one term in the determinant is the product of the diagonal elements, which occurs with 
coefficient +] and it has the property that the highest possible power , and the next highest 


possible power is w,_, , and so on. 


In expanding the polynomial product, if prefer then the powers can only be maximized in this 
way, the term with the largest index. 


Since, the form of the sum is always the positive term. 
Thus, the coefficient of the diagonal product is constant [+1]. 
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Consider the provided statement to prove that the field has no automorphism except the identity. 
As any automorphism @ is clearly the identity on the integers and rational because, 
e(n)=e(1+---+1) 
=9(1)+--+e(1) 
=n 
Then, 


wo 2) =9(p) 


=p 
Let @ is anumber such that e(a)= b which is not equal to zero. Then <q after possibly 
multiplying by —], when subtracting a suitable rational from each then it is find that h<0<a. 
But then g = q? therefore, 
o(2) = 9(2’) 

=e(a) 

=b 
This provides contradiction as h <0). 


(b) 

From the previous part, any automorphism @ is the identity on Q. Itis assumed that j from the 
definition of complex number such that ;? = —1. It is also seen that (i) =-1, since only +i 
square to get —1 in ¢ on the Q[i].As @ is either the Identity or complex conjugation. 


At the end, QJ[i] is dense in ¢, therefore any automorphism of ¢ must also being either the 
identity or complex conjugation by continuity. 


Given: K is a Galois extension of Q whose degree is a power of 2and K Cc R. 
To Prove: The elements of K can be constructed by ruler and compass. 
Proof: Let us first start with a Lemma. 


Lemma: Let Q = Fy C F, C.... C F, = K bea chain of subfields of the field R of real numbers with the 
property that for each i = 0,1,...,n — 1, [Fi.; : Fj] = 2. Then element of K is constructible. 


Claim: Suppose F' and K are fields with 
QCFCKCR. 
Let us consider all elements of F are constructible, and assume that 
[K : F] = 2", where nis anon-negative integer. 
Then, all elements of K are constructible. 


Proof of the Claim: We will prove it by using induction on n. 

If n = 0, then we have K = F and we are done. 

So our first step of induction is over. 

Now ifm = 1, then [K : F'] = 2. Therefore by the above lemma our statement is all done. 


Now consider n > 2. 

Let us assume G = Gal(K /F’), a group of order power of 2. 

If G is abelian, then let H be a subgroup of G of order 2. Since G is abelian, every subgroup of G is normal, 
hence H is normal. 

Otherwise if G is not abelian, for our easy let us assume H = Z(G). 

Clearly H is anormal subgroup of G and H + G. Also H is non-trivial group. 
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Let us now assume that L = K”. 
Then by Fundamental Theorem it follows that Gal(K'/L) = H and L/ F is also a Galois extension with Galois 


group G/H. 
Now notice that both the groups H and G/H have order of the form 2”, where m € N and satisfying m < n. 


Now applying the induction hypothesis to L/ F, we notice that all elements of L are constructible, and applying it 
again to K / L, we observe that all elements of K are constructible. 
This proves the Claim. 


Now notice that in case of our problem, F' is nothing but the field of rational numbers, that is, Q. 
So by the above claim considering F’ as Q, we have proved that the elements of K can be constructed by ruler 


and compass. 
This completes the proof. 


Result Sof 


Considering K is a Galois extension of Q whose degree is a power of 2 and K C R we have proved that 
elements of K are constructible. 


(a) 

Let K =Q(¢), where ¢ denotes the primitive fifth root of 

Let G denotes the group of automorphism on K = Q(¢) 

And G={id,o,o°,0°} 

For, K =Q(¢), the group of automorphism is a cyclic group of order 4 
Now define o:-K + Kas 

o(f)=o° 

Or a(g)=o 

These are the only two possibilities for ¢: K + K 

Now for o(¢)=¢* 

Under the map the following way terms are mapped to each other 
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Now for this map evaluate g? 


Now evaluate ¢’ 


It can be seen that the another automorphism is also similar to the one studied above 
So, restrict the case to only o(¢)=¢" 

Now consider the pentagon with vertices as 1,.¢,¢7,¢°,¢* 

Consider the action of every automorphism on vertices 1,¢,¢7,¢° ,¢* 

Foro, 

a(I)=ho(S)=o.0(S*)=o*,.0(f)=s.0(S*)=o 

Which means the pentagon under the action of o attains the star shape 

Now for ¢ 

PNHLE (COC) (=O. (C= 

Which means the pentagon under the action of g? retains the shape but the vertex gets changed 
or the pentagon gets reversed. 


Now for ¢* 
H(N=LO (C=C. (S)=C0(S)aoo (S)=o° 
Which means the pentagon under the action of o attains the star shape 


Thus the above shape denotes the G orbit of regular pentagon with vertices 1,¢,¢7,¢°,¢* 
Therefore, the result stated in the question has been done 
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(b) 
Let the length of side of the pentagon be a 
Let the five roots of unity are given by 


, 1-V5+ivio+2V5 1+V5+ivio-2V5 
Se 


4 
Now the side of the pentagon can be evaluated by distance formula by considering the points in 
the complex plane 


Thus, 


s€Qc K 
And Q(vs )is the unique quadratic extension of Qin cyclotomic field K’ 
So, V5 « Q(v5) 


This implies that 


% .a()cx 


Since field x is closed under addition, 


Hence, @? « K 
Now since the value of gis given by 
a =34% 

2 4 


So, the value of @ is given by 


a B.8 
2 4 


Square both the sides to obtain the expression 
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Square both the sides again 


16a* —48a? +31=0 

So, the irreducible equation of a over Qis given by 16a* — 48a? +31 

Therefore, the result stated in the question has been proved and the irreducible equation 
of @ over Q is given by 


(a) 
To be prove that the square root of the discriminant is a skew-symmetric. 


It is to be shown that for any permutation of two elements contributes a negative sign, any 
permutations which is generated by permutations of two elements and the number of 
permutation of two elements needed to generate a given permutation is equal to its sign. 
Therefore interchange the value of y, with u, without loss of generality such that i< /. 


So, the termin § involving u,,u, and that have the product, 


(u, ~u ET =u, Mt =u, If =u, TT -u, TL <u, 1 -u,) 


Now interchange w,,, that causes a sign change in each factor. The change of signin u,—u, 
is the only one that remains. As in each two adjacent factors in the rest of the product have 
canceling sign changes. Hence, § also changes sign when the value of y, and wu, are 
interchanged. Hence, § is a skew-symmetric. 


(b) 
Itis assumed that f be the ; symmetric polynomial. Suppose char fy 2andif f is 


symmetric, then let f =h,g =0 therefore it is not supposed. The actionof S=S,on # has 
orbit {h,h'} for some other polynomial j;'. 


Since from the orbit stabilizer theorem, 
IS.IIS.1=15| 
But as it is known that S, = A, therefore |5,|=2 and this implies that f= s(h +h')is 
symmetric. The value of h,/' will be interchanged then, 
x=h-f 
=i (hh) 


The above obtained result is anti-symmetric for the same reason. 


Now it is to be shown that, any anti-symmetric polynomial x is divisible by § that is any 
binomial 1,—«, divides it. If @ Is the substitution map then it is assumed that u, =a, then 


9x) = ~9(x) this implies that e(x) =0. 
Therefore, letting g =5 suffices, since g cannot by anti-symmetric otherwise x will be 


symmetric by previous part. Hence, given statement is proved. 
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The indices of the given quantity define the number of times the given quantity has been 
multiplied to get the required result. 


Comment 


Step 20f5 « 


Consider the variables u, 4, ,,,4, 
And define; 


P= (UH )(M, Hise (tian Maar) 
Since, the modulo is 4, so consider the following; 
u, =0 

u, =i 

u, =2 


To determine: ya ae 


First take j =] 


Py = (u, —u)(4 4 )(4, 45) 
=(1-2)(1-3)(2-3) 
=-2 
Now, take j = 2; 
Py = (uz — Uy )(y = Uy )(ty =U) 
=(2-3)(2-0)(3-0) 
=-6 
Now, take j = 3; 
Py = (ts tt, )(y Us (Uy = 4s) 
=(3-0)(3-1)(0-1) 
=-6 
Now, take j = 3; 
Dy = (Uy tts )(y — Ug )(Us =U ) 
=(0-1)(0-2)(1-2) 
=-2 


Thus; 


a Sey A: 
"Dia = ~Pr P2 Ps Pa 


It. sae, 
=—+— + + 
2 6 -6 -2 
«0-1_2_2 
6 6 6 
_0-1-2-9 
6 
_=!2 
6 
=-2 
an) 
Therefore, alas 
(i 
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b. 

yp 
To determine: Lis 
First take j =] 

P= (Hy =U) (m — Hy) (ty = U5) 
=(1-2)(1-3)(2-3) 
=-2 

Now, take j = 2; 

Py = (uy ~ uy )(uy — Uy) (4 — Uy) 
=(2-3)(2-0)(3-0) 
=-6 

Now, take j = 3; 

Py = (ty Uy) (uy — Us (ty = Us) 
=(3-0)(3-1)(0-1) 
=-6 

Now, take j = 3; 

Py = (tty — ts) (Uy — Uy) (ts = Hg) 
=(0-1)(0-2)(1-2) 
=-2 


Thus; 


ee 
Pit Pr P2 Ps Pa 


5 , 5 3 
BOMUMGMNO) 
2 -6 6 -2 
o-1_8_8! 
6 6 6 
0-1-8-81 
6 
=-20 
6 
=-15 
3 
Therefore, > MH 15 
Pin 
9.a 
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Any field is defined as the nonzero commutative division ring or can be said as the ring whose 
nonzero elements form an abelian group under multiplication. 


Comment 


Step 20f3 « 


Let fe F, Fisa field and let x be some subring field 

Then by primitive element theorem which states that; 

Let £/F be a separable extension of finite degree. Then E =F (x)for some x € E that is the 
extension is simple and xis a primitive element 

Then by the above stated theorem, there exists a q « K such that; 


K = f(a) 

Since, [K : F]is finite 

Now, by again using primitive element theorem then; 
K =f (a,,....4,) 

Take any q « K such that ais a root of S(x)eF[x] 


Thus, abecomes a root of polynomial f(x)in F[x] of degree [K : F] 


Now, use the fact that an Automorphism of K must send ato another root of f(x) eK 


Consider the field 2) 


It f(q)=0 
Then, the Automorphism of ({r)sends ato another root to f(x), this is true if; 
t=2 
Now, Q1)/Gis not Galois as ({r)is not a splitting field for any polynomial in g 
And, since clearly ris a root of ,* — 2 and its splitting field has degree 6 over G 
Thus; 
[K:F]=6 
Therefore, the splitting field x of f(x) over Cr) has degree 6 


10.a 


Consider the provided statement to prove the given condition. 
Itis given that x is a finite extension of a field f and f(x) bein K(x). Itis assumed that 
Jf (x) is irreducible when it is working with irreducible factors individually and also supposes 
that it is monic. 


Comment 


Step2o0f2 “ 


Let @ isarootof f(x) whichis algebraic over x . Therefore by previous exercise, it is 
algebraic over F . 

So h(x)eF[x] is the minimal polynomial for @ over F.As f is definedover x then f 
divides } therefore h= fg where g e K[x]. Hence, given statement is proved. 


Tica 


114 


12. a 


Solvable group in a group of fields is defined as the group that can be constructed from the group 
of abelian using the extensions. 


Comment 


Step 20f4 « 


Consider f to be solvable by radicals over 
To show: that Gis a solvable group 

For the proof consider /,, /|,..., f,be the roots of f 

Then a root tower will be obtained as given below; 

F=ffohc..cf, 

Also, it is known that the subgroup of a solvable group is also the solvable one. 
Thus, the subgroup # is solvable 

That is; 

HcF, 

This will be solvable function 

And, now by using the theorem which states that; 

Let f € F be solvable by radicals over Ff . Let £ be the splitting field of the solvable group of f 
over F . Then G(E/F)is a solvable group 

Therefore, from the above theorem it can be obtained that G is solvable group. 


Conversely; 

Consider G to be a solvable group. 

To show: the roots of f are solvable 

Let x be the splitting field of f(x)over f 

Let fi,..., f,be the roots of 

Clearly, these roots are distinct 

Now, assume that the first two terms are non-real. 
Thatis, f,and f,are notreal and f,,..., fare real 
Now, clearly, G(K/F)is a subgroup of S, 

Claim: G(K/F)=S, 

Now, the conjugation restricted to xin G(K/F)as a subgroup of S, will be of the form of the 
permutation (1,2)of S, 

Thus, G(K/F) contains a transposition 
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Further, take out any integer aand 4 with |< ab<n 

Since, f, and f, are both roots of the irreducible polynomial fin F 
This there exists a ¢ « G( K/F )such that; 

WS)=S. 

That is gsends pto a 

Since, there is some ¢for any choice of aand 

This implies that; 

G(K/F)=S, 

Thus, fis not solvable by radicals of - 

This is a contradiction 

Thus, if G is solvable group then, the roots of / are solvable over fF 


13. a 


Character is defined as the most commonly used special kind of the function which is extracted 
from the group to a field. 


Comment 


Step 20f3 “ 


Consider G be a Galois group. 

Let K/F be a Galois extension of the given Galois group G 

Consider x to be a fF —vector space which shows a representation of Gon K 

Let 7 denote the character of this representation. 

Now, define a lattice 7 such that 7,,..., 7, are linearly independent over 7 then there exists; 
C+, EL 


Such that; 


Yaz (g)=0Vvg € G 
- 


Here, each c, =0 
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Suppose on the contrary that; 
AA ++ 4+S,A_ =9 


Let this be a linear dependence within the condition that mis minimal possible, that is m roots of 


unity. 
Clearly, 
m22 
Then without loss generality; 


f, 40 

Now, fix any g € G such that; 

%u(8)# %(8) 

That is in particular; 

AAA) 40+ Sdn (¥) = OV EG 
That is; 

AX (BV) ++ Son (Gv) = OV EG 


Since, y,multiplicative so; 


KAA 8)Z(Y) ++ LL (S) Zn (YW) = OVY EG 
Now multiply the equation f7,(g)+---+ f,Z_(g)=0Vg €Gby z,(g); 


SLi(8) Xu (B)4°°°+ fn%u (8) Zu (8) =O 
Now, subtract the above obtained equation from 
LAA8)Z(Y) F004 SeLu (8) Zu) = Oy € G, that is; 


EA (x(e)-x0(8))z(x)=0vxeG 


Since; 


I (4 8)-%a(g)) #0 


Thus, there is linear independence between y,,..., 7,,.; 


This contradicts the minimality of m 


And this shows that the character of the required representation 
Therefore, ~ contains enough roots of unity than 7 is the character of the required 


representation. 
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Appendix: Background Material 


(a) We claim that the closed form for this expression with n terms is n?, 


ie, 14+34+5+..4+ (2n = +1) =(n+1)*. We will prove this by induction. 
Let n= 1. Then (n+ 1)? = 4 = 1+ 3, so the claim holds. 
Now assume the claim holds for some k € N, ie., 


14+34+5+...4+2k+1=(k+1)?. (1) 
For k +1 then it holds that: 


143+5+.. + (2k +1) + (2k +3) 2 ) (k +1)? +2k+3 
=k? 4+2k+1+2k+3 
=k? 4+4k+4 
= (k +2)? 


Therefore, the claim follows by mathematical induction. 


We claim that 1? + 2? +... +n? = aati eae Let us denote this claim by P,. 


Firstly, for n = 1, it holds that: mine n+) = ie = 1= 1°, s0 P, is indeed true. 


Let us assume that P;, holds for some k € N. For k + 1, we have: 


> k(k+1) (2k +1) 
Ter 
(e+1)(* sete + (k+1)) 


1742? 4..4k?+(k4+1) 3 +(k+1) 


2k? noe 


= (k + 1) ——.—_- FA 
1) ee 


(k+1)((kK+1) +1) (2(k+1) +1) 
6 


Il 
= 
>= 


This is exactly Py. so the claim is proven by mathematical induction. 


Result 


In this exercise, we practice mathematical induction on two classic examples. 


ay? 
We have to show that 13 + 23 + ...+n3 = ae) Let us denote this claim by P,. 


V2 oy? 
Firstly, form = 1, it holds that: @@ =U _ G2) _ 1 — 43, so P, is indeed true. 
Let us assume that P;, holds for some k € N. For k + 1, we have: 


ig (eee 41)? 


= (+1? (4 +(+0) 


ok? +4k+4 
= 

= (k +1) ee 

((k +1) (k+2))? 

4 


12+ 2° +...+h + (k+1) 


=(k+1) 


This is exactly Pj..1 so the claim is proven by mathematical induction. 


Result 


We prove this in a manner very similar to the previous exercise. 


We have to show that is ~ ay +i.4 wry = Tay Let us denote this claim by P,. 
Firstly, for nm = 1, it holds that: 5 — is: so P, is indeed true. 


Let us assume that P; holds for some k € N. For k + 1, we have: 


ee | 1 1 Rk 1 
1272.3 +"+kQ+1) * &+De+2) (+1) RFD) 

_ k(k+2)+1 

~ (k+1)(k+2) 

_ K+2k+1 

~ (k+1)(k+2) 

_  (k+1)? 

~ (k+ 1) (k+2) 

k+1 


k+2 


This is exactly Pj..1 so the claim is proven by mathematical induction. 


Result 


This exercise is another standard example of a proof by mathematical induction. 


We will prove this claim by induction on n = |T'|. Let us denote the set T with n members as T,, = 
{t,, ¥a3035 bat: 


First, let 2 = 1. Assume |S| < 1. Then S is the empty set. This is a contradiction with the definition of the 
surjection, which implies existence of an element in S mapped to fy. 


Assume that the claim holds for some k € N. Then any S from which exists a surjective map to Tj, must have at 
least nm members and S such that there is a bijection from S to T;, must have exactly n members. 


Step 2 2 of 4 
Let us now examine T,,.1 = {t, to, ..., tn, tensa} and its subset T;, = {ty, ..., tn}. If y is a surjection from S onto 
T,+1, itis specially a surjection onto T), as well. By the induction assumption, |S| > n. Assume that |S| = n. Then, 
again by the induction assumption, ¢ is a bijection from S to T;,. But then t,,.1 is not in the image of y, which is a 
contradiction with the surjectivity of y. 


We still need to show that || = n + 1 implies that is a bijection. By the induction assumption, an n-element 
subset of is bijective to an n-element subset of T;,+1, so let us denote the elements of S that map to (ti), <;<, 
as (Si) ecen and the final element of S as s,,.. Since is surjective, it must be mapped to t,,,1. Therefore, ¢ is 
bijection from {841} to {tn+1}. Moreover, it is also a bijection from S = {s1,..., 8nii} tot = {t1,..., tnt}, so 
the claim is proven by the principle of mathematical induction. 


4of 4 


Result 


We prove this by induction on the amount of elements in |T']. 


This is equivalent to the statement "If n is composite, then 2” — 1 is composite.”. Therefore, this is what we will 
prove. Let n be composite, n = ab with 1 < a,b < n. If nis even, i.e, n = 2k for some k € n, then 

2m —1 = 2?* — 1 = (2* — 1) (2* +1) . Notice that n > 4, which means that k > 2 and neither (2* — 1) nor 
(2* — 1) can be equal to 1. Therefore, 2” — 1 is then also composite. 


Now, let us assume n is odd and n = ab. Then, since n is composite by assumption, n > 9 and a,b > 3. Also, 
notice that a and b must also be odd. Now we have that: 


a 1 = 2% — 1 = (29) — 1° = (2% — 1) (2%) + (2) + + 1) 


where the last equality follows from a well-known and easily verifiable identity about the difference of odd 
powers. This indeed means that 2" — 1 is composite because both factors are bigger than one by discussion 
above. 


2 of 2 


Result 


The proof techniques we use here are the contrapositive and splitting into cases, the only technical tools are 
formulas for the diference of odd and even powers. 


We will denote the claim a, = a@j...@,—1 + 2 by A, and prove it by mathematical induction. 
Firstly, let n = 1. Then: a, = 27 +1=4+1=3+2=2" +2 = ag +2, so the basis holds. 


Assume that A; holds for some k € N and let us consider Aj,.1. It holds that: 


i= 2 1 
=2 241 
=o 9% 4.4 


= (a, — 1) (az —1) +1 


Ak 
+ (agay...ax—1 + 1) (ax — 1) +1 
= pQ}...04_10, — Apay...a€x_) +az —14+1 


h 
= ApQ}...d4_-j A, — Apay...,_1 + (apay...a4_1 + 2) 
= dpQ}...a;,- 1a); + 2 


This is exactly Aj..; so the claim is proven by the principle of mathematical induction. 


Result 


This is again a standard example of a proof by induction requiring just a bit of algebraic agility. 


Anon-constant polynomial that cannot be factored into the product of two non-constant 
polynomials is called irreducible polynomial. 


To show that every polynomial with rational coefficients can be written as a product of irreducible 
polynomials; 
This can be proved by using induction. 


Comment 


Step 20f4 A 


Let P(m) be every polynomial of degree n. This can be written as a product of irreducible 
polynomials. 
For degree » =1: 


Every polynomial of degree 1 is irreducible, so it can be written as itself. 


Assume that this statement is true for polynomials with degree 1, 2,3,....... n. 


Comment 


Step 4o0f4 “« 


To show that it is true for polynomials with degree k =n+1- 


Every polynomial of degree is either irreducible and then it could be written as a itself or it 
could be written as a product of two polynomials with smaller degree. But then use the 
assumption and write down each of them as a product of irreducible polynomials. 

Therefore, every polynomial with rational coefficients can be written as a product of irreducible 
polynomials. 

Hence proved 


8.a 


We will prove this claim using the induction axiom. 


Let S = {1} U {m’ |m € N}. Clearly, 1 € S, so condition (1) holds. Let n € S. This implies that n € N, so 
n' & S by definition of S and condition (Il) holds as well. Now the induction axiom implies that S = N. 


Result 20f 2 


Here we give what is really the quintessential induction proof since it follows directly from the induction axiom and 
describes the structure of the set of natural numbers. 


9.a 


(a) We will use associativity of addition that was proven in the chapter and denote it by (1). The outline of the proof 
is sort of a double induction: Let us denote the clam m +n =n +m by Cy. m. We will first do an induction on n. 


Note that throughout the exercise, if the argument for an equality is not given, it follows from the definition of the 
operations. 


Letn = 1. Cy» ism +1 = 1+ m. We will prove Cy, by induction on m. For m = 1, C),m clearly holds. 
Assume that C; holds for some natural j. Now, for 7’, it holds that: 


PLISE SYST SS W427 isz 


This proves the "subinduction", so C},m holds for all natural m. 
Now assume that Cj, holds for all some 7 and all natural m. 
Let us prove that then it also holds for 7’ and all natural m: 


m+i=m+(i+1) 


2 (m+i)+1 


i" 4m) +1 


O54 (m41) 


CL" § + (1 +m) 


QG+1)4+m 


=ii+m 


This concludes the proof, the claim follows from the principle of mathematical induction. 


(b) We will use (c) to prove associativity so the reader is encouraged to read (c) first. We need to prove that the 
claim P. : (ab) ce = a (be) holds for all natural numbers a, b and c. We will do this by induction on ce. 


For c = 1, it holds that (ab) 1 = ab = a(b- 1), so the induction basis holds. 


Assume now that the claim holds for c = n. Then, for n’ it holds that: 


(ab) n! = (ab) n + ab @ a (bn) + ab © a(bn +b) = a(tn’) 


Therefore, the associative law holds by the principle of mathematical induction. 


Step 3 3of 5 


(c) We need to prove that the claim P. : a(b +c) = ab + ac holds for all natural numbers a, b and c. We will do 
this by induction on c. 


For c = 1, it holds that a (b+ 1) = ab! = ab + a = ab + a- 1, so the induction basis holds. 


Assume now that the claim holds for c = n. Then, for n’ it holds that: 
a(b+n') =a(b+n)' =a(b+n) +a = ab+an+a=ab+an' 


Therefore, the distributive law holds by the principle of mathematical induction. 


(d) We need to prove that the claim P. : (a+b=a+e => b=c) holds for all natural numbers a, b and c. 
We will do this by induction on c. 


For c = 1, assume that b 4 1. Then there exists ad © N such that b = d’. Now leta + b =a + 1 Thisis 
equivalent toa’ =a+1l=a+b=a+d'=(a+ dy’, but this is a contradiction with the injectivity of the 
successor function, so the induction basis holds. 


Assume now that P- holds for c = n. Then, for n’, leta + b = a + n’. By the exact same argument as in the proof 
of the induction basis, b cannot be equal to 1. Therefore, let b = d'. Now we have that a + d’ = a + n’, whichis 
by definition equivalent to (a + d)' =(a+ n). By the injectivity of the successor function, it holds that now a + 
d=a-+n. By the induction assumption P,, then d = nandsob=n’. 


Therefore, the cancellation law holds by the principle of mathematical induction. 


Result sats 


To obtain the solution to this exercise, we use the Peano axioms, most notably induction in all subexercises. The 
trickiest one is the "double induction" in (a). 


10. a 


(a) Ifa < b, thenb = a+™m for some m € N. Thenit holds thatb+n = (a+m)+n=a+(m+n)=a+ 
(n+m) =(a+n)+™m. 
Therefore, by commutativity and associativity of the natural numbers, b+ n = (a+n)+m,soatn<b+n. 


Step 2 20f 4 


(b) Leta < band b < c¢. Thenit holds thatb = a+nandc = 6+™m for some n,m € N. This implies that c = 
b+m=(a+n)+m=a+(n+™m). Thus, a < ¢ so the relation < is indeed transitive. 


(c) Let us prove this by induction on a. Firstly, let a = 1. If b = 1, then a = b. Now assume b 1. Then there exists 
a natural number c such that b = c’. In other words, c = b+ 1 = 1+ b. Therefore, by definition, 1 < ec < c’ = b. 
Let the claim hold for some a = k € N. Let us now examine k’. By induction assumption, for all natural m it holds 
thatm <k,m=kork <m.lfm < k,thenk = m-+l for somel € N. But thenk! = k+1=(m+l)+ 
1=m+(l+1),som <k'as well. 


Now consider m = k. Then clearly k’ =k+1=m-+1,som< kK’. 


Finally, let k < m. Then m = k + d, for some natural number d. If d = 1, thenk’ = k +1=m,sok’ =m.On 


(a) 
the other hand, if 1 <d,thenk’ =k+1<k+d=m,sok' <m. 


We exhausted all the options and we acquired that the only possibilites are m < k',m = k’ or k’ < m,hence 
the claim follows from the principle of mathematical induction. 


Result hots 


Here we use previous findings about commutativity and associativity to acquire some properties of the < relation. 


1i.a 


Assume that the set S has the property listed in the exercise, but it is not equal to N. Then T := N \ S is non- 
empty. Thus, it has a minimal element a. Since a is the minimal element of T, all n © N such that n < a are also in 
S. But then the property of S implies that a € S as well. This is a contradiction, so the principle of complete (also 
called strong) mathematical induction holds. 


Result 20f2 


Here we give a simple proof relying on a minimal element. 


12. a 


(a) Let S be a partially ordered set that contains an upper bound b. Assume that there exists another upper bound 
b’. By definition of upper bounds, it holds that 


YsES,b>s 
Vs ES, >s8 


Specifically, b > b’ and b! > b. By A.311 (iii), also called the antisymmetric property, it holds that b = b’. Therefore, 
the upper bound in a partially ordered set is unique. 


Step 2 20f 4 


Assume for the sake of contradiction that b is not a maximal element, ie, it is false that it does not exist an element 
aofS such that b < a. Therefore, there exists an a such that b < a. By definition of the upper bound, a < b. 
Therefore, again by the antisymmetric property, a = 6, so bis the maximal element of S. 


Step 3 3of4 


(b) Let m be a maximal element, that is, such that there does not exists a € S such that m < a. Since S is totally 
ordered, it holds that m > a for alla € S. This is exactly the definition of an upper bound, so the claim is proven. 


Result 4of4 


In this exercise, we practice getting comfortable with the definitions of maximal elements in upper bounds in order 
to be prepared for the setting Zorn's Lemma is used in. 


13. a 


Let J be an ideal in R different from R itself. Let S be the set of all ideals J such that J C J and J # R.S isnow 
a partially ordered set with respect to C. I is then contained in S, so S is non-empty. Let T be a totally ordered 
subset of S. We want to show that T has an upper bound. Let us define K := UJ jer J: Since every set in S 
contains J, also every set in T contains I, so K contains I. A union of ideals is an ideal, so K is an ideal. Also, we 


claim that K + R. 
Assume for the sake of contradiction that K = R, then 1 € K,so1 € J forsome J € S, which implies J = R. 


On the other hand R ¢ S by definition, so we've arrived at a contradiction and it holds that K + R. 


Because K is anideal, K > I and K $ R, it holds that K € S. K is clearly an upper bound of T by definition, 
which means that S is inductive. Zorn's lemma now implies that S has a maximal element, so every ideal J # R of 


aring R is contained in a maximal ideal. 


2 of 2 


Result 


This is a standard Zorn's lemma proof where we focus on proving the inductivity of the set we are considering. 


Step 20f5 A 


Let the polynomial having complex coefficients ( /,, f,) be a function of (y,»,), where f is 
function of (x,y). 


Ff (¥0)=F.(¥.) +f (%) 
The above equation is in the form of z= @+ih which is a complex number. 
Partially differentiating the equation with respect to ‘y’, 

O(#.) _ ALY.) , KY.) 

oy ey, &, 

This implies that, 

FH 

oy oy, ey, 

This implies that, 


SF teh; 
oy wy %, 


Hence proved 


(b) 
To show that: 
%F. HY, 


ay a," ay ay 


The above equations are called as Cauchy Riemann Equations. 


In the field of complex analysis in mathematics, the Cauchy—Riemann equations consist of a 
system of two partial differential equations. 


Let, 

SF (¥o0¥)® So (Yor% FH (Yor) 

Where, 

z= No tiy, 

So, on differentiating both sides: 

dz = dy, + idy, 

The total derivative of f with respect to zis then, 


Now use f(¥9.9,)= So (Yo Ms) +H (Yo )i 


$-1|( Hi X)-(HuiZ) 
dz 2\% % oy, =o 


If f is complex differentiable, then the value of the derivative must be the same for a given dz, 


regardless of its orientation. 

From equation (1) and (2), to get 
{%+%} = (2-H) 
2\ OV %) 2 OY 


He; H- jf H 
Vv, ay, OY, 


Compare real and imaginary part, to get 


A Surface sin eis aset ofthe form g'(c)where g:R”"' 5 R is a smooth function and 
ce Ralong with the fact Vg(p) #0 where, Vg denotes the gradient of gand pe Sis any 
point of § .every surface is a 2 manifold. 


Comment 


Step 20f5 “ 


To show that locus f = (forms a manifold of dimension 2. 
Consider the complex polynomial: 

f(x,y) 

Then, 

I (x9) = for fi 

Where, f, = f,(x,.%)..¥os.¥; )/S a real valued function of four variables are x,.x,,¥5.); - 
Such that, 

x=xX, +x) 

Y=Yo+ Hi 

Since, fis a polynomial in xand y. 

So, _f,are real valued polynomials in the real variables x, and y,. 
So, they have continuous partial derivatives. 


Now, since partial derivatives of /, are continuous and _/f, being a polynomial function is 
continuous. 


Hence, f(x, )can treat separately in terms of real functions and is a smooth function. 
Let, (a,b) eC’ 
Such that, 
f(a,b)=0 
Where, 
a, hare arbitrary complex numbers. 


Since, f= 02 = 0,2 = (0 have no common solutions. 


Then, either (a.b)#0 
Or, 


Z (a,b) 40. 


Without loss of generality assume that F(ab) #0 


So, by Implicit Function Theorem, 


There exists an open neighborhood ( of xin con which a unique continuous function Y (x) 
exists having properties: 


J(x,¥(x))=0 
And 

Y(a)=5 
Thus, 
(x.¥(x))=#"'(0) 


Let, 

s="(0) 

Also, 

vy (ant)=( Lat). (a) 
Since, 

F(ab) 20 

Hence, 


Vf (a,b) # Ofor all (a,b)eS 
Thus, Sis a surface. 


Now, clearly locus f =Qforms the set § which is a surface. 


Since, every surface is a 2 manifold. 
Thus, locus f = 0 forms a manifold of dimension 2. 


Hence proved 
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